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Using the formula of the correlation energy due to Pines, we modify the Thomas-Fermi- 
Dirac model with the Fermi-Amaldi correction for free atom or ion to include correlations 
between electrons. By the use of the present model, electron distributions for free Rb*, Kr 
and Br- are calculated, the results are shown graphically, and further the energy components 
of the total energy are given numerically. 


§ 1. Intreduction 


In the theory of ionic crystals it becomes sometimes necessary for us to know 
the electronic density distribution in the constituent ions. We have the Hartree or 
Hartree-Fock solutions not for all the ions at present, therefore we must be contented 
with some approximate solutions for the electronic density distributions. In many 
approximate methods, the statistical one founded by Thomas” and Fermi” and 
later modified by Dirac® is very useful, especially for the atoms or ions with large 
atomic number. The full account of this statistical method with its many applications 
is shown in the text book by Gombds*” or the review article by March”. 

As is well known, the so-called Thomas-Fermi-Dirac model (abbreviated as 
TFD hereafter) has two main failures. First, the interactions between electrons 
are not correctly taken into account: A mean screening effect of the electron 
cloud for the potential field by the nucleus is corrected by the fact that the electrons 
with parallel spin have a tendency to keep away from each other due to their 
statistical nature, in other words, by including the exchange energy. However, it 
is not taken into account that whether the spins of the electrons being parallel or 
antiparallel, there is a tendency to keep away from each other by the Coulomb 
repulsion between them. The energy depression due to this tendency is well 
known as the correlation energy. Second, the electrons unavoidably interact with 
their own field in the formulation of the TFD theory. 

Although the statistical model of the atom or ion is a very crude approximation 


in its character, it is naturally desirable to correct such fundamental failures in the 


theory. An approach to attack at the latter has been made by Fermi and Amaldi”, 


* The results were presented at the Hiroshima Meeting of the Chugoku-Shikoku Branch of 
the Physical Society of Japan, in February 1959. 
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and another to correct the former* by Gombds® using the expression for the corre- 
lation energy obtained by Wigner” and taking Fermi-Amaldi correction into account 
too. 

Recently, the correlation energy for a free electron gas has been calculated by 
many investigators. Especially, Noziéres and Pines” have discussed the limit of 
validity of the various correlation energy calculation and showed that the high 
density calculation of Gell-Mann and Brueckner"”, 


€,= —0.096 + 0.0622 In r, (Ry), (1-1) Fe 
is valid for r,<<1, while the low density calculation of Wigner”, 

€,= —0.88/r, (Ry), (1-2) 
is valid for r,>20. Further for the region of actual metallic densities (1.87,<5.6), 


the result obtained by Pines”, 
€,=0.115-+0.0313 In r, (Ry), (1-3) 


on the basis of the collective description of electron gas due to Bohm and Pines” 
is useful. 

On the other hand, the statistical calculation of the correlation energy by 
Cowan and Kirkwood is not practicable owing to the fact that the results are 
given only numerically and further the correlation energy cannot be broken up 
from the exchange energy. 

In determining the electronic density distribution in atoms, the correlation 
energy is effective only near the atomic surface and the density at the surface of 
the atoms in the TFD model is finite (7,~4.2, cf. eq. (2-15)). The latter fact 
has been considered to be more favourable for various problems than the TF model 
for which the electron density decreases as inverse six power of the distance from 
the nucleus as the distance increases. Therefore, we will use here Pines’ expression 
of the correlation energy. 

In this paper, the TFD equation for an atom or ion is derived by taking 
account of the correlation correction with Pines’ expression, as well as the Fermi- 
Amaldi correction. By approximately solving the above equation, the electron 
density distribution for Br~, Kr and Rb* in free state all having 36 electrons are 
given, especially for Kr the electron density distribution due to the ordinary TFD 
model and that due to the Hartree-Fock method are compared with the present 


* When we had finished the numerical work of this paper, we found the work with respect 
to this problem by H. W. Lewis in Physical Review 111 (1958), 1554, in which numerical results 
were not reported. He has used the expression for the correlation energy obtained by interpolation 
from Gell-Mann and Brueckner’s. Fermi-Amaldi correction has not been taken into account. 

** e, means the correlation energy per electron of a free electron gas. 7, is the mean inter- 


electronic distance in a.u.(atomic unit), relating to the electronic density p in a.u. by the equation 
a= (B/An) 189-4, 


0) hh a a 
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result. Lastly, total kinetic, potential, exchange and correlation energies in these 


ions are calculated and compared with the results obtained by the ordinary TFD 
method. 


§2. Basic equations 


We shall treat a free atom or ion with atomic number Z and electron number 
N. If we use atomic units throughout this paper, and express the electron density 
at r measured from the nucleus by p(r), the total energy of the system, in the 
TFD model, may be given by the following equation. 


E=EH,+4, +4 +EY+E,, (2-1) 
where 

B= —«,\ olde, (2-3) 

Es=— | eVade, (2-4) 

Es=—}(1-1/N) | pV.dv, (2-5) 

E,=— \ pg (p)de, =e a 
and 

VG) =Z/\e\) (2- 4a) 

ee yege ocr’) /|\r—r'|-dv’, (2-5a) 

9 (p) =a +a Inp, (2°56) 
further 


* ¢p= (3/10) (32°) 29 = 2.871, 

«= (3/4) (3/m) "=0.7386, 
a, = 0.065, | 
a= 0.0052. / 


pre 


E,, E., E,", Ey and E, are the total kinetic, exchange, potential due to nucleus, 
potential due to electrons and correlation energies respectively. In eq. (2-5), 
(1—1/N) is the Fermi-Amaldi correction factor” to exclude the self-interaction of 
the electrons. Here we use the correlation energy per electron given by Pines”, 
€&=—9(p) (cf. eq. (1:3)). In the interior of the atom where the electron density 
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is very high, expression (2-6a) is not correct, as has been pointed out by Nozieres 
and Pines. However, it would not bring a serious error into the determination 
of electron distribution to use this approximate formula instead of a more exact 
one even in the high density region, because the large kinetic energy almost 
determines the distribution there. Further, if we estimate E, by using this formula, 
as we shall do in § 4, a correct order of magnitude of correlation energy will be 
given. (cf. eqs. (1-1) and (1-3)) 

At the absolute zero of temperature, the total energy of the system # must 
be minimum, subject to the subsidiary condition 


P 


N= \ pdv=constant. (2-8) 
Therefore, the variation equation with respect to p(r) 
OVE LV N= (2-9) 
that is, 
§ 0°? —44, 0"? —a,—9(p) =V*—Vo, (2-10) 


where V, is the Lagrange multiplier, and 
V*¥=V,+(1-l1/N) V., (2-11) 
may determine p as a function of r, in connection with Poisson’s equation 


N—-1 
N 


AdV*= Azo. (2-12) 
Boundary conditions : 

Now, we shall make the usual assumption of spherical symmetry of the electron 
distribution in the atom. We should first determine the atomic radius 7 and the 
density @ at r=7r) which will be expressed as 0 hereafter, since the solution of the 
simultaneous equations (2-10) and (2-12) can be determined uniquely only for the 
definite 7) and ~. Therefore, we shall determine 7) and %, according to Jensen”, 
by the following minimum condition of the total energy, 


dE/dr)=0, (2-13) 


which corresponds to the zero pressure at the surface of a free atom. In calculating 
dE/dr», it should be noticed that all the integrals in E are to be extended only 
in the sphere of radius 7, ‘since outside this sphere e=0. Eliminating 0V,/dr, and 
00/87, in the expression of dE/dry by using (2-5a) and (2-8), we have the 
following equation, 


dE/dry= —3 x, 00° +44x, 08% +a,=0. (2-14) 
Therefore, 
Wig 1 Sah AN 
(= —— (We +V/ Ke + 24, a) =0.1471, (2-15) 


Kp 


7. 
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For the determination of 7, we will use the following boundary conditions. 
First, we insert the value Po given by (2-15) into (2-10), then we have 


eae ) raro= 8 Ke 0° — 4K, (3 A,— Jo= 3 a, — (,/2) i? —Qo, (2-16) 


where 7 is the value of g for (=. Second, making use of the fact that at the 
surface, r=7, the electric field due to the atom or ion under consideration in the 
spherical approximation must be just as the field by the point charge (Z—N) at 
the origin, we may set up the boundary condition at the surface as follows, 


— (dV*/dr) n,= (Z—N-+1) /rQ. (2-17) 


Third, near the origin, the field due to the charge of the nucleus being absolutely 
dominant, we have 


lim. 7:V*=Z. (2-18) 


r>0 
The three conditions stated above, (2-16), (2-17) and (2-18), can determine uniquely 
the solution ¢ of the second order simultaneous differential equation (2-10) and 
(2-12), together with the atomic radius 7». 


§ 3. Simplification of the basic equation and its solution 


It is very difficult to solve eqs. (2-10) and (2-12) exactly because of the 
logarithmic term of p in (2-10). As stated before, however, the term originating 
from the correlation correction is essential to the determination of ¢ only near the 
atomic surface, where the electron density is small, so we may replace g(~) by 
another function which is easy to treat and varies with p similarly to g(e) near 
the surface. After the manner of Gombds”, we will expand gy(~) as a power 
series with respect to p’” around p=, and take only up to the first order, then 
we have an approximate function g*(), such as 


g* (p) =a,/+a,/ 0’, (3 -1) 
where a,’ =a,+a, Ingon—3a,=0.0195, (3-1a) 
and a= Sa) oy =0 A064 (3-1b) 


In Fig. 1, g() and g*(p) are shown against p'”. If we use g*(p) instead of 
g(p), the correlation correction can be included into the exchange correction term, 
so the treatment of the differential equation becomes- simpler. This simplification 
would not bring a serious error into the determination of electron distribution, 
while the correlation energy of the system should be calculated by using the 


expression g() rather, as will be done in § 4. 


Replacing g(p) by g*() in the expression of E,, (2-6), and inserting it into 
the variation equation (2-9), we have the following equation instead of (2-10): 


£1, 7 — 3 kp — (V*— Vo+-a,') =9, (3-2) 
where K =k. +a! = 0.8447, (sea) 
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which, in connection with Poisson’s equation = rit, for Kr 

(2-12), may determine as a function of r. Ae 1 S.84-06 0.4 
Replacement of g(e) by g*() does not 

completely change the value derived by the 

condition (2-13), as may be verified by a go 

calculation similar to that in § 2. Therefore, 

the expression of ™, (2-15), may be held 

correctly in this case. Using the new notation — 9.94 


K,, we may write 


Pa Ke [2K us 3-3 
(Ph St) 0.02 
Accordingly, the boundary condition (2-16) 
is to be 
j 2 0 
(V*—V +@y') perp EK [Kee = (3-4) 0 01402 03 04 05 06 07 
The other two conditions (2-17) and (2-18) i" Qe 
should be held also for this case. 
E : 3.2): . : Fig. 1. Functions g(p) and g*(p) versus 
quation ( ; ) may be written as o/3, The upper abscissa indicates the 
A xl ratio of the distance from the nucleus 


to the atomic radius 7g for Kr in free 
state. 


(3- 2a) ‘ 
Now, we shall introduce the new function w and the new variable y instead of 
V* or o@ and r respectively by the following relations, which are a slight modification 
of the ones due to Thomas’ 


fea( oi —2 eau = (3-5) 


128 73? 7, pi? ple? 


and r=r)exp(—y), (3-6) 
where y= (N/N-1)’. (3-7) 


Then the simultaneous equations determining p, (3-2) and (2-12), can be reduced 
to the following equation for w as a function of y, 


da’ 
Tyee ee ana (3-8) 
where r= aa your aes, (3-9) 


And the boundary conditions (3-4), (2-17) and (2-18) change the form respec- 
tively as follows: 


At the boundary y=0 (Gan 


(we p< 0 = do (3-10) 


“ru yey 
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dw ., ee ya 128 
y=0 


_ m2) us a 3/2 ; 
eal O™ can (Z-N+1), (3-11) 


while as yo (r—0) 


9 3/2 
Fables (9% (3n2)us = 2 Z, (8-12) 
Ke 


lim e7"? w=p : 
yo Oz NZ 


Eq. (3-8), subject to the boundary conditions (3-10), (3-11) and (3-12), 
may be solved directly by the method of Gauss, Jackson and Numerov™. However, 
more simply, it would be allowed to determine w by the double interpolation with 
respect to the initial value of w ice. 7 and the order of ionization Z—N from the 
solutions of the ordinary TFD equation due to Thomas. For a particular atom 
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Fig. 2. Radial density distribution 4x7? versus 7, for Br-, Kr and Rb? in free state. 
(in a. u.) 
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Fig. 3. Radial density distribution 4772 versus 7 for Kr in free state. (in a. u.) 
Present calculation. 

—-—- TFD method due to Thomas"). 

aH == Hartree-Fock method due to Worsley. 


or ion, in other words for given Z and N, the value of 7, for which the solution 
w of eq. (3-8), subject to the initial conditions (3-10) and (3-11), satisfies the 
boundary condition (3-12), gives the radius 7) of this atom or ion in free state 
according to (3-9), and further inserting the solution w(y) thus obtained into 
(3-5), we may have the electron distribution p as a function of y . Such an 
interpolation procedure would presumably be more correct than the perturbation like 
a treatment due to Gombas. (cf. Table I) 

In Table I, 7-values in the present model for Rb*, Kr and Br~ are compared 
with the values due to Thomas (the ordinary TFD method), due to Gombds™ 
(the TFD method including Wigner’s correlation and the Fermi-Amaldi corrections) 
and due to Pauling” (the semi-empirical method). The fact that the 7-values by 
the present calculation are very close to those by Pauling, would give a theoretical 


basis to the hard ion model which is a fairly good approximation in the theory of 
ionic crystals. 


op il al, 
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Table I. 7 values in a.u. 


Rbt | Kr Br- 
Present calculation 2.7845 | v 3.3009 : 4.2150 
Thomas* 3.4211 | 4.5275 —* 
Gombast 3.55 | 4.22 ; 5.19 
Pauling*** 2.80 | 3.19 3.69 


* Ordinary TFD method, in which negative ions cannot be treated. 
** TFD method including Wigner’s correlation and Fermi-Amaldi corrections. 
*&* Semi-empirical method. 


The radial density distributions 477°o’s obtained above, are shown in Fig. 2 
for Rb*, Kr and Br’, all having the identical electron number N=36. Especially 
for Kr the present calculation is compared with that by the ordinary TFD method 
and that by the Hartree-Fock method” in Fig. 3. From this figure, we see that 
the electron distribution contracts toward the nucleus as a result of inclusion of 
the correlation and Fermi-Amaldi corrections, and with increasing distance from 
the nucleus the electron density decreases faster than in the case of the ordinary 
TFD model, more similarly to that due to the Hartree-Fork metod. This means 
that the introduction of these corrections weakens the screening effect of the electron 
cloud as is expected. 


§ 4. Energy relations 


We shall derive the relations realized between the energy components in 
(2-1). After the Fock linear-scale-factor method’, we shall assume that the dis; 
tances of electron-electron as well as electron-nucleus are contracted by a factor 1/4 
compared with the case of the minimum total energy, the total electron number 
N being unchanged. We express the density at the distance r from the nucleus 
in the contracted distribution by p, (7), then by the normalization condition (2-8) 


we have 
Ar) =A p (Ar), (4-1) 


where p is the density to minimize the total energy. We distinguish each energy 
component for the contracted distribution by the upper suffix 4, as 


Ee =E} +E) +E, Ey +E", (4-2) 
where 
haa Ht Be (4-3) 
ye (4-4) 
Betas, (4-5) 


Ey =AE,, (4-6) 
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and Ej} =E,—3Na, Ind. (4-7) 
For the value 4=1, the total energy E* should be minimum, therefore 
(ae) = 0 (4-8) 
di d=1 


Inserting eqs. (4:2) to (4-7), into (4-8), we find the following energy relation, 
Epf+Ef~=—2E,—E,+3Nay. (4-9) 
The density distribution function p(r) obtained in the preceding section, and 
eqs. (2:2), (2-3), (2:4) and (2-6) enable us to evaluate the values of E,, E,, 
Ep and E,, and then eq. (4:9) the value of Eg. These values thus obtained are 
columned in Table II. ; 


Table II. Values of energy components in a. u. 


Rb+ | Kr | Br- 
| 3648.9 3409.0 | 3229.3 
Ex | (3598.9) * (3377.9) 
B 96.8 | 93.6 | 88.3 
aeee (93.6) | (89.6) | 
; 8431.3 7887.5 | 7433.0 
— Ee (8322.8) (7820.0) | 
or 1230.8 | 1163.7 | 1063.3 
P (1218.6) | (1153.8) 
a By 2.85 | eis | oo 
. 3651.2 | 3411.2 | 3231.4 
= (3598.9) | (3377.9) | 


* The values in brackets are the ones of the ordinary TFD model due to Thomas"®). 


For the sake of comparison the energy values of the ordinay TFD model due 
to Thomas” are also reproduced in the same table. From this table we see that 
each energy value becomes slightly larger than the corresponding one due to 
Thomas because of the contraction of the electron cloud. Further the correlation 
energy E, is very small compared with the other energies E,, E, and i,, and 
since we may neglect the last term 3Na, in (4-9), the Virial theorem for the 
ordinary TFD theory” remains to hold in this case too. 


§ 5. Conelusions 


In this paper, the basic equations, the Pines correlation and Fermi-Amaldi 
corrections being taken into account, are simplified to the form which enables us to 
determine the electron density distributions by the interpolation method from the 


solutions of the ordinary TFD theory given by Thomas™, rather simply and 
correctly for various atoms or ions. 
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In Fig. 3, the present calculation shows that the electron density distribution, 
with the correlation and Fermi-Amaldi corrections taken into account, is more 
contracted towards the nucleus than in the case of the ordinary TFD theory. This 
means that the screening effect of the inner electrons for the electrostatic field of 
the nucleus to the outer ones is overestimated in the statistical theory if these 
corrections are not considered. This is a reasonable result. Since the correlation 
energy is very small compared with the other energy components—even if we use 
a more exact formula of correlation energy density at high electron density region 
of the atom, for example, Gell-Mann and Brueckner’s instead of Pines’ which is 
used here, this conclusion would not~ be changed—the deviation of the density 
distribution due to the present calculation from that due to the ordinary TFD 
method would predominantly be originated from the Fermi-Amaldi correction. 
Therefore, at the present stage of the statistical theory, a correct formulation of 
the Fermi-Amaldi correction would be most desirable. However, since the effect 
of these corrections in electron distribution is conspicuous only near the atomic 
surface, the TFD model is sufficient to treat the problem concerning bulky 
properties of the atom. For the atomic nature in which the outer electrons play 
an important role, a statistical theory with sufficient corrections should be used. 

As regards the energy values of the atom, the correlation energy may well be 
ignored and the values of the energy components as well as the Virial relation are- 
practically maintained as those of the ordinary TFD theory. 


The author would like to express his sincere thanks to Professor K. Umeda 
for reading the manuscript and giving many valuable advices. He is also indebted 
to Dr. S. Asano for his continuous interest and encouragement. This work was 
financed by the Scientific Research Fund of the Ministry of Education. 
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It is found that before a quantitative theory of superconductivity can be derived from the 
quasichemical equilibrium approach, a self-consistent method of evaluating the “quenched” 
correlation matrix for electron pairs is needed. 


The quasichemical equilibrium approach to superconductivity”’” treats the parti- 
tion function for the Fermi gas of electrons in metals by an approximation which 
treats statistical correlations exactly, but neglects dyamical correlations between more 
than two particles. The thermodynamic properties of the system are now given in 
the form of an equilibrium between the fermions (“atoms”) and diatomic ‘“‘ pseudo- 
molecules”, the latter obeying a kind of Bose statistics. Under certain conditions 
there is a singularity in the partition function—that is to say the thermodynamic 
properties of the system undergo a transition. Below this transition point, some 
of the pseudo-molecules will undergo a form of Bose-Einstein condensation, producing 
a superconducting state”. 

Any attempt at a detailed study of this system requires a knowledge of the 
eigenvalue spectrum, ws(K), of the “quenched 2-particle U-matrix ”’ which is defined 
as follows :—The 2-particle U-matrix between the pair of electron states &,, k, and 
the states h,’, hy! is 


(Bike| U| Ri! ha!) = CRiksle“*% —e- %7| hy'ha!) (1) 


where HZ is the 2-electron hamiltonian, complete with interactions, and H, the 


hamiltonian for two free electrons. The Fermi statistics of the system introduce 
“quenching ”’ factors 


hy = 1 
\ a) exp[@(u—€é) ]+1 


(with p the chemical potential, a=1/kT), to give the ‘“ quenched 2-particle U- 
matrix”, U, as 


(2) 


* Also supported by the Nuclear Research Foundation within the University of Sydney. 
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(Bike| | Ry'Ra!) =[q (Rs) q (ha) Pek: UF ky’ ko!) (ki!) q(Re’) esha (3) 


An alternative form is obtained by using the occupation numbers n(k)[{n(f) 


=1—@(k) |: 
e*< Riks| Ul ky’ ko!) =| (ki) 2 (ka) Pe Rake ki'ka!) 
Xn kona T?. (4) 


The eigenvalues of the U-matrix may be written u;(K), where K is the centre of 
mass momentum of the electron pair, and S is some “internal quantum number ”’ 
of the pseudo-molecule. 


Ho/2,— /2 
eX ‘o/ e eH ocho} == II 


The partition function contains a singularity, and the system undergoes a 
phenomenon similar to Bose-Einstein condensation, if and when the largest eigenvalue 
satisfies the relation 


7=e*™[us CK) mac 1. (5) 


If the correlation matrix is negative definite (“purely repulsive”) there is no 
transition; for other than purely repulsive correlations, such that [ws(K) |mac iS 
positive, then substitution of 7 from Eg. (5) into the partition function of the 
system gives an estimate of the transition temperature, in terms of the inter-electron 
interaction parameters. 

The actual interaction between electrons in metals consists of a screened Cou- 
lomb repulsion, together with the partly attractive Frohlich interaction due to phonon 
exchange. Since calculation of U in terms of this interaction is intractable, we 
employ model interactions, which contain the essential features, to investigate 
[2¢s(K) lmaee Ke 

Calculation of the eigenvalue spectrum of the matrix U as given by Eq. (3) 
consists of 

(a) first calculating the pair correlation matrix, U, by use of the total and 
free-particle hamiltonians (H and H,) for UNOQUENCHED electrons, 

(b) then finally multiplying by the quenching factors (2) to arrive at the 
quenched correlation matrix U. 

The results, for a variety of model interactions, all indicate that this straight- 
forward évaluation of the quenched correlation matrix, by use of the above pre- 
scription, is not adequate, and leads to unphysical results”. The trouble stems 
from the fact that we have first considered the electrons without any quenching 
effects (step (a)), introducing such effects only as a final stage (step (b)). Thus 
what is required is some form of self-consistent evaluation, which at no stage re- 
fers explicitly to unquenched electrons in the metal”. 

We also calculated [zs(K) |na, by taking the first step in the semi-classical 
approximation” which replaces erfo® get etMol? by e-? Although this approxim- 
ation is poor at low temperatures (when T'<f???/2mk), it is of interest because 
it satisfies the self-consistency requirement to a large extent: we no longer get un- 
physical results like Eq. (7). Characterizing our model potenials by a range 4”, 
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and strength parameter 9, and with J, defined by Eq. (9), we find that Eq. (5) is 
satisfied for (Alp)? of order unity. Substituting plausible values of # and A 
leads to a reasonable transition temperature. However, eigenvalues obtained by 
this method lead to far too extreme a transition in the thermodynamics; Cy(T) 
becomes vanishingly small almost immediately below T,— this is a fault to be 
expected in a semi-classical approximation. 

We conclude that before a quantitative theory of superconductivity can be 
‘derived from the quasichemical equilibrium approach, we need a self-consistent 
method of evaluating the quenched correlation matrix, which at no stage refers to 
unquenched electrons. 

My thanks are due to Professor H. Messel for his constant interest and encourage- 
ment, and to Drs. J. M. Blatt and M. R. Schafroth for helpful suggestions and 
advice. I also wish to thank General Motors Holden for their grant of a Research 
Fellowship. 
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Three models for nucleon-antinucleon annihilation are considered: the Fermi statistical 
model, the modification by Pomeranchuk which includes strong z-z interactions, and the Koba- 
Takeda model of fast “core” annihilation followed by slow emission of “cloud” pions. 
The parameters of the models are chosen to fit the experimental pion multiplicity (7) =5.36. 
Then it is shown that the Koba-Takeda model with a small core predicts quite different values 
than the other models for the average K meson energy and pion multiplicity associated with 
KK events. Data on these quantities would distinguish between models and provide indirect 


information on the z-z interaction. 


§ 1. Introduction 


Recent experiments”’”® on the annihilation of antiprotons in matter have shown 
that the average number of pion secondaries is (7,)=5.36+4 .3 and that K mesons 
are produced in 3.5+1.5% of the events. Information has also been obtained on 
the pion energy spectrum, angular correlations, the ratio of charged to neutral 
pions, and other quantities. 

As is shown in references (1) and (2), all the data on pion emission can be 
fit by the Fermi statistical model”, if the large radius R=2.5i/m,c is used. How- 
ever, the Fermi model with this choice of radius predicts that K mesons will be 
‘emitted in 12.3% of the events. Various proposals have also been made which 
attempt to explain the large pion multiplicity by consideration of two dynamical 
effects ignored in the Fermi model: 

a) According to a number of authors,”’®*” the pion multiplicity is enhanced 
by strong pion-pion interactions. 

b) On the other hand Koba and Takeda® suppose that the high frequency 
‘core annihilation is non adiabatic with respect to low frequency meson cloud oscil- 
lations and that the large pion multiplicity represents the sum of quickly produced 


core pions and slowly escaping cloud pions. 
In the present paper the models of Fermi” (hereafter referred to as F), 


Pomeranchuk” (P), and Koba and Takeda® (KT) are taken as representative, 


+ National Science Foundation Predoctoral Fellow. 
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respectively, of the purely statistical viewpoint and the two types of dynamical mo- 
dification that have been proposed. The parameters of these models are chosen to 
fit the observed pion multiplicity* (7,.)=5.36, and then other predictions of the 
three models are examined to see if presently available experimental information 
may distinguish between them. We find that if a core radius <2h/m,c is used 
in KT, then the predictions of KT concerning the pion multiplicity associated with 
KK events and the average K meson kinetic energy differ significantly from the 
other models, so that a small number of KK events may suffice to distinguish 
between models. The reason for the difference is that KK pairs in KT are emitted 
only from the small, “high temperature” core which produces more energetic K 


mesons than the larger F and P interaction volumes. 


§ 2. Determination of parameters 


According to F, the relative probability of various secondary products in nucleon- 
antinucleon annihilation at rest is given by 


dN 
dw 


Pay Mm) =G as m)~ CR?/62*) rere (Mx, Me, W=2My) (2-1) 
where G takes the isotopic spin and statistics of the final state into account, R is 
the interaction volume radius in units of A/m,c, and dN/dW is the momentum 
space volume in the center of mass system, in units of #/m,c. In this paper we 
use the product G-dN/dW obtained from Tables 13 and 14 of ref. (2)**, which 
are based on isotopic spin conservation, strangeness conservation, and the phase 
space calculations of Fiahlo”. Conservation of angular momentum, parity, and charge 
conjugation are not taken into account. In the process of fitting each model to the 
observed pion multiplicity, we ignore KK emission. 

Model P represents the effect of pion-pion interactions by taking the interaction 
volume to be 7,,R’/67°. The factor ,”*"' thus introduced enables us to fit the 
pion multiplicity (7,)=5.36 with the physically reasonable*** radius R=1.08. 


* It should be mentioned that the hydrogen bubble’‘chamber work of Horwitz, Miller, Murray, 
and Tripp»), which is a more direct determination of (,,) than the emulsion work>2) on which 
we base our conclusions, yields the result (7,)=4.7-+0.5. The numbers resulting from (,,) =4.7 are 
quite different from ours. For example the prediction of F for pion multiplicity associated with 
KK events changes from our result, 2.22 (Table IL), to 1.87. Thus, although the arguments of 
our paper remain valid in any case, the specific numbers we obtain are sensitive to the experimental 
value of <n), which is still in doubt. 

** These tables contain the F probabilities P(n,, mz) for several radii R. To obtain the 
relative values of G(nz, mz) dNidW(nz, ng) we simply divide the tabulated probabilities by 
(R3/6n2) natngnl, 

*«* This multiplicity greatly exceeds the result (n,,.)~3.5 for R=1 obtained in Sudershan, Phys. 
Rev. 103, 777, because the Fiahlo phase space approximation enhances the multiplicity relative to 
the less accurate phase space approximations considered by Sudershan, and because the interaction 
volume 0.945 R3 in Sudershan should be replaced by 1/6x? (MyR/m,,)§=5.2R3. (ref. (2), footnote Lae 
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In KT the core annihilation within a small radius R is followed by the emission 
of (2 cona) low frequency cloud mesons. We will consider two physically reasonable 
choices for the two parameters R and (rgena> : 

a) Suppose that R=, roughly consistent with the Stanford experiments on 
electron-nucleon scattering. Then we must choose (7, c1onay=3-28 to get the total 
71, == 0,30. 

b) According to P wave meson theory’, the average number of P state mesons 
in the combined nucleon clouds is 2.6. -If we take (mzcwmay=2-6, then R=1.77 
Zives (7x core? =2-76 and the correct total number of pions. 

Since R represents the radius of a high frequency core in KT’, the value R= 
1.77 obtained in KT(b) seems unreasonably large unless we suppose an additional 
complication holds: that R includes the effects of strong pion-pion interactions. To 
prove this contention, we can estimate the core radius R, to be expected, in the 
absence of final state pion-pion interactions, from the scalar nucleon electromagnetic 
radius ~.8X10-“cm suggested by electron scattering experiments at Stanford’. 

One can show, by using only general conservation laws, that the dispersion 
relation value for the scalar radius is determined by 37, 57, ---(2m-+1)2,:--, KK, 
-++, 7”, --- contributions, where m is an integer. The 37, 52---(2m-+1)7, --- states 
can couple to the photon only through baryon loops or K’s (see Fig. I), because 


\ 


en dee 0) KK () ma 
n n 
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— > 
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Fig. 1. Representative Feynman diagrams for contributions to the scalar nucleon electro- 
magnetic structure. In each case the photon is absorbed by a baryon or K 
line; if it is absorbed by a pion then we have a contribution to the vector 


nucleon electromagnetic structure. 


couplings such as H,~4¢z"** and H y~e$"9,,,A" are forbidden for pseudoscalar 
spin zero pions by parity conservation. So the scalar radius is a measure of the 
spatial extent, R, of baryons and K’s in nucleon structure. However, the core may 
be as small as R,~h/Myc if the observed radius reflects a breakdown of quantum 
electrodynamics.” We conclude that Kk, lies between ~.2X10°"cm. and ~.8X 
10-“em. The use of R=R,<? for KT (a) would increase the distinction between 
KT (a) and all the other models in Table II. 

The numbers for KT'(a) and (b) were obtained on the assumptions that 7, core 
is at least two* and that cloud pions have the same momentum and isotopic spin 


* Since the core annihilation is non adiabatic with respect to the cloud frequency, the core 
and cloud do not exchange much energy or momentum during annihilation, except perhaps through 


A 
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spectrum as core pions. The assumption concerning the erated, * bier Beate 
spin spectrum of the cloud is compatible with experiment and ee a pee 
theory, which suggests a cloud pion momentum spectrum - p. In place o : 
assumption the original KT paper gave each cloud pion its average energy oO 
346 Mev for order of magnitude calculations, made the tacit assumption that the 
cloud has zero isotopic spin and momentum relative to the core, and computed 
the core pion probabilities according to (2-1) with the substitutions 7,72 cores 
available energy W—>{2My—(nxewna? 346 Mev} .* 

In the present treatment the percentage probabilities that various iy Mx core are 
associated with a particular nx ciona are distributed according to the equation : 


P( n ) ees coed) Pitte clona + x cores Ny) (2 -2) 
‘ Nx ox ee f S 
Nx clouds 7x cores x ee fag 7 aged = Tears ny) 
2 7,=0,2 
1 core" 


Table I. The distribution of cloud pions in KT for the combined nucleon and 
antinucleon clouds. 


| Number of pions % Probability P(7xcloua) 
Nenad | (a) R=2 | (b) R=1.77 

0 6 9 

1 15 18 

2, Le 24 

3 18 21 

4 15 15 

5 14 8 

6 ant 4 

1 4 3h 

Total 100 100 
(Nzcloud> | 3.29 | 2.60 


MNENG UI) wate Ct Mp0 -Or 2, P-Raawe) is the percentage probability for 7, 4ona 
(see Table I), and P(AaconatMxcore Mx) iS given by (2-1) with the R dependence, 
in obvious notation, (Raoua)”= 20d (Renore)*xcore*"z-?, It is not necessary to make 


final state interactions while the core pions are on their way out. If we neglect this energy- 


momentum exchange, then cloud states with the proper relation between energy and momentum to 
permit 2x re=0 or 1 are a negligible fraction of the cloud states that can yield nx core==2, for 


which cloud momentum and energy can vary independently. As an exception we must suppose 


that the small fraction of cloud states, whose energy and momentum are so great that two core 
pions could not be emitted with energy-momentum conservation, eventually interact with the core 
or core products. 

* We have changed from the original KT assumption here in order to use the accurate values of 
GdN/dW (W=2My) calculated in reference (2) (see explanation following our equation (2-1)). The 
results obtained with the original KT assumption in case (a) are: 
events, and 177 Mev for the K meson kinetic energy. The 
results 1.53 pions and 171 Mev (Table II (v, vi)), 


1.44 for the pion multiplicity in KK 
present assumption leads to the corresponding 
and the qualitative conclusions are unchanged. 


Es 
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any assumption about R..@ because this quantity is a common factor which cancels 
out of P(ncionas Mxcores Me). Just as in KT, Table I for P(nzeuma) was constructed 
by distributing cloud pions with the desired average (nzema) according to proba- 
bilities obtained from an intermediate coupling calculation of Takeda.” 

In case (a) this distribution of cloud pions is too flat and leads to too many 
3, 7, 8 and 9 pion annihilations, as can be see in Table II (i). We can obtain 
agreement with experiment, with some loss of plausibility for the model,by selecting 
a more peaked cloud pion distribution. Thus we see that the relative probabilities 
for the 7x 1oua=0, 1, 2, 3 states, which critically influence KK events, are not de- 


Table Il. i) Percentage probabilities for various numbers of pions, if KK events are 
neglected. 
ii) Average pion multiplicity (n>, if KK events are neglected. 
iii) The percentage of events in which a KK pair is produced. 
iv) Percentage probabilities for various numbers of pions associated with KK 
events, if events with m,=0 are not included. 
v) The pion multiplicity associated with events in which a KK pair is 
produced. 
vi) The average kinetic energy <T;) of a K meson in KK events, measured 
in Mev. 
vii) The average total energy (E,) of a pion detected in a KK event, 
measured in Mev. 
mm a ES a aT ir a er 


P (R=1.08) IIs 
SE 2) ad SRST Taher SRT xperiment 
(ays, OY Se) ON A 
a (R=) (R=1.77) 
ia, p(mz) for | 2 0.0 > 0.1 a 1.4 0.0 consistent 
=O <3 23 4.0 17.5 43 with 
| | 4 13.4 14.3 18.0 18.9 BPRS (Db) 
| 5 40.6 36.8 18.8 36.7 
| 6 Bad 31.6 15.2 24.3 
eye 10.6 13.2 14.1 10.8 
| 8 0.0 0.0 11.0 4.0 
| 9 0.0 0.0 4.0 1.0 
Total [Sit 8700.0 100.0 100.0 100.0 
ii) | (nx) for n~=0 5.36 RAMOS Ne Ae 5.36 5.36 5364.3 
iii) | % K events 12.3 0.7 19 129 16.7 13.5 3,541.5 
iv) P(x) for 0 0.1 pe 29 0.8 6.9 0.2 
bag? 1 11.4 ss 16.6 19.7 43.0 16.7 
2 55.1 AEP 5O.9.78 557 39.9 60.5 
3 33.4 Gs 27.6 23.8 10.2 22.6 
Total 100.0 100.0 100.0 100.0 100.0 
pula OF 2.22 ioe CO.OS oe 8038. a58 2.06 
Ne=Z 
vi) | (Tz) (Mev) 109 = 125 122 val 117 172 (10 events) 
i) | (Ex? for ne=2 ek Be BUF 357 318 
vil) (Mev) 302 
Dee ee — a tn a, a 
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termined in KT(a). In the absence of any guide we used the pion cloud distribution 
of Table I* to calculate what type of KK events KT (a) may lead to in Table II. 

All three models agree with experimental results” on the charged to neutral 
pion ratio, which is determined mainly by charge independence. Each model is also 
in rough agreement with the observed distribution” of pion multiplicities, and data 
on this point does not seem accurate enough to distinguish between models. Although 
any of the models involving specific dynamical effects may give other than statistical 
angular correlations, present observations on angular correlation” are consistent with 
purely statistical theories. Concerning the pion energy spectrum, # and P agree 
with experiment” while the energy spectrum of cloud pions can be considered to 
be another adjustable parameter in KT. The statistical KT pion spectrum used in 
this paper is consistent with experiment. It follows that to distinguish between 
models we must consider KK production using the parameters determined by the 
pion multiplicity. 


§3. KK abundance 


The KK abundance according to the various models is listed in Table II (iii). 

In KT the result is determined by a competition between the small radius, 
which tends to increase the KK abundance, and the fact that states with more than 
three cloud pions do not have enough core energy to produce an appreciable number 
of KK pairs, which tends to decrease the KK abundance. 

The three cases listed for P are: 

a) Pions interact strongly and are produced in a volume 7,,R°/6z*, but K 
mesons interact weakly and are produced in a volume R*/6z*. Thus the Fermi 
result is multiplied by ,”*"' (unless 7,=0; in that case the factor is 1). 

b) Pions interact strongly and K mesons do not, but both are produced in 
the volume (0).n,-+7) R’/6z*. The multiplicative factor is 7,.”**”*14+0) n.. 

c) Pions and K mesons both interact strongly in a volume (n,+7%,) R*/67°, 
and the multiplicative factor is (7,+7,)"**"* 1. 

Cases (a) and (b) _of P greatly favor pion emission over KK emission, and actually 
predict a lower KK abundance than is observed. In these cases the assumption 
of statistical equilibrium between K and pion production has been dropped, which ° 
might perhaps be understood physically on the basis that K interactions are weaker 
than pion interactions, or that the K is smaller than the pion Compton wavelength. 
Since cases (b) and (c) of P bracket the observed K abundance, it is clearly 
possible to fit the K abundance with some version of P. In §4 we will carry 


* If, on the other hand, the effective cloud pion distribution were changed so as to greatly favor 
Azclond=2 Over Axcloud=0 or 1, then the predictions of KT(a) for KK events would be similar to 
the predictions of P. Such a cloud pion distribution could arise from pion-pion interactions between 
escaping cloud pions, and any statistical theory that can be interpreted in terms of stron i 
pion interactions seems to give results similar to those of P. et aa 
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along (b) and (c) of P to bracket the physical case, and disregard (a) of P which 
gives too low a K abundance (.7%). When a similar distinction between K and 
pion production is introduced into the other models they also can fit the K abundance, 


so the K abundance does not allow a decision between the modified F, P, and KT 
models. 


§ 4. Details of KK events 


To decide between models, we must consider variables which are associated 
with KK events but are essentially independent of the factor that enhances pion 
production relative to KK production. The pion multiplicity associated with KK 
events, and the average kinetic energy of K’s in KK events fulfill these require- 
ments because various KK events may depend on the pion enhancement primarily 
as a common factor* which cancels out of average quantities such as the kinetic 
energy and pion multiplicity. 

‘The pion multiplicity is listed in Table II (v). Unfortunately, no data has 
been presented for this quantity. 

In order to calculate the average K meson kinetic energy (T),(7,) ) for a given 
number of pions 7,, we used the following momentum spectrum for a K meson: 


X(ng, P,) =40P} ne Ceraze (4:1) 


where P, is the momentum of the first K, W=[(2My—\/M24+ P2)’—Pi |” is 
the combined energy of the second K and the 7, pions in their center of mass 
frame, and dN/dW is calculated from the tables in Fiahlo”. The values for 
(T,,(n,) ) obtained with X(n,, P,) are listed in Table II, together with the results 
of a similar calculation for (E,,(”,)) in KK events. These results were weighted 


by the probabilities for various 7, in Table II (iv) to obtain the average energies, 


(T,) and (E,), for KK events (Table II (vi, vii)). 


Table III The average kinetic energy of one K meson, (T,%(mx)), and 
the average total energy of one pion, (E,,(mx)), for an event 
in which a KK pair and 7, pions are produced. 


Nx (Tx (nx)> (E. (nx) > 
0 444 — 
1 206 476 
yy 112 oon 
3 64 253 


Unfortunately, the momentum phase space volume considered by Fermi’ and 


* This is not quite true for (b) of P, but we still obtain good agreement between (b) and 
(c) of P in Table II (iv-vii). 
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accurately evaluated by Fiahlo” is not covariant, so it is not clear what is the 
me : 14) 
most suitable expression for the K momentum spectrum. In a covariant theory 


aR, is replaced by \m,/Ei-d'P:, and (4-1) can be replaced by the invariant 
quantity 


2 4r Pm, dN’ (tyes p= W) (4-2) 
/ See re aco fe +9 a 
x (is bes) FE, dw 
where 
_dN' (1) = [ gop, TOS DLOD La W) (4 ‘ 3) 
dw te Ey : t 


and W is the same as in (4-1). We have not estimated the change in (7,) as- 
sociated with KK events due to the covariant formalism, which may be small because 
the enhancement of high multiplicities (low kinetic energies) tends to cancel the 
effect of the smaller interaction volume needed to fit (71,)==5.36. However, the 
factor m,/E; clearly favors (T.) at the expense of (E,,), and we estimate this effect 
as follows. We can make use of the exact two particle solutions 


41/2 Pokey tia 
ra my—m 
NV (im; m2) a | (Wm m3)*— 4mm | 1 - | 2 | 


dw Ww? 
(4- 4a) 
. 41/2 
ay (Hi:,- Ms) = BUS | (Wt m— m;)?—4m?m, | (4- 4b) 


dw Ww? 


to compare X(7,=1,.P,) and X’(n,=1, P,) accurately. In this way we find 
(Ti.(m2=1))=206 Mev. using (4-1); and (T;!(n,=1))=221 Mev. using (4-2). 
aN’/dW cannot be solved analytically for n,>1 and has not been tabulated, but 
clearly ((E,(n.) —E(n,))) is less than the 30 Mev. obtained for ,=1 because 
m,/(Ex) increases with increasing 7,. Rough estimates indicate that the covariant 
treatment shifts (K,) downward by ~20 Mev and <T,,) upward by ~15 to 20 Mev 
for all models. 

We can compare the theoretical values for <T,,) with the experimental values” 
140 Mev for the 3 definite charged K’s observed at Berkely, or 182 Mev for the 10 
probable charged K’s seen at Berkeley*. Since slow K’s are more likely to decay 
or come to rest in the emulsions, the “definite” K’s are biased towards low 
energies. The 10 probable K’s seem to favor KT (a), but the statistics certainly 
do not allow a decision as yet. 

We have also listed the average total energy of a pion detected in a KK event, 
in Table II (vii). The percentage variation from model to model for this quantity is 


* The events in reference (1) had an average total energy of 1927 Mey, including antiproton 
kinetic energy. To compare with the theory for events at rest in Table IT (vi), we subtracted 
10 Mey from the 182 Mey experimental result. 
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somewhat less than for the other quantities discussed in this section. 

The physical reason why few pions are associated with KK production in 
KT(a) is that most KK pairs are produced from states containing fewer than 
average cloud pions, and all KK pairs are emitted by the small, “high temperature ” 
core which favors high kinetic energies and low core pion multiplicities. On the 
other hand the large Fermi interaction volume (“low temperature”) and the pion- 
pion interaction build up the pion multiplicity at the expense of K kinetic energy 
in F and P, and this feature is also expected to hold for other models”: based 
on a strong pion interaction. 


§ 5. Conclusion 


We have found that KT'(6) and F, which involve large radii that can only 
result from strong pion-pion interactions, yield predictions similar to those of P. 
On the other hand KT(a) implies weak pion-pion interactions and differs signifi- 
cantly from the other models with respect to the details of KK events. Therefore 
a reasonably small number of KK events can decide whether antinucleon annihilation 
is dominated by pion-pion interactions or by the KT’ cloud-core picture. 

Before one compares experimental results with Table II (v-vii), however, it 
should be remembered that: (a) The numerical predictions obtained for KK events 
depend strongly on the assumed pion multiplicity (7,.)=5.36 (footnote, $1.) A 
trustworthy comparison between statistical theories and experimental KK events can- 
not be made until <7,,) is determined more accurately. 

(b) We have neglected conservation of angular momentum, parity, and charge 
conjugation, and we have used the usual non-covariant phase space elements, d*P. 
In § 4. we estimated that a fully covariant treatment of momentum phase space 
would increase (T,) by ~15 or 20 Mev and decrease (E,) by ~20 Mev. 
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Possible resonances in pion-hyperon scattering at low energies are qualitatively examined 
and some noticeable differences are found between two cases in which the J-A relative parity 
is even and odd. Then, supposing that, in the process K+N—->7+Y, the strong resonances 
of pion-hyperon scattering in the final state will dominate over the relatively weak K-meson 
interaction, we discuss the possibility to conjecture the relative parities of K-meson and 
baryons from the experiment of this process . 


§ 1. Introduction 


As was discussed by Gell-Mann” the coupling of K-meson to baryons seems 
to be somewhat weaker than that of pion. Hence in the process KNOY? 
the pion-hyperon scattering is expected to play an important role as a final state 
interaction. If the pion-baryon interaction has universal form and strength, strong 
resonances similar to the (3/2, 3/2)-pion-nucleon scattering will occur in the final 
pion-hyperon scattering” and enhance relevant amplitudes of the K-absorption. It 
was further noticed that the condition of universal strength should be somewhat 
relaxed. Namely, as far as 2>(fx/fa)’=1/2, the qualitative character of re- 
sonances will not be radically altered”, fy and fs being respectively the renormalized 
(S27z)- and (SAz)-coupling constants. In this paper** we mean by universal pion- 
baryon interaction that the 2-A relative parity Py, is even and that f2 and fx 
are of the same order of magnitude with fy~0.08. 

The possibility of experimental test of the universal pion-baryon interaction 
by the K-absorption has been discussed by several authors”. It should be noticed, 
however, that in order to know what are characteristic of the universal pion-baryon 
interaction or of even Pya, consequences of other types of interaction must be ex- 
amined at the same time. Indeed, strong resonances of the pion-hyperon scattering 
are, as we shall ‘see, not necessarily characteristic of the universal pion-baryon in- 
teraction but will occur, in some states, also by another type of pion-hyperon in- 


* Here and henceforth Y and the word hyperon will mean either S- or A-hyperon. This 


process will simply be called K-absorption. 
** The spins of hyperons are all assumed to be 1/2. 
strangeness and parity are conserved in the strong interactions and tha 


multiplet have same parity relative to others. 


It is, of course, assumed that the isospin, 
t the members of a charge 
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teraction (Py, is odd.). Therefore, some processes that have been considered to 
serve as experimental tests of the universal pion-baryon interaction will turn out to 
be useless. 

In Sec, 2 we shall examine the pion-hyperon scattering at low energies in the 
case of odd Pxy,. It will be pointed out that in some states resonance will be found 
commonly in both cases of even and odd Py,, while in some states resonance will 
occur only in one of the two cases. Then implications of these resonances in the 
K-absorption will be discussed in Sec. 3 in relation to the possibility to determine 
the relative parities of K-meson and baryons. In Sec. 4 some comments will be 
given on previous investigations on this topics. 


§ 2. Pion-hyperon scattering 


If the K-meson interaction is sufficiently weak the amplitudes of the K-absorption 
can be approximately expressed by the pion-hyperon scattering amplitudes. The 
S-wave pion-interaction will, however, be of the same order of strength with that 
of K-meson, and perhaps cannot be cleary disentangled in the K-absorption. Whereas 
strong P-wave resonances of the pion-hyperon scattering, if exist, will be confirmable 
by marked enhancement of relevant amplitudes of the K-absorption. 

We do not intend to make detailed analysis but confine our attention only to 
strong resonances of the P-wave scattering’at low energies. Throughout this section 
Py, is taken to be odd, unless otherwise mentioned. We use the static approxi- 
mation”, reducing the pseudoscalar (3'3'7)-coupling to the familiar P-wave vertex 
and the scalar (Az)-coupling to the S-wave vertex. The 3-/4 mass difference 
and the virtual effect of K-meson will be ignored. 

There are three types of scattering, 


(S32): w4+5574 2, 

(' A) 5 T+ Sor A, (2-1) 

(ASA): 24+A574 A. 
In (AA), since P-wave is not scattered in the Born approximation, the P-wave 
resonance will not occur. On the contrary, strong resonance will occur in (AA) 
if Py, is even*. This is the first difference to be noticed. One may conceive here 
that, if the (+'47z)-coupling constant is considerably large, a resonance may take 


place in S-wave scattering in (AA). It will not be the case, however. It is 
shown that S-wave scattering in (AA) does not occur in the Born approximation, 


* Remember that if the pion-baryon interaction is strictly universal the pion-hyperon scat- 
tering amplitudes are related to those of pion-nucleon scattering, Ty/2 and Ts3/5, as follows. 


LPL 2) 0=Ty)/n,,  T(22) 1 = (2Ty/2+T 3/9) /3, 
T(S>2).=T3/. and T (AA) 1 = (T}/2+2T3/2) /3, 
where the subscripts indicate the isospin states. 
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if the ¥-A mass difference is ignored. Though if the mass difference is taken into 
account the matrix element of the scattering is nonvanishing, its sign indicates that 
the scattering potential is repulsive. 

In (<4), pion’s angular momentum changes as SP; repeating of (3<-/) 
contributes to (>). We write the T-matrix element of (Y—>2) with P-wave 
and that of (2) with (PS) wave, respectively, as follows. 

(J): —ViUp-2%(w,0,) *? PP; hyz(o,), 

(2-2) 

(SA): —VgVp+ 27 (@qwy) *? (oq) A! (wp). 
Here q and p are respectively the initial and the final momenta of pion, v, is a 
cut-off factor, w,=(1+ )")’”, the unit c=h=m,=1 is used. PP; is a projection. 
operator for the 7+ state of J=0,1 or 2. Pyiip=(op) (oq), Pr3p=3pq— 
(cp) (oq). o is the spin vector of hyperon. The (*+—4A) belongs to U, J)= 
(1, 1/2). The Low equation for h;; is, in the one meson approximation, 


h,(o) = far +i{ do,pr, | P |Ars(@p) |? +2719 7.1)2|h! (op) |? 


ow Op ae UC 


Piihnalon) An sbnsal¥ CoE) ¢p.g) 


Wp, +o 


+3) Cisza07 
ijt 


The coefficient of the Born term is (see Appendix) 


2 0, 1/2 

| —A4 OeBii2 

Bee ae Ae /2 
ie an ee = 2.4 
Wag ee Scone Loa ster ye (2-4) 

ae? 2, 3/2 


h! in the Born approximation is given by 
ee (w) Born 7 H/o, a! it Die tien fast (2 ‘ 5) 


fz and fx are the renormalized and unrationalized coupling constants of the (++'7)- 
and the ('Az)-interaction, respectively. The crossing matrix is 


Cr, We Cw x Cam, 


op etsy alg) SES 4 \ 
Chal =o. 8 8 C3 (2-6) 
9 2 ee ty, Oe eae | 


In the case of even Py,a, resonances occur in the states with I=1, 2). J=8/2: 
Whereas in the case of odd Py, the sign of 4,, of eq. (2-4) suggests that, in 


addition to these states with J=1, 2, J=3/2, resonance possibly occurs also when 
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[=0 and J=1/2. (4;,>0 means that the scattering potential is attractive. For 
even Psa, 4012=2/3:(fs—5fx)”. Therefore the sign of 4y1, changes with Py,.) 
Indeed, if f,° is very small(5/x'< fs) when Py, is even, the two cases of even 
and odd Ps, will be qualitatively similar to each other, as far as resonance behaviors 
in the pion-hyperon scattering are concerned. According to Ferrari and Fonda’s 
analysis of the A-N force, however, the case of fx =0 is ruled out irrespectively of 
K-meson’s parity.” We think their conclusion on this point is reliable, hence we 
do not consider the case of very small fy. 
Following Chew and Low” we rewrite eq. (2-3) in the form, 


} asf ,2 
hg(o) = “21-23, | deny PEP. 


w 7 (OFF 


| Xa(Wp) a Ya(wy) be (2273 


ee Upto 


Xq (Wp) =P? + O4|h! (ap) |?/| ha (op) |, 
x (Wp) =2iCan iP lis (Wp) ?+05|A’ (Wp) 7} / [>i Caphs (@p) I’, 


(2-8) 


where a@==(J, J) and 00,101). An approximate solution will be given by sub- 
stitution for h, and h’ in X, and Y, by the corresponding Born terms, 4,/w, and 
N/w,. Namely, 


) ats fi? 
Ra) sake [1-2 far BE Oe tn 
w TT Ay 
—l 
+A,F,(w) +AF (w)} |, (2-9) 
where 
13 af! 
il; 
ee ay oe yr2 Be Fe 
= Re Gr B == a ( of = — : + 
2 8 ‘eG 3 Xx 8 > 1, 21Con0s i =4f x x 1 (2 10) 
10 iI 
and 
F..(w) =| di, p'v,'/W; (Wp + w—ié), 
(2-11) 


Fi(w)= | do, pv, [Op (Wp o—i€). 


In the (J, J) (1, 1/2) states, the phase shift 0, is given by Rehz'(w,) = p'v,2 — 
Pp 


ae 0.(p). Inthe (J, J) =(1, 1/2) state, the phase shift is not real because of the 
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coexistence of two channels, (>) and (Y—A). 
As for F.,(w) and Fi(@), we simply replace them by their values at w=1, 
ignoring their w-dependence. Using a cut-off energy Wmax=6, we have for w=1 


Pipe Oe ere Ds ner ye e308 Re = () A. (2-12) 
Then eq. (2-9) becomes 


(4,/w) Re hz*(w) ~1— rw (2-13) 
where 
/ 5A / 051 
23 Py OB 
refs are + fi ita (2-14) 
3.8 ; 0.51 
—1.3 0.51 
ae ke OSTY 


If #2~0.08 and, for example, (fa/fs)*~5 are assumed, we have 


/ 0.43+0.21 \ 0.64 
—0.03+0.21 0.18 
—0.15—0.50 —0.65 

nes v | (2-15) 
0.31+0.21 0.52 
—0.10+0.21 0.11 


\ .0.36+0.217 \ 0.57 


Here the first numbers show the value when (2=0. . The resonance energy is given 


by 1/rz Therefore it may be concluded that, if fa~xfe, and: (fa/fe)7S8, re 
sonances will occur at about w~2~3 in the states with U/, J) = (0, 1/2),:(53/2).% 


and (2,3/2)*. If (fa/fz)*>5, resonances may occur also in other states, but for 
the present we tentatively assume that fx is not so large. Significant results of 
this section are summarized in Table I. Contrasts between two cases of even and 
odd Psy, are found only in (+>) of J=0 and in (A>A). 


Table I. O(X) means presence (absence) of resonance. 


(ES) (y—>2) (AA) 
=A (0, 1/2) (0, 3/2) (1, 1/2) (1, 3/2)  (2,1/2) (2, 3/2) (1, 1/2). 4, 3/2) 
even < 4 x Oo x O x O 
odd O Nc x O ine O x ees 


r~16fy2/n=0.41 to the (3/2, 3/2) state. 


* The present approximation applied to the pion-nucleon scattering gives the effective range 


3} 
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§3. The K-absorption 


First, we present some kinematical considerations. The interaction range R of 
the K-meson-nucleon reactions would not be much greater than the compton wave 
length of the K-meson, 1/mx. As a result of this we may suppose that a K-meson 


with angular momentum greater than 
f= Rt (3-1) 


will not play an important role. Here *=1/px is the de Broglie wave length of the 
K-meson with momentum px. To illustrate 
this, in Fig. 1, we plot 7 as determined from 
eq. (3-1) with two choices of R=1/mx 
and 2/m,. The same quantity in case of 
the pion-nucleon system with R=1/m, is 
shown by the dotted line for convenience of 
comparison. It is seen that the limitation 
on 7 is more stringent for the KA-meson- 
nucleon case than for the pion-nucleon case. 
At very low energies, say, below 50 Mev 


i! 


det 


(K-meson’s kinetic energy in the laboratory 


system), an S-wave K-meson will dominantly 
interacts with a nucleon. 
Now we discuss the effects of resonances 


Y os ne found in the preceding section on the K- 

os 2 eel 2 1 1 . 4 . . . 

1.0 1.4 1.8 oe absorption, in relation to possible variety of 
Fig. 1 The first abscissa indicates the parities of the AK-meson and the hyperons. 


lab. kinetic energy in Mey of 
either a K-meson or a pion. 
The second and the third ones 


Since the Q-values for the 3- and A-pro- 
duction are respectively about 100 Mev 


indicate respectively the c. m. and 180 Mev, the resonances may be placed 
total energy of a K-meson in at very low energies near the threshold. 
mx and that of a pion in mz. We assign parity + for N and A. Then 


four possibilities are ¥,K,, ¥,K_, Y_K, and }_K_, where the subscript indicates 
parity relative to N-A. 

If the initial state is Sj, resonance can be involved only in ¥_K_. In the 
*'_K_ case the amplitude of the 2-production related to the resonance (I=0, P, ) 
will be predominant, hence the branching ratio will be ¥*: ¥°: S-~1:1:1. The 
superscript indicates the charge. While the A-production will be relatively scarce 
because the final state of the A-production is S$, and is not concerned with resonance. 
If this is the case, the production ratio of ¥ and A will rather sensitively depend 
on energy. The enhancement of the ¥-production alone is especially favorable for 
the interpretation of the experimental result which shows infrequent A-production. 
Namely, Alvalez et al.° reported that, in flight plus a rest events yield ¥*: ¥°: ¥-- 4 
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=4:4:8:1. Eisenberg et al. ’s analysis” of events in flight showed the rise of 
the A-production with increasing energy. In cases other than *_K_, this »-/ 
ratio could not be understood without going into detailed mechanism of pion and 
K-meson interactions. 

If the incident K-meson is P-wave, P,). resonance will occur not only in the 
case of »,K_ but also in the case of »_K,, and that J=1 in both cases*. If we 
observe only the +-production, these two cases could not be distinguished. There 
will, however, be remarkable difference in the -/ ratio between two cases. As 
has been discussed by Ross” the J=1, P3,. resonance in the 2',K_ case will result 
+ :Aw1:2 (more precisely 3'* : 3°: 3-: A~1:0:1:4) while in the Y_K, case 2 
will dominate over A, because only the ¥-production will be enhanced by the final 
state resonance. In case of + _K. one more resonance is involved (J=0, Pi). If 
we could obtain information on the pure J=0 state (K~ + p—>7°+."), the Pi. re- 
sonance could be a clue to distinguish the 2K, case from the ¥,K_ case. The 
above results are summarized in Table II. 


Table II. ¥(1, 3/2), for example, means that resonance is involved in 
the ¥-production of (J,J) =(1, 3/2). The x means absence of 


resonance, 
3 case | d xs ji 
ets | i Keg dee SOK, Toke 
state << 
5: < x Me » (0, 1/2) 
x (1, 3/2) 5 (0, 1/2) s 
A(A, 3/2) 5 (1, 3/2) 


In actual phenomena, the initial state will contain both of S- and P-waves, so 
the analysis will be rather involved. At sufficiently low energies, however, the 
S-wave will be dominant in the initial state, and the Pj. resonance in the final 
state will provide useful clues to determine the parities of the A-meson and the 
hyperons. 


§ 4. Discussion 


Though the K-absorption will be an efficient tool to determine the relative 
parities of the K-meson and the baryons, this alone will not suffice to be decisive. 
If Ps, is once determined, the dispersion relations applied to the K-N and K-N 
scatterings will be effective for the determination of the K-meson’s parity relative to 
the baryons. As for Py,q itself, however, the dispersion relations seem to offer 


rather poor information”. Therefore, it is desirable to find clues on Py, in other 


* These cases could be distinguished from the above mentioned J=0, P;/, resonance ine Ke 
case by that (i) in J=0 state the production ratio Y+: Y°: J~ is 1: 1:1, while it is 1:0:1 in the 
J=1 state and (ii) the angular distribution in P3/, state contain cos2@ term while that in P;/, state 


does not. 
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processes and/or methods. 
Here, confining ourselves to processes wherein the resonances of pion-hyperon 


scattering at low energies will play important roles, we give some comments on 
previous investigations. It has been suggested by Ito, Minami and Tanaka” that 
the processes 

(a) .K°-+Do7- + p+, 

(b) z*+pon*4+K°+S", (4-1) 

(c) z*+port+Kt+A 
will serve to the test of the universal pion-baryon interaction or of the Py,. Their 
discussion on (a) and (c) holds good because the 7+ system involves resonance 
if Py, is even and does not if Py, is odd. While the process (b) will be useless 
because the 7*-+.2* system (J=2) involves resonance commonly in both cases of 


even and odd Py,. 
Ross® suggested that the 7+ A resonance will be found in the processes 


a + p+A, 
s-+p> (4-2) 
m+n+A. 
These will be effective as tests by the same reason with the above mentioned pro- 
cesses (a) and (c). 
The author wishes to thank Drs. A. Komatsuzawa and R. Sugano for helpful 
discussions, and Prof. Z. Shirogane for his encouragement. 


Appendix 


In this appendix we obtain the coefficient 4,, eq. (2-4). In order to proceed 
in parallel with the case of pion-nucleon scattering, it is convenient to introduce 
isospin operator p, (a=1, 2,3) for 2-hyperon and write the Hamiltonian of the 
(2zx)-interaction in the form S) ¥ (s*%q_ analogous to the (NNz)-interaction, 


UREN oN. Then pz a 
PrP2— x1= 10s, (cyclic) = Sip ps =1(1+1) =2. (A-1) 
An explicit representation is 
Oe 00 OO Sie, 0 -—i 0 
Git O: oO Sea 2 “he 2h opt Ox Ole Oa eae peaia ree anne (A-2) 
0 ei 7 a 715, 05:0 ; On OS OF 


with 2 = (2, 3., 23) and 7=(z,, 7%, Ts). 

The method used by Wick” in pion-nucleon scattering can be a paneds to this 
case. Let pion’s isospin opsts on which has properties similar to p, be t and the 
total isospin operator of the z+ system be I. Then 
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P= (t+p)’=0+ p’+2tp. (A-3) Be, 
Remembering that ’=J(I+1) and t=p’=2, we see ia 


tp=I(I+1)/2—2. (A-4) eh 
Next, introduce matrices Q and Q’ with elements a 
Qua= Pua and Quan = PrCus (A ¥ 5) ‘ i ts 
which are analogues of Wick’s Q and Q’. When the index 4 (v) indicates PS 
the isospin component of the intial (final) pion, Q and Q’ correspond respectively * 
to the uncrossed and the crossed types of scattering diagrams in the Born approxi- ey 
mation. The eigenvalues of Q and Q’ are obtained by the relations ae 
Q=(1—tp)(2+tp) and Q’=2—(tp). (A-6) te 
A, is obtained by using the result shown in Table A instead of Table II in Wick’s 
Table A paper and replacing fy by fy. 
easy a : The projection operator P; in eq. (2-2) 
operato 
state Eee to Q Q’ can be expressed in terms of Q and Q’ as 
‘ ue A at follows. 
I) : -1 2 1 Py= (1-0) /3,  Pi=Q/2, 
reall a 0 eae (A-7) 


P,= (2—30/24+0')/3. 


The crossing matrix C in eq. (2-5) is also obtained by a fashion similar to that 


explained in Sec. 6 of Wick’s paper. 


f 
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Effect of Hard Cores on the Binding Energies of H’ and He® 
Corrected Values 


Takashi OHMURA* 


Division of Pure Physics, National Research Council, Ottawa, Canada 
(Received March 11, 1959) 


There was a slight error in the kinetic energy formula of the paper I by Ohmura 
(formely Kikuta), Morita, and Yamada. The binding energy of H? as well as the 
Coulomb energy of He? are recalculated as described in I by using the correct value of the 
kinetic energy. The results obtained are, however, almost the same as in I and II. 


In the previous papers,”” (referred to as I, IJ respectivly hereafter), the 
binding energy of H’® has been calculated by assuming two-body central forces with 
hard cores of various sizes. It has been shown that the binding energy is reduced 
considerably with the increase of the hard core radius, and that the binding energy 
is not very sensitive to the shape of the potential if the hard core radius is quite 
large (for example, 0.6X107~%cm). The observed energy difference between He’ 
and H’® (~0.76 Mev) is much smaller than the Coulomb energies calculated by 
many authors”, which are about 1 Mev or more. However, if the two-body nuclear 
force has a strong repulsive core in it, the two protons of He® may be pushed 
away from one another so that the Coulomb energy can be expected to be reduced. 
In I and II we found this to be the case. Such an effect of the hard core on 
the binding energy of H*® and on the Coulomb energy of He’® are assumed to 
be valid even when the two-body potential has the tensor force included in it. 

Meanwhile Dr. G. Derrick of the University of Sydney used some numerical 
values of I as a check on his coding for SILLIAC, and found a small difference 
(~1 Mev) between his kinetic energy valués and ours. Then he checked the 
cumbersome formulae for kinetic energy given in I, and has kindly informed me in the 
fall of 1957 that the term --- + (D?—16D/a—8/2x)C,(z) in the expression on the 
second line of page 232 of I should be replaced by ---+ (D?—14D/x—8/2*)C, (x). 
Thus we decided to recalculate the binding energy of H® and the Coulomb energy 
of He’ by using the correct values of kinetic energy, though the corrections were 
expected to be rather small. The same assumptions, the same notation and the 
same method of calculations as those in I and II are used. We use the same 
potentials as in I and II; namely, (1), (2), Table I in I and (1), Table I in II. The 


* National Research Council Postdoctorate Fellow, on leave of absence from Department of 
Physics, University of Tokyo. 
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trial function is the same as (4) in I. The binding energy and the values of parameters 
and v determined with variational method in this way are given in Tables I and II. 


Table I. Variationally computed binding energy of H3. 


B. E. (H3) in Mev 


Hard di a 
ard core radius D ros 2=2.7X 10738 cm Tos = 2.410718 em 


in 10-38 cm 
Yukawa pot. _ Exponential pot. Yukawa pot. Exponential pot. 
0.0 | 12.49 10.26 | 15.97 11.38 
0.2 | 9.15 | 8.81 | 10.0 9,98 
0.4 | | 7.52 8.85 
0.6 | 6.43 5.79 7.41 7.38 
Experimental Value | 8.49 
Table II. Adjusted values of » and y in 10! cm7 
Ton == 2.1 X10-B em Tos 2=2.4X10°8 cm 
Din 1073 cm | 7) y | (Ten v 
=* ce | | / 
Yukawa |} Expon. Yukawa | Expon. | Yukawa | Expon. | Yukawa | Expon. 
0.0 0.605 0.479 | foe) fore) 0.659 | 0.503 oo co 
0.2 0.447 0.462 | 5.93 5.03 | 0.489 0.479 6.1 5,20 
0.4 0.457 | 4.09 | 0.500 4.27 
0.6 0.452 0.450 | 4.28 4:30 | 101498 0.494 | 4.47 4.51 
i en EEE 


Since the adjustment of the potential parameters is somewhat inaccurate in the case 
of the Yukawa type potential, all the values for the Yukawa well are considered to 
be about one order of magnitude less precise than those for the exponential well. 
But if we assume the validity of potential parameters, all the tabulated figures in 
Table I~X have validity. The exceptions are Tables IH and III, where the 
tabulated values contain errors of the order 1%, or even up to several per cent. 
If charge independence of nuclear forces is assumed, the Coulomb energy of 
He® can be calculated by the perturbation method with reasonable precision. The 


results are given in Table III. The detailed numerical results which appear in the 


course of our calculation of kinetic energy, potential energy, etc., are given in Table 
IV~X in the Appendix. By comparing with Tables in references I and IJ, we 
see that: 1) The kinetic energies are reduced by an amount of the order of magni- 
tude of 1 Mev in case of D0. Consequently, the binding energies increase by a 
similar amount. 2) Adjusted values of / increase somewhat, but » practically remains 
unchanged. 3) The results for D=0 remain correct, because the corrected term 
contains a factor D. 4) Some qualitaive conclusions stated in I and II are not 
altered, namely, a) Hard cores push out the wave functions of H’ and He’, 
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Table III. Coulomb energy of He? 
er 


C. E. of He* in Mey 
ee | ros *= 2.710718 cm ros = 2.4% 1078 em 
Yukawa pot. | Exponential pot. § Yukawa pot. | Exponential pot. 

0.0 - 1.246 0.986 1.358 1.037 

0.2 0.830 0.836 0.896 0.861 

0.4 | 0.746 0.798 

0.6 | 0.688 0.686 0.736 0.733 
Experimental Value | 0.764 


pe 


so that the Coulomb energy of He’, which is too large without the hard cores, is 
brought into agreement with the experimental value of the difference between the 
binding energies of H*® and He’, b) Hard cores reduce the binding energies of H’* 
and He’ considerably, c) The hard core effects are slightly more enhanced for the 
Yukawa potential than for the exponential, especially near D=0, possibly because 
of the rapid change of the potential form in this region, d) Discussions in I and 
II about the approximations can be applied also to the present case, and so the 
values of B.E. (H*) are expected to be about 1 Mev larger than the values in 
Table I, while the Coulomb energies may be several per cent smaller than the 
values in Table IIL. 

If we take the hard core radius Das 0.3~0.4X10-"cem for 7,.=2.7X107-"cem 
or D=0.4~0.6X107"%cem for 7,,=2.4X107“%cm, reasonable fit to the experimental 
values is obtained. 

Since the binding energy thus calculated is rather sensitive to unestablished 
details of the nuclear force, and since the tensor potential must be taken into 
account, the absolute value of the binding energies of H* should not be considered 
literally. The inclusion of the tensor force reduces the binding energy” of H® to 
some extent. On the contrary, we can clearly see from Table III the general 
trend of the effect of hard cores on the Coulomb energy of He®. Because, in the 
case of the exponential potential, it is inferred from Table IT that the diminution of 
the Coulomb energy for the exponential potential is not due to the behavior of the 
wave function at large distances, which is mainly specified by the parameter. yp, 
but due to the vanishing of the wave function at short distances. 

The inclusion of the tensor potential in the two-body force may decrease the 
Coulomb energy. This fact will be understood by comparing the calculated values 
of Pease and Feshbach” with Table HI of the present paper. Using the Yukawa well 
for both central and tensor parts, Pease and Feshbach obtained 1.01~1.04 Mev for 
the Coulomb energy, while Table III gives 1.245 Mev (assuming Pan AOS ECan) 
and 1.358 Mev (assuming r,,==2.4X107%cm) for the Yukawa well. The reason 
may be as follows: The tensor potential mixes D-states (and P-states) in H? 
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state. These states are pushed away outside by the centrifugal forces, so that the 
Coulomb energy arising from these mixed parts of the wave function decreases 
considerably. There is also another reason that the inclusion of tensor force reduces 
the binding energy so that the nucleus has a larger extension. 

Summary. This note reports the corrected values of our results in the previous 
papers I and Il. The correction is done by replacing (D’—16D/x2—8/2°)C,(x), 
the last part of the second line of p. 232 in IL, by (D?—1A4D/x2—8/ x") C(x). 
Consequently, the kinetic energies decrease about 1 Mev for D0. There is no 
change for D=0. Otherwise the results obtained are almost the same as in I and 
Il. The absolute value of binding energy is relatively sensitive to unestablished 
details of the nuclear force, but we can clearly see from Table III the general trend 
of the effect of hard cores on the Coulomb energy of He’. Because it is inferred 
from Table II that the diminution of the Coulomb energy for the exponential 
potential is not due to the behavior of the wave function at large distances, which 
is mainly specified by the parameter 4, but due to the vanishing of the wave 
function at short distances. The Coulomb energy of He’ is being calculated by 


assuming an extended proton. The Coulomb energy may be reduced further. 


Table IV. No hard core. Exponential potential. (yv=0o). 
—U, in Mev B.. E. .(H3) in Mev 
yin y in S08 - - - pas: 
1013 cm! 108 cm in Mev Tos = 2:7 Tos = 2-4 in Mev ros=2:7 | Tos =24 
x10-8em | xX10°-8%cm | <x 107-8 cm | < 1078 cm 
| 
0.5 oo 33.42 | 21.19 22.39 44.42 #10.18 | *11.38 
0.4835 co 31.67 20.12 21.19 41.54 *10.25 | saliher: 
0.45 co 28.15 | 17.96 18.79 | 35.98 FOZ, | *10.96 
| | 
a ae 


Table V. Hard core radius D=0.2%10-33cm. Exponential potential. 
i 


—U, in Mev B. E (H38) in Mev 
win y in —U,° hee N in 
10% cm! | 10%%cm™!)| in Mev | 7),=2.7 | ro,=2.4 | Mev Tos =2-7 | Yos=2.4 (2 107l8em)6 
| X10-18cem| X 1074 cm x 10-Bcm| x 107-8 cm 
0.65 45 41.92 28.12 | 29.79 62.81 sa | *8.90 0.005945 
0.5 6.5 40.51 27.04 28.79 60.14 7AL 9.16 0.011327 
0.5 5:5 38.77 26.02 PA (Ess 56.51 CePA. *9.81 0.010975 
0.5 5 37.63 25.35 26.74 54.49 *8.49 *9 89 0.010723 
0.5 45 36.26 24,53° |: 25.77 52.28 #8511 *9.75 0.010393 
0.5 3:5 32.53 22.27 | 23:11 47.06 7.74 8.58 0.009344 
0.45 5.5 82.61 22.09 Zonk, 45.97 *3.73 *9.81 0.020033 
0.45 5 31.70 21.55 22,53 44,49 8.76 9.74 0.019672 
0.45 A5 30.60 20.89 21.74 42.87 *8.62 *9.A7 0.019194 
0.45 4 29.28 20.07 20.78 A1.07 8.26 8.97 0.018546 
0.4 4.5 25.01 LAL AGG 34.19 7.93 8.59 0.037981 


Table VI. 
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Hard core radius D=0.4X10-8cm. Exponential Potential. 


| 


| erik he in Mev | B. E. (H3) in Mev : 
yp in y in —U, —— K | N in 
101 cm=1 | 10143cm71 | in Mev Tos ae 27 ek A | in Mev Tos =2.7 | Tos = 2.4 2 x 10718cm) 6 
<10733cm| X 10-8 cm i. em | 10-8 em 
0.5 D0 48.04 34.06 36.46 77.36 4.74 | 7.14 0.017722 
0.5 4.5 43.73 Ika ein ole 68.14 | *7.01 | *8.80 0.016515 
0.5 3.9 37.64 27.70 28.75 5S 07a eee *8.32 0.014507 
0.5 3 Sondit, 25.25 25.89 52.55 6.46 | 7.10 0.012975 
0.45 3.5 31.65 | 23.58 24.94 | 48.07 | *716 | *7.82 | 0.026619 
0.4 45 29.72 21.93 22.70 | 44.39 | af 7) *8.02 | 0.056483 
0.4 4 27.92 20,827 Sh 21:38) 4 41.63 *7.10 *7.66 0.05462 
0.4 3.5 25.73 19.47 | 19.80 38.69 | *652 | *6.84 | 0.05208 
0.35 45 23.09 17.30 “| \ 17.70 34.03 | 637 | 677 | 0.11764 
a 


Table VII. Hard core radius D=0.6X10-%cm. Exponential Potential. 
cece Sa aie eal el ie reer See rie ee a le ee NB 
—U, in Mev B. E. (H3) in Mev | 
pw in y in —U; K | = N in 
1013cm71 | 1018em71 |) in Mev Tos=2-7 | Tos=2A in Mev | ros=2l | Tos=2.4 |(2X10-3em) 6 
10-8 cm| X10718cm | x10738 cm | X< 10713 cm | 
i 0.5 4.5 51.18 39.70 41.89 85.70 *5.18 *7.38 0.025025 
; 0.5 4 46.75 36.98 38.53 78.16 *5.56 7712 0.023497 
a 0.5 3.5 42.03 | 34.03 | 34.93 70.88 5.17 6.07 | 0.021423 
é 0.5 5 36.42 30.32 30.57 62.79 3.95 4.21 0.018909 
3 0.45 4.5 42.60 33.56 35.04 70.46 Ell) pret) 0.04371 
3 0.4 5.5 SEIU | 30.43 32.04 | 64.93 4.68 6.29 0.08576 
0.4 5 36.88 | 29.07 30.33. | 60.63 f0.32, = |- *6:58 0.08382 
« 0.4 AS 34.32 27.05 28.38 56.25 *5.57 | *6.45 | 0.08132 
us ; 0.4 4 31.42 29.67 26.16 51.81 *5.29 | 577) | 0.07815 
0.35 45 26.49 21.62 22.08 43.23 4,87 5.29 | 0.16429 
° 0.3 5.5 21.88 17.65 18.11 35.76 3.78 4.24 0.38152 
5 0.3 5 20,674 |) "16.9241 17.20 33.70 | 388 | 417 | 0.37685 
0.3 4.5 19.30 16.06 | 16.15 31.62 | 3.74 | 3.83 | 0.37085 
0.3 3.5 15.97 13.88 | 13.58 zat 2.69 2.38 0.35203 
ee Table VIII. No hard core. Yukawa potential. (y=oc) 
ane 
Mee —U, in Mev B. E. (H8) in Mev 
fs yw in =U; K 
qi 1013 em71 in Mey Tos=2.7 ros= 2.4 in Mev | Tos =2.7 ros = 2.4 
; x 10738 cm < 10733 cm | | < 10-8 cm | < 10733 cm 
oH 0.55 38.92 27.04 29.56 | 93.75 +1299 14.73 
: 0.6 45.08 31.38 3448 | 63.97 | *12.49 *15.58 
Hl 0.65 51.44 35.89 39.58 75.07 | *12,26 *15.96 
a 0.7 57.99 40.52 44.86 | 87.07 | 11.45 *15.79 
a ne a en 


Tl ne 
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Table IX. Hard core radius D=0.2X10-3cm. Yukawa potential. 


: , —U, in Mev B. E. (H3) in Mev 
win yin —U,; K N in 
10143cm7! | 1013cm7!| in Mev Tos=2.7 ros = 2.4 in Mev ros = 2.7 ros=2.4 |(2X10-cm)6 
< 107-8 cm | x 10-8 cm < 1078 cm] xX 10-8 cm 
0.55 4.5 hs 41°26 28.83 | 29.90 62.81 | 7.29 | 8.36 0.005945 
0.5 6.5 40.47 28.25 | 29.44 60.14 *8.58 tO 7 0.011327 
0.5 5.5 38.50 26.87. |- 27.88 | 56.51 *8.86 | **@9.87 0.010975 
0.5 5 | Selb We A ZO99 26.90 54.49 8.68 / @9.59 0.010723 
0.5 | 4.5 | 35.67 24.96 25.75 52.28 *8.34 | **9.13 | 0.010393 
0.45 6 "33192 * jie 93701 23.98 | Av esoy | 9.09 @9.86 = 0.020312 
0.45 55 ees2gor) las 2OR2 23.32 | 45.97 *9.08 | **@I.68 | 0.020033 
0.45 | 5 ot 8t32” «| Popes | y 92.54 44.49 | 876 | @9.37 | 0.019672 
WAS Pcie ~Aubige | 28042. "22314 21.63 | 42.87 | *835 | **887 | 0.019194 
0.45 4 | 2868 | 20.12 20.53 ALORS 107 773...) > 8A Oo E4e 
0.4 | 4.5 | 24.67 / 5 eV Oy) cement Alay 34.19 | *7,.80 | @**8.09 | 0.037981 
i 


[**] gives B: E. =9.94 Mev with adjusted values ot »=0.492, y=5.89x 108 cm™, while [@] 
gives B. E. =10.07 Mev with »=0.487, v=6.36X10*#cm™1. Since the author does not quite under- 
stand such a large difference between values of different two sets, the averaged values are tabulated 


in Table I and II. 


Table X. Hard core radius D=0.6X10-8cm. Yukawa potential. 


eee 


—U, in Mev | | B.E. (H3) in Mev | 
yw in yin "| —U,z | K N in 
1013 cm-1 | 1013cm71) in Mev Tos=2.7 Tos= 2.4 | in Mev rog=2.7 ros=2.4 | (2X 107-8em)6 
| /<10-18 cm} X10-B cm) | x 10713em | X 10718 cm 
Obie | 450 $143 40.50 41.97 85.70 | *593 | *7.41 0.025025 
(sa test | 46.68 | 37.65 38.55 | 78.16 | 6.47 *7.07 | 0.028497 
Die ee 2S Saw Ve (4105.2 1" “S458. 34,89 70.88 |  *5.65 *5.96 | 0.021423 
OS g he s3 36.37 30.78 | 30.31 62.79 | 436 | _ 3.89 0.018909 
045 | 45 || . 42.58 34.24 35.08 | 70.46 | *6.36 | *7.20 | 0.04371 
Gaels se | <e0d0'-| “anie | “9220 | “e493 | 545 |, 649 {| O.08Er6 
O4jay= 5 | 3691 -| 29.72 | 3044 |- 6063 | 600 | 672 0.08382 
Glen) | BABS P2807. "2844 | 56.25 | *6.14 *6.52 0.08132 
Oe ee aaa [eB 1.42 d=" 126.06 26.31 | 51.81 ¥5,78 *5.92 0.07815 
036] 45 |. 2653 | 22.08 92 AGG 4) 4823. « 6.87 5.39 0.16429 
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Added note after completion of the manuscript. 

We have come to know of a paper by J.M. Blatt and G. Derrick’ entitled 
“Repulsive Core Forces in the T riton”. They have concluded that the binding 
energy of H® increases with increasing core radius. They use a family of central 
and tensor potentials for the two-body nuclear force. The 4 adjustable parameters 
in the potential for the triplet even state can probably be determined so as to give 
the correct binding energy, the effective range and the electric quadrupole moment 
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of the deuteron, and also the binding energy of the triton, if the core radius is not 
too large. Therefore, if we want to argue whether the binding energy of H* 
increases or decreases with increasing core radius, one plausible extra-restriction 
must be imposed on the 4 potential parameters in order to compare the binding 
energies of H’ for the different values of the core radii. It seems that Blatt and 
Derrick assume that the well depth of the central force should be taken equal for 
the different core radii when comparing the B.E. of H’. The author does not 
quite understand the reason why they choose the above mentioned criterion. Even 
if their criterion was most plausible, their conclusion could be doubtful, because the 
tensor force is completely omitted in their actual calculation of the binding energy 
of H®. The numerical values obtained by them may of course be useful for some 
specialists as a guide. 
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Appendix. Details of the results of calculation 


In order to get the minimum of the stationary expression of energy by varying 
the adjustable parameters y¢ and v, we have used the quadratic function approximation 
as in I and II. In the following tables we give the detailed values which have 
appeared in the course of our calculation. The values with asterisks are used to 
obtain Tables I, II and Il. Tables IV~VII are revised versions of Table VI in 
reference I, and Tables XIII~X are revised versions of Table V in reference II. 
Potential parameters were given in Table I of reference I and Table I of refe- 
rence II respectively. The values of normalization are given in (2X107“cm)°, 
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The magnitude of superexchange interaction of the MnO crystal is calculated according 
to the methods proposed previously. Various mechanisms of superexchange interaction are 
taken into consideration. Overlaps between neighbouring ions are assumed to be small and 
the enérgy of the crystal is developed in powers of S, the overlap integral between manganese 
and oxygen ions. The superexchange interaction of all mechanisms appears from S* terms 
and it is concluded from calculation that the Slater mechanism may play a dominant role 
in MnO. The numerical value of magnitude of interaction agrees with experiment in the 
order of magnitude. Several discussions about superexchange interactions of other substances, 
particularly of MnF, and LaMnOs, are given. 


$1. Introduction 


The magnetic interactions between magnetic ions in antiferromagnetic ionic 
crystals were interpreted by Kramers” to be due to superexchange interaction and 
formulated by Anderson? using the spin operator method. After that, various 
properties of antiferromagnets were investigated theoretically using the spin Hamil- 


tonian 
2S 


Dis ye; (1) 
and many fruitful results were obtained. The spin operator method, however, was 
criticized by Slater,” because it neglected the nonorthogonality of wave functions. 
Since then any theoretical treatment which overcomes his criticism has not yet been 
published. 

According to Anderson, superexchange interaction was predicted to be negative 
when the 3d shell is more than half filled and positive when this is less than half 
filled. Because this prediction did not always agree with experimental facts, other 
mechanisms of superexchange interaction were proposed by Slater,” Anderson-— 
Hasegawa” and Goodenough.” Since these arguments are quite qualitative and are 
not suited for the quantitative investigation, we cannot say how much each mecha- 
“nism contributes to the superexchange interaction of a real crystal. Among these 


mechanisms some give positive contribution to superexchange interaction and some 


* This work is based on a thesis submitted in partial fulfilment of the requirements for the 
degree of Ph. D. at Department of Physics, Faculty of Science, University of Tokyo. 
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give negative one so that the resultant effect is expected to be different in various 
crystals. Therefore, in order to make a theoretical prediction as to superexchange 
interaction in a real crystal, quantitative knowledge of the contribution from each 
mechanism is indispensable. However, the quantitative investigation of the superex- 
change interaction of a real crystal must be performed so as to avoid the non- 
orthogonal difficulty. 

J. Yamashita and the author” have proposed a method to evaluate superexchange 
interaction, assuming the non-orthogonality of wave functions being small compared 
with unity and a rapid convergence of a power series of the energy of the system 
with respect to overlap integrals. They formulated superexchange interaction in the 
case of four electron model. The purpose of the present paper is to extend the 
above formula to a real crystal and to obtain numerical results about the MnO 
crystal. 

In the actual calculation of superexchange interaction the choice of wave 
functions of the MnO crystal is the most essential point. For alkali-halides Lowdin® 
assumed the totally ionic state and expanded the average energy of that state in 
powers of the overlap integral S, retaining up to the terms of order S* which gave 
repulsive energies between ions, and obtained good agreement with experiment. 
The author and J. Yamashita” calculated the unlear quadrupolar relaxation times 
in alkali-halides by using the purely ionic model of the crystal without neglect- 
ing overlaps between ions. The obtained result agrees fairly well with experiment. 
Thus the purely ionic model may be regarded as a fairly good approximation for 
the above phenomena of alkali-halides unless overlaps between ions are neglected. 
For other phenomena and materials, however, the approximation may have to be 
refined. The following effects should be taken into account for that purpose. (1) 
ions may be deformed from spherical symmetry in a crystal. (2) Some covalent 
states may be mixed such as [M*X~|+|[MX]. 

We shall treat the superexchange interaction of MnO crystal in the same 
approximation. We have already shown in reference 7) that the totally ionic model 
gives rise to a spin-dependent energy in the forth order terms of S. Now, it is 
true that the refinement of the approximation in the above scheme may be expect- 
ed to have only a minor effect on the cohesive energy of MnO crystal, but as 
the magnitude of superexchange interaction is rather small, it might be supposed 
to give the contribution of the same order of magnitude as the above S‘ term to 
the superexchange interaction. In fact the deformation of O-~ ions leads to the 
Slater mechanism and the Anderson mechanism is led by mixing a covalent state 
[Mn* O07] to the totally ionic state [Mn** O--]. Mixing an_ excited state 
[Mn*O-~Mn***] to the totally ionic state also gives to a spin-dependent energy. 
We shall calculate in the following sections the magnitudes of the superexchange 
interaction which arise from all the above mechanisms. 
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§2. Totally ionic state 


When the totally ionic state of MnO crystal is assumed to be [Mn** (3d)? °S] 
+[O--(2p)° 1S], the orbital degeneracy is removed but the spin direction of each 
manganese ion may be arbitrary. The ground state of an antiferromagnet is a 
linear combination of states with various spin configurations, but we assume from 
neutron diffraction experiment” that the energy of the ordered antiparallel spin 
state is close to that of the ground state and compare its energy with that of the 
parallel spin state. But for a while we shall consider states of various spin con- 
figurations, only restricting z component of spin angular momentum of each 
manganese ion to 5/2 or —5/2. These states can be described by a single Slater 
determinant and their energies can be obtained by Lowdin’s method”. As the atomic: 
orbitals of a manganese ion we took solutions’ of the Hartree-Fock equation of a 
free ion and as the 2s orbital of an oxygen ion the Hartree-Fock wave function” 
of the free O- ion. As to the 2p orbitals of an O~~ ion we used the variational 
solution™ determined in MgO crystal.* We denote these atomic orbitals by ¢,(*), 
where x=(r, 7) means the spatial and the spin coordinates of an electron and 4 
specifies the position of the ion, the species of the orbital and the spin direction. 

Let the total Hamiltonian be 


H= par HA, (z) + in5€°/27%3, (2) 
where H,(Q) = p2/2m—@ \gZq/ Tig (3) 
Here, i and j specify electrons and g a nucleus and 7;, means the distance bet- 
ween the i-th electron and the g-th nucleus whose atomic number is denoted by 
Z,. On the other hand, r;; is the distance between the 7-th electron and the j-th 


electron. The average energy of the states mentioned above is given by the fol- 


lowing expression 
E=>),(6.| Hild.) = Oe G2) pet (,, $4}, Ov) ee (b,.6,|0.9,) } 
=> a Pal Gutta Oy) Sot (b.bx|Dy Ox) = (b, bx| Gx by) | 


a (1/2) Soyvna Py» Fy} (b.9)|Gy by) se (bx 9x\ by Oy) ii (4) 


where (bu| Ai| 4.) = |.) Ai) 6,0) das, ie 


(bu br| bx dy) aa | .(1)6 (2) (e*/T12) x (1) da (2) dx,dxz, 


Pay=Ow— (1+8) a- (6) 


The summation in (4) is to be taken over all atomic orbitals in the crystal which 


* Watson™ obtained a Hartree-Fock solution of O-- ion, distributing +e (and +2e) charge 
on a sphere of radius 1.4 & centred on the nucleus of the ion. His solution agrees fairly well with 
the above wave functions and the ambiguity of our numerical results which comes from the 


ambiguity of oxygen wave functions may be small. 
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are filled by an electron. Here we introduce the same approximation as what 
Lowdin used, that is, we neglect* all overlap integrals except those between the 
nearest neighbour ions which we assume to be quite small as compared with 
unity and expand the energy expression (4) in powers of them.** When the 


expansion 
Pag Su apa eb ep pe oa ee (7) 


is inserted into (4) and terms up to the second order of .S are retained, the fol- 
lowing expression results : 


E=3), (bu| Hild.) + Susv{ Gi G16.) — Gu dr|dvO.) } + Div BUH, v), (4) 
where 
BCP, ¥) = —2S yy { (by a/b.) + Singur (Gv 9x| Ou Gx) } 
48,24 (bu|i}Ge) + G.| E14.) + Dixsu (Gu Gn |b bx) + Dinav (G, 81d, 92) — (Grd u19,0y) }- 
(8) 


As was pointed out by Yamashita,’ the value of (4)’ is the same for all the states 
mentioned above. 

A spin dependent energy is contained in the fourth order part of (4). For 
example, a term of —>).,P.v(¢,|4i|¢,) in (4) gives rise to a term 


ap aes Stic Sas Spy (d,| H,|¢,,) (3) 


when (7) is inserted in it. Let ¢; an ¢; be two 3d orbitals of neighbouring Mn** 
ions, then the part of (9) which contains ¢; and @; is 


ey se {Sia Sa Sie (5 | | 4:) + Su Sip Spy (4;| Hi) 4.) = Sia Sos Seg (d3|,|d;) 
+ S45 Sp Ses (0s| Ai| G0) h, 


which remains only when ¢, and ¢, have the same spin direction. In this way 
the part of (4) which remains when ¢; and ¢; have the same spin direction and 
vanishes when they have opposite directions is given up to the terms of S*‘ by 


G,+G,+G;+G, where 

Gi= (die Sie Sa)” { Ge| Doe Qx|6:) + G12 Qx14,) — (4: 9;14.9,) } 
F(a Sia Sa) Soa l2Sia Su { (bu| 33? Qn|da) — (bu G:| G24) — (G4 4;|6u9;) } —2 (4; 6a| ba 9:) 
—Sia{ (Go| dInt07Qx+ 31?” Q,|,) —2 (ba 4:14, 4:) } | 
—Sja{ (Go| Sinza: Qn t 332” Q,|b,) —2 (4.4)14:4,) } ], (10) 


* The largest of overlap integrals between a manganese ion and an oxygen ion which is a 
next-to-nearest neighbour of it is 0.007 and one tenth of that between nearest neighbour ions. 

** We define the order of magnitude of the matrix elements as follows: (bu! FAilbv), bu dvlbu dads — 
and (4,4x|¢,¢%) are first-order quantities in S and (¢.¢y/¢,¢,) is a second-order quantity in S, 


when the orbitals ¢, and ¢, are those of nearest neighbours. } 
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Go= — Dies Sa Sip (ba416)65) — Sap Spe Sp (bo Bel bes), (11) 
Go= Dep Sta Sos {25i5 (6 Gul 6;ib0) +2836 Gs Galbebs) — Sop Sin (Gudslbo4)}, (12) 
Ce Os, Se. Sn Getelhih): (13) 
Qn (1) =—Zne'/rin be SH | iby) P/rn dm. (14) 


QO, is the potential energy which is exerted on an electron by the «-th ion. The 
summation, unless specified otherwise, is taken over all atomic orbitals in the crystal 
and is taken over the atomic orbitals of the «-th ion, when attached a symbol 
(« and is taken over all orbitals except those of the i-th ion when attached a sym- 
bol 7). When we neglect all overlap integrals except those between nearest 
neighbours, G remains only when ¢; and 4, are orbitals either of nearest neigh- 
bouring ions (so-called 90° interaction) or of next nearest neighbouring ions (so- 
called 180° interaction). 

Let o; be a symbol which takes a value of +1 when the i-th ion has @ 
spin direction and —1 when it has # spin direction. Then 7; and s; are defined by 


m= (1/2) 1-«), s= (1/2) (1+6;). CED) 


From the preceding paragraph we can write the interaction between the 7z-th ion 
and the j-th ion as 


(o,0;+1)/2 So D0 (G,+G,+G;+Gi), (16) 
where the summation S1,, is to be taken over those orbitals of the 7-th ion which 


have unpaired spin (five 3d orbitals). Let us denote the coefficient of oo; by J, 
then from this model Joerap iS given by 


er (1/2) Sw Dy (Gt-G.+GstG). (17) 


We give numerical results of 180° interaction. For ¢, and ¢, in (10),-:-,(13) 
we took 2p0, 2p7, and 2s orbitals of the oxygen ion which lies between ¢; and 9;. 
Various integrals have been calculated by the same approximation as Lowdin used 
in his computation of cohesive energies of alkali-halides (Chapt. 5 of ref. 8)). 
(4:6;|¢,0)) and (4:6;|¢,¢;) where replaced by (e7/2a) SpiSps and (e*/2a) Sp; respective- 
ly, where a is the distance between a manganese ion and an oxygen ion of nearest 
neighbour. The results are 

Sm Ny Gi= 0.0019 ev, Sw Liq Ga= — 0.0034 ev, 

Shey Di Gs=0.0004 ev, Soa) Dim Ga= —0.0001 ev, (18) 

J overiap= — 9.0007 ev. ¢ 

This favours the parallel spin arrangement. But, as seen in the above table, Joverzap 
is a result of cancellation of large positive and negative quantities and it cannot be 
decided in the accuracy of the present calculation whether this term is positive or 
negative. It may be said, however, that this term is not the most important in MnO 
crystal, although it cannot be neglected completely. The 90° interaction is expected to 
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be much smaller than 180° interaction, because its expression contains squares of 
overlap between 27 and 3dé orbitals. 


§ 3. Kramers-Anderson model 


Now we mix to the totally ionic state a covalent state in which one electron 
from an oxygen ion transfers to a neighbouring manganese ion. We shall see that 
the energy of the crystal which is described in this way depends on the spin direc- 
tion. Since it is difficult to perform configuration interaction correctly in an N-body 
problem, we assume as in reference 7) that each 2p electron of all oxygen ions 
transfers to nearest neighbour manganese ions irrespective of transfer of other 2p 
electrons. A 2p electron with a spin which has occupied ¢,, (which shall be denoted 
as ¢, hereafter) in Fig. 1 is now to occupy the following orbital, 


fe Bot rok Pet TAGs (19) 


where /; and /, are variational parameters and 7;(7;) takes account of the fact that 
when the 7-th (j-th) ion has @ spin the 2p electron with a spin cannot transfer 
to that ion. Similarly, a 2p electron with ? spin which has occupied ¢,, now occupies 


Wes Opt shi! Os +554; G5 oD) 
Pp MG saan a7 ITO 72 aa 7 mire (20) 
| V 1+5; (245 Spi +47) +.5;(24) Spi + 47) 
Eyen when we transform all 29 orbitals in the crystal in this way, the total system 
can be described by a single Slater determinant, the energy of which can be expres- 
sed by (4) where ¢,’s are replaced by ¢,/s When we expand the energy in powers 
of S assuming /’s to be of the first order of S, we get the following expression, 


E=E(S°) +E(S’) +3),(2A4,+ BA’) + E(S*) +4E(S3) +7? E(S?) 
+#8E(S)+H#E(S°), (21) 
where H(S”") represents an energy 
matrix of the order of S" and A 
and B are of the first and the zero- 
th order of S, respectively. The 
first term is the sum of kinetic 


energies of all electrons in the crystal 
and the Coulomb interactions between 


electrons and between nuclei and 


electrons. The second term is ex- O~ ion 

chaneeyand overlap teEnenerisnbes Here ¢; and ¢; are those 3d orbitals which have 
. : ; : zero component of orbital angular momentum with 
tween nearest neighbour ions which respect to the axis joining the oxygen ion to 
are of the second order of S. The manganese:10U8- 

third term is also of the second order Fig. 1 Configuration of Atomic Orbitals 


and the rest is of the fourth order. The last three terms contain cross products 
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of 4; and 4; We determine 4; so as to minimize the second order part 2A/,+ Bi, 
that is, 4;=—A/B and insert this value to the fourth order part. Spin depen- 
dent energies are contained in the last five terms of (21), the first of which we 
have discussed in the preceding section. From the rest of it we obtain as a coefficient 
of o;0; the following expressions (see Appendix I.) 


Jao=J seit aoa (22) 
Jar=t{ Bp, $;) —C} +S dE + Ay, (23) 
J 40 —37, +74, (24) 
where t= 2/4, Sp +47, (25) 
4:= — (Gp| Hp— Ep|9:) / (Ea— E,), (26) 
Ea= (¢:|Hp|$:), Eo>= GplHnldp)- (27) 


H,, 4E, A, and A, are defined by (A-5), (A-9), (A:12) and (A-17), respective: 
ly. The denominator of (26) is the energy necessary to transfer an electron from 
an oxygen ion to a nearest neighbour manganese ion and the numerator of (26) 
is a transfer matrix for it. B(d,, d;) is the overlap energy between 4, and 4;), C 
is the exchange energy between 4, and the 3d shell of the j-th manganese ion. 
This result is quite analogous to that of four electron model”, in which J4, was 
interpreted to arise from the Anderson mechanism and J4, was seen to correspond 
to the Anderson-Hasegawa mechanism plus the mechanism of mixing two electron 
transition process. In reality J4,, can be interpreted to arise from the above 
mechanisms only when the correct configuration mixing rather than one-electron ap- 
proximation (19), (20) is carried out.* The -sign of J4s. is seen to be positive 
in’ the correct configuration interaction” but that of (24) cannot be determined 
without numerical calculation. Numerial results given in Appendix I are 


Jan =—0.0015 eV, Jass=0.0010 eV, Jsg= — 0.0004 eV. (28) 


The sign of J4.1 is opposite to what Anderson predicted. It is because B—C is 
negative in our calculation, while Anderson assumed a positive value (favourable for 
antiparallel spin arrangement) for an exchange integral which corresponds to B—C in 
our case. Although the accuracy of our calculation cannot decide the sign of B—C to 
be negative, it is probable that the exchange and the overlap interactions between 
outermost orbitals are almost cancelled out as in alkali-halides.** It may be said, 
therefore, that in MnO the superexchange interaction from Anderson’s mechanism is 
not so great even in the accuracy of our calculation, though its sign is not obvious. 


* We may regard JAoitd Aca as arising from ¢ransfer mechanism in Our approximation, 
because it contains 4, which measures the degree of transfer. 
*& According to ref. 8), exchange and overlap energies of NaCl crystal at 5.0 a. u. of lattice 


constant are given as B(CI3p|Na2p) =6.23(X10~8a.u.), C(C13p|Na2p) =6.20, B (C13p|Na2s) =15.74, 
C(Cl13p/Na2s) =5.66. 
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J4o. i8 positive, as should be the case in the correct configuration interaction of 
the four electron model. It may be said also that it is not the most important 
mechanism of the superexchange interaction in MnO. . 

A superexchange interaction arises also from mechanisms in which a 2p7 
electron transfers to a 3d& orbital and a 2s electron to a 3d7 orbital.* The formu- 
lation of these interactions is analogous to the above case and will not be given 
here. In numerical calculations of its magnitude, it is necessary to know the value 
of the energy necessary to take a 2s electron from an oxygen ion. We used a calcu- 
lated value of 13 eV for it. Contributions to J are calculated as J4,=0.00007 eV 
from 2p7 orbital and J,;=0.00005 eV from 2s orbital. 

In the above calculation of E,—E, (and E,—£,,) the effect of polarization 
was not taken into account. Although it is not at once obvious whether the effect 
of polarization should be included in our E,—E, and it cannot be taken into ac- 
count in our formulation, assuming a value of —5eV for the effect of polarization 
on E,—E, (and E,—£,,) alters the results to 


Jant= —0.0030 eV, Jaa=0.0034 eV, J4,=0.0004 eV, 
Jin=0.00008 eV, J4,=0.00006 eV . (29) 


From these results the contributions from 27 and 2s orbitals can be said to be 
rather small. 

Our next problem is 90° interaction which can be formulated in the analogous 
way to 180° interaction. The results which are not given here show that there 
always appear in its expression factors of square of overlap between 27 and 3dé& 
orbitals, and its magnitude is supposed to be much smaller than 180° interaction. 
The 2s contribution is almost identical with that of 180° interaction. Therefore no 
large contribution to 90° interaction is expected from the mechanism in this section. 


§ 4. Slater mechanism 


In a crystal electron orbitals of ions are deformed from those of free ions. 
We shall take account of this effect by mixing some configurations with different 
symmetry into original orbitals. Various configuration mixings are possible and a 
superexchange interaction arises from a configuration mixing. We have already dis- 
cussed” the physical picture of superexchange interaction which arises from mixing 
an s function into 2p orbital of an oxygen ion. We can consider also the effect 
of another deformation which is a uniform contraction or expansion of the oxygen 
ion. When the two manganese ions have the same spin direction a, 2p electrons 
of @ spin contract uniformly. When they have opposite spins, 2p electrons of both 
a spin and # spin contract to the less extent than in the parallel case and the 
gain of the energy by contraction is larger in the parallel case than in the anti- 


* The contributions from 2s and 2fo0 are not additive. It would not alter, however, the 
order of magnitude of J to take account of its correction. 


Lie. pees 


Superexchange Interaction of MnO 49 


parallel case. We represent this mechanism by mixing anothor p state into 2p 
orbital. 


We calculated the magnitude of the superexchange interaction arising from 


(2p+s) mechanism. We assumed for 2 electrons of oxygen ions the following 
orbital, : 


¢,= (d+ 64,)/V1+&, for a electrons, 
2, = (br—€6,)/V 1+, for 9 electrons. 


Here ¢, is an s type orbital. Then the energy average is given by (4)’ where 
¢,'s are replaced by ¢,’s. Assuming & of order S’, the part of energy which con- 
tains € is given, up to fourth order, by 


ALE (o;—0,;) /2+2MEe, (31) 
where M= { (s| Hp intral bs) — Op| Fp intral Pp) — 2 (6s Gp10p 92) I 
+ {31 (6.616: bu) — SI (Gr bulby Oy) } 
L=S(G,9;) BGp 9) /Sps— Da (9: G21 69s) 
+S(,6:) { Go| ids) +S) p$x8:$4)} ~ Spx xl F146.) 
+ 3 Gobel :d2)} Sy Go $a1.80, (32) 


jet intra (1) =p) /2mM—Z,€/Tipte’ > teep se (2) /Ti2 - AX, 


=~ \ by (2) by (1) Pis/ 712 “Nail. 


Here i and j specify two manganese ions which lie on the both ends of ¢, orbital. 
When the i-th ion and the jth ion have the same spin direction, the linear term of & 
vanishes because of symmetry, which is taken into account by the factor 3 (7;—¢;). 
Cross products of two parameters € and &’ which belong to different 2p orbitals 
do not arise in the S‘ approximation. In order to transform the last three terms 
of (32), we assume that ¢, fulfil the equation 


[pr/2m— Ze C/ rye > Was oe (2) /Ts -dx| @; (1) = E' $, Gilby (33), 


(30) 


which is not Hartree-Fock equation but contains no exchange term. Then 


L=S(¢,9;) Bb, oy) [Sp Dae (O; d,|0p d;) 
am S (6,0) (bp| 3% QO,|d:) oe Spi (¢,| 32 Q,.|6;) =i pk (4; By Os dy) 


—S(G,0:) (4; 9p| dp 9p) (34) 


results. As the last four terms of (34) proves to be much smaller than the first 


and the second terms, the error in assuming (33) may be small. (31) is a mini- 
mum with respect to € when €=—}(o1—¢)) L/M, which is of the second order of 


S. because so is L. Then the minimum value of (31) is given by —2(o0;—o,/2)” 
x L?/M, which gives for the contribution to J the following value, 
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Ae BEY (35) 


This mechanism gives no contribution to 90° interaction. For ¢, we took 
bs0C Poy (1) Yon (4, ¢) +05, where P,,(r)/r is the radial part of 2p function of the 
oxygen ion’ and c is to be determined so that ¢, is orthogonal to do, Lhen 
calculation shows L=0.323eV, to which the last four terms of (34) contributes 
only —0.009eV. The first term of M is calculated to be 13eV, which is the 
intra-atomic energy necessary to excite a 2p electron to ¢, orbital. The second term 
of M is the change of the Coulomb interaction with surrounding ions in the 
excitation, which we neglected because it is supposed to be of order 1 eV. Then 


J,= 0.0080 eV (36) 
is obtained. 

Next we shall consider the contributions to superexchange interaction arising 
from various configuration mixings other than (2p+¢.) mixing. For a while we 
replace the effect of the manganese ions on electrons of the oxygen ion which they 
surround by a crystalline field which depends on the relative orientation of the spin 
direction of 2p or 2s electron with that of a manganese ion. This simplification 
is still expected to give the correct sign to superexchange interaction and it is easy 
to extend this treatment to that of many-body problem like that of the preceding 
paragraph, if necessary. When surrounded octahedrally by manganese ions, 
orbitals of the oxygen ion are not necessarily of s or p type but is expected to 
have symmetry of /', or J's. In the ground state we assume the orbitals of / 
and J/’;; type, which we denote by ¢, and ¢,, ¢,, ¢., are filled. Furthermore we 
assume that excited orbitals of /4, Is, [2 and I’ type (which we denote by 4¢,’; 
O.!, by’, be! 3 bx1, Pro; Ger, Gea des) are known (Fig. 2). We denote by V; the spin 
dependent part of the potential which the 7th manganese ion exerts on the elect- 
rons of the oxygen ion which have the same spin direction as the manganese ion. 
Then besides the ordinary crystalline field a@ electrons experience a potential 
Ve= >i5:V; and # electrons V;=3);r;V;. The second order perturbed energy, 
taking the above potentials as perturbations, gives as the coefficient of o,o; the 
following expressions, 


Frggz — bal Val. 4 Gl Vilds)? Gil Vols)? , Gal Vala)? 


EH, tee Es E,—E, YS al 
_ G.| Vold.')? +2 G.1 Vilde’)? 1 Gel Velo’)? , (1 Vsl¢x)? 
gE, ah By: Es BS ee ae SH 
Ip= — G1 Vild.9°+ 2.G.| Vad") Ge] Vals." Gal Vil)? 4 Gil Vals)? 
EL, —E, fy —E, 2k.) 
(38) 


The first term of Jig, for example, is the superexchange interaction arising from 
mixing into ¢, an orbital of J, type. The denominator E,,—E, is the excitation 
energy from ¢, to ¢,. Each term of (37) and (38) have a definite sign and can 
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be said to be ferromagnetic or antiferromagnetic. z 
The result is summarized in Table 1. Though 
no quantitative argument can be made from 
the above results, we may expect that (2 pt+p’) 
mechanism might give some contributions to 
superexchange interaction. We give our esti- 
mate of this mechanism. We took for ¢,, ¢,, 
d. 2p type orbitals, the radial part of which is 


P(r) ocr’ (exp(— 2.97) +0.15 exp(—/r)), 
(39) 
where / is a variational parameter. It coincides 


with that of ref. 13), when 4=1.1. The varia- 
tional parameter / for @ electrons is not set 


bz—~, py~)> oz~z 
Ox’ ~2, by’ ~); p/~z 
Gri 384 —P) byy— 27 5? 


der YZ, Peg~2ZX, beg~Uy 


equal to that for # electrons. Its extreme 
value should depend on the spin configuration 
of the surrounding manganese ions. The intra- 


atomic energy depends on /, when this is close to 1.1, in the following way, 


18.6 (A—1.1)?= 0.122 (A—1.1) +7.0 eV. (40) 


Fig. 2 Oxygen ion orbitals 


The repulsive energy between the oxygen ion and the manganese ions is roughly 
estimated to depend on / as 


4.73(4—1.1)?—2.43(A—1.1) +0.5 eV. (41) 


Besides these energies there are the exchange 


and the overlap energies between a 2p elect- Table 1 
ron and the 3d shell of a manganese ion of fas ore res 
. Ss | 
the same spin as the 2p electron, which are 9 ™SCU@NS pe 
given by ates . F 
; stp 
0.78 (A—1.1)?— 0.06 (A— 1.1) —0.22 eV. a . pace 
| (42) a eh, 
pate ei? AF 
Here / is determined so as to minimize the nae il cae 
p+r 
sum of (40), (41) and (42). When we ey ie | 


carry out the process in the ferromagnetic 


case and then in the antiferromagnetic case 
there appears a difference in the minimum energy, which corresponds to 


J=—0.00001 eV, (43) 


which gives a rather small contribution. . 
Because the energy differences of this section are given in the Hartree-Fock 


approximation, which takes more account of the correlation between electrons of the 
2 


parallel spin than between those of the opposite spins, the energy differences might 
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be supposed to be overestimated. If we proceeded to the many-body treatment 
which takes account of also the correlation between electrons of opposite spins, the 
energy difference might be reduced to some extent. 

We notice the possibility that the effect of Slater mechanism could be detected 
by the agency of nuclear quadrupolar interaction with p or s electrons of negative 
ions, because the degree of deformation of negative ions is different in the parallel 


and the antiparallel states. 
§5. The effect of triply ionized manganese ions 


A spin dependent energy is also obtained by mixing an excited configuration 
[Mn*O--Mn***] into the ground configuration [Mn**O~~Mn**]. Because the 
above configuration does not mix in the ferromagnetic state if we assume (3d)° con- 
figuration for Mn* ion, this mechanism always favours the antiferromagnetic state. 
We shall take the ordered antiparallel spin state as the starting point of the antiferro- 
magnetic state and assume the rate of mixing of the excited configuration to be 
small. Instead of carrying out the configuration interaction, 3d orbitals of a man- 
ganese ion are assumed to be extended to sites of six next-to-nearest neighbouring 
manganese ions. Thereby only dj orbitals are considered, because dé orbitals have 
small overlaps with 27 orbitals of oxygen ions. Of two d7 orbitals, we denote 
that of 32°—,r? type by ¢) and that of 2°—-y’ type by ¢,. In the antiferromagnetic 
state the spin direction of the central ion is opposite to that of the neigh- 
bouring ions. Now ¢ and ¢, of the manganese ion which lies on the +2 axis 
is denoted by ¢% and ¢%, etc. The direction of z (in 3z?—7”) is chosen to the 
line joining the ion and the central ion. On the other hand, ¢ and ¢, of the central 


ion are denoted simply by ¢ and 4¢,. In place of ¢) and ¢, of the central ion we 
take 


ho= {do + She (40 bo” + Har 01”) V/V he Got a), (44) 
= {d, +33,(Y.0b0" + Vii bi”) } fit ia Pn Ya): (45) 


Substituting these into (4)’, we obtain the following expression of energy which 
contains p's and v/s 


29 (P—Q) +2 (tot 20 + Myo K-90) G7) ci) 
+2 (veg +¥—20 + Yn + ¥_-y) (V3 /2) (P—Q) +33, (v2 +u2+v2+v2)R, (46) 


where 


+ Spi (8: G19; bp) — A: (b, 9:16. 8.) +4Spe{ (6:45/6:6:) — (6-4,16,4,) }, (47) 
Q= (4, 0;|4;0,) = 46 (d, did, d;), (48) 
R= (0,| H;|¢,) = (¢,;| H;|0;) = m= 012 (Ps.00 Bsam | Ps-1m Osco) ax (4; d,|d, d;), (49) 


H,(1) = H, (1) +e" Des | {i (2) = (2) Guill eaa}y Fas *dXy. (50) 
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The configuration of orbitals which are contained in the integrals of (47), (48) 
and (49) is shown in Fig. 1. In (46) we assumed p’s and »’s to be of order S? 
and retained only the fourth order terms. The first term of the right-hand side of 
(49) is the sum of the intra-atomic exchange integrals of 3d0 orbital with five 3d 


orbitals. To minimize (46) p’s and v/s are determined as, 6.2., Po=— (P—Q)/R; 
which is of the second order of S, as assumed. The minimum value of (46) is 
BAK eres OMIA ies (51) 


Using wave functions of the preceding sections this term is calculated to be 


— 0.0026 x 6eV. 


§ 6. Discussions 


From the above results regarding 180° interaction we notice the following 
points : 

(1) The results in the N-body case are N times those of the four electron 
model. 

(2) All terms of superexchange interaction arise from terms of order S*. 

(3) The assumption of the totally ionic state also leads to a spin dependent 
energy. 

(4) The value of / is small compared with unity. The energy gain aris- 
ing from transfer of 2p electrons to manganese ions is much smaller than the 
cohesive energy of the crystal, so the introduction of Anderson’s mechanism does 
not violate the usual theory of cohesive energies of ionic lattices. 

(5) The superexchange interaction arising from transfer mechanism is rather 
small. 

(6) Slater’s mechanism gives the dominant contribution to the superexchange 
interaction of MnO crystal. 

(7) The mechanism of mixing [Mn*O~~Mn***] configuration makes also a 
considerable contribution. 

The sum of all the mechanisms considered in this paper gives 


J=0.0097eV =112°K (52) 


for 180° interaction.* For 90° interaction, although we did not carry out numerical 
calculations, no mechanism considered in the present paper seemed to give as large 
contribution as 10°K. Now analyzing the susceptibility deta” of MnO by the 
molecular field approximation, we get Ji0=44°K, Jo=87°K. Our calculation for 
180° interaction proves to give a correct order of magnitude, while for 90° inter- 
action no mechanism is expected to give as large interaction as the experimental 
value. If we assume the above analysis to be correct, 90° interaction may arise 
either from direct exchange interaction or from some other mechanisms not con- 


* The mechanism of §5 contributes to J an amount of 0.0026 eV. 
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sidered here. The following fact supports the direct exchange interaction. By 
analyzing the susceptibility data we determined values of Jig and Joo of MnS and 
MnSe. They are 59°K, 88°K for Jiso, and 65°K, 20°K for Jo, respectively. We 
see that Ji increases from MnO to MnSe, while Jo decreases. It may be natural 
to expect that both the interactions showed the same tendency, if they originated 
from the same kind of interaction. On the other hand, the distance between near- 
est neighbour manganese ions increases from MnO to MnSe, so that the direct ex- 
change interaction may account for the decrease of Jo. However, the 90° interaction 
may be the problem in future 

The theory of superexchange interaction given in the previous sections is 
quite general and contains no arbitrary assumptions except for four points. 

First, the convergence of expansion of (1+.S)~”? in S is assumed. For MnO 
the largest of overlap integrals, that between 20 and 3d0 functions, is 0.076 which 
is much smaller than unity. Furthermore the S‘ part of energy which we calculat- 
ed here is smaller than the repulsive energy (S* part) of the crystal. So this as- 


. sumption is considered to be well fulfilled in MnO crystal. 


Second, the ordered antiparallel spin arrangement was assumed for the antifer- 
romagnetic state. In reality this is not the ground state of an antiferromagnet, 


_ which contains besides the ordered antiparallel state states of various spin configu- 


rations. Two types of these configurations is to be considered. One is those in 
which spin directions of manganese ions are declined without change of their valence. 
The other is those in which manganese ions with valences different from two appear 
(Mn*—Mn***). Mixing the latter configurations which appear in the usual band 
theory stabilizes the antiferromagnetic state, which was already pointed out by the 
author”. Our estimate of this effect in MnO, given in § 5, shows that this has a 
contribution to superexchange interaction which cannot be neglected compared with 
other mechanisms. The importance of this effect is pointed out here for the 
first time as far as the author knows. To mix the former configurations, it 
is necessary to obtain matrix elements between two states of different spin configu- 
rations. It has not been successful, however, to obtain those in the case of N-body 
problem, without neglecting the non-orthogonalities of wave functions. If these 
could be obtained the ground state of an antiferromagnet could be represented by 
a linear combination of various spin states. 


Third, instead of carring out the correct configuration interaction complicated 
orbitals of the forms (19), (20), (30), (44) and (45) are assumed. In reference 
7) and a forthcoming paper the results of the correct configuration interaction for 
the four electron model are compared with the results of our treatment. It is 
shown that only J4,. term is modified. Numerical estimate shows” that the two 
methods give nearly equal values for J49. 

Fourth, our development can be carried out only when the orbital degeneracy 
of magnetic ions is removed. If magnetic ions have orbital degeneracy, the total 
system cannot be represented by a single Slater determinant, so the same difficulty 
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as that met with configuration interaction arises. Although our method cannot be 
applied, therefore, directly to FeO or CoO, etc., such materials as NiO, CaMnO, 
and LaCrO; in which orbital degeneracies of magnetic ions are removed complete- 
ly in.a cubic field can be treated by our method. Several discussions for these 
materials are given in Appendix II. 

The above calculation shows that the mechanism of superexchange interaction 
is rather complicated. Although for MnO Slater’s mechanism seems to play a 
dominant role, other mechanisms seem to have some contributions which cannot be 
neglected. Furthermore other mechanisms which were not considered here 
might give some contributions, though small. In view of these points, in the theory 
of superexchange interaction it is necessary to take all terms of the same order in 
some quantity which are expected to give any contribution. In our theory the power 
expansion in S was used. Then superexchange interaction appears from S* terms. 
Since S® terms are considered to be neglected as far as S~0.1, our method will 


cover a comprehensive scope of consideration. 
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Appendix I 


Here we show the detailed calculation of superexchange interaction from 
Anderson’s mechanism. We observe the modification of energy expression (4)’ 
when ¢,’s are introduced instead of ¢,’s. (Because the modification of S* terms is 
higher than S*, it is sufficient to deal with (4)’ rather than (4).) From (19) the 


following expression is obtained, 


$y (2) fp(1) =, (2) 4,(1) + Pp (2, 1) + Opa (2, 1 (A-1) 


where 
ya (2y 1) = 744s (bp (2) be (1) +4e(2) by (1) — 258 By (2) 6,1) ) +40 (6 (2) 8D) 
— 4,(2)4,(1)) } +74{4j (Gp (2) 4; (1) +4; (2) bp 1) — 2858p (2) 6p L)) 
+42(b;(2)4;(1) —$) (2) (1) ) rile (2, DZ) 75! pj, 1), (A-2) 
ps(2y 1) = — {ri (2A Spe Ae’) + 1y(2AjSpj+4;) } Op2(2, 1). (A-3) 
From (20) a similar expression for ¢,’s can be obtained. We regard the first, the 


second and the third term of (A-1) to be of the zeroth, the second and the fourth 
order of 8. When these are introduced to the first two terms of (4)’, we get 


up to S* terms 
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Eon (Pa tie |Ps) Dg sy see 1) P92 (2, 2)e"/T1s -dx, AX» 


=| rpo(1, 2a 1e/rade; des}, (A-4) 
where E, does not contain 7’s and H, is given by 
FH, (1) =H, (1) ae) Suepy |. (2)/ (ae Y -AX,— |, (2 ) dy, (1) Prs/ 712° “dXq}. (A-5) ¢ 


The second order part of (A-4) which contains /’s is 


S171 (24; (Hoe — Spi Ep) +47 (Ea— Ep) }, (A-6) 

which is a minimum with respect to 4; when 
= — (Ay — SpE) / Ea— Ep), (A-7) 
where | Ae = (ost lep (A-8) 


and E, and EF, are given by (27). The minimum value of (A-6) is 
a dEk= 2 Ce es Es) Pe (E,—£,) . (A 5 9) 


This is the amount per ion pair by which the energy of the crystal gains by virtue 
of electron transfer. Introducing (A-7) into (A-4) and after some calculation, we 
obtain as the interaction energy 


{t(4E—C) —44,} o,0,, (A-10) 
where C= dw (bp 9:9: 4)), (A-11) 
ae | Po, 1) Pp (2, 2) e*/ 113 + dx, dx. — | PG, 2) Ip (2, 1) e’*/ 113 -dx, dx, (A-12) 


and ¢ is given by (25). Here the value of (A-7) is to be taken for /;. 

Next we observe the change of overlap energies between ions when ¢,’s are 
substituted into the B terms of (4)’. We notice that there appear overlap energies 
between oxygen ions of nearest and next-to-nearest neighbours because electrons 
from the two oxygen ions have a probability to reside at the same intervening 
manganese ion. It can be easily seen, however, that these overlap energies do not 
depend on spin configuration up to S* terms, so we do not consider these terms 
further. We observe only the change of the overlap energy between 2 orbital and 
3d orbital which depends on spin configurations. Inserting the following expressions, 


S(Py, ¢;) = {1—4t(n+7r,)}S@,, 0;) Si (A-13) 
($,| | 4;) =e {l—4t(n+17,) } (¢,| Fa 10;) ss (A-14) 

(fo| Filey) + Diner Pn Ou! Gu) = bp] Hildp) + tus (Gp Ful dp.) — 4E (ri +75) 
(A-15) 


into the expression of B between ¢; and 4, we can obtain the following interaction 
energy from B terms 
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{tB(d,, d;) +S, 4E+A,}0,0;, (A -16) 
piers ye \ iakanyeneaea rarer rs (A-17) 


SALES 1) a — 2S: bp (1) 4; (1) + S,i{p (1) d, (1) +4;(1)4;(1) fe (A-18) 
Adding (A-10) and (A-16), we obtain as the coefficient of o; 0; 


J g0= I gor + J 4025 (A*19) 
where Jsci=t{ BG, 6) —C}+S,,4E+A,, (A-20) 
J40n= —4 A, +14 E. (A-21) 


In order to transform these expressions to a suitable form for numerical calculation 


we assume that 2p orbital of an oxygen ion satisfies the Hartree-Fock equation of 
free ion, 


ats iat) 6()=—xX9,@), (A:22) 


where X corresponds to electron affinity of O™ ion. Similarly 3d orbital ¢; of a 
manganese ion satisfies the Hartree-Fock equation of the free manganese ion 


[pt /2m—Zee'/rut PDH | b.42)/ rs *AX_— | bu (2) $e L) Pra/ ri -dx.} |b;= 1:9. 
(A-23) 


where J, corresponds to the second ionization energy of manganese. Then it can 
be easily shown that 


13 Bore Spi L,= (G,|>1% On |d:) ie Spi Cap ay Q,|dp) ? (A = 24) 
E,— Ep =X—In+ (G:| 0? Qual ds) — Go| 23? Qulto) — (G:9)|9:9;)-  (A+25)- 


We evaluated these integrals by the same approximation as Lowdin used (Chapter 
5 of ref. 8)) except for (4,0,|0:0;), which was evaluated by point charge approxi- 
mation. For X and I, we used experimental values. Then E,—E,=14eV and 
Hyi—SpiF’p= —0.97 eV, so 4 becomes 0.067. Then 6N4E, which is the gain of the 
crystal energy by virtue of transfer, is 9.2 kcal/mol which is much smaller than 
the repulsive energy of MnO crystal. Integrals (4,4;|4,4,) and (4,0,|¢:0,) which appear 
in A, and A, were replaced by SyiSpe'/2a and S,.e?/2a, respectively. Other in- 
tegrals A, and A, can be calculated by Lowdin’s approximation. The results are 


S,,=0.076, 1t=0.015, (A-26) 
Jin = —0.0015 eV, S492 0.0010 eV, (Ar27) 
Jao= —0.0004 eV. (A -28) 


Append ix 


From the knowledges obtained by the calculation of superexchange interaction 


58 J. Kondo 


of MnO crystal we can make some qualitative discussions about superexchange 
interactions of other substances. 

(1) We consider 180° interaction between ions of configuration (3d)* and 
(3d)*° which are surrounded by six negative ions in a regular octahedral arrange- 
ment. We suppose that these ions have maximum spin. The contribution from 
2px orbital may be neglected, because of small overlap with 3d€ orbitals and of 
orthogonality to 3dy orbitals. Then from totally ionic model we obtain from (10), 
ChE)s.(12). and (13) 


Pirmtaitens Eegutiparanet re S? De (¢, Bj 0; oD) > (A ‘ 29) 


where S=(¢,d,.dx and i and j denote (3d)*° and (3d)* ions, respectively. Here. 
bi is the 3dy orbital of the ith ion which has maximum overlap with ¢,. This 
term may be interpreted as follows: because of non-orthogonality S between ¢, 
and ¢;, the density of 4, electron becomes (1+.S*)¢,’(r) in the region not so close 
to the 7th ion when this electron has the same spin as the 7-th ion and the density 
is ¢,(r) when it has the opposite spin to the 7th ion. Then the difference S*¢,?(r) 
between the density of @ electron and that of / electron results, which gives rise 
to exchange energy with the j-th ion. This is given by (A-29). 

Next we introduce Anderson’s mechanism. One must recognize that 2po 
electrons of both spin directions can transfer to the (3d)* ion because 3d7 orbital 
of that ion is completely empty. Of course, Hund’s coupling favours the transfer 
of the electron with the same spin as the (3d)* ion, but the magnitude of Hund’s 
coupling is supposed to be about 1 eV, while the energy necessary to transfer a 2p 
electron to the metallic ion may amount to 10 eV in the usual case. Then the superex- 
change interaction from this mechanism may be much reduced. By the same rea- 
son superexchange interaction from .Anderson-Hasegawa’s mechanism and two 
electron transition process is supposed to be much reduced. On the other hand 
the mechanism in which a 2p electron transfers to the (3d)° ion gives the follow- 
ing interaction, 


TE sscaniel 7 1 are oy, (24S +- i) Dew (4, 6, 0; dy) : (A * 30) 
Adding (A-29) and (A-30), we obtain 


LE cant oe esas naeaniel So C; af S) pies (4, d,|¢, d,) ? (A “4 31) 


which gives ferromagnetic interaction. We notice that the ferromagnetic interaction 
results only when both the overlap effect (A-29) and the Anderson term (A -30) 
are considered. The mechanism which corresponds to that of §5 is also reduced, 
because excited configurations can be mixed both in ferromagnetic and in antiferro- 
magnetic case. 

Next we consider Slater’s mechanism. We suppose the overlap and the ex- 
change interactions, which act between the (3d)° ion and 2p electron of the same 
spin direction, to be repulsive. On the other hand, since the overlap interaction is 


_" 
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absent between the (3¢)* ion and 2p0 electron, the (3d)* ion may attract 2po 
electron of the same spin direction. Then, contrary to the case of MnO, the oxygen 
ion can polarize when the two mangnetic ions have the same spin direction and 
Slater’s mechanism also acts ferromagnetically. 

From above discussions 180° interaction between (3d)* and (3d)° ions is in- 
ferred to be ferromagnetic*. The same will hold between (3d)* and (3d)* ions, 
when orbital degeneracy of the (3d)* ion is removed by some crystal distorsion 
from cubic symmetry and as a result the dy orbital of 3z?— 7° type which is direct- 
ed to the (3d)* ion is stabilized. 

(2) Next we shall discuss 180° interaction between (3d&)* ions.  Slater’s 
mechanism of (2p+s) configuration mixing is concluded to be antiferromagnetic by 
the same reason as in MnO, except for one point that (3d)* ion attracts rather 
than repels the 2po electron of the same spin as the ion because of the absence 
of overlap interaction between the 2po electron and the (3d)* ion. Exchange inter- 
action between 2po orbital and 3dé orbitals is pertinent to the Slater mechanism. 
This is the reason why this mechanism is expected to give the dominant contri- 
bution to superexchange interaction. In the other mechanisms the coupling betw- 
een 2po0 and 3d€ orbitals is absent because of the symmetry of wave functions. 
There remain only (2p7, 3d&) coupling which is small because of small ‘overlap 
and (2p0, 3dy) coupling which is reduced because both a@ and § electrons can 
transfer to 3d7 orbital. 

(3) We consider 180° interaction of NiO. In this case only dy electrons are 
relevant to superexchange interaction. It may also be sufficient here to consider 
only the effect of 2po orbital. The Slater mechanism is caused by the repulsive 
force of 3dy electron which is exerted on 2pc electron of the same spin, whereas 
in the case of MnO, both the repulsive force of 3dy electron and the attractive 
force of 3d€ electrons are effective. Then it is supposed that in MnO the super- 
exchange interaction from Slater’s machanism is much reduced by cancellation. 
The similar argument can be applied to Anderson’s mechanism. Although the 
polarization in NiO cannot be said at once to be larger than that in MnO because 
of the difference of wave functions, the above situation may be one of the causes 
that superexchange interaction is larger in NiO than in MnO. Whether 3dé shell 
is completely filled or half filled does not directly affect Anderson-Hasegawa’s mecha- 
nism, two electron transition process and configuration mixing (Nit OF Nit ee 
which all act antiferromagnetically. 

(4) Here we have a criterion for 180° interaction which states that, when one 
ion exerts a repulsive force and the other an attractive one on 2po electron of the 
same spin as the ion, the coupling is ferromagnetic, and when both ions exert a 
repulsive or an attractive force, the coupling is antiferromagnetic. We argue that 
the attractive case occurs when the ion has no dy electron or when the ion has 


* We anticipate, therefore, La(Fe, Cr)O, and (Fe, Cr)F3 to be ferromagnetic. 
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its dy orbital directed sideways from the negative ion, and that the repulsive case 
occurs when the ion has at least one dy electron which is directed to the negative 
ion. We stated the above criterion in terms of the Slater mechanism, but we 
shall see that other mechanisms often give the same conclusion as Slater’s mecha- 
nism as to the sign of superexchange interaction. 

(5) Now we discuss the superexchange interaction of MnF,!® and LaMnO,”, 
which are antiferromagnetics with the Neel temperatures of 43 and about 140°K, 
respectively. Their magnetic structures were determined by neutron diffraction 
methods and it was found that they had the same structure, in which in a c-plane 
spins are coupled ferromagnetically and spin directions of two adjacent planes are 
coupled antiferromagnetically. In these substances manganese is considered to be 
triply ionized. The Mn** ion has three dé electrons and one dj electron, so that 
its orbital state is doubly degenerate in a cubic crystal. A manner of ordering of 
single dy orbital in MnF; was proposed by E. O. Wollan et al’. Their descrip- 
tion is as follows: in a c-plane one of two Mn** ions which are sited on opposite 
sides of a fluorine ion has its dy orbital (of 3z*—,r* type) directed to the fluorine 
ion and the other sideways from the ion. Then according to the above criterion 
we have ferromagnetic coupling in c-plane, which agrees with the observed facts.* 
As for the interaction between c-planes, two Mn** ions have their dy orbitals diréct- 
ed sideways and we have antiferromagnetic coupling between c-planes, which is that 
observed. The situation will be similar in the case of LaMnQ,. 

It was found that adding a small abount of BaTiO; to LaMnO, makes the 
symmetry of the substance cubic, accompanied by ferromagnetic transition. We 
imagine the ordering of dy orbitals is removed by addition of BaTiO, and each 
Mn’** ion has no particular direction of its dy orbital. Then, if we assume the 
interaction between two Mn** ions averaged over various orbital directions to be 
ferromagnetic**, the substance becomes ferromagnetic, as is observed. 


* Goodenough®) assumed a priori ferromagnetic coupling in c-plane in the case of LaMnO,. 

** This may be reasonable, because the ferromagnetic interaction is supposed to be much 
larger than the antiferromagnetic interaction, and because the appearence of the configurations in 
which two Mn3* ions have their dy orbitals directed to the intervening oxygen ion and in which 


the coupling is supposed to be strongly antiferromagnetic may probably be suppressed by short 
range order because of high energy of that configuration. 


Superexchange Interaction of MnO 61 


References 
H. A. Kramers, Physica 1 (1934), 182. 
P. W. Anderson, Phys. Rev. 79 (1950), 350. 
J. C. Slater, Rev: Mod. Phys. 25 (1953), 199. 
J. C. Slater, Quarterly Progress Reports, M. I. T., July 15 and Oct. 15, 1953 (unpublished). 
T. Nagamiya, K. Yosida and R. Kubo, Advances in Physics 4 (1955), 1. 


J. B. Goodenough, Phys. Rev. 100 (1955), 564. 

J. Yamashita and J. Kondo, Phys. Rev. 109 (1958) ,730. 

P. O. Lowdin, A Theoretical Investigation into Some Properties of Ionic Crystals (thesis) 
Uppsala (1948). 

J. Kondo and J. Yamashita, to be published in Jour. Phys. Chem. Solids. 

C. G. Shull, W. A. Strauser and E, O. Wollan, Phys. Rev. 83 (1951), 333. 

D. R. Hartree, Proc. Cambridge Phil. Soc. 51 (1955), 126. 

D. R. Hartree, W. Hartree and B. Swirles, Phil. Trans. Roy. Soc. A238 (1939), 229. 

J. Yamashita and M. Kojima, J. Phys. Soc. Japan 7 (1952), 261. 

R. E. Watson, Phys. Rev. 111 (1958), 1108. 

J. Yamashita, J. Phys. Soc. Japan 9 (1954), 339. 

H. Bizette, C. Squire and B, Tsai, Comp. Rend. 207 (1938), 449. 

J. Kondo, Prog. Theor. Phys. 18 (1957), 541. 

E. O. Wollan, H. R. Child, W. C. Koehler and M. K. Wilkinson, Phys. Rev. 112 (1958), 
1132. j 

G. H. Jonker, Physica 22 (1956), 707. 

E. O. Wollan and W. C. Koehler, Phys. Rev. 100 (1955), 545. 


Progress of Theoretical Physics, Vol. 22, No. 1, July 1959 


Strong Fermi-Type Interaction and Its Application to 
the G,/G, Ratio in ®-Decay and the Anomalous 
Magnetic Moment of Nucleon 


Chikashi ISO 


Research Institute for Fundamental Physics 
Kyoto University, Kyoto 


(Received March 5, 1959) 


The Gy4/Gy ratio in @-decay and the anomalous nucleon magnetic moment are calculated 
on the basis of the compound model in which the elementary strong interactions are assumed 
to be the CP-invariant scalar, pseudoscalar and tensor Fermi type couplings. 

In this model the P-invariance of strong interactions and the equality of the vector 
coupling constant of f-decay to that of w-e decay are guaranteed automatically, and the 
experiment proposed by Gell-Mann is found to be useful as a test of the composite model. 


§ 1. Introduction 


Meson theory has achieved great success in explaining the phenomena in which 
only the outside region of the nucleon cloud is concerned. In phenomena in which 
the contribution from the inner nucleon cloud region cannot be neglected, however, 
meson theory has not yet clarified a number of points, such as: 

(1) The coupling constant ratio G,/G,; in $-decay becomes smaller than 1, if 
we apply static or covariant perturbational methods in lowest’ order to the 
theory of Gell-Mann et al.”” 

(ii) The experimental result for the iso-scalar part of the anomalous nucleon 
magnetic moment is smaller than the theoretical value. 

(ii) The electric charge distribution of the neutron. 


- (vy) S-wave pion nucleon scattering. 


On the other hand, Fermi and Yang, Heisenberg, and Sakata et al. considered 
that the Fermi type interaction is more fundamental than the Yukawa type and 
proposed the composite model of mesons. Many authors have discussed how one 
may construct mesons from this point of view. Some authors have applied this 
model to the problem of S-wave pion-nucleon scattering, but owing to the high 
degree of divergency they could not get any decisive results. Quite a few people 
have expressed the opinion that the composite model perhaps gives just the same 
results as the conventional z-meson theory. 

The present author? has raised the question why parity happens to be con- 
served in strong and electromagnetic interactions whereas it is not conserved in 
weak interactions. And we have found that the composite model appears more 
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beautiful than Yukawa meson theory from the standpoint of transformation properties. 
In our previous paper we made the follwing 3 assumptions : 


(Assumption i) “The strong, electromagnetic and weak interaction Hamiltonians 


are invariant under the combined transformation CP, but not necessarily under P- 


and C-transformation separately ”’. 

(Assumption ii) ‘‘ The electromagnetic interaction is gauge invariant ”’. 

(Assumption iii) ‘“‘ The strong interaction is charge independent ”’.* 

With these assumptions we attempted to guarantee that P and C are conserved in 

the strong and electromagnetic interactions by restricting the type of the inter- 

action, and found: 

(i) In the electromagnetic interaction,” it is sufficient to restrict the interac- 
tion to the usual type.** 

(ii) In the strong interaction, 
a) When the fundamental interaction is assumed to be the following Fermi 
type ; 


H= (NN) (NN) + (PP) (PP) + (PP) (NN) + (PN) (NP) 
4+ (AA) (AA) + (AA) (PP) + (AA) (NN) re 0), 


and the idea of Sakata’s compound model® is applied, it is sufficient to 
restrict the interaction type to an arbitrary linear combination of scalar, 
pseudoscalar and tensor couplings.” 

b) When the fundamental interaction is assumed to be of the Yukawa 
type, 7-meson interactions are P-invariant provided that the coupling is non- 


58) In order to make the K-meson interaction P-invariant, how- 


derivative. 
ever, we must take another, stronger assumption” than the above three. 

Thus if we make use of Sakata’s compound model and assume the fundamental 
interaction to be of the Fermi type, the characteristics of the baryon weak inter- 
action, namely change of strangeness and parity non-conservation, are due to the 
change of the fundamental particles (NA), and the strong interaction conserves 
parity as a natural consequence. So the Fermi type interaction is more beautiful 
than the Yukawa type interaction from the point of view of transformation 
properties. 

Through these considerations we are led to the viewpoint that the elementary 
interaction is of Fermi type and the coupling is restricted to scalar, pseudoscalar 
and tensor couplings. With this viewpoint we may make a fresh attack on the 
phenomena which cannot be explained by usual meson theory. In this paper we 
calculate the G,/Gy ratio and the anomalous nucleon magnetic moment and consider 


* We can get the condition that parity non-conserving terms cannot appear in the strong 
interaction Hamiltonian, even without the charge independence hypothesis. See the previous paper.*) 
** Tf we take an unfamiliar electromagnetic interaction, we can get P-noninvariant and gauge 


invariant electromagnetic interaction as in Zeldovich’s letter.” 


er 
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why the results calculated on the grounds of Fermi type interaction are qualitatively 


different from the results obtained by Yukawa type interaction. i | 
The fundamental interactions assumed in this note have the following form, 


T1 t9 Poe 5 
H,(P-decay) = {Fre (GP + Garr) tp} -feneT ey} +H.) 
= A a ) 
Hy, (> e) = Pipe TI4 Ts) BY {rs a +H.C. (3) 
H,vy=ie¢ "3 HA, (4) 
Hu= SID fii GOitD) (POT) + > >i foe (GO; 4) (GO; ¢) (5) 
4 kh 
where* 

Og=1 

Ov=fu 

Op G2) Aisle Pole) (6) 

On=17uls 

O;=Fs 


¢ represents the wave function of nucleon and 
G=$ 7. (7) 


We assume the existence of other elementary interactions such as: /-capture, elec- 
tromagnetic interaction of particles other than nucleons, strong interactions concern- 


ing the A-particle, and baryon weak interactions, but we shall not enter into the 
details of these interactions. 


§ 2. Electric charge renormalization and the anomalous nucleon 
magnetic moment 


According to the requirement of gauge invariance the renormalized charge is 
exactly equal to the bare charge in the lowest order of e. (Appendix A) 

Even in the interaction of the 2nd kind we can eliminate divergence by a finite 
number of renomalization constants, if we restrict the calculation to perturbations 
_ of a finite order. However, we must consider not only mass and charge, but also 
magnetic moment, etc., as the renormalization constants; the calculated value of 
the anomalous magnetic moment diverges, so we cut off the divergent integral by 
Feynman’s cut-off factor. The calculation is performed in the lowest order and 


* Our standpoint is fyy=fyy=fi4=foa=O. However, we write the expression including 
V,A coupling for convenience of future reference. 
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@) dpapep al) 
x: [26% 
pak (eae | | 
2 
P 2 P a 
(1) ; (II’) 
| 
oie ts : 
Xy Xo Xy Xo 
CE r) ; (II) 
y | 
\ \ 
qt SY 
Xo we) Xo Ly 
Fig. 1 


the relevant diagram is given in Fig. 1. Only the effective Hamiltonian of the form, 
A, f (20) 4Py ou? (£0) FL(4P) *h (8) 
Cuy— (i/2) Ke vo hae 


contributes to the anomalous magnetic moment, and this can be expressed as follows : 


o 


Aey= ea \ AX AP (41) Op Pints + For) d(x) } 
x Spi Sp(2o— 2X1) Fp Sr (Li— Lo) Tyr} 
=4€I(0)| $a) (— L0H) Pate+ Fa) $20) | (9) 
\ K 
where 
Fyr=fir +3 is—fos) -4 fir—for) +4 (fir —Sor) Go 
For=for—% Bfast Sos) +4 Bfir + for) — 4 Ste + for) 
1 
| ig 1 
sap) =—i| dx a [Me + PYG —2)T ee 
Introducing Feynman’s cut off factor, J(O) is rewritten as 
2 
Seer Wd: 
ae) ‘| Oh Let Bete 
en| 14+ pea ie e+ i (12) 
Vb Tas 
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The experimental and the calculated values, based on the z-meson theory, of 
the anomalous magnetic moment of the nucleon are as follows: 


App Apy Auptduy dpp— dey 


experimental value ees 790 —1.910 — 0.120 3.700 
ec theoretical estes: ta 0.53 — 3.93 — 3.40 4.46 
ky 2nd _ order 3 ey 
(z meson theory) necernetion 0.61 —1.90 —1.29 Zot 
(cut off) 


Besides the theoretical values tabulated above, many authors have worked out the 
anomalous magnetic moment by various other methods (static theory, intermediate 
coupling theory...). In most of them the theoretical value of the iso-vector part 
coincides with the experimental one, but the usual z-meson theory failed to explain 
the isoscalar part. The effects of strange particles are also not sufficient” to alter 
these values. 

However, if the elementary interaction is of the Fermi type, the contribution 
from the diagram of Fig. 1 which does not exist in the z-meson theory becomes 
large and when Fy; >0 the large iso-scalar anomalous magnetic moment calculated 
by the z-meson theory will possibly be canceled out by this diagram. 


Table 1 Table 2 
22/K2 For x? | sign Fyr/For 
0.5 0.06 fips the other=0 4] 2 | oye 
1.0 0.03 Fis oe | a x47 
2.0 0.02 Jor y | + 1 
10 0.008 ugh | a 1 
100 0.003 - ee ae Ms 1 
1000 0.002 Sor 4 os yy 
SASEME DON, thio aes hip=foep=fp % aa | 0 
Sis=hos=fs 7 = 0 
fir=for=fr 4% | - 0 


For this purpose, Jv,+ 4, obtained by Eqs. (9) and (10) must be ~1, and 
Fp becomes as shown in Table 1, where 7 is Feynman’s cut-off parameter. If 
we restrict the type of coupling to one kind, the sign of the coupling constant and 


F\7/F yp ratio have the values shown in Table 2. 
§ 3. G.4/Gy ratio in @-decay interaction 


Recently Feynman and Gell-Mann?” have paid attention to the following 
relations between effctive weak coupling constants : 


—- 


"gig 
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Jy = Gy 
G,/G, = NIZA 


They have proposed weak universal V—A interactions (7,°=9)"=G,=G,") and 


assumed an interaction (@7,:(1+75)/)/ 2») coupled with pions as well as with 
nucleus 


(13) 


J. (ar, z oa »)+H.C. 
te (14) 

J, =sibay, +x dn/dx, 
in order to explain g,=G;,, by means of a method identical with that of Gershtein 
and Zeldovich.”” However, in the static form of meson theory or in the lowest 
order covariant perturbation theory, G,/G{ is always<1. 

In this ‘note we make use of Sakata’s composite model and assume the ele- 
mentary strong interactions to be of the Fermi type. Then it is not necessary to 
assume /-decay interaction other than (2), in order to explain gy=Gy. 

Namely, if the result of the experiment* proposed by Gell-Mann” is negative, 
it means that Sakata’s composite model is not true or that the gauge invariance 
is not completely correct in $-decay. We have calculated G,/G{ in the lowest order | 
perturbation (Fig. 2), and the result is given by 


G, 21F, ( 4 y | (ik—«)7 (1 +75) (tk—«) ‘A i 
ae =i d k S is - > 15 
Ge Gaye JOS? (B+e) ae 
k= Dk.7, 
p 


where 


F,=fisth (fis—Sos) —3 (Ate—for) +4 (fv— for) —4 fia foa)- (16) 


oe Na/3 (m) : 
Xo 
Xo 
<——___+—_—— 
Pp Xy p’ wel 
Fig. 2 


After the calculation of the integral in Eq. (15), G,/G4 becomes, (Case 1) 


2 eae 2 ate 
Gy eee AFLK Sag am K see 1A K +A | (17) 
Ge (2m)? s ; 


K 


* Gell-Mann has proposed his experiment in order to check the last term of Equation (14) : 
if the result of the experiment is negative, (2) does not couple with the pion directly. 
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(Case 2) 
2 ) } j2 
Caste DEE ae oe sea (18) 
Oy (27)? 2 2 M: 
(Case 3) 
oa) Ga Ga Gao case ist (G4/Ga) case @]-+-2 (19) 


depending on the method of calculation.* (Appendix C) 


Table 3 Table 4 
2/n2 F, x2 (Case 1) | F, x2 (Case 2) | F, x2 (Case 3) | sign 
E 0.5 Fie 9° | 110 17 Sip+0, all other f’s=0 | -- 
1.0 5 35 9 Sis y | + 
Dy | 3 | 11 | 5 Sor y + 
10 7 1 | 1 fos Z | - 
102 0.5 0.09 | 0.2 fe le ). 
103 | 0.3 0.008 0.02 Sis=hos=fs 4 ees © 
pt kt ia Se Sh PEF a met i | sil re | 


5 In these cases F,=0, and the diagrams of Fig. 2 do not contribute to the value of G4/G4°. 


In order to make G,/G,~1.2, F, must be positive and the required order of 
F, is given in Table 3. If we restrict the type of coupling to one kind, S or P, 
the signs of the coupling constants required are shown in Table 4. 

In our approximation (lowest order perturbation theory) the signs of f(s and 
foe shown in Table 2 and Table 4 are inconsistent with each other, so these 
possibilities can be excluded. 


§ 4. Comparison of Fermi type interaction 
with Yukawa type interaction 


Now we consider the reason why the Fermi type interaction can explain 
processes which cannot be explained by usual Yukawa type interaction. The 
physical quantities calculated in usual meson theory are expressed either by an 
even or an odd power of coupling constant, never by both even and odd powers. 
In those quantities which are considered in this note only the even terms appear. 
However, if the elementary interaction is of the Fermi type, such a quantity is 
expanded in both even and odd powers of the Fermi coupling constant. Thus in 
the latter theory the relative signs of the coupling constants are important. 

Contributions from Fig. 1 have no counter-parts in meson theory and change 
their sign if the signs of coupling constants are changed. However, we could 
establish, if we like, a relation between such diagrams of the Fermi type interaction 


* The calculation of these diagrams contain divergences and is ambiguous. However, the 
above 3 cases give the same restrictions on the sign of f as shown in Table 4. 
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(1) ! (ID) 
\ 


Fig. 3 Fig. 4 


and diagrams in meson theory; the diagram (1) should correspond to the diagram 
(II) in Fig. 3 when the mass of the virtual meson / is extremely large. 

The effective Fermi type coupling constant derived from a direct coupling of 
pseudoscalar or scalar mesons with iso-spin 1 is, in the lowest order perturbation 
(Fig. 4), given by 


pee ues il fe ts g 1 
tiv 2 Bae fis Q Bie 2 (20) 


The signs of f,,’ and f,s’ are determined uniquely, f,,/>0 and f,s’<0, but if the 
elementary interaction is of the Fermi type they can have arbitrary signs. The 
sign of f,,’ is different from that of f,p in Tables 2 and 4. 


§ 5. Conclusion and discussion 


We can point out the following qualitatively beautiful properties of the com- 
posite model : 
(i) Strong and electromagnetic interactions become P-invariant when we restrict 
coupling type in a simple way. : 
(ii) G, (the vector coupling constant of f-decay) and gy (the vector coupling 
constant of y-e decay) have, automatically, equal magnitude, and the experiment 
proposed by Gell-Mann” is useful as a test of the composite model. 
(iii) If the elementary weak baryon interactions are to be of the Fermi type 


(Ap) (Fo) + (AP) (AA), 


these interactions give the selection rules 4J=+} and +3, and the transition 


dI= +% is forbidden. A 4J= +3 transition can occur only through electromagntic 
corrections and is very small. This selection rule imposes a strict condition* in the | 
branching ratio of K-decay, (Kyo +7) /(Kont +7). . 

Quantitatively we can explain G, /G, ratio and the scalar part of anomalous 
magnetic moment of nucleon, which can hardly be accounted for by the usual meson 
theoretical calculations. 

In spite of the divergency of high degree, we think that it is very important 
to investigate various phenomena by means of the Fermi type interaction and to 
examine the characteristics of the Fermi type interaction. 


* This condition is the same with that of Fig.2 of ref. 13). 
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Appendix A. Electric charge renormalization 


The correction to the electric charge is calculated to the lowest order, the 1st 
order Feynman diagrams are shown in Fig. 1. The contribution from the diagram 
(’) (I) (I) CI’) are renormalized into mass terms. The effective Hamiltonian 
derived from the diagram (1) and (II) are written as follows. 


Ayy= Me > A, (2) {h(2) O; (feta + for) oh (x) } 


—o 


XK Sp{Sx(2o— 21) Ty S2(a— Zo) Os} day (A-1) 


X OpSp(to— 21) Fp Se (Li He) Oe ie (A-2) 
where ’ 
Srya(%—y) =2(P{ Pax), Pn(9)} ne: (A-3) 


Hf can be rewritten in the form of HZ;, with the use of the formula in Appendix 
B. Only the term in which O;=7, contributes to the charge renormalization, then 
the required effective Hamiltonian is 


Fis, az eee (20) j dxio(a)rnh 73+ Fo) (21) }Sp{Se(Xo— 2) Tp Sy(21— Xo) Tat 


—o 


(A-4) 
where 
f= +4 (fis—Sos) —3(fie—for) —4(fr— for) +4(fia— Soa) +fir nm 

=—4 (SAist+fos) +3 (3fAipt+for) +4(3fr +for) —4(3f4 +foa) +for - ee 

(A-4) can be rewritten as 

Ag = = Nee ony ‘hu (20) {P(a) Fi T3+ Fo) (Xo) } 
dk Sp| 16 &— 4p/2) — «hr ee 

| ol {(k—4p/2)?+ 4°} | (k+ dp/2)?+ 12} | wi) 


where 
k= 2 Rieti 
AP= Ppt (A-7) 
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f(x) ernest tee. (Xo) = qe'F'* 


lacs jaesp| se API) lel fe Ape) — er | 
{ (k— 4p/2)?* +4" } {(k+ 4p/2)?+%7} 


must be of the form 

I= (4P, 4P,— (4P)?0,,)C((4P)*), (A-8) 
which follows from the relativistic and gauge invariance of the theory. Then the 
correction of electric charge must be zero. However, the integration of (A-6) is 
quadratically divergent, and in order that the above general theory is correct the 
following condition must be fulfilled, 


fersfagniecn nn as 


Appendix B 


The Hamiltonian of the charge independent, nonderivative Fermi interaction 
is a linear combination of the following terms 


Fy= >) (@O;t,¥) (GO;7,$) 
k 
Hy;:= (@O; # ) (GO; 4) (A-10) 


where O,’s are defined in (6). 
If we exchange @ and ¢ and define H,;/ and Hy,’ by 


Hy! = >} @Or?) (DO; 7.6) 
Hy! = (GO; £) (PO;4), AEA AT) 


. . Do Z 5] > 
then H,,’ and Hp,’ can be written as a linear combination of H;,’s and Hy,’s as 


follows : 

SHi—+° Hf Hy + Het Hut Hoe= Hys— Hw—Hor — Hos— Ap 
SHy=+ 4His—2Hiy +2Hy,— 4Hyp—4Hos+2Hoy —2Hy4t+4Hop 
8H=+ 6H,s OTT +, 6f,;—6Aos +2H op —6Hbop 
8H,j=+ 4Hyst+2Hw —2H,,— 4H,p—4His— 2H +2Hot4Hop 


SHie=- is Hy+ Hi— Fiat Hyp— Fos+ Ho —H w+ Hoa Ap 
8Hys= — 3His— 3Hyy — 3Eip— 3 fia 3Hp— Aos— Hw—-H o— Hoa Ap 


8H = —12H,s+6 Hay —6H,,+12H,p—4Aos +2 —2Hy4t+4Aop 
SHyh= —18His + 6H —-18H,p—6 Abs + 2Hoy —6 Ho; 
Bi f= 12H, 6 Hay +6Hy4+12Hip—4Hos— 2H +2Ho4+4Hop 
8Hi=— 3Hys+ 3H — 3H + 3H 8Hip— Ast Hw— Hoy+ Hou— Hop. 
(A-12) 
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Appendix C 


The integral 


4 Gk—«)7,1+7s) (ik—K)7u7s |_ dk 4(—kyky—*’) (A-13) 
J=fa'esp| (P+)? | \ (B+)? 


is given, under the condition (A-9), by 


Bag Re (ik—«) 7, Gk—) Ty 2 ( atp AC Fuku te) 9 (4-14) 
J =| a% Sp] = (P+)? \ (P+)? 


(Case 1) If we drop the quadratically divergent term in (A-13) using (A-12), 


2 
= Soe es (A-15) 
8| (RB? +x’)? 
This is rewritten, using Feynman’s cut-off factor, as 
e 2 22 
J 8\ ae Be 
\ (+47)? (++2°) 


2 42 2 32 
=—8in'e'| —1+ a ee |. (A -16) 


. 2 
72 Ke 


(Case 2) If we drop the logarithmically divergent term in (A-12), using (A-12), 
and rewrite it with Feynman’s cut-off factor, 


kk 
J=—8\ a. phn 
(R? +4)? 
( kk A 
=—8| dtp hehe 
\ (R? +4)” (RP+e+27°)? 
42 2 42 22 25 
=—4ine| 1+ os )- oe SG RE | (A-17) 
2 Ke he om . 


(Case 3) This correponds to the value obtained by Feynman’s cut-off without 
using the condition (A-14). 
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The approximate but analytical solutions of Bethe-Salpeter equation are given and the 
relations between binding energy and coupling constant are obtained. With the use of these 
solutions the validity of the non-relativistic approximation (i.e. neglect of retardation and 
recoil) is investigated. 


§ 1. Introduction and summary 


Since a few years ago, the properties of the nuclear potential have been in- 
vestigated with the use of meson theory, and many successful results have been - 
obtained in the region where the distance between two nucleons is larger than 
0.7 times meson compton wave length”. However, there are some ambiguities in 
the definition of ‘‘ nuclear potential” in the inner region. When we construct 
the nuclear potential using meson theory, we usually neglect the “ recoil” of nucleon. 
But the recoil is considered to be important in the inner region. The ambiguity 
comes from to what extent the recoil is taken into account. We can therefore 
remove the ambiguity by investigating the recoil effect. The effect, however, has 
not been examined even in a very simple case (that is one meson exchange inter- 
action) . 

On the other hand, it has been investigated how to describe the two-body 
system relativistically on the basis of field theory, and the covariant two-body equ- 
ations have been presented by many authors.” The equation contains the recoil 
without ambiguity. If we solve it, we can therefore see the recoil effect completely 
and decide the best definition of the nuclear potential. Further, the equations contains 
another effect, that is, the so-called ‘‘ retardation.” Namely, during a finite (not 
zero) time a meson propagates from one nucleon to the other. We can examine 
also the retardation effect by solving the equation. Moreover, we can answer 
the following questions using the solution. What sort of relation is there between 
the binding energy and the eigenvalue of coupling constant? Does the equation 
describe the deuteron state as the most stable one among many possible states ? 

In this paper we shall start from the relativistic two-body equation in the 
ladder approximation and try to solve the equation approximately. A simplified 
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interaction is assumed which is factorizable but takes account of the recoil and the 
retardation. This simplified equation can be solved analytically. However, the 
interaction is not realistic in some sense. The validity of this approximation is ex- 
amined in section 3. We first solve the equation exactly and then solve it by 
neglecting the retardation and the recoil. Comparing these solutions, we can see 
the effects of the retardation and of the recoil. 

The results obtained are summarized as follows. a) The relations between the 
binding energy and the coupling constant are obtained for various cases (Figs. 2, 3, 
6 and 7). b) For the two boson system the neglect of the retardation is qualita- 
tively a good approximation, but it results in an overestimation of the binding energy. 
And the neglect of the recoil gives nearly the same effect as the neglect of the re- 
tardation (§ 4). c) For the two fermion system coupled with Ps(ps) meson, the 
most favourable state (that is, the state with the largest binding energy) is the 
“ deuteron” (total spin 1, charge singlet and even parity) (§6). The wave func- 
tion of the “ deuteron” contains P-state besides usual S, D-states (§ 7). It is quite 
natural since we are dealing with a completely relativistic equation. For this system, 
the neglect of the retardation is a good approximation qualitatively so far as we 
confine ourselves to the “‘ dewteron”’ state and another state (i.e. total spin 0, charge 
triplet and even parity) (§ 6). 

In § 2 we shall try to reduce the B-S equation to an approximate nonrelativis- 
tic equation and show that the one poin exchange potential can be obtained by this 
approximation. In §5 we shall develop a technique which is convenient for the 
treatment of two fermion system. In the last section (§ 7) we shall consider the 
meaning of the wave functions in our representation for the two fermion system 
and classify the relativistic wave functions according to parity, charge state and total 
angular momentum. 


§2. Non-relativistic approximation for B-S equation 
We can write relativistic two-body equations in ladder approximation as 
(A—M?)® (O— MM’)? O(a, 2a) =9'74(2,— 23) O (2, 73) (2-1) 
“for 2-boson system (2-B. S.), and 


(720M) Gey VM) OO (ae a) = g° (1 1) TP 1 47( Li — 22) O(a, X2) 
(2-2) 


for 2-fermion system (2-F. S.), applying p-s coupling and taking account of isospin. 
We transform the co-ordinate 2, x2, to X= (2,+2%2)/2, x=2,— 2X2, and separate X 
by putting D(X, 2x) =exp(/P,X,)@(x) where P is the total energy momentum 
four vector. Further, we take the center of mass system P= (0, 7E), and trans- 


form the equations into momentum representation. Then eqs. (2:1) and (2-2) 
become 


f 
ie 


———- 
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[p'+ (p.+i¢)*+1][p’+ (p.—i€)?+1]0(p) = — igh/ (22) \E(p— 2)? + TOR) (dk) 
fors.2-Bo Si (2-3) 
[ey ptr. p—«) + Lay p— 7. (ip. + €) +1JO(p) 
Sig / (2A) (2-1) 7476|E(p—B +L} 70(R) (dk) for ZF. S, 
(2-4) 
where we take M,=M,=1 and E/2=e for simplicity. 
Now we shall try to reduce these equations to approximate non-relativistic equ- 
ations. Our method is somewhat different from Klein’s® and consists of two steps. 
(a) Neglect of retardation 
This means to assume infinitely large velocities of mesons transferred between 
two particles. In other words it means to neglect the time which it takes for a 
meson to travel from one particle to the other. This operation drops a degree of 


freedom for the so-called relative time (or energy). Mathematically it corresponds 
to the following operation, 


4,(x) 9 (x) | 4e(2) dx., (2-5) 
or 
[(p—k)?— (pp—hy) tI S[(p— b+ e]2 (2-5") 
in p-representation. 


Now define @(p) by 
0 (p)=\9(p) dp (2-6) 
then P(p) satisfies the following equations, 
Vi1i+p +p'—&)0(p) =9'/4(2n)'|((p— ky +2) 'O(R) ak for 2-B. S. (2-7) 
VIF pC +p) 0(p) = 9/4 (22): 2-7) [Lins Y PTET ELT] 
AL is YP Tere € +75°)+0 + p*—’) is Wade ga 
x [Liem 4+ O(a) ae forse-PiS, eee) 
As these equations are three dimensional, any spurious solution? does not appear. 
(b) Neglect of recoil 


What we-call the “recoil” here is the higher power terms m momentum: p 


and velocity dependent interaction. In this paragraph we shall put these recoil 
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terms to be zero. 

Now let e=1+B/2, then B is non-relativistic energy in center of mass system. 
The case B<0 corresponds to a bound state, and B>0 to a scattering state. We 
neglect the higher order terms than B’, p’, 9g in Egs. (2-7) and @-8) consider- 
ing that 7; and 757, are of order of p, then the terms in curly brackets in eq. 
(2-8) becomes — (o-p)(o-p). Therefore Eqs. (2-7) and. (2-8) become 


(p'— B)0(p) =°/4 22). [(p—k) +0 (ak for 2-B. S., (2-9) 


( °— B)P(p) =9'/A(2m)°* (rP-7™) (o™-p) (o”-p) (p k)? — 4 P(k) d*k 
P 
for A . Ss (2-10) 


The interaction term of eq. (2-10) contains derivatives of @(x) in x-representation, 
that is to say, it is a velocity dependent potential. If these derivatives are remov- 


ed, Eq. (2-10) becomes 
(p’—B)@(p) = 9° / ADT) >: (r® 7?) \ (a -p—k) (o@ -p—k)| (p—k)?+/2}'O(k) d’k 
for Z2-F. S.. (2-10’) 


Eqs. (2-9) and (2-10’) are Schrédinger equations of 2 particles interacting through 
the following potentials : 


V(r) =— (97/162) e-’ /r for 22 Boe (2:11) 
Vr) = (Gtph/3-162) (2-2) {(@ 0) + Sa(143/r+3/ (Ur)? Je-*/pr 
for 2-F. S.. (2-12) 


These are the well-known second order nuclear forces constructed by meson theory. 


§ 3. Approximation for obtaining an analytical solution 


Now we try to solve equations (2-3) and (2-4) approximately, since we do 
not know any solution of these equations except in very special cases.” If we re- 
place the interaction terms of the equations by separable forms, then we can solve 
the equations analytically. Yamaguchi” has already applied this method to the non- 
relativistic two nucleon problem and obtained satisfactory agreement with expriment. 
The interaction term is replaced as follows, 


[L+H (dk) >v(p) |v (BOR) (dB) =Co(p), C=|0(b)O® (dk). 


(3-1) 
The approximation in a three dimensional case is quite the same as the above ex- 


cept that p and & are replaced by p and k. This procedure corresponds to the 
replacement (2|V|y)=u(2x)-w(y) in x-representation. w(x) and v(p) are Lorentz 


_ “_ 
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invariant scalar functions, if we assume that they depend only on x? and p re- 
spectively. Therefore such an interaction is Lorentz invariant but is not realistic 
because it is invariant scalar and nonlocal. If we adopt this interaction, the analy- 
tical solutions of the equations are easily obtainable by multiplying the right-hand 
side by the inverse operator of the factor in the left-hand side. 

Further, the better the form of v(p) is choosed, the nearer the solution ap- 
proaches to the exact one. Now it is a question how to select the form of v(p). 
As we know the exact solution for the 2-boson system in a case 4=0,° v(p) is 
chosen so that our solution agrees with the exact one, and for the other cases we 


can find v(p) by analogy to this case. The following v(p)’s were obtained in such. 
a manner. 


p= pe Sich for S2-BexS5 (3-2) 
v(p) =ao| (Pp? +—ic) (p?+0*)]"”" for 2-F. S.. (3-3) 


For the case of the 2-fermion system, we have adopted the Feynman cut-off to 
prevent the divergence with a cut-off parameter w. The cause of the divergence is 
that the equation of a free boson is Klein-Goldon equation and bilinear in p but 
the equation of a free fermion is Dirac equation and linear in p. It has been sug- 
gested by Taylor” that the equation for two fermion system does not give discrete 
eigenvalues of coupling constant. This fact is due to the very cause above men- 
tioned. “a” in Eqs. (3-2) and (3-3) is the only degree of freedom left in v(p). 
As this interaction is invariant scalar, it should be noted that the method is appli- 
cable to the ground state only and spurious solutions” of the equation appear no 
more. The validity of the approximation will be discussed in the next section. 


$4. Bound state for 2-boson system and a test of our method 


In the first paragraph of this section, we shall answer an interesting question 
to what extent our method is reliable. Next we shall apply it to the 2-boson system 
for symplicity, and investigate whether reasonable results can be obtained. 


(i) A test of the method 
With the use of the approximation in the last section, eq. (2-3) is written as 


follows : : 

@(p) =—i (4/7) Cv (p) [p+ (pitie)?+1) [p+ (pi—te)? +1 (41) 
where we put g°/4(27)’==4 so that the symbol coincides with Cutkosky’s”. Sub- 
stitude eq. (4-1) into the definition of C, eq. (3-1); then 

~iCi/at) [orp + (ati +1 + (oi +1" (ap) =1, 42) 


We find a relation between € and 4 for the special case =0, 


frei disp al es See MEP 1— | 4-3 
jeeeta lana ea + qlog(1—€’) (4-3) 
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In order that 4 becomes 2 as € approaches zero, a’ should be 1/2. The relation 
between 4 and ¢? is shown in Fig. 1 and compared with Cutkosky’s which is obtain- 
ed without the approximation. As no difference can be found graphically between 
the two curves, we may conclude that 
either our method is very fine or the 
relation between the energy and the 


Cutkosky’s (exact) 


coupling constant is not sensitive to the 
form of interaction as far as we 
consider the ground state energy only. 
However, there is no evidence that our 
0 0.5 1 € approximation is good for the case “0, 
Fig. 1. The relations between the coupling and further our wave function is con- 
constant 4 and the energy @ for »=0. The siderably different from the exact one 
os ri i end theof 2even forthe cave =O. Tt might thee 
Wick and Cutkosky without any approximation. fore be doubtful to what extent the 


There is no difference between these two curves results obtained by our method  re- 
graphically. 


present the exact case. 
Gi) Relations between the energy and the coupling constant 
From eq. (4-2) we obtain for 440, (6=1—e¢?—p”’) 


Saal VI Cant Sees 1 log Lt ee —4yphe log B+ 2° +V iuke = 
a €b Vie! 58 eb b4+2 —y fh oe we 2 
for eg 
al poh eles 1 € _V 4p. Oh -—1yV ‘A —b 
5 =a A tan" 5+ Ex pee nov 4H¢ etd 
A eb var 2 OBE ay 1+—¢2 
for 1—we<1, 640, 
a beter Rape! =i 1 e+e : 
sealer tan Py ioe log 7 | for b=0, ie. P=1—p*, 
il — [ al pe ‘| on 
ee Te @ pet for.<€=—0: 
and 
== 4 logye+ Ye ean Soe | 10D eit 
A p p 


Similar relations are obtained in the case in which the retardation is neglected. 


‘late ities al eas Qu V1 2 
—=a tan see oe He 
A -- €D V1l-@ VY1-# hee pv | es 


1 ah 2 Zt lee 2 
=a — ~1 hed fs 
z) 1 =e d=) anton ii | for € = 


iis ale adits 
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Fig. 2. The relations between the energy and the 
coupling constant in the case of 2-boson system for 
p=0.282. 

Ai: without non-relativistic approximation 

Aii: retardation is neglected 

jiii: retardation and recoil are neglected. 


i 


Ratio 


Niii/ Ai 
0.5 


0 0.5 
Fig. 4. The ratios of the coupling constants for 
y=0.282. As for the meaning of 4i,Aii and Aiii, 
see the caption for Fig. 2. These curves give 
a measure of the approximations. If the appro- 
ximations are perfectly good, the ratios become 
1 in whole energy region. 


and 


tor-e=—"L. 


= =i aie. 
Petey oar 


Fig. 3. The same relations as in Fig. 2 for"y=0. 


Aii/Ai 


ee 
1 0 0.5 Tee 


Fig. 5 The ratios of the coupling constants 
for n=0. cf. the caption for Fig. 4. 
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And also in the case in which the recoil is neglected, 


d= (na) (t+ —B ) 

In the above equation —B=2(1—e) represents the binding energy of the system. 

Now we shall show the above three relations between the energy and the 
coupling constant in Figs. 2 and 3 where exchanged particles have finite mass 
(4=0.282)* and zero mass (#=0) respectively. In order to give a accuracy of 
the approximations, we show the ratios of the coupling constants (Figs. 4 and 5). 
From these Figures we may conclude: ‘a) The neglect of the retardation is quali- 
tatively a good approximation but quantitatively gives the effect that the interaction 
is strengthened considerably (about 2 times). b) The neglect of the recoil also 
gives nearly the same effect as the neglect of the retardation. 


§ 5. Explanation of technique and representation 


To solve the equation for the 2-fermion system is not so simple as that for 
the 2-boson system. Because the wave function M(p) of the 2-fermion system has 
4X 4=16 components to represent two spinor states. Further, if we consider their 
charge states, the number of the independent components increases to 2 2=4 times 
and becomes 16X4=64. In order to treat P(p), we shall introduce a simple tech- 
nique. 

If we do not consider charge states, @ has 16 components. Then we write 
them in 4X4 matrix form @,;(p) (, 7=1, 2, 3, 4) and assume that the first suffix 
z is concerned to the matrix operators of particle 1 and the second j does to those 
of 2. Hence the operators of particle 2 should be multiplied from the right side 
of @ in their transposed forms, Le., 


[P20=0F °7=O1". (5-1) 


Therefore we consider that the operators which are multiplied from the right in 
their transposed forms are those of particle 2. Of course the operators from the 
left are those of 1. 


Further, in order to avoid this transposition, we introduce an operator A 


defined by 


Ay, A =7,) CH1 23:45). (5-2) 
Operating A~' to the last term of eq. (5-1) from the right side, we get 
COLT A= OA Aas (5-3) 


i754 Al? AAS and: Tt Cay, jessy), 
AP ACA 1H) ATH AGA AA =7, ,.=—T (uAv). (5-4) 


* Recently KKzr interaction is considered by many people, and so we take masses of K 
and z for M and y respectively. Hence 0.282 is of no serious meaning. 


V- 


— 
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Hence it should be noted that J” changes its sign in this case. The same is done 
for charge operator t;. We introduce S} defined by 


Dt a op 3), (5-5) 
We shall hereafter denote OA-'S}" newly by @. 


Now we shall define our representation of Dirac matrices here. Following: 
Dirac” we define matrices o, p and use the following 7,’s 


Y=—P2e, T1=P3, 1s=/P1- (5-6) 
Then the above operator / is expressed as 7:73. Of course, 5} is 7». 


At the beginning of this section we saw that @ has 64 independent components: 
and we write @ for onvenience in the following general form (¢=—/,c) 


P= +7, VO +0,07 +6; OF +75 1. Vitis OD” 
+ (DS +7, Oto; OE +G;, OE Aisin Csr t+1e ODT, (5-7) 


where summations are taken over 7, L(=1, 2,3) and p(=1, 2, 3, 4). We shall 
hereafter represent these 64 @*, @%, etc, as @* en bloc and the corresponding 
materices 1, 7,, etc. as [. Then %”s are scalar functions of p and commute: 
withes ft tp é 

Before we close the section, we shall express various operators using our not- 
ation. Space reflection operator // : 


ITO (p, po) =7.P(—P, po)i's (5-8) 

Spin operator S and isospin operator I: 
S=}(o% 40%), I=} (147), (5-9) 
or SP=1(c0—Dc), I1D=}(1rO—Or), (5-9), 
SO=1(30—cbc), PO=4(30—TOr). (5-10) 


Spin exchange operator P” : 
P2=1(1+e%-o) (1 + p®=p) 
=4 (1 a Pe Seas Lg) «co ao a) Thay ie Hae, ne hes Pa (5-11) 
Charge exchange operator P*: 
PT=34(1+7™-7). (5-12) 
If coordinates ‘exchange operator (p.>— py) is represented by P”, the exchange 
operator of two fermions is expressed by 
PPh PPP: (5-13) 
As nucleons obey the Fermi statistics, 
PO=—9. (5-14) 
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Therefore if we substitute the general form of @ into the above eq. (5-14), we 
find the conditions satisfied by %. 


O(—p)=—P(p), Pi(—p)=—-Vilp), G(—p) =F), 
OP (—p)=08 (p), PA(—p) =9i(p), 9 (—p)=—-P"(p), (+15) 
OS (—p)=Vi(p), Oi(—p) =O (p), Gix(—p) == FP), 
O,(—p) =—Gi, (p), Ot. (—p) =— Ven (p), O2(—p) =9r(p), (8-15) 


As we see from the above equations, these 640*’s separate into some groups 
according to the eigenvalues of these operators. 


§ 6. Bound state of 2-fermion system 


The treatment of the two formions’ wave function becomes very easy when 
we use the technique developed in the preceding section. The original equation 
(2-4) can be rewritten as follows: 


leyp+7.(ipi— €) +1] (p) [—iyp—HCipat €) +1) = —i9*/ (22) *- 0 (p) tarsC7 st x. 


(6-1) 
C is a constant matrix with 4 rows and 4 columns. Then the explicit from of @ is 
0(p) a hE ig” v(p) [—iyp—7.Gpi— €) +1)]r, 75C rstrltyP+7s(ipat €) +1] 
(27)* [p’— (ip.—e)*+1][p*— Gat €)?+1] ; 
(6-2) 


Substitute eq. (6-2) into eq. (2-1), then 


— 29" (42(4) Lr ivep— iG pi— ©) + UerreCretcliyp tpt ©) +1) 044) — 
ay” Se [p’— @p.—€)*+1][p*— pit)? +1] Saree 


(6-3) 


This is simultaneous homogeneous linear equations of 64 unknown C”s. The con- 
dition that they have a non-trivial solution determines the relation between g? and 
«. In order to simplify eq. (6:3), we put C like eq. (5-7), ie. 


‘ C=C*+7, Ci +o; CP+o.Cl +7r,Cst+rC? 
+ (Ci+%y Chsto: Ch +6,Ch +1r7,Ca,+7C2)tz. (6-4) 


Inserting it into eq. (6-3), and comparing two coefficients of Is in both sides, 
we find 12 sets of equations which are separated from one another : 


(— 319°a’w" ) (p’— p+1 as €”) C822eCy 


(2z)' 1! (pi +o") (p+) [p'— (p+ €)?+1][p’— (po—€)? +1] ee ae 
y Gree (p’ + po —1—*) CY +2€C® . 
( )j ( 4 Jat yy )[ yy I y ] (dp) =C, > 


(6-5a) 
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( { Ms (p'— po 1 + €) CY —2p(p-C") (dp) =C’, 


WES) ove Es) 4 I Vy; ] 
(6 - 5b) 


y (—p*— po +1 + €") C7 +2p(p-C”) + 2ieC4 wy 03 
( the Dane JT Y I 4 p= 


5: — (p’— po +1+%) C44 2p(p-C4) +2%eC? a ; 

( )) Car Re 3)|. y alk y ] (dp) =C 
(6 -5c) 
, (p’+ po +1—¢*) C?—2p(p-C*) » _€7 

( ie PN CRG Ee): 2 I i, ] (d ) CG, 
(6 -5d) 

y — (pit pi tle) CA dp) =CA 
( ) CREF NCOs yE y 1 y 7 ( Pp) 45 
and (6-5e) 
; = (p'-pia1+e)C? dp) =cr 

( )) (aC Sb y I ; ] (dp) 
(6 -5f) 


The equations for C% are quite the same as the above equations except that (—3) 
in the coefficients of the left side is replaced by 1. By these equations 12 coupling 
constants are determined for a given energy €. 

The integrations of Eqs. (6-5a) — (6-5f) are elementary but somewhat tedious. 
If we define A,,A,, and A; as follows : 


2 


P 
(p+o’) (2?++")[p’— (p+ €)*? +1] 2°— (po— €)? +1] 


(dpa Ay: (6:62) 


i Tp) ee ee 
eee a A a ee ae 
and 

plod dest dp) =" (A,—24,), 
ee hs i ae ee 


(6-6c) 


then the above equations (6-5a) — (6-5f) become simple to some extent. The ex- 
plicit forms of these integrals are shown in appendix. Setting ; 

Ga9a'a (2-32) (6-7) 
for simplicity and describing 12G”s which correspond to 12 coupling constants as 
G2.---G,?, Giz’, ---Gex?, we find from eqs. (6-5a) — (6-5f) 
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[3G.2{ A, + Ao+ (1+ €*) As} —1]C°— 6G; A.C,” =0, (6 -8a) 


[3G,?{2A,— As— (1+ €”) Ao} —1]C,’ + 6G,’e A,C°=0, 
[3Gy’{As— (1—€*) Ay} -1]€" =0, (6 -8b) 


[3G;{As;— A, + (1+ €”) Ay} —1]€7 + 61G,’e A,C* =0, | cae 

[3G,2{ — A;— (1+ €”) A,} —1]€4+6iG,"e A.C” =0, 

[3G2{ A, — As-+ (1—¢*) A,} —1]€? =0, (6-8d) 

[3G,7{As—2A,— (1—e’) Aj} —1]C/=0, (6-8e) 
and (3G3i—A,— Ait G—.).Ay} = IC" =0. (6 -8£) 


The 8 equations for C% are obtained by replacing C*>C%, 3G7>—G;;" in the 
above equations. 

Now these 12 coupling constants correspond to 12 different states respectively 
and they are designated by the eigenvalues of four operators, i.e. charge state, parity, 
particle exchange and total spin. Table 1 shows these relations. 


Table 1. The relations between coupling constants and the characters of corresponding states. 


Coupling constant ie 92 93" 92 Is 96 Qi? Gan" 9gu*— Gar. 9ou* Gor 
Charge state S S S S S S FE 4% Ah a ff ie 
Parity =} = fb == = = a a af: ue = a 
Particle exchange — elt _ = = = ss, a ae at + ae 
Total spin 0 il 1 1 0 0 0 1 1 1 0 0 


As we are treating the 2-fermion system, the wave function @ should be anti- 
symmetric in respect of two particles. Then the states which are symmetric in 
respect of two particles are physically meaningless as we see in Table 1. 

We shall show the relations between ¢? and g;’ obtained from eqs. (6-8a)— 
(6-8f) in Fig. 6 where we take o=1,* “#=0.1486. The squared coupling constants 
which have negative values are omitted in Fig. 6, because g;7><0 means that the 
interaction gives repulsive force for the corresponding states and makes no bound 
state. In Fig. 6 g;” is the smallest coupling constant in the region €?~1 in which 
the energy of the deuteron is contained. Therefore the most favourable state is 
the state of the “deuteron,” that is, the state of total spin 1, charge singlet, 
parity+ and particle exchage — according to Table 1. 

For the case in which the retardation is neglected we find the similar relations 
in the same manner. We do not follow the calculation here but show that result 
of this case in Fig. 7. 

Comparing Fig 7 with Fig. 6, we notice first of all that the graph is simplified 


* w= may be better than o=Z. 


oot Sed 
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very much by the neglect of the 
retardation. In more detail g,;’ 
and g, disappear from Fig. 5. 
Although 9,” and g,’ have nearly 
the same tendency in the both 
graphs, the others are quite dif- 
ferent. Therefore we may con- 
clude as follows. The neglect of 
the retardation is qualitatively a 


arbitrary scale 


2 
fit 


arbitrary scale 


0 0.5 1 é 
0 0.5 . 1 é 
Fig. 6 The relations between the coupling constants Fig. 7. The same relations as in Fig. 4 when | ae 
and the energy in the case of two fermion system the retardation is neglected. 
for #7=0.1486. Different curves correspond to different 
states (cf. Table 1). 


good approximation so far as we consider % ; (charge triplet, spin 0, even parity) 
and g;? (charge singlet, spin 1, even parity), but it is not a good approximation for 
the other states even qualitatively. The latter conclusion, however, cannot be accepted 
in its literal sense, because the conclusion is in close relation with the validity of 


our method. 


§ 7%. Interpretation of the wave function for 2-fermion system 


In §5 we wrote @ ina general form Eq. (5:7) but we did not mention there 
what J”* and t, mean. However, we can easily interpret that they express spin 
and isospin respectively. Their magnitudes can be found out if the operators intro- 
duced in §5 are operated to them. For example, substitute o,-+-7o0, for @ in egs. 


(5-10) and (5-9/), then 
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S?(o, +102) =2(o,+i02), S3(o,+7102) =1(0,+10%). 


This means that o,+io0, expresses a spin of magnitude 1 and third component 1. 
In this way we can make a table of /"* and tz, where they are classified according 
to their magnitudes and third components (Table 2). 


Table 2. The magnitude and third component of [ and cr. 


Magnitude Third component [’4(=spin) t 7, (=isospin) 
0 0 1; 4 T5T 4s Tb» it 
al Ti +172; v7 +169, Cal +169 571 +2572 Ty +1T2 
it 0 T39 35 T 3 573» T3 
—1 111725 O1—1069, o1—109, %5%1—27 572 T—1Te 


i 


Though we know that the solution of eq. (2:4) is expressed as eq. (6-2), it 
is difficult to interpret such an equation in its form. Then we shall make it an 
intelligible form. We shall consider the deuteron state which is one of the most 
interesting states for us. Suppose the wave function is an eigenfunction of total 
angular momentum (with an eigenvalue 1) and of its third component (eigenvalue 
1), then 


C= (0, +102) C* + (Fs ty st2) C4. (7-1) 
Substitute eq. (7-1) into eq. (6-2), and we find 


P(p) =K(p',p3)| |(—p— pi + e+ 1)C7+24eC4} (0, +ic,) + 


ah | (p'— pi'+ e+ 1)C4—1eC" (sir +t7s2) +2C? (pi: +ips) (p-o) 

+2C*( pi +ips) (p-7sy) —2(€C? +iC%) (pi tips) 7s—2iC4 po (pr tips) ras 

—2(CT +ieC ([pxyh+ilpXrh) +2iC"pu([pxeh +i pxéh)} (7-2) 
where 
ee 19 
K(p’, po) a f 

(27)* VY (p?+1) (P+) [p— (p+ €)?-+1][p*— ( Poe) 14. 

(7-3) 


Now we shall consider the meaning of eq. (7-2). According to Table 2 it re- 
presents a state of angular momentum 1. The first four terms remain in non-re- 
lativistic limit, and the others are entirely relativistic effects. The first and the 


second terms represent the triplet S-state, and the third and fourth terms contain. 
the D-state. That is, 


(prt ips) (pre) = 9) 4% piyV/6 YA, $) (ies) +)/6 YO) 
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=e Y,' (0,4 ) (bias) ]+V A py, d) (o, +705) (7-4) 


where Y7"(@, ¢) is a spherical harmonic function and (0, ) represents the direction 
P. (fitip2) (p-7rsy) can be rewritten quite similarly. The first term of eq. (7-4) 
is the form that a state of orbital angular momentum 2, i. the D-state couples 
with a state of spin 1 to make a state of total angular momentum 1. The second 
term of eq. (7-4) is *S,. Among the relativistic terms of Eq. (7-2), the first two 
terms represent that the orbital angular momentum 1, ie. the P-state couples with 
the state of spin zero, and the last two terms represent that the P-state couples with 
spin 1 to make a state of total angular momentum 1. Therefore it is an interest- 
ing relativistic effect that the P-state may appear in the deuteron wave function 
being accompanied by 7;. | 

We shall classify the relativistic state of the two-nucleon system by three good 
quantum numbers, i.e. total angular momentum J, charge state T’ and parity //. 
Spin is not a good quantum number in the relativistic case while it is a good quan- 
tum number in the non-relativistic case. The result is summarized in Table 3. For 
J=>2 we can classify the states in quite the same manner. The states in brac- 
kets depend linearly upon the relative time (or energy) of the system. 


Table 3. Classification of two-nucleon system. 


IT Ae / J non-relativistic | relativistic Symbol 
i | eS 35,+3D, | 3P,+1P, 3E 
eee (1S) +8Po 
+ ; 1 | | CS) +t Py thet Dy 
0 1S 3Po 1h 
1 1P, 3S, +3P,+38D, 10 
‘ o | 1So+ @Pp) 
= 1 } ap, 3S, +1P,+3D, 30 
: 0 | 3Po 189 30 
| | | | 
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Appendix 

The explicit forms of the integrals A,A, and A; defined by Eqs. (6-6a), (6-6b) 

and (6-6c) where we take w=1 are as follows : 

2\ 3/2 
Te 1 (3¢— a? Jlog rhe Ue) ; pace Peden 

2 &(1—p’) ee ea Vv 1—e 

2(4—«*)*” seek 
e(1—/") Y4—¢ 


A= 
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R' ge ageiee for e>1—p ie. R’>0, 


be oe al oe ats 
| e(1—-p’)a Tee =f 


Ke Rn gyal AV OR oP, oie see Pee RECO, 


| 
Bea 8 1-e teak 


log #— 12/1 —@ ray tf 1/4? 
ea 


Vi-e@~ éd=py > yaee 


EA NSS for ¢>1—#, 


fae = 1-etty 


3)/ — R? Et i om ete ay ae for e<1—4, 


en) ao) set pn are 


l io A(1— e)3 


A 


] 2 
og f+ ar aya sae 


€} 29 —/4) 
27/9 (E42) tag 
e(1—p") V4—e 


an (+2) Rat R 3 for SSS ilo. 
(1—/4)a Pe ie 
+ (+26) —R log Se Vaca for e<1—y, 
26(1—/2)a 1-4 —-Y—R 


where a=e?+p?—1, R=)/4e2— (e?+/2—1)?, and 


for -e=(0 


1) 


2) 


A= 80 e3e) Se 
s = 
2 eA Ce) 
3(1+/) 6 
A,= = 
rine a Gar 
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The spin polarization in the distorted wave theory of stripping is presented in a general 
form, and the interesting problems are discussed, such as, what polarization comes from what types 
‘of the distortion of the wave functions. Under certain conditions, the exact relations are 
derived between the signs of polarization and the distortion of particle wave functions. It 
is pointed out that the similar relations are also present in other direct reactions. As an 
example, polarization in the inelastic scattering is studied briefly. 


§ 1. Introduction 


Many pieces of work have so far been carried out to improve on the simple 


theories of the direct reactions” 
3)4)5) 


by using distorted waves for the incident and 
This is important for the polarization of the emergent 
particles. The simple theories are essentially based upon the “ plane-wave ” Born 
approximation, so that they predict no polarization. If either the incident, or out- 


emergent particles. 


going particle wave function, or both, are distorted by the interaction with nucleus, 
then the spin polarization can result. Now, the interesting question arises what 
polarization comes from what types of distortions. . 

The first aim of this paper is to show elementarily, from the quantum mechanical 
point of view, that polarization takes a different sign according to whether only the 
incident particle wave is distorted or only the distortion of an emergent particle 
wave is considered. In cases of the stripping reactions, these were also predicted 
by Newns® and Tobocman,” with the use of the semi-classical model of two 
dimension. However, this is valid not only to the stripping reactions but also to 
all reactions, the theories of which are treated by the distorted-wave Born approxi- 
mation. In view of these facts, polarization effect will be very interesting as to 
showing what distortion is produced by a nucleus, and it throws light on the 
mechanism of the direct reactions. 

Other types of the direct reactions are well known, viz., (p, p’), (p, n) reac- 
tions, etc. As an example, the inelastic scattering of nucleon is considered in § 3. 

It is our second aim to show that, in the inelastic scattering, the polarization 
may occur on the same ground as that of the stripping reactions: the use of the 
distorted waves for the incident and emergent particle states. Angular distributions 
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of the both types of the direct reactions are very similar, and strongly forward 
peaked” in remarkable contrast to the predictions made by the statistical theory of 
nuclear reactions. Such forward peaked angular distributions, in general, show 
that there are important interferences of different sub-channel wave functions and 
different compound nuclear states if the compound nucleus formation is concerned. 
As polarization phenomena are essentially interference effects,” similar relations are 
expected to hold with respect to the spin polarization in both types of ditert amit 
actions. There is, however, only one difference between them. In the stripping: 
reactions, polarization is due to the spin triplet state interaction and mainly due to 
the singlet state interaction in the simple inelastic scattering as discussed here for 
the short range character of the inter-nucleonic force. 

In this paper, the theory is not developed from the standpoint of general 
theory of polarization, but in each respective reactions in order to clarify how 
polarization comes from distortions of particle wave functions. 


§ 2. Polarization in the stripping reaction 
The polarization of emitted protons from an A(d, p)B reaction is defined as 


ae 
TM BM Ata : T* yy MpMava’ (4p |i,| Hp) 
H/ MoM BM Aha 


P(ky, kp) = 


(2-1) 
Los [Tu mem aval 
Ppl pM 4hq 
where, i, =4/0,: 0, is the Pauli spin of the emergent proton. Iy,u,m4uq iS am 
amplitude for an A(d, p)B reaction, and given by a matrix element of the form 


(-) z 
Tp pane = \ Poly rs) ae (sp) Ripe (EG Tay Sa) Vip Cres rye. (ee R,) 


Xue (rs Sny >) Gage lon (é) dt. (2-2) 


Here, %14u, and %r,u, are the wave functions of the target nucleus A and residual 
nucleus B. ¢{*) and ¢{ are the orbital wave functions of the deuteron and proton 
channel, distorted by some suitable potentials due to the nucleus under the outgoing 
and incoming radiation conditions, respectively. %y, 1s the proton spin wave func- 
tion, and %,, is the deuteron triplet state wave function. V,,, is a triplet state 
central potential. The coordinates are as follows: € are internal coordinates of A. 
r, and r, are neutron and proton coordinates relative to the mass centre of A 
(assumed to be infinitely heavy). R, and r are given by $(rat+r,) and r,—r, 
respectively. s, and s, are spin coordinates of the neutron and proton. (2-2) in- 
volves certain approximation of its own, which will be discussed later in detail. 

We start with (2-2) which makes us possible to carry out the integration over 
€, and write it into the nuclear overlap integral” 


tame cs In Sn) Ut aM, (§) dé 


= 
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~ su Pob, (Lap Maps| IM g) (11 /2ptn| jpeg) + OF ui (1n) + Ym (Qn) )* + Xan® (Sn) - 
(2-3) 


Here, j and / are the total and orbital angular momenta with which the neutron 
is captured by A. Y,,, and w,(r,) are a spin and a normalized orbital (real) wave 
function of the captured neutron. @,, is the reduced width amplitude, and made 
real by taking a suitable phase. 
Substitution of (2-3) into (2-2) yields 
Tnyatnstara = 31, (La j Ma tin My) (U1/2 mpl js) (1/2 1/2 ty bal Ute) 2-0 Bi 


2 


(2-4) 


where, 


Bin = = F \es (ky, Tp) *u, (Tn) G Vim (225) ) Vingt (r) $a(ka, Rz) dr, dry (2-5) 


and /=)/2/+1. The matrix element B,,, gives the amplitude for the capture of 
the neutron into the state (J, m). 

For calculation of (4,’|i,|4,), it is convenient to introduce and evaluate the 
irreducible tensor of rank one 7’{” where 


fee ee es (2-6) 
iz ee 1) i [ 27p(zp ek ye 


By using (2, 1) and (2-6), we can write the polarization intensity as 


5 7 / * 
(ipl pK | Ip Pp ) Ty,M pM ava aL Ppt UBM Aba 
-,/4M BM Ava 


ie (ha, ks) 


ae ad PRESET: (2-7) 
lp 25 [Lp ,M eM ava " 
¥ pl BM Ma 


(2-7) involves the matrix element quadratically, and therefore we define a density 


matrix 
Pim:trm = Bim* Biims, (2-8) 
and a statistical tensor 
Pr (L, U) Fea — Yam. (Ulm = m'|Rg) Pim;trms- (2-9) 


Substitution of (2-4) into (2-7) results, using (2:8) and (2-9), 
G3; 
a NI 1) QE ee ey) ek 
(PEED) LDH (=) troll D 


> L- 65,7 * Poo eb 


7 


(2-10) 


T? (Kea kp) = 9° 


In order to investigate what polarization comes from what types of distortions, we 


must go further. x(d, 2) must be related explicitly to the physical factors which 
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are radial parts of the B,,’s. 
The particle wave functions #%"? and ¢,” are normalized like exp(ik-r) and 
as the quantization axis the direction of k, is chosen. Then, they are expressed as 


Oo, (ka, r) a (x)'? , ps > ie "Wi (Rar) Yio (2) > (2 : 11) 
iat 

and 

ise (k,, r) ae 27 ; »a "hs cs Viz (kyr) bg (2) be (2z,) = (2 ‘ 12) 
lama 
w, and v, at large distances have the asymptotic forms 

w(x) =A (x) +9, -hP (2), (2-11/) 

and 
v(x) =h}? (x) +9* h(x), (2-12’) 


where A$? (x) and h(x) are the first and second kind of spherical Hankel func- 
tions of order /. The notation 7, different from 7, is used corresponding to’ the 
distortions by different potentials. For the internal wave function of deuteron, the 
Yukawa type is used. This makes the calculation of the matrix element very easy, 
since 


Vu» Lr) = — (?/M)V 8ra-d(r), (2-13) 
where 7i?a*/M is the deuteron binding energy. 
Substitution of (2-11), (2-12), and (2-13) into (2-5) results in 


Bin=— ar VA ara: > (2/1) ?- b+ (44,0010) -i-2-"- RQ (A_ll,) 
x Cig Onis tin) Yee (2), (2-14) 
where, 
R (lly) = ie (hia, (ete pees (2-15) 
Thus, the statistical tensor ,,(J, 2)can be expressed in terms of # (J,dl,)’s as follows 
natl D=(2.) "ann. (280 yy, (Bel Boma 


X + (44L,00]10) (Z,'2s/00)20) 
X (L4L!00|L0) (daly/00|L0) « ® (2,ll,) R (Uy UL,!) * 
ag aaa oes 
x{ bh WL )- (1 —we|E0) ¥s4(2). (2-16) 
1 


Derivation of (2-16) will be given in the Appendix. Combination of (2-16) with 


ha all etl Mies 
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(2-6) and (2-10) shows that polarization is normal to the plane formed by the 
directions of the incoming deuteron and outgoing proton. In terms of unit vector 
n=k,Xk,/\kaXk,|, we have a final result 


BEE ES 1 2 OO Se Fae era Ons pi 
ee (2:17) 


Here, 


DiD Spe nk (d+ b+! - L!)?+ (1.00|20) (L,/2'00| 20) 
X (Ab/00| LO) (dl2/00| LO) Refi (21d) 2 (Ll) *]-X | bh! L ).e19 
ee Naess 


1 


When only one 7 value is important, (2-17) indicates that the polarizations take 
a sign opposite to one another for the total angular momentum j=/+41/2 of the 
captured neutron. For the polarization resulted from the distortion of particle waves, 
all information is involved in the quantity D (2), and will be analysed here in 
detail. 

First, it is a trivial result that the ‘“‘ plane-wave” Born approximation predicts 
no polarization. This is due to the fact that ft (Lll;) is always real in this approxi- 
mation. 

Secondly, polarization can occur whenever a real potential is chosen for 
the distortions. This comes from the fact that the radial part of a wave function 
distorted by real potential under incoming or outgoing radiation condition cannot be 
made real by any means. 

Next, we consider the general cases where the particle waves are distorted by 
optical (complex) potentials. Theoretically there may be two cases: One is the 
case (a), where the incident wave is only distorted, and another the case (b), where 
only distortion of the emergent wave is considered. It seems interesting to study 
how different effects would be brought on the polarization by the alternative of case 
(a) or (b) for distortions. Let us assume the polarization for case (a) to be given 
by (2-18), then that for case (b) is obtained by exchanging sufhx 1 and 2, and 


replacing fe (L,ll,) for R (hil) in (2:18). Here 
R(t) =2: | jn (pr) ty (1) Wis (Rar) dr, 
and 


R (hills) =2 ae: (kyr) u(r) ja (Rar) dr. 


n 


By the above opelate D (1) becomes D ,(2). The kinematical factors involved 
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in (2-18) have well-defined symmetry properties. By exchanging sufix 1 and 2, 
X-coefficient changes its sign and the other factors remain unchanged. Therefore, 
we obtain exactly the following relation, 


D,D=—Di0, if Rhlh)=R (ll). (2-19) 


Under this condition, cases (a) and (b) lead to the completely symmetric polariza- 
tion to the scattering plane: their magnitudes are the same, but signs opposite to 
one another. For our purposes, it is convenient to divide a condition in (2-19) 
into two parts as follows, 
(1) The wave number of the incident particle is equal to 
that of the outgoing particle. That is to say, k,=Rp. 
(2) The distorting potentials for both channels are the same. 
Incthis*case, Vup 4 2) — wo, Ce)s 


(2-20) 


Finally, both the deuteron and proton interactions with the nucleus should be 
considered. We consider here the cases where the conditions (2-20) hold in general. 
In this case, the condition (2-19) is replaced by 


RLU) =e (Gll,). (2-21) 


By using the condition above, it is easy to show that the net polarization vanishes 
identically. 

In general, the condition (1) in (2-20) is satisfied approximately, since this 
is the optimum condition in the angular distribution to obtain the characteristic 
dependence of the orbital angular momentum 7 of the captured neutron. The 
condition (2) is supposed not to be valid in the stripping reaction, because of the 
interactions of different particles with nucleus. However, this condition may be 
approximately satisfied in the inelastic processes leaving the residual nucleus in 
low-lying states. If this is true, polarization in these will be worthwhile to study, 
as the condition (2) can be realized to the better approximation by using a larger 
incident energy. Leaving the detailed discussions on the conditions (2-20) to a 


later section, the polarization in inelastic scattering is briefly given in the next sec- 
tion. 


§ 3. The polarization in inelastic scattering 


We consider here an inelastic scattering process as simple as possible. It is 
assumed that the target nucleus consists of a core of spin zero together with an 
extra neutron of orbital angular momentum /, which is coupled with the intrinsic 
spin to give spin j. We take the interaction of the incident particle (assumed to 
be neutron) with the extra nucleon only, the core being regarded as inert. 


Along the same line as in the previous section, the polarization intensity is 
expressed as 


= 
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winPatrang! Dee eee Leer wera des ger aie 
par | Tyr atraty |” ‘ (3-1) 
vA 


7 M7 I 


TS (Ke ky!) = 


Here, Jy, is the transition matrix element, and given by 
Tyra Ma — (yo (ky’, To) Te (So) Q (j/M’) + Vie (jM) 7 bn (50) gy (ko, To) dt (3 : 2) 


where ¢(jM) is the ground state wave function of the target nucleus, which is 
expressed as the form 


g(jM)= 2 (GM |11/2myv) ua (11) (t’ Yim (21) ) 4, (si) Po (F), 


and the excited state of the residual nucleus is obtained by replacing the correspond- 
ing primed quantities for each quantum numbers. The core state wave function 
%,(€) remains unaffected by the assumptions. r, and ry are the coordinates of the 
extra nucleon and the incident nucleon (scattered by the collision) relative to the 
mass center of the core (assumed to be infinitely heavy). kk) and k)’ are the pro- 
pagation vectors of the incident and the scattered particle. Vo is taken as the 
three-dimensional delta function, for the short range character of the inter-nucleonic 
force, and for simplicity. Then, the triplet state interaction gives no contributions 
to the direct process of inelastic scattering, and J,,4, results in 


Tarp = LA] 2 nM) fm = | GM) (es Biter ims — (23) 
-where 
* 
Burnt m= V; ¥ \er (ky’, To) *Uy (n) (Zz Vt (2;)) 0 (r,;—T) Uj; (1) 


X (2 Yim (21) ) PO (Ko, 10) at. (3-4) 
Here, V, is the strength of singlet interaction. 
‘The density matrix and the statistical tensor are slightly different from the stripping 
cases, and defined by 


Pim: int (L) = 2B imc * Bums ;1M (3-5) 


and 


fg (L 31, Uy= Sy (—)"" + Umm" |kq) Prmirm (LE) (3-6) 


Using these definitions, the polarization intensity is 

Ea SOS Oe gia ore Mi Te A Or (3-7) 
(2j’ +1) -poo(2 32, 2’) 

When the polarization vector is taken as the quantization axis, the component 


of polarization of the proton spin in the direction of the axis is 


T$? (Ik Fe!) =4- $= 
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eNO GE Ia /2, 5 ly 
oe ee. Cy es PE AE OL) Sea ea te 
P(ky, ky’) pas (27’+1) * Poo (L I’, l') 


x (Bye ue'S Wl (iawn ; (3-8) 
(i + 1/2) © 3) | Barons sima|” 


If (m) denotes the mean value of the component of orbital angular momentum 


along the quantization axis: 


> m! (33 Biwariwl) 


oy esl (3-9) 
Se 2) | Bum; pals 
then, 
nai Gari in tikes (3-10) 
Pleeakey ) PEEVE (m). (3-10) 


Now, the similar expression in stripping reaction results from (2-6), (2-8), 
(2-9), and (2-10) 


g—i—12 
BiGghik) oe ee (2-10) 
( ad >) = 3(j +1172) < Dap 
where P(k,, k,) is the component of the polarization of proton from the stripping: 
in the direction of which is taken as the quantization axis. (mm), is the mear 
value of the component of orbital angular momentum of the captured neutron along, 
the axis: 


CM) ap= (3im|Brm|’) />3|Bem|?- 


Comparison of (3-9) with (2-10’) shows that the sign of the polarization fronr 
the stripping reaction is opposite to that from inelastic scattering, if (mm) and 
(map have the same sign. This is owing to the different types of interactions used : 
The triplet state interaction in the deuteron stripping reaction and the singlet state 
one in the inelastic scattering. If the triplet state interaction should be considered 
in the inelastic scattering, this enables one to infer that the polarization in the 
magnitude somewhat reduces. 

The final expression of the emitted protons from inelastic scattering can be 
obtained in the same way as in the previous section, but is not given here, because 
the conclusions obtained are the same as those in the stripping cases. 

It is emphasized here that the condition (2) in (2-20) is approximately satis- 
fied by raising the incident energy high enough compared with the excited state 
energy. Further, if the distorting potentials are taken as the same in the zero-th 
approximation for both channels of inelastic scattering, the net polarization vanishes. 
If the incident energy is comparable to, or, slightly larger than the excited state 
energy, however, the polarization may appear and will be observed. 


— sO 


£ 
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§ 4. Discussions 


The polarization of the product particle spin has been studied by starting with 
the formulas (2-2) and (3-2) which involve certain approximations. These are 
as follows: 

(1) The distorting potentials are spin-independent. The spin-orbit coupling 
is undoubtedly present for a nucleon and probably so for a deuteron, and is possible 
to produce the polarization in the scattered particles. However, it gives only a 
minor correction in magnitude compared with that produced by the much stronger 
spherical symmetric potential. Newns and Refai’” have shown that this is the case 
in the stripping reaction. 

(2) The effects arising from the tensor force of the two-body interaction and 
the small D-state of the deuteron wave function are neglected. The estimate by 
Weidenmiiller™ supports this approximation. It is pointed that these tensor effects 
cannot produce the polarization when the plane waves are used for the particle wave 
functions. 

(3) The Coulomb interactions of charged particles with nucleus have been 
ignored in this paper. In his work on stripping reaction at very low energy, 
Yoccoz!” has shown that if the effects of the Coulomb field on the deuteron and 
proton are taken into account, the polarization can result. Since the Coulomb 
field cannot be responsible for the results at higher energies, and makes the direct 
process at low energies insignificant, we could ignore its effects altogether in the 
cases with which we are concerned. 

The exact relations obtained in § 2, are derived under rather severe conditions. 
What must be discussed is to what extent the conditions can be relaxed. For this 
purpose, we need knowledges about dependence of the dynamical factors fe ’s on 


- the distorting potential and particle energy. We must investigate how sensitively 


the dynamical factors #’s depend on these. Now, the distorted wave procedure 
is only appropriate if the incident energy covers several states of the compound 
nucleus and is far from the single particle resonances (size resonances). Under 
these conditions, the factors #’s may not be expected to be very sensitive to the 
choice of the distorting potential and incident energy. Otherwise, polarization in 
the stripping reactions and the others should lose the qualification as powerful 
tools for the nuclear spectroscopy. Me 
In this paper, any numerical investigation is not attempted for determining 
the degree of sensitivity, since our primary concerns are to find the qualitative 
relation between the polarizations and the distortion of waves. 
Fortunately, in their works on the polarization of the proton from Cn, pyc”, 
Newns and Refai,“”” and Weidenmiiller'? have calculated it for the various assump- 
tions of the distorting potentials. Their results show that the dependence on the 
distorting potential is not serious and suggest the qualitative relations obtained here 


to be valid, at least, at small scattering angles. 
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In practice, interactions of both incoming and outgoing particles with nucleus 
should be considered. We failed to find any relations between the polarizations and 
the distortions except in (2-21). In the cases under (2-21), it may be suggested 
that the distortions for both particles tend to reduce the magnitude of the polariza- 
tion in accordance with the predictions of the semi-classical model. This predicts 
the algebraic sum of effects due to the distortions on the polarization. However, 
interferences between these distortions are present in quantum mechanical theory, 
and the relation in (2-21) is nothing but to show the completely destructive 
interference between them. 

The author would like to thank Prof. M. Kobayasi and Prof. T. Marumori 
for their encouragement during the work. He would also like to thank Mr. Y. 
Sakamoto for pleasant discussions with him. Finally, he expresses his gratitude for 
the financial aid of Yukawa-Yomiuri Fellowship. 


Appendix 


The density matrix is defined by (2-8) and expressed with the aid of (2-14) 
as 


( ann” 5 (At, ° “h,- i 
\ ett » 2 Le OD 2° ED qo di/ +d! 
Pim ear ): oO" a a, (7)! KR (L/L, ) R (1y/ll,!)* 
X (42,00|20) (41'7.'00| 20) (Z,2,01729| Zz) (2/14/0270! | Lam!) Y tamma® (2) Y rormar (2) - 
(A-1) 
The product of two spherical harmonics can be expressed as a linear superposition 
of the spherical harmonics. 


Introducing (A-1) into its definition (2-9), we can write the statistical 
tensor as . 


Qh? 2 i (L- a fr *, 2 
(Pix b ih | jad Bra oes = flatdg+dil+dal | \P1 1 2 
é ( ies ( M ss Vv ‘An Fane ee a -R (dell) R (I, ll,!)* 
X (L1,00| 10) (L,’22/00|20) (dqls/00|L0) MM, (LM) - Y;4(2), (A-2) 


where, M,,(LM) is a purely geometrical quantity and defined as follows, 
 MALM) = (—) "#2. 57 [(—)™—™ (lm —m' 16) (ht, Omz| lm) (L'l.'0m.'|0m’) 


m2! (m2mm!) 
x (2,0! — mymy!| LM) | (A-3) 


M,(LM) can be reduced by the Racah formalism to an expression involving no 
sums of the magnetic quantum numbers. In the reduction, it is convenient to use 
the following formulas : , 


(2,2! — mgm! |LM) (2,2,0m.|lm) = (— )iataremet me, oo 2 a (2,'lm! —m|fM) 


ase Waetad 
‘ae 
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xX (Lf— MM{L0) W (L020), 
> (/t,'0m,!|/m') (dim —m'|1«) (2.2m! —m\fM) =/.f. (“/fOM|1—«) W(/L)11;2f7), 
and 
(Lf —MM\1,0) (1! f0M|1—«) =1-2 -S1(h'00\90) (L1— M—«|g0)- W(LU1L! : fa). 
By the use of these formulas, we find that 
WEN = ULC. )*- S15 Ff)? W(LYAL; bh f) W (L/h ll; if) W (LAI! ; £9) 


xX (2,4'00|90) (L1— M—«|g0). 


The sum over f can be written in terms of X-coefficients’ as 


Cir | Logins 
Ma(LM)=1-2- B)S(—)'"- (00) 90) (L1Me\90)-[ Led id ih CE 
OF Lom Reese . 


In (A-3), the sum over g reduces to only a single term which is y=L.” This is 
shown as in the following ways: : 

(1) By the conservation of parity, 4+4+4’'+/,/=even integer, 

(2) by the properties which Clebsch-Gordan coefficient (ab00|c0) vanishes 
unless a+6+c=even integer, L-+y=even integer, and 

(3) by the property of (L1M«|g0), g=L, or L+1, 
Hence, there follows the result g=L. 

Substitution of (A-3) into (A-2) gives the final expression of the statistical 


tensor 


— (2a? 5. ( 3 VP sn jatatnrsn fate, Loll;) Re (Ly! lly!) * 
Prx(d, iL oees (2 M } gti (- yeaa ( 7 (d ) (, ‘2 


aa Hikers 
X (41,0020) (2,/2,/00|20) (2,400| LO) (22/2'00| LO) -x| . af L | (2-16) 
| i 


SACI el LO V7 a0). 


This is nothing but the (2-16) given in § 2. The components of the polarization 
are derived, by using the relation (2-6), from (2-10) 


igs (ka, k,) =4 ¢ (a) . 


pie) ee) (27+1)]}'?- (64°/2j +1) ‘[1.1€42) — (1,2) | 
je 

DS i. B52" + O00 (2, l) 

jl 


P, (ka, kp) = (4/3) - (2)1?. 


t See, for example, Arima, Horie, and T'anabe, Prog. Theor. Phys. 11 (1954), 143. 


100 S. Okai 


i117] 21-41) f+ (0,2/2j ees [A 2) —P1GD)] 
Si)" PEED Olt = j lees 
Bethe! r+ Poo (2, ), 


ve 


BC be, cis Se (On /27 42) “pra lst) 


ae > i. O57" - poo (l, ) 


9 


dee (Ka, k, 


where the quantization axis has been taken in the direction of the incident deuteron 
beam. 

Substitution of (2-16) into (A-4) gives the components of the polarization in 
terms of #’s. As the dependence on « of (1x(J,, J,) is contained only in factors 
(L1—«x|L0)-Yz-x(2), the dependences on the scattering angles are given for each 
component of the polarization as follows, 


P,~—i sin ¢g- P;' (cos @) 
P,~i cos ¢-P;' (cos 4) 
P,.=0 


where P;'(cos@) is the normalized associated Legendre polynomial. 
This result shows that the polarization is always normal to the scattering plane. 


In terms of the unit vector n=k,Xk,/|k,Xk,|, we can obtain the final expression- 


by evaluating [P,(kz, k,)],-0. Further, this can be expressed entirely in terms of 
real quantities by the use of the symmetry properties of the X-coefficient for inter- 
change of two rows. 
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The rates of (a, 7) and (7, a) reactions at temperatures above 5X108°K for a-particle 
nuclei, Ne2°, Mg?4, Si28, S32, A86, and Ca40, are calculated as well as heavy ion reactions such 
as C2+CRP-»Ne+ a, etc. 

The stellar condition, under which the cosmical abundances of the a-particle nuclei can 
be explained in terms of the above nuclear reactions, is investigated by using these results. 
At high temperature T=2~3X109 “K the cosmical abundances of a-particle nuclei can be 
reproduced by taking the matter density » as 1~10?gcm™%. Such a stellar condition may 
be realized in the supernova explosion. It is shown that, to explain the cosmical abundances 
in concern by the equilibrium theory, T> 5x10 °K and p~10°g cm=3 are required. 


§ 1. Introduction 


According to the current theory of stellar evolution,” the development of a 
helium core at a star’s center due to hydrogen burning by pp-chain or CN-cycle 
causes a star to move off the main sequence in the direction to the red-giant region. 
The fusion processes of helium are believed to occur at a later stage of this red- 
giant evolution in which the hydrogen in the central core has been largely con- 
verted into helium and in which gravitational contraction has raised the central 
temperature to ~10°°K and the density to~10%g cm™*. Once C” has been produced 
through the 3a—>C” reaction, nuclei heavier that C” can be built up by successive 
(a,7) reactions. Results obtained by Nakagawa ef al.,” Hayakawa et al.,® and 
Cameron” show that these helium capture processes occur at temperatures between 
1X10°°K and 2X10°°K and synthesize C”, O", Ne” but perhaps little Mg™%. The 
inner core of C”, O” and Ne” develops in the star and eventually undergoes gravi-— 
tational contraction, which will raise the temperature in the core to the point where 
further thermonuclear reactions begin to occur. 

Recently, Burbidge, Burbidge, Fowler and Hoyle” proposed the following “ a- 
process’ as reactions occurring in this stage. At the central temperature near 
1X10°°K, 7-rays present in the thermal assembly become sufficiently energetic to 
promote Ne”(7, a@)O". This is the first and most important (7, @) reaction to 


* An outline of this paper was published in Prog. Theor. Phys. 20 (1958), 110, and reported 
in the Joint Discussion on Nucleogenesis in Stars, held during the Tenth General Assembly of the : 
International Astronomical Union, Moscow, U.S.S.R., August, 1958. 
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occur since the a-particle binding energy in Ne” is only 4.75 MeV, while it is 
7.37 MeV in C® and 7.15 MeV in O". The proton and neutron binding energies in 
these nuclei are 12 to 19 MeV, so that the (7, @) reactions precede (7, p) or (7, 7). 
The a-particle thus released can now penetrate the Coulomb barrier of the remain- 
ing Ne” quite readily at the temperature of the order of 10°°K, thereby forming 
Mg*. Once Mg” is produced we can also expect Mg™(a, 7) Si® and Si®(a, 7)S” 
to occur in some degree. In this way the a@-particle nuclei, Mg™, Si*, S*, A® and 
Ca*, will be built up in decreasing proportion. 

The above a-process is, of course, oversimplified, because in a very hot and 
dense stellar core consisting of C”, O” and Ne” heavy ion reactions such as 
C?+CP>Ne”+a and C?+0"%>Mg"+a must also be taken into account as pos- 
sible a-particle sources. The fastest of these reactions is C”+C™”, which competes 
with Ne”(7, @)O™ at temperature below 2X10°°K and at density 10°gcm~* as 
shown later.* 

The relative abundances of these a-particle nuclei in the solar neighborhood, 
as compiled by Suess and Urey,® are shown in Table 1. These values will be 
called the normal abundances in a sense that they represent the chemical composition 
of the normal Population I stars. 


Table 1. Binding Energy and relative abundances of the a-particle nuclei. 


| Ne20 | Mg24 | Si28 | S32 A36 Cato 
Fee pis eae pe Fob Fes eee iy 
@-particle binding | 
Bee Guan | 4,75 | 9.31 | 10.00 | 6.94 | 6:66 7.04 
Abundance | | 
Ga nienber) | 8.4 | 0.78 | 1.00 | 0.39 | 0.14 0.052 


The abundances in other celestial objects such as: planetary nebulae and early 
‘type stars” agree with these values within the factor of 5, as seen in Fig. 1. 

The purpose of this article is to find the stellar conditions, that is, the tem- 
perature, the density and the time of their duration, which are necessary to explain 
the normal abundances of a-particle nuclei built-up by the a-process as well as 
heavy ion reactions. Before doing this, various nuclear reaction rates are calculated 
by the well-known procedures.” Reaction times for (a, 7) reactions, as shown in 
Fig. 2, have a strong Z-dependence due to the Coulomb barrier effect at tempera- 
ture below 2X10°°K. This means that nuclei with large Z are scarcely built up 
at such a low temperature. 

At a higher temperature, 7’=(2~3) X10°°K,. the differences among (a, 7) re- 
action rates become so small that it seems to be possible to explain the normal 
abundances in terms of the a-process. Calculations given in §3 show that, at 


* The same result was obtained independently by H. Reeves and E. E. Salpeter, Bull. Am. 
Phys. Soc. Ser. II, 3 (1958), 227. 
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Fig. 1. Relative cosmical abundances of the a-particle nuclei. 
©: the normal abundances 
“4: data for the sun given by Goldberg, Miiller and Aller.?) 
@: data for planetary nebulae (Si%8/O16 is assumed to be 0.0214). 
x: data for early type stars. 
[_]: mean data for Population I stars.” 
These relative abundances distributions are normalized at Si, 


* where (a, 7) reaction rates are much greater than (7, @) ones, 


density 10°g cm™ 
the emitted a-particles are captured instantaneously by C”, O” or Ne”, but they are 
hardly used for the formation of nuclei heavier than Si*. It is shown, however, 
that the normal abundances can be reproduced by taking the density as low as 
~10gcm~*, where (a, 7) reaction rates are comparable to that of Ne”(7, a)O™. 
At this temperature the reaction time for Ne”(7, a@)O” is 10-’~1 sec, while 10°~ 
10’ sec for the other (7, a) reactions. Since the latter gives the time scale for the 
establishment of the statistical equilibrium, in which the abundance of Mg™ is too 
low to explain the normal abundances, it is necessary for such a temperature to 
continue for a rather short time, 1~10’sec, with rapid heating-up and subsequent 
cooling. Such a stellar condition will be realized in the envelope in the supernovae 
explosion, as the time scale of implosion preceding the supernovae explosion is esti- 
mated to be of the order of 107'sec” and such a high temperature will continue 
for 1~10’ sec. 

It is shown in § 4 that, to explain the normal abundances of a-particle nuclei 
heavier than Mg™ by the equilibrium theory,® temperature above 5X10°°K and 
density of the order of 10°g em~* are required. Under this condition the nuclear 
reaction times are of the order of 10~°sec and it seems rather unlikely that we 
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can find stellar phenomena that are rapid enough to assure the freezing-in of this 
established equilibrium. 

In $5, the results obtained in § 3 and § 4 are summarized. Also, discussions 
are given on another possibility that there initially exists a considerable amount of 
hydrogen as well as Het and Ne” at the temperature above 1X10°°K. In this 
case, a-particle nuclei heavier than Ne” can be built up through the (p, 7) and subse- 
quent (a, p) reactions, such as Ne”(p, 7) Na” (a, p)Mg™, Mg” (p, 7) Al* (a, p)Si®, 


CLG: 


§ 2. Reaction rates 


Let us assume a gas composed of two kinds of nuclei 1 and 2, each of which 
is unform in space and obeys the Maxwellian distribution of velocities at given 
temperature T. Then the reaction rate per unit time per unit volume is expressed 
as 


Py 2= piv2M Ne, 


Pra=4 (27m yz AY? (kT) "| o CE) exp(— E/kT) Ed E, (2-1) 


0 


where A=A,A,/(A,+A2) and m, m, are the densities in number. Using the 
well-known resonance formula for o(F), ~i,. is written as 


ei dk: 


BOnS GE eteA 


(Qn)? ( iets Ge 
Pia Gee DAIS (OS. 1) on 


(2-2) 


where S, and S, are the spins of nuclei 1 and 2, respectively, and E,, Jn, Pins Vn 
and /’,, are the energy, the spin, the absorption width, the emission width and the 
total width of resonance level of compound nuclei, respectively. J’, is given by 


DP on= 6p (EE p) el aes (2-3) 


where 47, is the dimensionless reduced width which tends to unity for Teichmann- 
Wigner limit,” P, is the penetration factor for orbital angular momentum JZ, and 
Ep=f’/2m, AR’. For channel radius R, we adopt 1.4X107"(A}"+ A,*) em 
throughout the following. In the case of the particle emission the formula (2-3) 


must be used also for /",,. According to Blatt and Weisskopf™, #2, is given approxi- 
mately as 


Jan = (4o/37R) (D/Ex), (2-4) 


where 4,~10-“cm is the characteristic wave length of nucleons inside the nucleus 
_and D is the mean distance of resonance levels with the same spin and parity. 
The factor /’,,exp(—E/kT) in the integrand of (2-2) has the Gamow peak, 


“or 
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which ie be approximated by the error function centered at Ey= (7e°Z,Z./ 2myA 
kT/2)** with width 4E)= (16E,kT/3)'”. Regarding I, as independent of energy 
of colliding nuclei, (2-2) is reduced to” 


2 (Qn)? 72 Px . Vie 
LS ae I>: 2 VT (Eo) Um So 5- Foner 
(iy ARTY®OS41) CS DLS Ot) Gy 2 
73,9 bah OY PRR ET ON 
SSAA ee ee a saul an 
caine a 


The first summation in the square bracket refers to the nonresonance absorption 
and the second one refers to the resonance absorption. 

If the Gamow peak is so broad that many resonance levels lie within it, we 
may take only the resonance terms into account. Then, taking the average value 
of Im, Im and I’, at energy E, which are denoted as [’.(E),[,(E) and ['(E) 


respectively, and substituting \, D“dE for >), (2-5) is rewritten as 


ine} 


ECE) CE) sie GE 


ety [al be ta 


fat) PT 
j ah alt — 
22 ¢ ) iG) De 


Pi+v2= (mg AkT)?? (2S, +1) (2S,+1) Sm 


0 


in which D is the average level distance. 
In the following, reaction rates of helium capture and production at tempera- 
tures above 5X10°°K will be evaluated by using the above formulas. 


(A) Helium capturing reaction rates. 


i) C®+a>0*%+74+7.15 MeV. 

Below 1.5X10°°K the Gamow peak lies between 7.12 MeV(17) level and 
9.58 MeV(17) level and so the reaction rate will be determined by the nonresonance 
absorption of these levels. As for the contribution from 7.12 MeV level, calculations 
have been made by Nakagawa e¢ al.,” Hayakawa et al.» and Salpeter,” whose 


results coincide with each other within the limit of uncertainties, while the contri-— 


bution from 9.58 MeV level (7,=6 X10“ eV,” 62=0.85"”) is estimated to be at 
most of the same magnitude as that from 7.12 MeV level. So we may take only 
the contribution from 7.12 eV level into account at T<15 X10) K: 

Above 1.5X10°°K the resonance absorption through 9.58 MeV level and higher 
levels contributes to the reaction rate mainly, and of these levels the most important 
ones are the 9.58 MeV level and the 9.84 MeV (2*) level. For the 9.58 MeV level 
I’, (E,) =860 keV” and F,=6X10* eV, and tos the 9.84 MeV level [,(E,) = 


1keV™ but [°, is experimentally unknown. Assuming the 2 transition from the 


9.84 MeV level to the ground level, we get [',=0.54eV theoretically. Since we- 
may put /',/,/f’'=l', with sufficient accuracy for both levels, it is obvious that 


res 
the contributrion from the 9.84 MeV level is much larger than that from the 


9.58 MeV level because of the larger value of [’,. Contributions from levels higher 
than 9.84 MeV will not exceed those from the 9.84 MeV level due to the effect of 
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the exponential factor in (2-5). Thus, taking only the resonance absorption 
through the 9.84 MeV level into accout, we have (T)=T/10°°K) 


Porw=1.1X10-° T,*” exp (— 30.74 T,)em’ sec* (Tp 21.5). (2.7) 


Since the error in the estimate of /’, may probably be limited within a factor of 
10, the above result is accurate only within the same uncertainty. 


ti) O'%+a— >Ne"+74+4.75 MeV 

Above 5X10°°K, the resonance absorption through the 4.95 MeV level is in- 
significant, due to the very small J’, of the level, in comparison with those through 
higher levels. Then, we shall first evaluate resonance absorption through 5.62 MeV 
level. Because neither spin nor parity of the level is known experimentally, we 
estimate [, and /", theoretically, assuming that spin and parity are 0°, 1°, 2", etc. 
From (2:4) with D~1 Mev, we get 6;~0.1, while from the elastic scattering 
experiment of a-particle at higher energies” we found 67=1~0.01; accordingly 
we adopt here 62=0.1 within uncertainty of factor of 10. Then, we get /.(E,) = 
0.16eV for 7=2, and I',(E,) =2.3eV for 7=0. Since I", is estimated to lie between 
1 and 10-*eV, we can put (2/4+1)l.0,/l=0.1eV* within the uncertainty of 
factor of 30 and finally we get 


Pose=4.5X10™ T,-*? exp(—10.09 F*) cm* sec. (2-8) 


If the resonance absorption through the 5.62 MeV level is forbidden, we must 
take the resonance absorption through 6.74 MeV (0*) level into accout. As for the 
6.74 MeV level 1, (E,,) =24 keV™ but /’, is unknown. A theoretical estimate of I,, 
assuming the E2 transition to the second excited level, gives /’-=2X10-*eV and 
then putting [.0',/[!=2X10-*eV, we get 


pore=9:0K10- "7, * exp (— 23.097) em® sec. (2-9) 


This equation gives a value about 1/100 times smaller than (2-8). In the following 
calculations we shall adopt the value given by (2-8), but it must be kept in mind 
that there is no assurance for the validity of adopting (2-8) and true reaction 
rate may be given by (2-9). 


iii) Ne®+a — + Mg*+7+9.31 MeV 
Mg”™ +a —= Si*+7+10.00 MeV 
SP+a —>S"+7+6.94 MeV 
S?+a  — > A®+7+6.66 MeV 
A*®+a —>Ca"+7+7.04 MeV 
© Ca®+a —> Ti*+7+5,28 MeV 


Details of the level schemes of Mg”, Si*, ete., has been scarcely known but 
it is expected that widths of the Gamow peak are much larger than level distances 
at temperature above 10°°K. Therefore, we evaluate reaction rates with (2-6). 


* Salpeter! put (2/+1)P,y/['=0.02 eV, so his result is 1/5 times smaller than ours. 
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The quantity I’ Apres in the integrand of (2-6) can be reduced to I’, or I"; ac 
cording to ,<I°, or to I',;<I,, respectively. If I’, is equal to [’, at the energy 
E’, we can separate the integral into two parts as follows, 


jst e ET dE ~ ig en IE d BAe (Bema (2-10) 
0 ay 0 D D 


rD 


El 


From (2-4) with D~0.4 MeV, we get 02~0.05, while 0, is expected to lie 
between 1 and 0.001 from the extrapolation of the experimental data for lighter 
nuclei. So we fix for all nuclei 62=0.05, within uncertainty of factor 30. Theo- 


retically, [", is expected to lie between several eV and 10° eV, so we adopt for 


all nuclei [',=0.3 eV within uncertainty of factor 30. Values of E’ for J=0 cal- 
culated in this way are given in Table 2. 


Table 2 
Rescion Ne+e | Met+a | Si®+e S24 a A®+0 | Cate 
E/ (MeV) Wan one (daz eh prea pas 198 le aes ee 


I aes 22 ees Ee ee ee 
Since I", is a very rapidly increasing function of E, the value E’ is determined 
very sharply, i.e., even if [’, becomes larger or smaller by a factor of 10, its 
effect to E’ is less than 10 per cent. Therefore, for levels of J=1 and 2, E”’s 
do not vary greatly from the values given in Table 2, and contributions from J=1 
and J=2 levels in (2-6) are as large as that from J=O levels. So, for the re- 
action rate, we adopt approximately the value of four times the contribution from 
J=0 levels. Uncertainties in the results are estimated to be as large as a factor 
of 100. The results of the calculations are illustrated in Fig. 2. 


(B) Helium producing reaction rates 


i) C?4+C? —> Ne*+a+4.62 MeV 

C2+0% —> Mg™+a+6.80 MeV 

O%+0"%—— Si*+a@+9.7 MeV 

Above 5X10°°K, the width of the Gamow peak is expected to be much larger 
than level distance, and the reaction rate, in these cases, can be evaluated also from _ 
(2-6). Though [’, must be much larger than 56 Toco 2nd 2a eigen 
accurate to put (ag o+0/ [=I o.c, ete., because proton emission would occur as well 
as a-particle emission. In the following, however, we put /’,//’ equal to unity. 

From (2-4) we get 9’/D~0.2 MeV~-!. Though we have no experimental in- 
formation about it, the above value may be accurate within uncertainty of a factor 
100. Taking only levels with J=0 into account, reaction rates are expressed as 


Pig ee is 10? T,7?/? exp (— 84.25 di cmy seers, (2-11) 
poro=44X 10’ T,7?? exp(— 106.6 T) cm" sec, Grr2) 
pepoSl SK IO Ty © exp(—136.0T,""*) cm* sec™*, (2-13) 
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Fig. 2. q@-capture reaction rate f)4,. Reaction times are evaluated for 
0¢=105 g cm. 


ii) The rate of (7, @) reactions. 


Suppose a photo-reaction A+7—-B-+C occurs at temperature 7, where energy 
of photons obeys the Planck distribution, then the rate of reaction 4, per one nucleus 
A per unit time is given in terms of the rate p,.¢ of the reverse reaction as 


Ja ( Am ykT ib * 9p Oer 
IpnIJe 2rh? 


ha= Pro : ’ (2-14) 


where 74, Jz and Je are the statistical factors given by 
I= > Cdr eles rss, (2-15) 
in which EF, is the energy of the excited state measured from the ground level. 


Values of 4 for a-particle emission, calculated with ,,, given in subsection (A), 
are illustrated in Fig. 3. 
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Fig. 3. The reaction times of heavy ion reactions and (7, a) reactions. 
Solid curves denote (7, @) reactions and dotted curves denote heavy ion 


reactions at density of 105g cm. 


§ 3. Building-up “process of a-particle nuclei 


(A) Sources of a-particles 

It is seen in Fig. 3 that the Ne”(7,@)O” reaction rate is exceedingly larger 
than the other (7, @) reaction rates because of the small a@-particle binding energy 
of Ne”. For relatively high density, however, heavy ion reactions such as C”(C”, 
a) Ne”, etc., whose reaction times are inversely proportional to density, may become 
faster than Ne”(7, @)O". Therefore we shall examine which reaction is faster for 
the production of @-particle under various. conditions. 
i) Competition between Ne” (7, #)O* and C”%(C®, a) Ne” 

Corresponding to 4xtxe= porno, we have 

28.30 36.56 


Xo “1D 
log (22¢-) = —11.16+4 log Th a peng (3-1)* 


* log means logy, which is distinguished from natural logarithm, In. 


, es 
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where p is density in gcm™* and .’s are the concentrations by weight. This re- 


lation is illustrated in Fig. 4. 


Let the concentration of C and Ne” be about equal and those of the other 
element be negligible, then under the condition of relatively high density and low 
temperature such as pxc10° and T,<1.5, we can see from Fig. 4 that Ne” (7, 
a)O" cannot become the main source of a-particles before C’? is almost exhausted 
by C?(C®, a)Ne”, while for relatively low density and high temperature such as 
e<10? and T,>2, Ne”(7, a)O” occurs more rapidly than Cee aeiNe.: 

ii) Competition between C?(C”, w)Ne” and O%(C”, a)Mg™ 

Corresponding to po.ciép=c+0Nc%o, we have 


log (z¢/ Zo) = 5.09—9.75 T, 7. (3-2) 


This equation shows that for T,<2.5, C’(C”, w)Ne” is always faster than O"(C”, 
a)Mg™ until the ratio x¢/xo becomes smaller than 1/100. Therefore we can con- 
clude that O%(C”, a)Mg™ is of little importance for the production of a-particles. 
iii) Competition between Ne” (7, @)O" and O%(O", a) Si’ 
The inequality Aye7xe=po+o%6 corresponds to 
PXLo 28.00 97 09-03 


| (P22 w= 20.44 disnae re . 3.3 
Ser US Oe ESS sore Ti (3-3) 


This relation is illustrated graphically in Fig. 4, which shows that, if %)>~2ye, 
O*(O", a)Si* becomes important only in the case of extremely high | density 
0210" at Ty,S1. At such a low temperature, however, the reaction time is too 
long to supply sufficient amount of a-particles necessary for the building-up of the 
heavier @-particle nuclei. Thus, we can conclude that O'(O", a)Si* reaction is of no 
importance for the a-particle source if C” and Ne” are contained even in small fractions. 

From the above considerations and also from the results on the reaction rates 
in § 2, we can draw out the following conclusions. Let the central region of a 
star, whose density is about 10°gcm™~*, be made up of mixutre of C”, O" and Ne”, 
and its temperature rises slowly to start helium producing reactions, then the first 
reaction to occur is C”(C”, a)Ne”, and after C” nuclei are almost exhausted by 
the reaction and the temperature rises higher, Ne” (7, @)O" occurs next and O%(O", 
a)Si* starts after the complete exhaustion of Ne”. Contrary to the above case of 
slow heating, if the temperature rises very rapidly to 2X10°°K followed by the 
very rapid cooling within 1~10 sec in the region of relatively low density 10?g cm7°, 
the situation of stellar envelope at the stage of supernova explosion, for in- 
stance the only helium producing reaction to occur is Ne” (7, @)O™. 


(B) a@-process as stellar energy sources 


Next we shall examine the condition of the central region of a star with lu- 
minosity of 100~10000 times solar ones, which is supplied by the helium producing 
reaction such as C”(C”, w)Ne”, Ne”(7, @)O” or O'(O", a)Si® followed by the 
helium capture reactions occurring in the central region. Since, from the consider- 
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Fig. 4. The curve (A) illustrates the relation ANe 2Ne=P0+C NC?, 
and the curve (B) illustrates the relation ANe”Ne=f0 +070". 


ation so far made, the first reaction to occur is found to be C?(C™, a)Ne”, we 
shall first deal with the case in which the stellar energy is generated by this 
reactions. 

As the reaction rate has steep temperature dependence, the reaction can occur 
only in a small central region. Let the rate of energy generation per unit mass 
per unit time near the center be expressed approximately as 


E=6,20 Pl” (3-4). 
and also let us assume for simplicity that the structure of central region can be 


described by the polytrope of index 7, and that in this region the radiation pressure 
is negligible compared with the gas pressure, and electron degeneracy is also negligi- 


ble. Then, the total energy release is given by” 


ee val : es Ts, eso 
2n+s 2G ym 7 


L= \ Ep: A4nr'dr=&, oe ( 


where G is the gravitation constant, / the mean molecular weight of gas, T, and 
If T, is about 6X10°°K and 


p, the central temperature and density respectively. 4 
each C(C, a) Ne” reaction followed by the a-capture reaction generates energy 


of 13 MeV, we get, with the aid of (2-11), 
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&=1.0X10' px, T,** ergsec* g. (3-4’) 
Considering that L is rather insensitive to the value of 2 so long as s>m, we may 
take n=1.5, which corresponds to the polytropic index for the convective equilibrium, 
and consequently we obtain 
L/Lo=3.2X10° x*opt!*(T,/10°)**. (3-5') 
Let xop=1, p.=10°gcem™* and L/L~=1000, then we have T,=610°°K. For a 
star with 10°~10'Ls we have 7,=5.5~6.5X10°°K. The value of TJ, is rather 


insensitive to the variation of L, 2% and /p,. 
Next we shall consider the case in which C” has been exhausted and Ne” (7, 
a)O" is a main source of a-particles. In the same way as above, the energy 


generation and the luminosity are given by 
(eet chy 600) (3-6) 


and 


32+3 es k iP —1/2 $+3/2 7 
pie a ) ( a7 93/2 (3-7) 

aos n+s 2GYM 7 Z 
Let the central temperature 7, be about 110°°K and let each Ne”(7, @)O” re- 
action followed by the a-capture reaction generate energy of about 3.3 MeV, then 
we have 

€=60X102., 1; Pere seca: gt (3-6’) 
and 

L/Lo=1.0 X10! ye pe"!2(T,/10°) ™. — (3-7/) 


Putting zy.=1 and p,=10°gcm™*, we have T,.~1.0X10°°K for stars with 10?~ 
10*Lg. It should be noted that, on account of very steep temperature dependence of 
the reaction rate, TI, is determined within a rather narrow range even if L is 
varied in a wide range. 

_ Finally, we shall deal with the case in which both C” and Ne™® have been 
exhausted in the stellar core so that a-particles are produced mainly by O%(O%, 
a)Si*.. In this case, we have 


E=5.3 X10 x0" Ty" erg sec g-), (3-8) 
and 


L/Lo=4.6 X10~¢p)? 2262(T,/10) 9, (3-9) 


in which the central temperature is assumed to be about 1.25X10°°K and each 


OP(O", @)Si* reaction followed by the a-capture reaction is assumed to generate 


energy of 13 MeV. Let 2)=1 and p,=10°gcm™, then we have T,=1.25X10°°K 
for L/Le=10° and T,=1.2~1.3X10°°K for L/Lg=10°~10+. 

The mean reaction time in the above three cases is about 10° years in common 
if we assume that L~1000L, and p,~10°g em=*. 
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(C) Building-up process of a-particle nuclei 

In this subsection we shall investigate how the a-particle nuclei heavier than 
Ne” are built up by the successive helium capture reactions starting from the end 
products of helium burning reactions, namely C”, O" and Ne”. Since C?(C”, a) Ne” 
and Ne” (7, a@)O** have been found to be the most probable reactions for the source 
of a-particles, we shall first treat the case in which C”(C”, a)Ne” is the main 
source of a-particles and secondly the case in which Ne™(7, @)O” is the main 
source of @-particles. Finally, we shall treat the case in which a-particles are mixed, 
by some way or other, with the products of helium burning reaction. 
i) The case in which a-particles are supplied by C*(C™, a)Ne” reaction 

In this case calculations are made under a very simplified condition that there 
occurs only C’(C”, a)Ne” and following a-capture reactions, though there remain 
considerable possibilities that C’(C”, p) Na” and the subsequent proton capture re- 
actions may occur to synthesize various nuclei other than a-particle nuclei. Then, 
the time variation of abundances of each a-particle nuclei is expressed by a set of 
equations 


dn,/dt= poo Neo — (PoreMot pi +a7lo + Prete ne + Pug+aMog + he ) Ng» 
dn¢/ dt= —2porcnc — poraNoNes 
dno/ dt = (PoreMo— PoreNo) Na, 


(3-10) 
dnxe/ dt = pote No + (Pore No— Pre+a Nxe) Ng 


dny,/dt= (PreraMne— Pug+e2mg) Na » 


dng,/dt= (Poug+eMmg— Psi+aMsi) Mo» etc. 
Since the above equations cannot be solved analytically, we calculated them with 
a method of numerical integration and found out that it was impossible to reproduce 
the normal abundance ratio, whatever initial chemical composition and temperature 
we might choose. More precisely, even if we assume Poie=Pore= Preve= 
which is the most favourable case to get large abundance of heavier 
elements, the main products of this process are O, Ne” and Mg™ and the relative 
abundances of elements heavier than Mg™ remain far smaller than the normal 
abundance even at the stage of complete exhaustion of C” nuclei. If we adopt the 
value of a-capture reaction rate given in § 2, the deviation from the normal abun- 
dance would become much larger. When C?(C”, p)Na”™ occurs simultaneously, 
the synthesizing of @-particle ‘nuclei would become very complicated, but this would 
not improve the result. : 
ii) The case in which a-particles are supplied by Ne* (7, a)O" reaction 

At relatively high density, the helium producing reaction occurring next to 
C?(C”, a)Ne” is Ne” (7, @)O". When density is relatively low, psc apie 
is relatively high, Ne” (7, #)O” is likely to occur more rapidly than C™(C™”, a) Ne 


as has been shown in subsection (A). 
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According to Hayakawa et al.) and Nakagawa et al”, the abundance of Ne” 
may become much larger than those of C” and O” in helium burning reaction 
under the condition corresponding to the center of the giant stars. So we deal 
here with the very simplified case in which there initially exists only Ne”, and 
Ne” (7, a@)O" is the only reaction to supply @-particles. Small contaminations of C” 
and O' will not greatly change the result. 

The time variations of abundances of each a-particle nuclei are expressed as 


dn,| dt=sxeNne— (Po+aNo + Pre+attne t+ Pog+almg t+ °**) Ma; 

dNno/ dt=xeNxe— Po+eNoNa> 

dnye/dt = — Axe Nye + (Po+e!o— Pre+aMne) Ne, (3-11) 
dnyg/dt= (pre+aNxe— Pug+alme) Ma» 

dng / dt = (Pig ad ints — Pairs Mai) Mase, CLE. 


The solutions of the above equations depend not only on temperature but also on 
density, contrary to the above casei), where the solutions do not depend on density 
if we suitably change the scale of time. To show the effect of temperature and 
density more explicitly, let us rewrite (3-11) in terms of the following dimensionless 
variables : 


Ne N=Ja, No/ N=, nxe/N= 41, Mug/N= yo ete. 
Pore hedi=ax, (3-12) 
pre+e/Pore=Pir Pug+a/Pora= fr, Pai+e/Pore= Ps ete. 
Ave! PoraN=1 
where N= )+7ye+7mg+:::. Then (3-11) is written 
dye/dz=7)1/Yo— (ot Piyit pryat), 
Ayo/dX=71/ Ya Vos 
dy;/dx=—7y1/ Yat Yo— Pir, (3-13) 
dy2/dx= py yi— Pr Vo, 
Ay3/AxX= pr Vo— pays, etc. 
with initial condition that y,=1, y=y=y.=y,=---=0 at x=0. In the above 
equations p,, p:, ps: are functions of temperature only, while 7 is a function of 


both temperature and density as illustrated in Fig. 5. We shall consider how the 
building up-process depends on the value of 7. 

Assuming that pye., is not so greatly different from Po+a the value of 7 indicates 
the ratio of the rate of a-particle emission to that of a-particle absorption. If 7 is 
large compared to unity, @-particles emitted from Ne” survive for long time until 
they are absorbed again and, therefore, the larger the value of 7 is, the larger be- 
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Fig. 5. The values of y=Ane/Po+aN. 


comes the concentration of a-particle compared with that of Ne” at the early stage 
of the reaction, and the ratio my°/7, approaches the value in the thermal equili- 
brium of reactions Ne®+772O"%+a. This means that the number of Ne” nuclei 
used as the source of a-particles relative to that which is converted into Mg” by 
capturing a@-particles increases as 7 becomes larger. On the contrary, if 7 is small 
compared with unity, @-particles emitted are instantaneously absorbed by Ne” to 
form Mg” at the early stage of the reaction and so the considerable amount of 
Ne” is consumed without being used as the source of a-particles. 

Now, we shall show the solution of (3-13). In the idealized case that pi, ps, 
ps are put equal to unity and 7 is either much larger or much smaller than 
unity, analytical solution can be obtained approximately. The detail of the calcul- 
ation is given in the Appendix. Here we show only the final results. 

For 7<1, we have 


y=Ti—z) Cm 
youl eae 
ym=O —xr)e", 
2 
ya(a—S len, (3-14) 
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and 


P14 
( *“>e 


Ait 
0 
It should be noted that the above solution does not depend on the value of 7, ex- 
cept yz As x approaches unity, ¢ becomes infinity and both~y, and 4, vanish, 
namely, the reaction terminates at r=1. The value of y, at x=1 is expressed as 


yn= (m—1)/n! e (3-15) 
and the abundance ratio of the neighbouring nuclei is expressed as 

Vn/Yn=n—1/n (3-16) 
which reproduces the normal abundance ratio very well. But it is doubtful, though 
not impossible, that such a favourable condition adopted here, pi1=f.=f;=--:, can 


be realized, in spite of the considerable uncertainty in the evaluation of the reaction 
rates. The time variation of abundances is illustrated in Fig. 6a. 


For 7>1, we have 
ya=e7"!* cos(2/V7 ), 
yo=l—(1/V7 Je" sin(a/VY7 ), 
y= (1/ne*" cos(x/V’7 ), (3-17) 


: mes n—2 k 
Ya= (1/7) e77!* (cos pat at Cy = if z 
Vr 


Oe at 
=— Sin SE ie So cow 
/ vege Vr ol 
and 
yet = el In 1+sin(x/Vv7) 
2 1—sin(2/V7 ) 
_As x approaches 71/7 /2, ¢ becomes infinity and both ya and y, vanish, namely, 


the reaction terminates at =7\/7 /2. For n<,/ “7, the value of y, at r=7/ > /2 
is expressed as 


= =i, (3-18) 


and the abundance ratio of the neighbouring nuclei is expressed as 


Ynf/Ynxi=1—1/n. (3-19) 
The time variation of abundances for y=10? is illustrated in Fig. 6b. 

If we adopt the value of p’s shown in Fig. 2, it is quite difficult to get analy- 
tical solutions even approximately. Therefore we solve (3-11’) by numerical in- 
tegration. The solutions for three different cases, namely, T=2.5X10°°K, p= 
10°gcem™* (y=10-*); T=2.510°°K, e=10?gcem™ (7y=10); T=2.5X10°°K, o= 
lgcm™ (7=10"), are illustrated in Figs. 7a, 7b, and 7c, respectively. o 
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Relative abundances (in number) 


(a) (b) 
Fig. 6. Abundances of a-particle nuclei relative to that of initially existing Ne, calculated 
under the assumption that p,=p,=p3;=--:1. Fig. 6a illustrates the abundances for 7<1, 
and Fig. 6b illustrates those for y=100. The dotted curve denotes the normal abundances 
given by Suess and Urey, in which abundance of Si%8 is normalized to be unity. 
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(b) (c) 

Fig. 7. Abundances of a-particle nuclei relative to that of initially existing Ne, calculated 
under the conditions (a) T=2.5X109°K, p=105 gcm™; (6) T=2.5X109 °K, p=10? gcm3; 
(c) T=2.5x109°K, p=1 gcem™. The dotted curve denotes the same as that in Fig. 6. 


From the results obtained above, we can draw the following conclusions. 
In the case of small 7, it is impossible to reproduce the normal abundance 


distribution except in the case in which all p’s are put equal to unity. At slow 
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synthesizing process which requires much lower temperature than 2.5X10°°K, the 
deviation from the normal abundance will be much larger. 

In the case of large 7, contrary to the case of small 7, it is not impossible 
to reproduce the normal abundances if we suitably choose the value of 7 and 
the time scale of reaction. As is seen from Fig. 7a, 7b and 7c, the abundance 
curve has a peak at a particular element and this peak shifts in the direction of 
heavier elements as 7 becomes larger. The steepness of the peak is determined by 
the values of a-capture reaction rate, and the smaller the differences between these 
reaction rates, z.e., the higher the temperature is, the broader the peak becomes, 
hence the smaller the deviation from the abundance curve. 

Thus, we can conclude that both high temerature, at least higher than 2X 
10°°K, and relatively low density are required in order to reproduce the normal 
abundance. It is also required that matter must be heated very rapidly to such 
temperature and cooled again rapidly, because in the case of slow heating Ne”(7, 
a)O* reaction would occur before sufficiently high temperature is attained, and in 
the case of slow cooling various (7, a) reactions other than Ne”(7, a@)O* would 
destroy the established abundance distribution. These conditions imposed on tem- 
perature, density and time scale of reaction will be realized at the stage of super- 
nova explosion. 

At temperature above 3X10°°K, various (7, a) reactions occur within a second 
so that the assumption here adopted cannot be applied unless we think of an extre- 
mely short time scale reaction. 


it) The case in which a-particles are supplied from outside 

Let us consider the simple case in which a-particles are supplied to Ne” from 
outside. To smplify the calculation, the Ne”(y, v@)O” reaction is neglected. Then 
the abundances of heavier elements synthesized depend only on the quantity of 
a-particles captured, but not on how they are supplied. The variation of abundance 
is given by the equation as 


AN 11/ dn! = 1 Pepetle = Pasaic M1} / > Pra, (3 ; 20) 


where 7,’ is not the density of a-particles, but the number of them already captured. 
When a-capture reaction rate p,,.’8 are equal for all nuclei, the solution of 
(3-20) is expressed as 
te No Gree ree (o-z) 
where 7%, 7%, 72, etc., denote the number of Ne”, Mg™, Si” etc., respectively, N, is 
the number of Ne” initially existing which is equal to the total number of a-particle 
nuclei, and x=n,/N). Variation of abundance is illustrated in Fig. 8a. 


If pra differs from each other, the abundance of each nuclide is given by the 
recurrence formula, 


x 


Nini = Cxp (— Paihic®) Pirate’) exp (purge eae (3-22) 


0 


ee ie 
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with 
mo= No exp (— Pore); 


Ng: 2 ; i 
o and , 7, %2, etc., denote the same as before and AL— dn] >} Pavan Lise ee 


illustrates the result of computation in which the values of Pree for T=, beet ks 
are adopted. 
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(a) (b) 
Fig. 8. Abundances of a-particles nuclei relative to that of initially existing Ne?? 
calculated under the condition that (a) pNe+e=pMg+a=pPsi+a-, and (b) T=2.5 x 10°°K. 
The dotted curve denotes the same as that in Fig. 6. The numbers at the left-ends 
of the curves represent the ratio ”,/Np. 


Comparing the results given in Figs. 8a and 8b with those given in the former 
case, we cannot find any essential difference between them. The restrictions to be 
imposed on temperature and on the time scale of reaction, are also the same in 
both case. Even in the case where Ne” (7, @)O” cannot be neglected, the situation 
does not essentially differ from the case in which the number of a-particles per 
one initial Ne” nucleus is somewhat increased. 

Finally, we shall briefly give additional remarks on the evaluation of building- 
up process, in which we neglected the effects of (a, p) reactions throughout because 
these reactions are endothermic. Preliminary calculations show that, at temperature 
above 2.5X10°°K, the rates of some (a, p) reactions may become larger than those 
of (a,7) reactions. In particular, the A*(a, p)K® reaction rate is considerably — 
larger than the A®(a, 7) Ca” reaction rate even at T21.5X10°°K. (The threshold 
energy for A™(a, p) reaction is 1.29 MeV, while those for other (@, p) reactions 
are larger than 1.6 MeV.) Therefore, our results on the a-process so far obtained 
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must be somewhat corrected either when Ca“ becomes the main product of this 
process or when temperature is higher than 2.5x10°°K. Cases of large contamin- 


ation of hydrogen will be discussed in § 5. 


§ 4. Equilibrium theory 


In this section, we shall study the extreme case in which the time of duration 
of temperature and density is longer than any reaction time of a-capture processes 
and their reverse ones. In this case the statistical equilibrium is finally established 
among the a-particle nuclei, each (a,7) reaction and its reverse (7, @) reaction 
being in a state of detailed balance. 

The equilibrium abundances are given by” 


N4 Ne = a ee 2m zkT \ exe (4-1) 
Jars A+4 h? 


MN4+4 


The contribution of excited levels is included in the statistical factors 7, and 
J4, which are given by (2-15). At temperature T=10"°K, we find gxy.=1.75, 
Gncp=2.03)- 9y= 1.63, Js=1.37, 94= 1:52, Gc,=1-10, etc., using the miclear «level 
data.” Since the contributions from excited levels are rather small at temperature 
below 10°°K, we shall put all g’s equal to unity in the following calculations. 
Then, (4-1) is expressed as 


log (1444/4) = —X4—§ log T5+ Y.4/T,+logn,, (4:2) 


where X, and Y, are constants given in Table 3. For binding energies Q we 
have taken the values given by Wapstra™ except for Ti“, Cr*, Ni® and Zn”, for 
which we have used the semiempirical mass formula given by Cameron.” 

From (4-2) we first find the temperature and the density of a@-particles that 


give the normal abundance ratio of Ca‘ to Si, i.e., log (71¢q/Nsi) = —1.28. Then, 
Table 3 

A ».¢ Ve | A XS ¥y A XE : ue 

4 34225 —0.4839 24 34.577 50.384 44 34,620 39.305 

8 34.413 37.168 28 34.590 35.001 48 34.625 40.384 

ne, 34.489 36.034 32 34.600 33.549 52 34.629 35.691 

16 B40 23.922 er) 34.608 35.505 56 34.632 ook 

20 34.558 47.037 40 34.615 365730 its 
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abundances of all the a-particle nuclei, including unstable Ti“, Cr, Fe®, Ni®*, and 
Zn", at such density and temperature are calculated. The results are shown in 
Fig. 9. Fig. 10 shows the relations between temperature and the total density, 
P=4M ya + 2p + 36+ +++ +157,,), which give the above ratio log (71¢,/Nsi.) = — 1.28 
and a larger value log (710,/ms:) =0, respectively. 
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Meg” Si S? A Ca‘? ihe! Cr8 Fe” Ni Zn®© 
(Gat) iy) (Cr) (Fess ee (Ni) 
Fig. 9. Equilibrium abundances of a-particle nuclei. The dotted line represents the value 
adopted by Suess and Urey.) The points marked by across represent the value observed 
by Goldberg, Miller and Aller.” The solid lines represent the calculated values by the 
equilibrium theory. 
(a) T,=10, logn,=32.21, p=1.07X10° 
(b) Te=7, log ng=30.49, p=2.03X107 
(c) a hg=—5, log y= 28:29 p= 1.29 X105 
(d) T,=3, log2g=23:33, p=3.78 
(2) ee ig Le 0 Sty — AO = 2 0a (24 


The above results show that at T5x10°°K and p210°gcem~™® the normal 


abundances of the a-particle nuclei, except Mg™, together with those of Ca%, 
Ti® and Cr® are explained fairly well by the equilibrium theory, if the last three 
nuclei are considered as the decay products of Ti‘, Cr“ and Fe”, respectively, (in 
the freezing-in process). At these temperature and density, however, time Of Gs ae) 
reactions are as short as <10~°sec, as seen in Fig. 3. It seems rather unlikely 
at present that there exist explosive stellar phenomena of such a short time scale 
as yielding the freezing-in of the equilibrium abundances. 

To explain the abundance of Mg” in the equilibrium theory, we must take 
T~10"°K and p~5-10°gcm™. In this case the reaction time is much _ shorter. 
On the other hand, if Fe® is considered as the decay product of Ni™, its abundance 
does not agree with the normal value unless the temperature is as lower as 
~10°°K. 

Next, we shall consider the case in which the time of duration of the temperature 
and density is not long enough to establish the statistical equilibrium among all 
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Fig. 10. Temperature and density corresponding to the equilibrium 


abundance ratios of Ca? to Si%8, 


(a) log (nca/nsi) =—1.28 (normal abundances) 


and 


(b) log (z#oa/nsi) =0. 


a-particle nuclei, but is longer than the case studied in § 4 so that (7, @) reactions 
other than Ne”(7, @)O” proceed in some degree. 


For example, we assume T=3X10°°K, 
pP=H=10' gem and. ru,=Zy=1/2 as initial 
composition, since Mg™ and Si” are the main 
products of the slow a@-process caused by 
Ne; G2) OY or C7 (C™ a) Ne Time varia- 
tion of the abundances of all the a@-particle 
nuclei are numerically calculated taking ac- 
count of all the (a@,7) and (7, @) reactions. 
The result shows, as illustrated in Fig. 11, 
that Mg™ is first destroyed by a (7, @) 
reaction, and nuclei lighter than Mg™ are 
successively produced by (7, a) reactions. 
Then, a statistical equilibrium is approximate- 
ly established among a-particles and a-particle 
nuclei heavier than Si’*, and the abundances 
of these nuclei gradually change with the 
increase of a-particles to approach the com- 
plete thermal equilibrium abundance. The 
normal abundances from Si® to Ca‘ are 
obtained if the time of duration is taken to 
be 10’ sec. If it is longer than 10° sec, abun- 
dance of Ca“ exceeds that of Si”. 

Almost the same result is obtained if we 


10° 
10-? 
10-4 
10-8 
10-8 
10-" 
10-” 
10-4 


19-15 


Relative abundances (in number) 


Fig.11. Variation of relative abundances 
of a-particle nuclei approaching equili- 
brium at T=3-109°K, p=105gcm-3 for 
the initial composition amMg=2si=1/2. 

(a) . Z=1 sec, 

(b) £=2-104 sec, 

(c) £=8-104 sec, 

(d) t=105 sec, 

(e) equilibrium abundances. 


—et 
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assume higher temperature and density T=3.5X10°°K, o=10°gcm~*, or lower 


temperature and density T=2.5X<10°°K, p=10?g cm~’, with a change of time scale 
of factors 10~* or 10‘, respectively. 


§5. Summary and discussions 


We summarize in Table 4 our results obtained so far. 


Table 4. Summary of our results 


Temperature 


(in 109° K) 


Density Initial 


Main @-particle | Mu eete Time 
(gem73)| Composition = 


Location 
source | scale 


~104 In the cores of 


0.8 | bye ee C2 (C2, a) Ne? | the stars with 


years 


1~1.5 


| i) Ne? only 


Ne20 (4 a@) O11. 


li) ZNe~ro~xc | C2(C?2,a) Ne 


| Abundances of 


nuclei heavier 
than Si% are 
too low. 


~1 
year 


102~104 times 
solar luminosi- 
ties which 
generate their 
energy by a- 
process. 


Abundances of 
nuclei heavier |, ,_, 
than Si%8 are eee 
too low. (See 
Fig. 7a) 


Ne2° only | Ne29(7, a) O1%8 


~105 


C2 (CL, a) Ne20 See: 
d 


UNe=TO~IC an 
Ne2(7, a) OW 


In fair agree- 
ment with the 
| i) Ne?° only normal abun- 
| Ne29(7, a) O16 dance in the 
li) tNe~XO~XLC range from 
Meg* to Ca‘, 


102 (See Fig. 7b) eas 


In supernovae 
sec. 


explosions 


When rHe~1.5 
Ne, the same 
results as just 
above are ob- 
tained. 


4 Pak: 
Het and He! existing 
initially 
UNe~LO~LC 


The peak of 
the abundance 
distribution 
moves forward 
the larger A 
| with time. (See 
Fig. 7c) 


a ILE p= ae a 


102~104 


Ne?9(7, a) O18 sec. 


il, Ne29 only 


We shall briefly discuss another possible case in which there exists a considera- 


ble amount of hydrogen as well as He* and Ne” in the expanding envelope of the 


supernovae explosion. In this case the a-particle nuclei are built up mainly through 


‘the (p,7) and subsequent (a, p) reactions, such as Ne”(p, 7)Na”(a, p)Mg™, 


Preliminary calculations of these nuclear reaction 


Mg” (p, 7) Al*(a, p) Si, etc. 
rates give 


~ 
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p(Ne” (p, 7) Na”) /p(Na” (a, pPMe)=7 xX 10 Renee Boe, LOS, 

p(Na® (a, p)Mg™) /p(K” (a, p) Ca") =5x 107 110%. a xXa0- 
for T=2.0, 2.5, 3.0X10°°K, respectively, and 

P(A’ (p, NK") /p(K™(@, p)Ca®) 21 
for 3.0X10°°K > T>1.0X10°°K. Inestimating this ratio, we assume that A® (9, 7) Kk” 
has a thermal resonance, since it seems likely that K®” has one resonant level in 
the region of excitation energy near 1 MeV. Thus, in the route from Ne” to 
Mg™, the (p, 7) reaction is slower than the (a, p) reaction, while in the route 
from A* to Ca*’, the (p, 7) reaction is more rapid than the (@, p) reaction. Therefore, 
p(Ne”( p, 7) Na”) /p(K" (a, p)Ca") plays the most important role in determining 
the Z-dependence of the relative abundances of a-particle nuclei. For this ratio, 
we have 


p(Ne”(p, 7) Na”) /p(K*" (a, p) Ca”) =3X 10%, 110°, 1X10! 


for T=2.0, 2.5, 3.0 10°°K, respectively. These values are smaller than the cor- 
responding values of p(Ne” (a, 7) Mg”) /p(A* (a, 7) Ca”), which plays the same role 
in the absence of hydrogen. The presence of hydrogen, therefore, seems to be more 
preferable to reproduce the normal abundance distribution. 

So far, we have considered the building-up processes of the a@-particle nuclei 
under the stellar condition specified by a given temperature and density. There 
remains another possibility as follows. The abundance distributions, which are 
formed through the slow a-process at various depths of the stellar interior, may 
show different shapes with peaks at different atomic numbers corresponding to the 


different temperatures and densities of these depths. For the possibility that the 


superposition of these distributions may give the normal one, we cannot draw a 
definite conclusion from our present limited knowledges about the stellar structures 
at such advanced evolutionary stages. It seems, however, more likely that such 
superpositions show sharp peaks at particular atomic numbers or give different 


distributions in different celestial objects, rather than they give always the normal 


abundances as shown in Fig. 1. 


The authors are grateful to the Mainichi Press which supported this work in 
part. 


Appendix 


Here we consider the solution of equations (3-13) in detail, especially the 
solution in which 7 is either much larger or much smaller than unity. - 
Let us first investigate the solution where x is so small that an inequality 


Mi/ a> Yo+ Piyit poyo+::+ holds. Neglecting the terms other than the first one — 


in the first three equations of (3-13), we obtain the solution 


y= Vo hem vay (A-1) 


ie UN ual, Bale 
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z=— {In(1— yn) +YVa}/7- (A:2) 


Assuming yo+ p1yi+ foyo+-::=1 and extrapolating the solution (A-1) to x=x, 
where dy,/dx=0 at x=2,, we get approximately 


Yo ve=7/A+7), m=1/A4+y) at c=, (A-3) 
and 
Tia foresee 1 
I= (A-4) 
liny/r fore eS 
Hence, both for 71 and for ;<1, Y, is far smaller than unity and 4», ys, etc., are 
negligibly small at x=.2,. Therefore, the initial condition is approximately taken as 


for 7<1 
Yo= Yo=N3=°:-0, w=, Ve=P at re) 
and | 
for 7>1 
=.= 1, m=l1/7, Yo=Vs= Ms" =0 at c=0. 


For x>2, (3-13) can be written approximately as follows. 
1) 7<1: Putting 7y:=y. as the first approximation and, with the method 
of iteration, expanding 7y,/7. in power series of 7, we get 


/va=F— (7/€) E—Yot pin) — (ye/®) (dE/dx) +O") (A-5) 


where €=yo+piyitpryet:::. Since the inequality, —y.<jya-dS/dx<7y, is found 
to hold from (3-13), the magnitude of y,-d&/dx is at most of the order of 7. 
Then, neglecting the higher order term in 7, the first three equations of (3-13) 
are reduced to 


Tyi/Ya=F 
dy/dx=F— yo (A-6) 
dy,/dx=—FE+yo—piy- 

When ~i= f2= ps = 1, € is reduced to unity, and so an analytical solution can be 


easily obtained. The solution is given by (3-14). If values of p’s are different 
from each other, it is difficult to obtain an analytical solution because € is not 


constant. 
2) y>1: Putting 7y1=Jeyo as the first approximation and expanding 7),/. 
in power series of 1/7 with the method of iteration, we get 


ri/Ya=o{l+ E—M—prys)/7)} +O0/7). (A-7) 

Neglecting the terms of higher ones and inserting, (A-7) into (3-13), we get 
dy/dx=— (EF —3y0) + y0(F—Yo— Prye) /7s 

dy of dy = y0(F —Mo— Piya) fig . (A-8) 
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dy,/dx=— yo(F — yo priya) /T- M1 
To see the characteristic behaviour of the solution, we draw the locus of dyo/dya= 
const.=m on the y, vers. ys. plane. Putting ¢=1, the locus of constant 7 1s 
expressed as 
rm )- im [ita ds 


={1—— , 
= ( LIS Ve 


je—igy) 
Fig. A-1 illustrates the locus corresponding to various values of m. From this 
we can see that y) is nearly constant so that it may be put equal to unity for the 
solution which starts at yse~yo~l. Then, (A-8) is approximately written as 


l m=1 
Yo 
m=2/T 
m=1/T 
m=—1/2T m=1/27 
m=1/37 
m=—1/3T [a=Lor 
m=1/10T 
m=—1/57 
m=—1/10T “i 
“m=0 
0 Ya 1 


Fig. A-1. The locus for constant value of dy,/dy,=m. 


dya/aAx=— (F— yo) + (F—yo— pra) /7 


dyo/dx= (F—yo— pryu)/T (A-8’) 
dy,/dxz= am (€—yo— prye) /¥—y1 . 
When ~:=~.=p;=-:-=1, analytical solution can be easily obtained. Neglecting 


the higher order small terms, we get the results given by (3-17). If p’s differ 
from each other, it is difficult to obtain an analytical solution in this case, too. 
If the magnitude of 7 is of the order of unity, simplification so far made cannot 


be applied. 


eS ee 
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Ordinary and anomalous thresholds of the matrix element corresponding to the general 
Feynman graph are rigorously investigated in detail. Necessary conditions for the ordinary 
threshold are obtained. 


$1. Introduction 


It has been believed for a long time that the energy spectrum of the absorptive 
part of the S-matrix element would be determined by the energies of the possible 
intermediate states. Though the Feynman-Dyson theory brought a considerable 
progress to the perturbational calculation, such an important problem was not rigo- 
rously investigated. The above conjecture is quite natural from the “ physical con- 
sideration”, but “‘ physical consideration ” cannot be applied to the unphysical regions. 

In relation to the inability of the rigorous proof of the dispersion relations”, 
it has recently been pointed out that in some cases there appear the anomalous 
energy spectra which cannot be expected from the possible intermediate states, even 
in perturbation theory”. We call the threshold in such case ‘‘the anomalous 
threshold”, and the physically expected threshold “the ordinary threshold.” It 
is highly desirable that we have a simple criterion for judging whether the matrix 
element corresponding to an arbitrarily given Feynman graph has the ordinary 
threshold or the anomalous one. Two methods are so far proposed as sufficient 
conditions for the ordinary threshold; those are Nambu and Symanzik’s majori- 
zation method” and the method previously proposed by the present author®. But 
necessary conditions have so far been obtained only for the lowest-order graphs of 
vertex function and elastic scattering. 

In this paper, we mathematically investigate the general, fundamental properties 
on the ordinary and the anomalous thresholds, by making use of the general 
integral formula of perturbation term given by the present author, which is sum- 
marized in §2. In §3, we give the very fundamental theorem on the continuity 
of the important function V(x). A physical application of this theorem is found 
in a work on the nucleon structure. In § 4, necessary conditions for the oridinary 
threshold are obtained, and it is proved that the total rest energy of a possible in- 
termediate state always corresponds to a singular point (a branch point). Some 
illustrative examples of the general theory in § 4 are presented in § 5. The general 
lowest-order graphs are studied in detail in § 6. 
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§2. Summary of the previous results 


An arbitrary Feynman graph G consists of @ internal lines, which are named 
as 1, 2, ---, a. Without loss of generality, we may assume that all particles are 


scalar and all couplings are direct, since we are interested only in energy spectra. 
The each line 7 of G corresponds to a propagator 


1/{ (pita)? +m?—ie} (¢=1, 2, eS) a) (2:1) 


where £;, g;, and m; stand for an integration momentum, a constant momentum, 
and a mass, respectively. It should be understood that »,=0 for the propagator 
which contains no integration variable. Not all of integration momenta /; are in- 
dependent. We denote the number of independent ones by n. Constant momentum 
qd: is expressible by external momenta, but g; is not uniquely determined, namely 
Gis G2 ***» Yn are completely arbitrary if p,, po, ---, p, are independent. This arbitrari- 
ness is a powerful tool in the following arguments. 

Theorem 1. The matrix element corresponding to G is given by the following 
parametric integral. The integration domain is x;=0 (i=1, 2,---, @). 


=1 


t=1 a 


conse | 7 (x) (V(x) —e}™ 


(2-2) 


Here we assumed a>2n. If not so, only a trival modification is necessary (cf. 
N(4-1)).* No essential change is brought into the following arguments. 
The notations used in (2-2) are as follows. 


Ba Spee (2-3) 
The summation goes over all possible sets (1, v2, ---, ¥) such that py,, Pr, Pym are 
independent. 
V(z)S=dir (m’+q:) —2Qe(x)/U (x), (2-4) 
Qc(2) =U (2) ie: Loder LeaQea £ *** E X1ey) if (2-5) 
C is a closed circuit belonging to G, and cy, c, «+, c, are the lines belonging to C. 
The double signs correspond to the relative directions of qa, qe ***, Yc, On the 
circuit C. 
Ucla)=StntuZy,_ (2-6) 
The summation goes over all possible sets (%, %», ---, Y»-1) such that none of 
Vi, Yay “**> Yn-1 coincides with any one OF Gy Cah eneand | pys Die) pw areman 


dependent. The summation >; in (2-4) goes over all possible circuits belonging to 
4) 


* N stands for reference 5). 


130 N. Nakanishi 


G. But we may exclude the circuit which can be divided into two circuits, because 
Ue(x) corresponding to the such circuit identically vanishes. 

The physical properties of the matrix element are almost represented by the 
function V(x). The matrix element has no singularity if V(x) >0 for all x, but 
there appears an imaginary part if V(2) <0 for some 2. 

It is obvious from (2-3) that U(2)=0. But U(x) can vanish when all z;’s 
belonging to a circuit vanish. In general, U(x) has an m-th order zero point at 
all 2;=0 belonging to m independent circuits.* (The number of independent circuits 
is defined by the number of the independent integration momenta p; which can flow 
in these.) When U(x)=0, V(x) is not well defined by (2-4). Therefore the 
limiting behaviour of V(2) in such case is important. 

For convenience, we introduce the following functions : 


Y.(z) =G/22,)0V (x) /9G= U— (1/U) > Ue (Geet 1 Sy (2-7) 


where C(z)’s denote the circuits containing the line 7. 


§ 3. Continuity of V (x) 


Theorem 2. Let A be a set of lines contained in m independent circuits, and 
_ B be a set of the other lines of G. Then we can write 


USUOUTLU, (3-1) 
and 
V=VMP+V', (3-2) 


where U“™ is the U defined as (2-3) with respect to the subgraph A (an m-th 
order polynomial of x;¢«A),** U is the U of the graph B* which is obtained 
from G by contracting A to one point (an (n—m)-th order polynomial of 2x,€B), 
and U’ stands for a sum over the terms that are at least of (m-+1)-th order with 
respect to x,¢A; V‘” denotes the V of the graph B*, and V’ is at least of first 
order with respect to x,;€A. 
Therefore, when Dit>0 , we have uniformly 
U/U®>U™ , (3-3) 


and 
VoV™, (3-4) 
* Of course, in general, they mutually overlap. 


2k ; 
a€U means that a belongs to Y. For convenience, the set of lines i and the set of the 
corresponding parameters x; are denoted by the same letter. 


"7" Ty 
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Further, if j¢B, 

Yet (1/27) OVE 99, ; (3-5) 
because the operation (1/22,)0/dq, is irrelevant to the limiting procedure. But it 
is not the case for Y;, (z€A). 

(Proof). Since there appear only summations in the both sides of (3-1), it 
is convenient to regard U as a set of terms 2,2%,°-%,, U-U™ as a direct 
product of two sets U‘“ and U™?, and (3-1) as an equality relation between sets. As 
A consists of m independent circuits, each term of U must be of at least m-th 
order with respect to 2;¢ A. The terms of (772+1)-th order or more with respect- 
to zx;¢« A belong to U’. For the term of just m-th order, the product of x,«A 
must be contained in US” by definition, and so n—m remaining x,’s must belong to 


B. Since the corresponding p,;’s are independent, the product of x, must belong to 
U™. Therefore* 


UcU°U®+U". 


Conversely, since the 2—m p,’s corresponding to the term //x,«U? and the m #;’s 
corresponding to the term //z;«U™ are independent (if not so, all integration 
momenta could be represented by 2—1 f,’s.), we have 


OU: 
Thus (3-1) holds for an appropriate U’. 


Next, we prove (3-2). (3-2) obviously holds for the term >)x;(m,'+q,’). 
Hence we consider only the part >J}Q;/U. The following three cases are possible 
6 
for the circuit C. We count the order of x;¢A of the lowest order terms. 
Cidnreec.A: 
U: m-th order, Uc: (m—1)-th order, 
(Lada :*:)?: 2nd order ; therefore Q¢/U is 1st order. 


Cie ed AG 
Ue: m-th order, (%4gQa°*:)’: O-th order ; therefore Q,/U is 0-th 
order. 

Geay-CcB: 


Quite analogously to (3-1), we have 
Up=UUP? +0, 
because U; is nothing but the U of the graph in which C is contracted to one 
point. Therefore the part of 0-th order with respect to x;¢ A among Q;,/U is 
(UP /U™) (ada wee)? 
(ii-b) CGA and CGB. 


We consider the set {C*} of the circuits C” such that C”=C'nB is common* 


* BC % means that B is a subset of % 
** 8, % stands for the common part of & and &. 


‘ 
¥ 


Py Ati Al. ae ee 


Panty 


od 


CNS ee 
i hg 


- 


a WER 


Pr 


SFC RAE sage 
be ala 
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(C™ is not a circuit in G). Since (2egae+***)* is common for C* when A32x,=0, 
its coefficient becomes a sum DVe. We then have 

DUer= UO UR + U' eww » 

& 
which is proved as follows. A=A+C™ contains m+1 independent circuits. 
Hence B—C™ can contain only »—»—1 independent quantities. So, each term of 


Ux, which is of (n—1)-th order, must contain at least m.2x,;’s (a¢€A). Consider 


an arbitrary term II. r, ¢U“. When we denote by p’ the momentum correspond- 
t=1 


ing to a line € C™, py, Puss Pym» f’ form basic momenta in A, and so the 
circuit along which p’ flows is determined uniquely. Denoting it by C’, we have 


Tea Hass oC e{C}. 
t=1 


Conversely, an arbitrary term ¢ U,« of m-th order with respect to 2, € A is, of 
course, contained in U“®UG?,,. Finally, we must show that }(Uec* has no over- 
ss 


laps. If there were Te vjeUgaNUe: for kX then all integration momenta ex- 


cept for those Bees eS: to the lines ¢ C'NC’ could be represented by ~y,, prs -**s 
Prn.- However, since C*NC’ does not compose a circuit, another independent 
does not exist. This means that G has not » independent integration momenta. 
This is a contradiction. Thus (3-2) is established. 

A simple example of this theorem is found in the calculation of 3-state con- 
tribution of nucleon structure.” 

Theorem 3. V(2) is continous for 2,0. 

(Proof). This is self-evident for x;>0. The problem occurs when some 
x;'s vanish. V(x) exhibits no singularity when the part of x2,;=0 does not contain 
any circuit. If the part of 2;=0 contain some circuits, from theorem 2 V(x) has 
a definite limiting value irrelevant to limiting methods. Therefore if we define by 
it the value of V(x) for x;=0, then V(x) becomes continuous. 

Theorem 4. V(x) has its smallest value in the domain {2,>0, sn =}; 


i=] 


Because V(2) is continuous in this closed domain. 


$4. Conditions for the ordinary threshold 


V (2) is a linear function of the squares of some linear combinations of ex- 
ternal momenta. We denote one of them by P*, and regard V(2) as a function 
of P*, If at —P?=M® it holds that V(2)>0 for all x satisfying 2,>0 & 
es 1 and V(x)=0 for some particular 2, then we call —P*=M? the “ lowest 


t=1 


threshold” or simply “ threshold.’ In this case, for an infinitesimal €(&0) we 
have V(x)>0 for all x at —P?=M?—E€ and V(az) <0 for some 2 at 
— P*=M?*+8&, because V (2) is linear with regard to P*. Namely, —P*=M® is an 
end point of the energy spectrum of the absorptive part. It is usually expected 


of ae 
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that € is positive, but that is not essential in the present investigation. 
From the above definition, it is necessary for the threshold —P?=M? that 


“V(z)=0” is the minimum of V(x) with respect to z. We call such a minimum 
“threshold minimum.” 


Theorem 5. The necessary condition for a threshold minimum is 


9V/0z,=0 for i=1,2,--., 7 


2,=0 for j=r+l1,--,a, (4-1) 
where, of course, numbering is arbitrary. : 


(Proof). The minimum of V(x) requires that some 2ajs GG=r-+i, “4 a) 
are the boundary value 0, and that the other z,’s (i=1, 2, ---, r) satisfy the usual 


minimum conditions under the restriction >}z;=1. By means of Lagrange’s method BS 
4=1 " 

of an indeterminate coefficient (which is denoted by 7), we obtain ‘5 
9V/dz,—/=0 (i=1, 2, ---, r). a 

Now, being a first-order homogeneous function of x, V(x) satisfies Euler’s differential i 
equation ; 
V=))2,9V/Oz,. : 3 

4-1 14 

tse 

Hence we have :. 
V=3)20V/02,=A3}2,=!. - 

t=1 i=1 fi 


The condition V(z)=0 therefore means 4=0. Thus (4-1) is obtained. 
Lemma. 
OV /O2,=m7+ 9» a (i=1, y tn, a); (4-2) 

This identity is already given in N(A-3). We present its detailed proof in the 

Appendix. 
For simplicity we hereafter assume m,>0 (i=1, 2, ---, @). 
Theorem 6. The conditions (4-1) cannot be satisfied if Gis not divided into 
disconnected parts by opening the lines 1, 2,---, r. 

(Proof). Since G is not divided by opening 1, 2, ---, 7, we can choose 

u=90 (i=1, 2, ah 5 Qe 
From the assumption all z,’s (i=1, 2, ---, 7) do not vanish, namely at least one 
is non-vanishing, say, z,>0. Then by (3-5) Y, has a definite value, which is Y;=0 
on account of g,=0 (cf. (2-7)). Hence we have from (4-2) 
dV /d2,=m, <0, 

which is inconsistent with (4-1). 3 

We call a set of lines 1, 2, ---, r satisfying the following conditions “the in- 


ee 
j 
on — 
zo + 
a Ie 


| Re sy 
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termediate-state set”: G is divided into two subgraphs A, and 
A, by opening the lines 1, 2, -+-, 7, but not by opening any true 


subset of {1, 2, ---, r}. 
Theorem 7. When the lines 1, 2, ---, 7 form an intermediate- 


state set, (4:1) is satisfied if and only if 


ey i (Syn,)? A 
4=1 


and ($= 12, Beer) (4-3) 


to (1/m,)/(31/m) : 


Fig. 1 


where P stands for the total momentum which flows from A, to Ag». 
(Proof). We take the direction of g; as A,;—>A, (see Fig. 1). We can 


then choose 
c= (mi/ dim) OS le (4-4) 


In the terminology of theorem 2, we may write A=A,+ A, and B= {1, 2, ---,r}, 
and graph B* is shown in Fig. 2. Therefore, when 2;=0 (j=7r-+1, -::, a), we 


have 
Yi=qi-— G/U) SUG (2iGi— XiQr) 
1 ub | 
= (1/2 mz) (m,—6b) P, (4-5) 
Fig. 2 
i where 
b= (1/U) SU Keay (Lams Lame), (4-6) 
and C(z, 7) denotes the circuit containing both the lines i and j, or more explicitly 
Use.n = Macr/ xix; (4-7) 
and 
Moss) 
Ut?) (Flara/ 2) (4-8) 
Now, from (4-1) and (4:2) we have 
m+ Y,'=0., @==1, oN ney r) 
i.e. m,;'—c?(m;—b,)?=0, (4-9) 
where 


ci==— P?/ (Sym) 2 (4-10) 
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(4-9) cannot be satisfied when c?<0. When c?>0 (we take c>0), the solutions of 
(4-9) are 


m,—cm,+cbh,=0, (4-11) 


or 
m;tcm;—cbh;=0. (4-12) 
But (4-12) is impossible because of 


BS (1/UM) SUR ny Le ™ Sm, - 


From (4-11) we obtain 


(1—c) Sm +.e33b,=0, (4-13) 
é=1 4=1 
and from (4-6) 
S:=0. (4-14) 
i=1 
Therefore 
c=1 (4-15) 
and 
b—O (4-16) 


from (4-11). (4-15) with (4-10) is the first equation of (4-3). All of equations 
(4-16) cannot be independent because of the identity (4-14). Rewriting 


Lym, — 2M, = (XM; — LX,M,.) — (XpMy— L,M,) , 


we regard 3 
b.=0 Gaal ao ee | (4-17) 


as r—1 simultaneous equations with respect to 2,m;—x,m, (i=1, 2, +, r—1). 


Then the determinant of coefficients is 


B CBO PORE Ra ea AED) 

D=1/[(U I]: DU ve — Uei'2) Ua r-1) 
B) OT Cz) 

— U8. 1) Pe ee >? Useir—1 


(4-18) 


B) (B) 
ot, U1, ie Of -1,2) eeu >t Oer-1,%) 


From (4-7) and (4-8) it turns out that [U]-1-D is exactly the reciprocal deter- 


minant of 
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UW — GB, + es ger ciojehevate ce 
OE: Xo + Be DOC IDL Cs 
LE, ee 03085 BaF + Z, | 
We therefore obtain 
D=1/US"?3<0 


on account of the well-known property of the reciprocal determinant. 
(4-17) have the unique solution 


LM; — 0m, —0 (i555 & Zoe 


Dy gt, eo Lee Ly ngs hy ng ee AY Te 
é=1 


Theorem 8. (4-4) always satisfies the minimum condition 


un 2 
BEES oth eet 
t4=1 02,02; 
(Proof). From (4-2), (4-5), (4-3) and (4-16) we have 
OPV /02x,0x;=2(m;—b;) 0b;/9X;, 
— 2m m.U Fe) /U™ for kx 5 
2M SSO ee for k=% 5 
pei 
1.e. 
—2 (Sim) Fre (S*1/m,) mm, for kuz, 
~ < 
PV /dx,0r,= i i 
2(S3m,)*(331/m;)mF>\m, for A=s5 
j=l j=l i 


Therefore it suffices to prove that 


J= dim? (>\m;) (42)? —Sm?me4x,4n, 
t=1 Prt tsk 


= (Sim) (Sime (4x)"} = Syndr)" 


is positive definite. Putting 


(4-19) 


(4-20) 


Thus equations 


(4-21) 


(4-22) 


(4-23) 


(4-24) 


(4-25) 
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a=/m:, B=//m~F dx, (4-26) 
‘we have 
T= (Sar) (S382) — (Sa)? (4-27) 
and therefore 
J>0 (4-28) 


because of Cauchy’s inequality. J=O is possible only when 8; is proportional to 
MS he) 


m,42,=m,4r,=---=m,4z,. (4-29) 
So, under the restriction S14x7;=0 , it must be 
j=1 


J>0 (4-30) 


except for all 4z;=0. Thus (4-23) was proved. 

We may call (4-3) “a physical threshold.” Theorem 8 then tells us that a 
physical threshold generally correspands to a branch point. Because: we consider 
the parametric integration of (2-2) in the neighbourhood of this point z;. Carry- 
ing out the integrations over 2%,,1, ---, Z,, we notice only the term coming out from 
the end point 7,,,=---=2,=0. In this term V takes the positive definite form 
(4-23) near this point. Therefore the singularity at 4x;=0 cannot be eliminated 
by the integrations over x,, 2, --:, Z,. 


At x= (1/m,) /(S11/ms) G=1, 2, --, r) and 4,50 (j=7-+1, ---, a) Voean 


be written as 


ee {(Sym)? +P} (Cems) (S11/ms) (4-31) 


Hence for —P*>(Sim,)* V becomes negative, namely a branch-cut appears in 
k=l 


the side of —P’>(S}m;,)?, as is expected. 
The minimum condition (4-23) is not complete. We must further take into 
caccount the variations of 2,,,, --,; Zz. That is to say, it should be 


V(x) =0 (4-32) 


2 * 
for >}z;=€>0 (infinitesimal). irrelevantly to the ratios of 2,20 (j=r-+1, -:, @). 
g=rtl1 
‘This condition (4-32) is, of course, not always satisfied. 
We count the orders of various factors in V(x) with respect to &. First, we 
have U~€*, where s is the number of independent circuits contained in A, or A, 


(i.e. s=n—r+1). Next, for the circuit C which contains some of the lines 1, 2, ---, 7 | 
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(of course an even number), we find Up~é&, and under the choice (4-4) 
On ene 1 PRE 
owing to the cancellation of main terms (cf. x= (1/mi)/ (> 1/m,z) +O (€) 


(i=1, 2, ---, r)). Therefore Qc/U is a higher order term of &€. 
For Cc A, or CC A:, we have Uc~e" and 


(2.02 5s ) 2~E". 


We thus obtain 


V(x) =4&Vi(y) +&2V2(y) +O) 20, (4-33) 
where 
L;=Gy; (7 € Ai), pay , 
Lj=Exy; (7 € Ar), Pa ; 
and 


&+&,=€ > €,=0 ? E,—=0 5 


V, and V, respectively are the V defined relating to the subgraphs A; and A, - 
This is easily verified by noticing (for CC Aj) 


U= U4v UG» 3 U™ + O(é*) 3 
Oe=U UO + Of) 
from theorem 2, and therefore 


Ue/U=UY?/U +. O0(E) . (4-35) 


(4-34) 


(4-33) can be equivalently written as 


Vie =0 Cs) z;=1, X;=0) > 
je Ar 


V,(z) 20 Os x;=1, Xj;=0) . 
je Ag 


The condition (4-36) is the necessary and sufficient condition for that (4-3) gives 
a minimum of V. The implications of (4-36) are illustrated in terms of some simple 
examples in the next two sections. 

Now, (4-36) is, of course, the minimum condition in the local region of x. 
The lowest threshold defined in the beginning requires V(x) =0 in the whole 
domain. Hence (4-36) is merely a necessary condition for the lowest threshold, 
but very crucial one. When (4-3) gives the lowest threshold, we call it ‘“‘the 
ordinary threshold.” Thus 

Theorem 9. A neceseary condition for the ordinary threshold is the inequalities. 
(4-36) where g;(i=1, 2, -:-, r) is defined by (4-4). 
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We call the lowest threshold other than the ordinary one “the anomalous 

threshould.” But we shall use also, in a wide sense, the terminology of ‘‘ anomalous 

threshold” for the branch point other than physical thresholds. From theorems 6 

and 7, an anomalous threshold can appear only in the case in which the set 

{1, 2, ---, r} stated in theorem 5 contains an intermediate-state set as its true subset. 
Examples of the anomalous threshold are presented by Karplus et al.2” 


§5. Elastic scattering 


In this section we illustrate the general results obtained in the last section by 
familiar examples. 
The elastic scattering is characterized by the following scalar quantities : 


p=pP=—m’, Pak = —/2, 
(k—k')?=42 (momentum transfer), (5-1) 


PLR) pk); 


where 
ptk=p't+k’. (5:2) 
There is an identity between them, 
(p+k)*+ (p—k)*+ (RB) =p rk + p® +r” (5-3) 
i.e. 
(p+k)?+ (p—k’)? +404 2(m? +p’) =0 (5-4) 


on account of (5-2). Therefore, in the consideration of the spectrum of —(p+k)’, 
we must take into account also that of —(p—h’)* at the same time. If M?’ is the 
ordinary threshold of — (p+h)’, there is a branch-cut — (p+)? M” (infinitesimally 
lower than the real axis). Likewise, if M” is that of —(p—k’)’, there is a 
branch cut —(p—k’)’=M”. The latter can be rewritten as 


— (ptk)?S2(m? +p) +44—M”? (5:5) 
because of (5-4) (infinitesimally upper than the real axis). Hence the two branch 
cuts partially overlap when | 
42> M?+M"?—2(m?+/’). (5-6) 
Now, the condition that —(p+h)’=M”? is the lowest threshold is V (2) =0 


with —(p+k)?=M’. When -;’s take the value (4-3) where the lines z belong to 
the lowest-energy intermediate-state set with respect to p—k’, V(x) =0 is reduced 
to ¢ 


M”+ (p—k')’20 (5-7) 
from (4-31), namely (5-7) gives a necessary condition for V(x)=0. Therefore 
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in order that — (p+k)*=M? is the lowest threshold, it is necessary that 


4AP<M?+ M?—2(m'+P-’) (5-8) 


from (5-7) and (5:4). Comparing it with (5-6), we find that —(pt+k)?=M?’ 
cannot be the lowest threshold in our definition, if the two branch-cuts overlap. 
This is naturally a self-evident fact. But the above method is useful for extracting 
simple (but rather weak) necessary conditions from the very complicated condition 


Pr K 


Fig. 4 


such as V(x) 0. 

Example 1. The lowest order graph shown in Fig. 3 
is very simple. An extensive investigation has been carried 
out by Karplus et al.” But our purpose is merely to see 
the direct consequences from the general results. Necessary 
conditions for that —(p+k)’=(m,+m,)* is the lowest 
threshold are 


(m,+ms)*+ p20, (m,+m;)?+R=0, 
(my +m4)?>+ p20, (m.+my)? +70, (5-9) 
(m3+m,)?+ (kR—k’')?=0, 


e which are obtained from V(x) =0 by using 
hk’ 


the above-mentioned method. The first 
s+ four are stability conditions, and the last 
ron @ is trivial. 


_ Ag Next we consider the necessary con- 
dition (4-36) for the ordinary threshold. 


The subgraphs A, and A, are shown in Fig. 4. From (4-4) gq, and q must be 


taken as 


Then g; and q, are uniquely determined : 


The conditions (4-36) are 


n=m (p+k)/(m+m2) , 
gQ2=™2(p+k)/(m+mz) . rae 
= P—-U= (m2p— mk) / (M+ m2) , 
u=H— p= (— mop! + mk’) / (m, +m.) | Sry 
Vi(2) = 23 og, 20 (= De 
Vi) Sn tas See fee 


that is to say, 
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2 2 
Mg. i 
m= 9771 + mye 


aed M14M > 
™4+ Mo, 


5-13 
ae mom? + mye ( 
m,+ mM, 


— MM, , 


which are the conditions obtained by many authors.” ~® 

Example 2. As an example of higher order term we consider Fig. 5, whose 
subgraph A, (when B= {1, 2}) in shown in Fig. 6. g, and q are given by (5-10). 
The condition (4-36) for A, is 


6 
Vy (2) = Dit (m; +4q;°) = (23q3— LsQs— XH5Qs+ Xoo) 7220 > (5 -14) 


for which the knowledge for the lowest 
order can be applied as it is. But we 
present here only the simple necessary 
conditions for (5:14), which are obtained 
analogously to (5:9). . These are four 
stability conditions and 


(ms3+m,)?+ (p+hk)?20, 


5-15) — 
(ms+me)?+ (p—-a) °=0 > : : 
Fig. 6 
ded namely, 
M+ m=, + Ma, 
2 2 5-16 
(ms+m.)?= LIL SOD — MyM, . ( 


m,+mMs 


The former inequality means that the physical threshold — (p+k)?= (ms+m,)’ 
cannot be lower than (,-++m;)? if the latter is the lowest threshold (This is a very 
natural matter). The latter inequality of (5-16), which corresponds to (5:13), is 
a new necessary condition, which is simple but weaker than (5°14) 

Now, in the axiomatic proof of dispersion relation,” we know that there 
is usually some restriction for the momentum transfer 4, But in perturbation 
theory, the minimum condition (4-36) never gives any limitation on 4’, The re- 
striction for 2? which can so far be obtained are rather trivial ones, such as (5:8). 
If there appears the limitation on 4” for assuring the ordinary threshold in perturb- 
ation theory, it must come out from others than the minimum condition in the local 


region. 


§ 6. Lowest order graphs 


In this section we study the graph which consists of only one circuit. An 
example is shown in Fig. 7. For convenience, we define g;’s such that they have 
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the same direction. Then we have 


V(a) = >)2,(mi+q) — (1/>1+«) (rig) 


= Bu ep ae eae {m?+me + (G—u)*} Xi » 
Ke tk 


(6-1) 
where g;—g,; is expressed by a sum of external 
momenta. 

The condition for the ordinary threshold, (4-36), 
becomes 
m;+q7=0 (j=3, 4, =) > (6-2) 
where 
Moi + 1G, = 0 
(6-3) 
and —(m—@)*= (mM +m2)’. 
By means of (6-3) gq; is expressed in terms of external momenta: 
G= — {m2(n—G) +m (G—|q) } / m+ m2). (6-4) 
Then the condition (6-2) is rewritten as 
ms {my +m; + (qi—4y)"} +1 {m2 +m; + (q—gq;)"} 20, (6-5) 


which is a generalization of (5-13). 

An anomalous threshold can appear when three or more parameters x; do not 
vanish, as was stated in § 4. We investigate threshold minimums other than the 
physical threshold — (g,—gq2)?= (m+). 


ee race tee Ol, 
V' (x) =>)x,.: V(x) is also a homogeneous function of x, therefore theorem 5 


is applicable. Namely we have 
OV! /d2,=2my~a,+ {my +m? + (qi1—qa)*} tit Dim +m + (qa —4;)"} x;=0 
je 
OV'/Ox,= {my +m, + (%—43)°} Ti+ 2mg'ty + dma +m; + (q.—q;)"} x;=0 A 
j= 


(6-6) 
Calculating m,9V’/d2,+m,0V’/d2,, we obtain 


(7,.X, + M2X2) { (7M, +m)? + (GM —|q.)*} 
“= — Bila as! m+ (q—q;)"} +m, {m,? +m; + (q.—4;)*} Jay 


(6-7) 
Hence, if (6-5) is satisfied, we get 


—(4—-@)*=(m+m,)?. (6-8) 
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Thus the anomalous threshold (in a wide sense), even if it exists, cannot be lower 


than the physical threshold — (q,—q2.)?= (m,-+,)’, if the condition (6-5) is satisfi- 
ed. 


il) 2,=0 and/or zx,.=0. 

V(x) then is independent of (g,—4q2)*, provided that we adopt (g;—q,)” as the 
independent variables. If V(x) <0 happens for some special x, the whole real axis 
becomes the branch-cut on the complex plane of —(q,—q)*. If not so, this case 
is trivial. 

Therefore, if (6-5) is satisfied, then ether —(q—q)?=(m,+m,)’ is the 
lowest threshold or the whole real axis is the branch-cut. 

It is an open question whether or not there is an anomalous threshold (in a 
‘wide sense) satisfying (6-8). We can definitely exclude such a possibility in the 
case in which the number of the non-vanishing 2z;’s is three (ie. B= {1, 2, 3}), 
without assuming stability conditions. 

For simplicity, we write 


Ay =Ay=mi +me+ (Gi—-GH)’- (6-9) 
The condition for the threshold minimum is 
yp Ly + Oy, Ly + Ay Xy=0 (k=1, 2, 3). (6-10) 
The simultaneous equations (6-10) have the non-trivial solution only when 
Grp iy WA), 
ee ea mete Oe (6-11) 
Bi dg? Oleg 
‘The solution then is 
12 H.2 Le=Pu: Bi: Ps=Pa: Bo: Pr2s=Pa: Bor: Bos» (6-12) 
where 2,=f:; is the cofactor of a. Since x,>0, all §’s must have the same 
sign because of (6-12) and Px=Pri- 
Now, we have 
Bag = 1 Qoq— Ay2" 
= — {(m,— m2)? + (Gi —)"} { ma +a)? + (a—)*} <0 (6-13) 


on account of (6-8). We thus obtain 


Bu<0O. (6-14) 
The minimum condition (4-23) is 
3 \ 
3 ay,4x;,4x,>0 >142,=0). (6-15) 
i=1 j=1 


The necessary condition for (6-15) is obtained by the well-known elementary 


thod : 
ee SMT pea Ns (6-16) 
ik 
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which contradicts (6:14). Thus such an anomalous threshold is impossible. 


Appendix. Proof of lemma (4-2) 


The notations in N §§ 2~3 are used. From N(3-5), Le. 


V=>)2.m;,'+det B/U , (A-1) 
we obtain 
OV: Ay sgh Ue 560 pean ee (A-2) 
Og i ee ane Sed 


We choose p; as one of the basic momenta py, py, °*; Pn (i.e. py=pi). Ther 
from N(3-4) we have 
(0/02;) det B=q;U0+ 2q¢:But Bu 9 (U=det A=Bwu), (A- 3) 


where By, and By respectively are the cofactors of b, and a,,(=2;).. On the other 
hand, from (2-7) and (A-1) we can write 


divas lee ocean (A-4) 


= 


and therefore 
mi t+ Y?2—8V/0x,= (1/U?) {Bu?—UBy+ (0U/dz;) det BY. (A-5) 
Since 
OW / 024 — Ni Poet 


is an (7—1)-th order minor determinant of B, Jacobi’s theorem gives an identity 


C2 2r. 
es Pa a2 (A-6) 
Bu Bi Ox, 
Thus by (A-5) and (A-6) we have proved 
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Notes on Magneto-Hydrodynamic 
Equilibrium 
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A proper coordinate system and a 
suitable form of equilibrium equations 
for a successive approximation method 
are reported in this letter. By these 
means we can solve equilibrium equa- 
tions in the case of a rotational trans- 
formed field.»” But we could not apply 
these methods to the case in which lines 
of force are closed and have no sym- 
metric property. 

As is well known, lines of electric 
current and lines of magnetic force lie 
on equi-pressure surfaces in the M. H. 
equilibria. We have proved” that it is 
possible to construct a global coordinate 
system on each equi-pressure surface by 
taking these two kinds of lines as co- 
ordinate lines and defining coordinate 2; 
on these lines according to 


dx,=ds,/|X,| G=1,2) (1) 


In Eq. (1), X, and ds, are the magnetic 
field strength and its line-element, X, 
and ds, the current density and its 
line-element, respectively. 

We have studied the structure of 


these coordinate systems and got three 
The first is that any 
equi-pressure 
singular points is topologically torus, as 


main results.” 


closed surface without 


was said by many other authors.” The 


second is that there must exist simple 
closed loops which lie on each equi- 
pressure 
pressure-gradient and have the follow- 
ing property, that is, 


surface with non-vanishing 


a 
| ds, =const. on the surface (2) 


4 |X, 
where the integrals are carried out along 
lines of force from an arbitrary starting 
point A on the loop to the final point 
BY on it. 
more loops passing through any given 


Generally, there are one or 


point on the surface, turning arbitrary 


given times along and around the 
magnetic axis in an equilibrium configu- 
ration. 

The third result is that by taking 
these loops belonging to two different 
homology classes as coordinate lines and 
defining coordinates €; on these lines in 
proportion to magnetic flux through an 


infinitesimally narrow ribbon between 


the surface and its neighbouring one, 


limited by €;=0 and §¢; itself, we can 
construct a many valued periodic co- 
ordinate system on each equi-pressure 
surface, and in this system, lines of 
current and lines of force are represented 
as parallel straight lines, respectively. 
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But when the rotational transform ratio 
is rational, such a surface may be called 
a rational one and in the other case the 
surface may be called an irrational one ; 
this result will fail unless the loops are 
carefully selected. The reason is the 
following. In almost all cases there 
exists one and only one loop through 
a given point, belonging to a given 
homology class for an irrational surface. 
But there exists an infinite number of 
such loops for a rational surface when 
the loops exist. Therefore, a selection 
rule is required for rational cases, but, 
at present, we cannot get it except in 
the case with symmetric property. 

Equation (2) can be used as a neces- 
sary condition for an external field to 
be a magnetic trap, because Eq. (2) 
must hold as the fluid pressure tends 
to 0. Equation (2) is the condition for 
no charge separation. By means of the 
second and the third results we can get 
useful knowledge of current density in 
the first order of pressure when a 
rotational transformed external field is 
given. 

We have transformed ordinary equili- 
brium equations into suitable forms for 
the successive approximation method. 
Anat: is; 


V(=H+4zpl x, V-H=0, HV p=0 
(3) 


where » and H are the fluid pressure 
and the magnetic field strength, x, is 
defined in Eq. (1), and Z is a many 
valued scalar function which is obtained 
by solving the Poisson equation succes- 
sively together with suitable boundary 
conditions and periods. 

When p is sufficiently small and the 


external field is rotationally transformed, 
p and x, are given by the data in lower 
order and we can make the iteration to 
higher order of p. 

Equation (2) suggests the possibility 
of a ‘magnetic trap -without rotational 
In this case Eq. (2) gives 
B. B. Kadomcey has 
already discussed this possibility in de- 
tail. 


Finally, we have studied an effect of 


transform. 
magnetic surfaces. 


rational surfaces in a stellarator with 


varying rotational transform ratio. 
Generally speaking, almost all rational 
surfaces are incompatible with Eq. (2). 
Thus |f p| is zero on the surfaces densely 
distributed in the device, or else charge 
By means of 


the second and the third results, it can 


separation should occur. 


be shown that lines of current describe 
rapidly oscillating curves in the neibour- 
Therefore, the 
diffusion velocity of fluid across magnetic 
lines increases due to the finite conduc- 
tivity of fluid and the long paths of 
current lines in that region. Probably, 
a vortex flow may also occur under some 
conditions. 


hood of such surfaces. 


But according to our semi- 
quantitative treatments, the diffusion 
effect will be small in practical cases. 

Detailed discussions will be published 
elsewhere. 


1) L. Spitzer, 2nd conf. at Geneva, A/CONF. 
15/p/2170 

2) M. Kruskal ane R. Kulsrud, 2nd conf. at 
Geneva, A/CONF. 15/p/1876 

3) S. Hamada, Kakuyugo-Kenkyu (Nuclear 
Fission Research in Japan), 1 (1958), 542 


1. * 


Letters to 


Ambiguity in the Mixing Parameter 
for Nucleon-Nucleon Scattering* 


Masaaki Kawaguchi** 


Brookhaven National Laboratory, 
Upton, New York, U.S.A. 


April 30, 1959 


In their recent work Zastavenko et 
al.» have discussed a unitary transform- 
ation for nucleon-nucleon scattering. 
This is the generalization of the trans- 
formation which gives rise to Minami’s 
ambiguity” for pion-nucleon scattering. 

We would like to add just a few re- 
First of all, 


suppose the S matrix of nucleon-nucleon 


marks to their results. 


scattering for a given total angular 
momentum J, parity (—1)7’**, and triplet 
state, is given in terms of two eigen 
phase shifts 0, and ¢,, and a mixing 
parameter €, in the form” 


Seat haois e7"*! cos? € + e* sin? E 
ss = 
Se aa 


cis € sin €(e"**— e”*?) 


Qt. Sosy 


cos € sin €(e""'—e 


e7 sin? E+e"® cos’ € 


where the subscripts 1 and 2 correspond 
to the orbital angular momentum L= 


J—1 and J+1, respectively. Now, 
their transformation is given by 
(i= (op) : (oP) (2) 


Vm i 


where p is the relative momentum 


* Work carried on under the auspices of the | 
U. S. Atomic Energy Commission. 

** Permanent address: Research Institute for 
Fundamental Physics, Kyoto University, Kyoto, 
Japan. 
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operator of two nucleons in the center- 
of-mass system, and o, and o, are the 
spin matrices of the first and second 
nucleons. This transforms S in the 


following way : 


S=U2sU=—— 


2/ J (J+1) (S2— Si) 5 
(J (J+1)—1) Sp 


eye ee 1) (Sx— S11) a 
(4J(J+1)—1) S82 


Se t+4y/d(J+1) Sin +4dI(J+1) Su 


(3) 
er cos” arate sin? é/ 
cos €’ sin €’ (e*— e”*) 
cos €’ sin &’ (e”°!— e7") 
» (4) 
e”®! son? &’ + e782. cos? 6’ | 
where 
eS 1 bose . 
= cos (5) "Si 


2I+1 


This result shows that there always 
exists another set of mixing parameters 
&’, which gives exactly the same angular 
distribution for the scattering. 

It is interesting to note that this change 
of the mixing parameter is almost equi- 
valent to the exchange of 0; and 0, for 
large J. 

The differential cross section for the 
triplet state is written in terms of the 


Racah coefficients as” 
AINE 


AB iAP VS 
KO Sil' 3 Ty lA) Ps (cos @). (6) 


The above ambiguity in the mixing 


en aia a a 


Se 


ASR*(1)RQ)Z(hAleo ld) 


PP a 
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parameter can be seen by using the 
following relations of Z-coefficients : 


(25, +1) (2I,+1)Z (A141 Jy Jo+1 J2,14) 
=Z(J,+1 He Jester: alli: it A) 


+4 / J, (i4+1) J2(Jo+1) 
eA I i edie Jet t Ue, A) 


+2V Ja(J, +1) Z(A ¥F1 Jiidg tcl Jah) 


2 Ia(Jot1)Z( S41 Jp Ja ¥1 Je, 14), 
(7) 
and 
AOR dy Jes aka) a 
St Oy RESWA@ REPL hes Oy Peale Ow 
(8) 


1) Zastavenko, Ryndin and Chou, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 34, (1958), 526. 

2) S. Minami, Prog. Theor. Phys. 11 (1954), 212. 

3) J. M. Blatt and L. C. Biedenharn, Rev. 
Mod. Phys. 24 (1952), 258. 


Effect of the Finite Size of the Proton 
on the Coulomb Energy of He® 


Takashi Ohmura* 


Division of Pure Physics, 
National Research Council, 
Ottawa, Canada 


March 11, 1959 


The Coulomb energy of He? is calcu- 
lated by assuming an extended proton. 
The Coulomb energy is shown to be 
reduced by a large amount. 

The recent electron scattering” experi- 
ments at Stanford University have es- 


* On leave of absence from Department of 


Physics, University of Tokyo. 


tablished the finite size of the proton. 
If a finite charge distribution is assumed 
for the proton, the Coulomb energy 
(referred to as C. E.) arising from the 
small inter-proton distance in the He’ 
nucleus would be reduced. We shall 
It seems to be 
enough to assume that 7; (¢<=1, 2, 3, 
see Fig. 1 of reference 2) are the mutual 


estimate this effect. 


distances of the centres of nucleons, and 
that the proton charge is distributed in 
the spherically symmetric way. around 
the centre of the proton, because we 
are interested in evaluating only the 
order of magnitude of the effect of this 
A further 
simplification will be made; we first 
calculate C. E. between one extended 


on the Coulomb energy. 


proton and the other point proton. In 
the case of two extended protons, the 
effect should be larger, but cannot be- 
come twice that for a single extended 
proton. The neutron is assumed to be 
completely neutral. 

The experimental data on the electron 
scattering from protons is well repro- 
duced by assuming an exponential type 
charge distribution ¢(7) for the proton, 
so that one may take p(7) for the 
present purpose as 


P(r) =—£Pt et <p = 19/82 
Sr 1 ? 5 a) 
(1) 
We also choose another function for e(7), 


in order to see shape dependence of the 
effect, 


—Bor 
P(r) <0 eae ans = 2/8. (2) 


although this shape cannot always be 
fitted to experimental data over the wider 
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range of electron energies. Charge 
distributions (1) and (2) modify the 
Coulomb potential e*/7 for one extended 
proton and the other point proton, re- 
spectively, as follows, 


2 
V (r) ‘ — 1 oe [1 Ty By as (9, r) */2)e,-»| 


7 


R 
V(r) =~£ nae ; for (2) 
ZA 
The mean square radius of the charge 
distribution is assumed to be 0.810-* 
cm as indicated by low energy electron 
scattering data. The Coulomb energy 
of He® is evaluated in a usual way. 
The only difference is that we now use 
V(r) or V2(r) instead of the usual 
We use the 
wave function of He’ as given in refer- 
In the case* of D=O, the 
has the largest radius 
(namely,**  ~¢=0.479X10"%cm) for 
Tost ** =2.7X10-"cem with exponential, 
and ‘the smallest (4=0.659 x 10~“cm) 
for 7%=2.4X10°"cem with Yukawa 
Coulomb energy values in 


Coulomb potential e’/r. 


ence 3). 
He’ nucleus 


potential. 
such extreme cases are summarized in 


Table I, where we see C. E. of He’ is 


Table I. Coulomb energies of He? for D=0. 
One proton is assumed to have charge distri- 
bution (1) or (2). The values of point protons 
are also included for comparison. Observed 
difference of binding energies between H? and 
He? is 0.764 Mev. 


eT 


eee 


beet 
Hard core radius C. Es of He® in’ Mev 
5 Vir) | Val) | e/r 
Expon. pot., '\7,;=2-7 0.761 | 0.802 | 0.986 
Yukawa pot., 7,;=2.4| 0.900 1.000 1.358 
Experimental value 0.764 


ET 


much reduced, especially for the Yukawa 
well assuming ™,=2.4. 
Thus the Coulomb energy of He’, which 
is too large without the hard cores, may 
be brought into agreement with the ex- 
perimental value of the difference between 
the binding energies of H*® and He’ 
without hard cores, if the finite size 
effect of the proton is taken into con- 
sideration. It is desirable to evaluate 
C. E. for two extended protons in the 
near future. 
Since the presence of a hard core 
prevents the approach of two protons 
very near each other, the effect should 
be smaller for DAO. 


The evaluation 


Table II. Coulomb energies of He3 for D=0.2 
10-18em. One proton has charge distribution (2). 
The values for point protons are also included. 


| 


C. E. of He? in Mev 


Hard core radius | 
L=0.2 X10-¥em | 


Valr) | oft 
Expon. pot, r,,=2.7 | 0.717 | 0.896 
Yukawa pot., Tos =2A4 | 0.753 | 0.896 


Experimental value | 0.764 


Table III]. Coulomb energies of He? for 
D=0.6 X107cm 


Hard core radius C. E. of He? in Mev 


D=0.6 X10-8em | 


Vo(r) } e2/r 
Expon. pot., 7,5=2.7 0.631 0.686 
Yukawa pot., 7,,=2.4 0.670 0.736 


Experimental value 0.764 


* D; the hard core radius of the nuclear 
force. 
** 4; the assumed wave function is of the 
form I [exp(—vr’4)—exp(—ur’s)1, rg=r—D, 
4=1,2, 


fOr 745 Tee. (We). 
*** +) .; the singlet effective range. 
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of the Coulomb energy is carried out 
only for V,(7), because of the complexity 
of actual computation for V,(7). Table 
II, III show the results obtained. 
Calculated values are always smaller 
than the experimental value. 

The precise values of the Coulomb 
energy are expected to be several per 
cent smaller than the calculated ones 
in Table I owing to the simplicity of 
our trial function. This seems to indi- 
cate that one extended proton is even 
consistent with the experimental data 
without hard core. The inclusion of 
the tensor potential in the two-body 
force may not change this statement, 
because the tensor force may decrease, 
more or less, the Coulomb energy.” 
However, since it is quite probable that 
there exists a rather strong repulsive 
potential in the two-body nuclear force, 
and also as it is very natural to assume 
the protons to be extended rather than 
point charges, we are inclined to specu- 
late that a slight violation of charge- 
symmetry hypothesis, which guarantees 
the equality of nuclear forces for proton- 
proton and neutron-neutron systems may 
occur. The actual nuclear force is ap- 
parently not charge-independent. The 
same order of magnitude of the viola- 
tion of the charge-symmetry law is 
enough to account for the observed value 
of the difference between the binding 
energies of H® and He’. If it is true, 
the neutron-neutron force is somewhat 
stronger than the proton-proton force. 
This seems to be quite possible, but we 
dare not insist on this possibility only. 
The author wishes to thank Dr. H. 


Miyazawa for discussion. 


1) For example, see R. Hofstadter, F. Bumiller 
and M. R. Yearian, Rev. Mod. Phys. 30 
(1958) 482. 

2) T. Ohmura (formerly Kikuta), M. Morita 
and M. Yamada, Prog. Theore. Phys. 15 
(1956) 222; 17 (1957) 326. 

3) T. Ohmura, Prog. Theore. Phys. 21 (1959), 
34, 


Spin-Orbit Splitting and 


Tensor Force 
Tokuo Terasawa 


The Institute for Solid State Physics, 
University of Tokyo, Tokyo 


May 9, 1959 


We have computed with sufficient 
accuracy the second order effect of the 
tensor force on the spin-orbit splitting 
in the light nuclei through the pertur- 
bation theoretic treatment, using the 
meson-theoretic potential and Serber one. 

It has been found that, at least, a half 
of the experimental value of the P-state 
doublet splitting in He® or N” is ex- 
plained through this calculation. The 
previous, approximate calculations of this 
effect by several authors” have shown 
to lead to the splitting of wrong sign 
or of the too small magnitude, while 
Feingold’s” variational calculation has 
given small splitting of right sign, com- 
pared with the experiment. 

The comparison of this calculation 
with Feingold’s one is discussed in some — 
detail. 

Assuming the harmonic oscillator wave 
function, the second order perturbation 
energy has been calculated with sufficient 
accuracy in the following way. The 
matrix elements for many particles are 


 - F™ 
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reduced to the matrix elements for two 
particles by the usual method, which 
are dealt with through introducing the 
relative and the centre of mass coordi- 
nate system.” Using the orthogonality of 
the transformation coefficients between 
these coordinate systems, the summation 
with respect to many degenerate inter- 
mediate states with the same excitation 
energy can be carried through, resulting 
into the single particle matrix element, 
which becomes a simple function of N 
if the energy of these intermediate states 
is E+2Nhw. E, is the zeroth order 
energy, w the angular frequency of the 
harmonic oscillator, and N a_ positive 
Therefore, the second order 
energy can be easily calculated with 
sufficient accuracy. 


integer. 


Using the mentioned procedure, at 
first, the P-state double splitting of He’ 
is calculated. The second order energies 
of the P3). and Pj). states are expressed 
as the sum of the two kinds of contri- 
butions. The one contribution comes 
from the matrix elements of the two 
particles in the triplet even states, and 
the other, from those in the triplet odd 
states. By the former contribution the 
Pj. state is always more depressed than 
the Pj, state, whereas in the latter 
energies of these two states depend on 


‘the shape of the two-body potential. 


The inverted splitting (Psp<P1,), 
therefore, will be expected since the 
tensor force, stronger in the triplet even 
states than in the triplet odd states, is 
consistent with the experimental data of 
the two-body system. The following 
tensor forces have actually been adopted 


in this calculation. 
Meson potential” : for the triplet odd 


state, 
Ve" Cer) (er210) 
Va 
O («cr <1.0) 
and for the triplet even state, 
[ VE" (xr) (kr—0.7) 
een PEL) Onn. Can) i 
lor GI) VH2(0.7), 7S 9-0 


VE Cer) = (92/42) pC? (44: Fa/3) 
XSio (1-43/er+3/1r) exp (—xr) Jer. 
Serber potential” : 
Vr= Vo: {(1—Ty: T2) /4} Si: 
exp( =a) 
Vi. = —25.8Mev,a-*=2.41 xX 107*cem, 


where V%™ is the one pion exchange 
potential, 7 the isotopic spin operator, 
Si, the tensor force operator, «'=h/pc 
the Compton wave length of the pion, 
and 0.08 is used as the coupling constant 
Ge / AT. 

It would be interesting to examine 
what kind of the intermediate state is 
important in getting the inverted split- 
ting. For He’, the most important states 
are [(1S)3(010) (1P)*(SL)]@S'L) J, 
and [(1.S)(010){(1P)(TSL)nl} (gS'L’)] 
-(4S"L/) J, where (TSL) expresses the 
isotopic spin T, the intrinsic spin 5, and 
the orbital angular momentum L. In 
these intermediate states, one or two 
nucleons in the 1S core jump up into 
the 1P-orbit. Since the most outside 
nucleon already occupies the 1P-orbit the 
jumping nucleons should be correlated 
with the most outside one, so as to 
satisfy the Pauli principle. This corre- 
lation effect plays a decisive role in get- 
ting the inverted splitting. Furthermore, 
this effect is large only in the inter- 
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mediate states of the lower excitation 
energy. In the variational calculation 
by Feingold,” however, the contributions 
from the lower intermediate states have 
been considerably underestimated, which 
fact results into the small splitting. It 
should be also noted that these inter- 
mediate states have not been taken into 
account in the calculations” using the 
Brueckner method. 

The similar situation also holds for 
the P-state doublet splitting of N™. 
The calculated typical values are listed 
in the table, where we have used the 
nuclear radius R= 7,A*?=1.3A""* which 
corresponds to the 1S-orbit® for He’ and 
to the 1P-orbit” for N”, because of the 
importance of the interaction of the nu- 
cleons in these orbits. 


Table The splitting energy (Mev) 


Element He5 | Nb 
Meson I | 4.0 | Bx. 
Meson II 2.2 | 1.9 
Serber | 2.1 6.4 
Experiment®) | 2.5~6.0 | 6.3 


The detailed results will soon be re- 
ported in this journal ‘and also, the 
effects of the tensor force on O” and 
Ca" are investigated in cooperation with 
Dr. A. Arima. 

The author wishes to express his 
thanks to Prof. T. Muto, Prof. H. Horie, 
Drs. A. Arima, M. Kawai, H. Ui and 
R. Tamagaki for their valuable sugges- 
tions and discussions. 
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Note on the Low Energy Electron- 
Hydrogen Scattering 


T. Ohmura* 


Division of Pure Physics, 
National Research Council, 
Ottawa, Canada 


Y. Hara and T. Yamanouchi 


Department of Physics, 
University of Tokyo, Tokyo 


May 13, 1959 


In our previous paper,” the low energy 
electron-hydrogen scattering was discuss- 
ed on the effective range approximation. 
In this note, we shall examine the ques- 
tion of energy range of the incident 
electron to which this method can be 
applied. An error in the normalization 
of the ground state wave function of 
the negative hydrogen ion is also cor- 
rected here. 

The effective range and the scattering 
length for the singlet (symmetric) state 


* On leave of absence from Department of 
Physics, University of Tokyo. 


=... 


Letters to the Editor 153 


are given by the formulae (12) and (15) 


of ref. 1). Namely, the effective range 
is calculated by 
il rete 
0 = —_ — = p 2 
eee ge \, ar, dr; (1) 


where ¢)(r,, r.) is the wave function of 
H~- ion, normalized as 


¥ (r1,r2) >¢,(™)exp(—772) /refor rs 
(2) 


—$,(r2)exp(—77n)/7r for 400 


and ¢,(r)=e-"/\/ a is that of the 
hydrogen atom in the ground state, 77/2 
being the affinity of H~ ion. The phase 
shift 0, for the singlet s wave scattering 
is discussed by the expansion, 


kcot 0,=—7+ (p/2) (+P) 
+O((7 +"), 


and the scattering length a, is related 
to 7 and ¢ through the relation, 


=1/a,=(k cot 0,),-.=—7+p7r7/2. (3) 


Now, in ref. 1) we used the func- 
tion of H~ calculated by Hart and 
Herzberg.” The definition of the 
normalization of these authors is the 
same as that given by the formula (9) 
of Chandrasekhar and Herzberg,” in 
which, however, the factor 2 is un- 
necessary” so that our previous value 
for (1/42) | f?dridr, is to be doubled.” 
With this correction and 7°/2=0.02764 


(y=0.2351) obtained by Hart and 
Herzberg, we find 
| p=2.44~2.60 


and a,=6.04 for p=2.52, if the effective 
range approximation is a good one. To 
investigate the range of energy for which 
this is the case, however, the 3rd term 


00-1102 9 0M SOG Idee 10 ten ao: 


— } 


Fig.l &coté as the function of k. The dotted 
points are the variationally computed values 
adopted by Bransden etal. The solid lines re- 
present the effective range approximation. 


in kcotd must be estimated. This is 
not an easy task. Here, we shall com- 
pare the results obtained by the varia- 
tional method with the prediction by 


the effective range theory. In Fig. 1, 


kcot 0 from the s wave phase shifts. 


adopted by Bransden et al.” are plotted. 
The good agreement would indicate the 
validity of the effective range approxi- 


mation to fairly high energy (k’?<0.75, 


elastic region). 
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Note on the Spin-Orbit Coupling 
and the Tensor Forces 


Ss.) bakagi}* W. Watari** 


and M. Yasuno*** 


*Department of Physics, 
Osaka University, Osaka 


** Research Institute 
- for Atomic Energy, 
Osaka City University, Osaka 


*** Department of Physics, 
. Kyoto University, Kyoto 


June 9, 1959 


The origin of the spin-orbit coupling 
in the nuclear shell model has not been 
clarified unambiguously. Some people 
assert that the spin-orbit coupling in 
nucleon-nucleon interaction is responsible 
for that in a nucleus. Recent investi- 

gation of nuclear forces developed by 
Japanese group” shows, however, that 
the spin-orbit force with a rather long 
range, such as proposed by Gammel and 
: Thaler and Signell and Marshak,” is 
unnecessary for explaining the two 
nucleon data with energies lower than 


about 100 Mev. 


Several authors” attempted to explain 


the spin-orbit coupling in terms of the 
tensor part of nucleon-nucleon interaction 
but they got negative results. Jancovici” 
put the tensor force between two nucleons 
and calculated the spin-orbit coupling of 
a nucleon with nucleiusing the pertur- 
bation theoretical approximation. He 
obtained the favorable result when the 


nucleon, the spin-orbit coupling of which 


with the nucleus being considered, has 
a rather high energy, but when the 
nucleon has a momentum near the Fermi 
momentum k, he has found that the 
sign of spin-orbit coupling is opposite 
to that derived from experiments. 

His calculation corresponds to the 
process in which the target nucleus is 
polarized in the intermediate state by 
the incident nucleon (the so-called “ in- 
duced target polarization’ term). There 
is another process which has important 
contribution to the spin-orbit coupling : 
The incident nucleon can be exchanged 
by a nucleon in the target nucleus which 
is already deformed by the tensor inter- 
action between nucleons in it (the so- 
called “‘ target exchange ” term).” Using 
the same approximation as Jancovici’s 
we can show that this process can be 
written in terms of the potential working 
on the incident nucleon, and this potential 
contains the spin-orbit coupling if we 
take the interaction between 
nucleons. This process can be visualized 
in Fig. 1 by the Bethe-Goldstone dia- 
gram. 


tensor 


The importance of this exchange term 
in the case where the incident nucleon 
has a momentum near k, can be easily 
seen because in this case the overlap of 


the wave function of the incident nucleon 


. = 


> 7 
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induced target polarization target exchange 


Fig. 1  Bethe-Goldstone diagrams for two 


processes. 


with that of the target nucleus becomes 
large. Nagata et al.” analyzed the p- 
@ scattering experiments and showed 
that the splitting of the phase shifts of 
P32 and fp). waves of the proton scattered 
from He’ can be explained by this effect. 
T. Terasawa also estimated the similar 
terms in the energy-level splitting of 
He’ and Ni”.? 

We used the tensor force V;;=3S;;- 
v(riyj) as the interaction between the 
ith and j-th nucleon and calculated the 
term above mentioned in the approxima- 
tion of second order perturbation with 
respect to V. We approximated the 
undeformed nucleus by the Fermi gas 
model. The result obtained is as follows: 
The spin-orbit coupling term coming 
from this process can be written as 


at 2 


a 


ee -8) 
and the main part of a has the form 
aco | (x) [w(x) Pdx 


Here w(x) is the Bessel transform of 
the potential v(r), % being the mo- 
mentum measured in unit of the Fermi 
momentum. The function. @(2) is 
plotted in Fig. 2 in the case where the 
momentum of the incident nucleon is 


k,. The corresponding function used 
by Jancovici? is also plotted for the 
sake of comparison. The numerical 
value of a depends on the shape and 


(See Table. I.) 
But the sign of a is positive due to the 


magnitude of v(r). 


nature of positive definiteness of P(x). 


Tadle I Value of a for typical potentials 


a 


far oey induced 
Potential 8 polari- exp. 
exchange 
zation 
Several tens 
Meson 63 —46 Mev (10-13cm)5 
Gartenhaus 13 7 


eT 
3 e7ur 


Meson: V(r) = vi(1 Et 3 +— )-— 
pr (pr) pr 


(: reciprocal Compton wave length of pion) 
Gartenhaus: V(r) =Vo(yur+1) (e%/ur) 
Vo=13 Mev. 


target exchange 


if N 
Ie 
0.1 PSS 
fh \ 
0 + + 


+ 
} aan 2 3 


nes 
4 x(k,-unit) 


- 
—0.1r 4 on 
x Zz a 
—0,2r \ WG “\ induced target polarizatiom 
\ A 
—0,3r \ 
% iv 
—0.4+ ef 
—0,5- 
—06+ 


Fi7. 2. The function @ (r) for two processes 


This value of a should be added to that 
coming from the induced polarization 
process. As can be seen from the graph 
of @(x), the parts of Bessel transform 
of v(r) which give the contribution to: 
a correspond to the region ra 1/3p. 
As to the induced polarization term, 
negative contributions come from the 
region 71/2, as can be seen * from 
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Fig. 2. If we used our potential literally 
in this case the negative contribution 
to the spin-orbit coupling coming from 
this region would be appreciable. But 
the potentials used in Table I should 
not be extended into such an inner’ re- 
gion. It would be reasonable to cut 
the potential in this region. In mo- 
mentum space this region corresponds 
to k=1.5ky. (We took kp=1.09X 10" 
em). The magnitude of induced 
polarization term derived by Jancovici 
should be reinvestigated in this sense. 
Even in the region 1/#>r>1/2y there 
are some ambiguities concerning the 
shape and magnitude of v(r). But we 
suppose that those in region r>1/p 
would not be essentially altered even 
if we take into account the fact that 
the nucleons are influenced by others 
in the nucleus. Thus we can conclude 
that our process gives the spin-orbit 
coupling in the nucleus which is correct 
in sign and reasonable in order of 
magnitude. 

The detailed account will be published 
The authors would 
like to express their thanks to Dr. R. 
Tamagaki for valuable discussions. 


in near future. 
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Spin-Spin Interaction in 
Superconductors 


Ki-ichi Nakamura 


Research Laboratory, 
Nippon Electric Company, Limited, 


Kawasaki 
April 27, 1959 


Recently, Matthias, Suhl and Corenz- 
wit” have reported that the super- 
conducting transition temperature of 
lanthanum is lowered, when small 
quantities of gadolinum are added, by 
an amount proportional to the concent- 
ration of dissolving gadolinium, and 2.5 
at. % or more of gadolinum in lanthanum 
causes this solid solution to become 
ferromagnetic, whose Curie points are 
an approximately linear function of the 
This ex- 
perimental result can be explained by 
the conduction electron-magnetic ion 
interaction (s—d exchange interaction”) 
and the BCS theory.” 

The Hamiltonian of the system is 
taken as follows, 


concentration of gadolinium. 


H=Heest+H’, (1) 
where 


= I Te ee 
kk on 


I Cin Caen Ch Cag on Cr ues 
+-Cik Geyonies 
(2) 


and Hpcs is the Hamiltonian given in 


, oe 


pe elk te Tis) 
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BCS. S, the spin operator of the 7-th 
magnetic ion; R, its position vector ; 
and J;,, depends solely on |k—k’|. 
With the aid of Tables II and III in 
BCS, the second order perturbed energy 
of the superconducting state can be 
written as 


E,(€o) = Ane tonsoe) (3) 
where 


1 
Aan =— 3} (Temel*(1— 
Z K.K 


et(k-k!)Uin— Rim) 
See RT SEG soon 


Eq. (3) expresses the indirect ion-ion 


cet ee | 
EE’ 


interaction via the conduction electrons, 
which corresponds to the interaction 
investigated by Ruderman and Kittel” 
in the case of nuclear magnetic moments. 
If the magnetic ions are distributed at 
random, we get from Eqs. (3) and (4) 


E,(€9) =S(S+1)N,A//100, (5) 
where 


A=— 


sy Hew (1 


1 —— 
Qi E+E/ 


EE 

(6) 
and N, is the number of atoms in volume 
2; f the atomic per cent of magnetic 
impurities. From Eqs. (5) and (6), 
the energy difference between the super- 
conducting state and the normal state 
can be written as follows, 


W,*=W,+E, (0) — Ez (€). (7) 
To the order of (€)/Hw), we get 


W.* =w»{1- 22 x1. 14 


Ni<Unal>s SEHD) FY, 
Z*E, Boe en 100 
(8) 


where ¢ ), denotes an average value 


over the Fermi surface, N, the number 
of conduction electrons in volume 2, and 
Z* the number of conduction electrons 
per atom. From Eq. (8), we find that 
the effect of ordinary impurity-scattering 
can be neglected as compared with that 
of s—d interaction, because the correc- 
tion of ordinary impurity-scattering to 
the energy difference W, is of the order 
of (€)/Rw)’, as shown in the previous 
paper.” Using Eq. (8) and the em- 
pirical relation that N(0) (AT,.)’ is 
proportional to W,, we get for the change 
of the transition temperature 


BR 14 
16 


Neo < |Jic al? >s, Fd Jes 
ZR, S(S+1) Tage (9) 

From Eq. (9), we find that the change 
AT, is proportional to the concentration 
of impurities f and S(S+1), as suggest- 
ed by Herring.” 
with the experimental fact. 
seen that the change 4T, depends on 
the Curie points of the ferromagnetic 


x 


This result coincides: 
It is easily 


solid solution. By the use of the molecular 
field approximation,” the Curie point 
can be expressed as follows, 


N2J(0)? f 
b= SSL) ee 10 
oie SCT 


Eq. (10) explains the result observed 


by Matthias et al. From Eggs. (9) and 


(10), we get 


‘ 2 
ATo= =x 114 x Heeler gs 
(11) 


Since J;,,4, is nearly equal to J(0), Eq. 
(11) can be rewitten as 


ATc= ae x1.14X6¢. (12) 


OO eae tee & Yor oe 
ge oe ee eee ee eee 
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Eq. (12) corresponds to the experimental 
fact that the change of the transition 
temperature is proportional to the re- 
sidual resistivity in the case of non- 
magnetic impurity.” For the purpose 
“of numerical comparison with the ex- 
perimental result, we apply Eq. (12) 
to the case of lanthanum. From 
Matthias, Suhl and Corenzwit’s experi- 
ment, we can write as follows, 


65=0.5 f. (13) 


Substituting Eq. (13) in Eq. (12), we 
obtain 


AT =2.1 f. (14) 


The numerical factor of f in Eq. (14) 
is about one-half of the experimental 
value. Our calculated value is, therefore, 
in qualitative agreement with the ex- 
perimental result. Matthias et al. sug- 
gest that there seems to be a correlation 
between the Curie points in certain 
alloys and compounds which include 
the rare earth elements and the, super- 
conducting transition temperatures of 
other closely related alloys and com- 
pounds. Moreover, from Eq. (12), it 
is likely that there is a correlation 
between the Curie points and the super- 
conducting transition temperatures even 


in the same alloy. Furthermore, they 
suggest that an exchange over conduc- 
tion electrons leading to ferromagnetism 
is easily brought in an element which 
by itself is a superconductor. It is very 
interestieg to investigate the solidity of 
their suggestion in the light of the BCS 
theory. The details of this work will 
be published in the near future. 

The author would like to express his 
sincere gratitude to Professor H. Ichi- 
mura for his helpful discussions. Also 
he is particularly grateful to Dr. Y. Ishi- 
kawa, chief of the fundamental research 
section, for his kind encouragement. 
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Errata 


o-z Interaction and Proton Hyperfine Interaction 


Shigeyuki Aono 


Prog. Theor. Phys. 21 (1959), 779 
After the equation (42) on page 786 the following should be inserted. 


Summing up about J and considering the property of the delta function, the cross term, e. g. 


between 6(r,y) and 1/rz,P-, can be dropped, and we obtain 
by =1/(4EavSz){(O|(1/rey) PepO (ry) Syz(1— Pyy) |Od 
+(O| (LU/rey) Pryd (ru) Suz —Pyy)|Or}. (43) 


er = 


ie | 
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Multipole Model of Elementary Particles. I 


Pion-Baryon Interactions 
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A simple model is presented for a unified understanding of elementary particles phe- 
nomena. In the case of the pion-baroyon system the strong interaction is interpreted as 
the monopole interaction and the weak interaction as the dipole interaction between pions 
and structured baryons of order 10-2%%m. The nature of the weak interaction is discussed 
on the basis of the multipole model. 


§ 1 Introduction 


In the recent progress in elementary particle theory, concerning the funda- 
mental problems such as those of the divergences of field theory or the curious 
behaviours of the weak interactions and so on, the several speculations have been 
presented by many authors in order to get into the detailed knowledge of the 
micro world. Among others, the following seem to us rather promising in the 
future analysis of the problems. They are: 
1) For the removal of the divergence difficulties in field theory the introduction 
of the fundamental length which in the end concerns the size of the elementary 
particle is of essential importance”. 

2) The coupling length appearing in the second kind interactions might be just 
the length expected in the above thought. In fact, however, instead of such 
presumption the singularity of the second kind interactions makes impossible even 
the renormalization procedure”. Probably, the length in the second kind interactions 
might indicate some limit beyond which the present field theory should be modified 
appreciably”. 

3) The well-known second kind interaction is only that of ? decay, but all the 
weak interaction may be of the second kind. If really so, the coupling constants 
ean be related with the small length of order of 10°" ~105"%cem”. 

4) As anexample of the remarkable change of the current laws in the very small 


region, the so-called weak interactions may become compatible with or stronger 
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than what is called the strong interactions”. 

These speculations have been given case by case without any unified point of 
view. However, if each description reproduces a partial aspect of the reality the © 
common picture behind each special view-point will be an essential key to the 
future unified theory. As an attempt towards such unification, a simple model of 
the particles is given in the present note where the strong interactions are inter- 
preted as monopole interactions and the weak interactions as multipole interactions 
between small extended particles. Then, the above speculations will be understood 
in a more or less concrete and unified pieture of the particles. With help of such 
model one may imagine a possible violation of parity conservation in the weak 
interaction. The latter problem will be discussed together with the problem of 
universal Fermi coupling in the next paper. 

What is presented here is one of the simplest models, .a narrow and _ specific 
representation of the reality ; this model should not be taken too literally. In order 
to arrive at a unified description of the world the general character of the internal 
space of the particles must be analysed in detail. This will be one of the main 
tasks of our forthcoming work. 


§2 Pion-baryon interactions 


In the research of the time-space structure of elementary particles the most 
important will be the dimension of length probably coupled intimately to the size 
of particles. For simplicity and reality of the problem the discussion will be 
confined first to the pion-baryon interactions, because the structure of baryons is 
now of real character as it appeared in the electron-nucleon or pion-nucleon scat- 
tering.* In addition, both the! weak ‘and strong interactions appear in the pion- 
baryon system. 

For the strong interactions we suppose the global symmetry® so far as it 


goes.** For the moment then, the strong interactions are described by the 
Lagrangean 


= Lnrong (2) =f >) BY (a). fn (@) gue) (1) 


where! 


* Can the nucleon radius of order 10~!4em appearing in e-N scattering be explained by field 
theory essentially on the basis of the point model? Or, does the change of natural laws, as 
suggested by Heisenberg, take place in such a region? Our previous analysis could not derive a 
definite answer. However, according to the preliminary result, the so-called acausality, if existed, 
might appear in the region of order smaller than 10-%cm.5) 

** We have not any intention to stick to the global symmetry, but only for the simplicity 
of argument such forms are used hereafter. 

+ To explain experimental results the assignement of n and k may be changed. However, 
such modifications are of no importance in our present discussion, because our main concerns are 


in a unified understanding of the various phenomena by the extended particle model but not yet 
their detailed description. 
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For the weak interactions the non conservation of parity have been confirmed 


experimentally in the 4A and + decay processes.” Umezawa showed” then that in 
the decay interactions if the parity conserving part is of equal amount to that of 


— 
| ze 


BM =( 


~~ 


non conserving part (one to one rule) the Py interactions are preferred to the Ps 
interactions in order to explain the experimental asymmetry parameter. So we 
suppose the following Lagrangean for the weak interactions :* 

— Leas (2) =i OB" (2) (1470) 76 eB"* (a) 2) (3) 


aL, 
GAO om fi SH=e=1) 


Therefore, combining the above weak and strong Lagrangeans we obtain the | 
following general Lagrangean, 


— L(x) =if B™ (x) 7s 7.B™ (x) ba(2) 


+if 1 B™ (x) (1 L107 p7oB (a) Oe) (4) 


Ly, 
fa(On cm. An ch) 


One may call it a semi-phenomenological and semi-speculative Lagrangean of the 
pion-baryon interactions. In fact, apart from the details the general character of 
the pion-baryon interactions is well reproduced in this form. Our present task is 
to search the particle picture or particle structure behind the above speculative but 


also phenomenological representation. 


§ 3. Multipole model of pion-baryon system 


As baryon number is well conserved in the interactions the baryon will be a 


real substance. Naively speaking, such substance may have some time-space 


structure as do the atoms or molecules. Indeed, the second kind interaction in 


the derivative form implies an extended source picture in the space.” If the pion 


source density at y of baryon (the center of mass at x) is written as (.(x, y—) 


=0,(2x, 2), the pion-baryon interactions become : 


* Such straight extension of the global symmetry to the weak interactions is not so reason- 
able because the direct process 2” —n+7™ is not contained. See also the footnote** and ayer 
above. The present description of the charge space may be extensively modified in the forthcoming 


papers. 
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L(x) ={pa(a, se) boy) dy=| (2, z) b(xt2)dz (5) 


Fig. 1 The pion source density at y of a baryon whose 
center of mass is at 2% p¢(%v)=o(2, 2-2) =px (rz) 


where ¢, is the pion field. It is supposed hereafter that the density p,(x, z) is 
non locally spread in the space of order / (Fig. 1). Inside the region smaller 
than / nothing is known, hence baryon should be represented by the nonlocal 
field : 

Pala, =H (z, z) te (Z, z) (6) 
Analogously to the relativistic two-body problems,” the internal state of baryon 
will be assigned by the four numbers (7, &, 7; m) as U™*(z). If the global 
symmetry holds, j=4 and m=e= +4. 

f(x, 2) =>} U*(z) B™ (2) 

p(t, z) =>) BY" (2)OUP x) 
As / is very small the pion field 6(2+2) is expanded in the multipole form : 
dé d(x) 
dx 


Ly 


(7) 


O.(r+z) =$,(x) +2, (8) 


Then, supposing that the intennal structure has not any preferred direction the 
Lagrangean is reduced to the following form: 
— L(x) =if [(n'k'|Alnk) B™™ (2) 7.B™ (zz) 
+ ('k!| BlnkyB"™ (2) ts B™ (2) be (x) 
+ afl Cn’ k'|C!| nk) B™" (x) car," (a) 


au (n'k!|C\nky B™™ (x) irre B™(z)] Hele) He Ties (9) 
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because the integrals of the internal functions |UUdz or {UzUdz can be expanded 
in j-algebra with respect to spin suffix: 


[Om (2) UM (x) de 8 yiyn dn! RAI”) + Cs) pron 


dv 


Bi fin 
(10) 
1 


=| OR (2) x U ie (z) dz = (Ty) prpn WRC! |") + Feu) prone’ RNC |n!'R”), 


Now, regarding the diverse internal states charcterized by 1 and & as different 
baryons, B”*(x) fields above can be interpreted as the baryon fields just given in 
(1). Then, the conservation of parity in the strong interactions is guaranteed if 
(n'k'| A|nk)=0. Non conservation of parity in the weak interactions is descri- 
bed by the relation (7'k'\C’\nk)=@0,n1,0;,4 together with the requirement 
(n'R'\C\nk) = 80 nn+10xn. In other words, the selection rules or conservation laws 
in the baryon interactions are interpreted in our model as those in the transitions 
between the internal baryon states. 


(n'k'| A\|nk) = (1/4) (os (2) U2" (2) dz=0 < 
(Conservation of parity in the strong interactions) 

(nl | Binky= (1/4) 0%" (2) G2) U3 (2) d2= Om Dre (11) 
(Conservation of strangeness in the strong interactions) 


n'R'\C'\nky = (1/161) \U™™ (z) (7-2) poU 3° (2) dz=a0y nar Orar.* 
Pp 


J 


(Non conservation of parity and strangeness in the weak interactions) 


| 
(nl Clnk) = (2/160) (2 (2) (rar-2) po (2) =P 8 amas Ora 


a0, PX. 
Such selection rules reduce the Lagrangean to the simple form as expected : 


Sli) 17 Bap (2) ats Be) te) 
+f 1 B(x) 7a(a+ Bis) iy B™ (2) Fo (12) 


This is just the Lagrangean (4) proposed in Section 2. That is, if the 
transition components of baryons obey the selection rules (11), without any detail 
of the internal mechanics our extended interaction (5) transforms to the semi- 


* See the footnote’ in the next page. 
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phenomenological form (4) which well reproduces the experimental fact. Therefore, 
corresponding to the length / appearing in the second kind interaction (4), the 
spread of the pion source (x, z) in our model is of order of i~10-"cm. _ In the 
inner region of 7~10~-"cm the unknown mechanics may be predominant as expected 


by Heisenberg. 


In the above argument the pion structure is not considered because of lack 
—20 


of its evidence. However, if the pion had a structure of order of 10-%cm our 
treatment should be so to say ‘classical’. That is, the above picture would 
correspond to ‘ Correspondentzmissige Strahlungstheorie’. In such terminology the 


relations (11) may be called ‘Baryon’s transition components’. There, the unknown 
mechanics is represented in terms of the transition components of the internal 


structure. 
§ 4. Discussion of the various speculations 


Basing on the above simple multipole model, the meaning or relations of the 
various speculations mentioned in Section 1 are discussed. 


1) Weak interactions 


As was discussed in the previous sections the second kind interactions are 
represented in our model by the dipole interactions between the pion and the 
structured baryons. The length 7 appearing in the second kind coupling is then 
interpreted as a dipole arm ‘in the dipole moment of baryon. Consequently, the 
reason why the interactions should be weak is answered in our terminology by 
the smallness of the particle size 7~10~*cm. 

The semi-empircal results of Umezawa that all the weak interactions are of 
the second kind can be interpreted as the dipole interactions due to the extended 
~cm.* The monopole interactions between 
pions and baryons are no other than the strong interactions independent of the 


structure of baryons of order of 10 


baryon structure.*? 


fy Here a@ becomes scalar, 8 pseudoscalar. In our picture the coupling constant should be 
derived, by nature, from the internal laws in the unknown region, and it will not be unaccountable 
to have a pseudoscalar coupling constant. In fact, the same situation appears in the magnetism 
where the strength of the magnetic pole m defined by mH=F (H: magnetic field, F: force) is 
pseudoscalar. Further, in the derivation of this Lagrangean through the relations (10) the ap- 
pearance of the axial vector C’y,+Cys7, from the average of the polar vector | Tz,Ude is well 
expected in favour of the non conservation of parity. Because the same is true in the case of 
optical activity where the electric field HE induces the response pi=C;j;E; in an asymmetric molecule 
of Cij~Cj. (See M. Born: Optik pp. 403, 413) There, in the average of the polar vector 
bpip=t(Cij+Cj;) Ej; +(d XE) the axial vector appears which gives rise to the so-called optical 
activity. (d is a vector depending on (C;;—C,;)). This problem of parity will be discussed in 
the next paper. 

* If there exists a short range interaction B(x) B(x) 4(x—2’)L(2’)L(z’) between baryon B 
and lepton L just corresponding to the shift from the Coulomb force in e-N scattering, the 
universal Fermi V-A interaction may be derived as a Van der Waals effect for the core inter- 
action. This problem is discussed in the next paper. 
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2) Blokhintsev-Umezawa effect 
The ‘classical’ pion field at 2 by a baryon whose center of mass at 2’ is: 


(See Fig. 2) 


Oe) a [ 4(x2—2!—2)p,(2'z) dz 


uv 


=4(x—2')(p,(2'z)dz 


ov 


PERS: L—x'|>1 
4 a (a= 2’) Ly Pal x'z)dz+-- Gg) 
dx, v 
=4(a—2')ifB™(2x')t07s B™(2') 
dA(x—2!) 1 Fey 
4 SEE Dip 1B (a!) (a+ Bas) 2B (a!) (14) 


l 

| 
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Fig. 2 The classical pionfield at x produced by a baryon 


whose center of mass is at 2. ¢¢(2) =4n(4—2X’—2) 04 (2/z) dz 
=A, (2—2’) pg (2/z)dz+d4,(x—2’)/dx,:\ 2y0a(2/z)dz+-- 


Evidently such multipole expansion is allowed only for |a—.2'| >J, and if |a—a2!|acl 
all multipoles contributes equally. In other words, the distinction between the 
‘strong’ and ‘weak’ interactions will be possible only for |2—.' | >Z~10-%cm, 
and for |z—.’|</ the ‘weak’ interactions become so effective as ‘strong’ inter; 
actions losing the meaning of distinction between the two interactions. This is an 
interpretation by our model of Blokhintsev-Umezawa’s proposition. 


3) Divergences of the second kind interactions 

As seen above, if the second kind interactions are really multipole interactions 
between pions and structured baryons the phenomenological interaction (4) is nothing 
but an approximation of the second order in the multipole expansion. Even if 


such approximation were a good one for |x—2’ |>J/, a straight extrapolation to 
|2—2’'|~0 should give rise to a strong singularity which makes its renormalization 


impossible.. By origin, the length dimension in the second kind interaction was 
introduced to give a finite size to particles in hope of eliminating the divergences. 
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On the contrary, the renormalization was proved to be impossible due to the strong 
singularity caused by the length dimension. In our language, the unreasonable 
approximation of multipole expansion answers for the unrenormalizable divergences. 


4) Change of laws in the small region 


Speaking analogously to the electrostatics, the ‘inner part of particles’ |z—2’| <7 
should be expanded in inverse powers of z instead of powers of z. Then, in the 
inner region the integrals of type |UU/z dz would give rise to new selection 
rules which might be completely different from familiar ones. Such inner transitions 
would not give any longer the strangeness rules well-known for the ‘outer’ 
interactions of baryons. That is, in the inner part of baryons all transitions 
equally contribute to the pion field, and the so-called ‘“‘ change of current laws ” 
may take place where even the meaning of strangeness is lost. 

Such situation intimately concerns the divergence problems. For example, the 
second order selfenergy of baryon due to the pion field can be written in the 
form: (See Fig. 3) 


Bkn 
Fig. 3. The second order self energy of a baryon due to pion field. 


Es —|dxdx'U (2, =) (15) 


where U could be written explicitly. This is the selfenergy of baryon taking 
into account up to the weak interactions. However, our multipole expansion loses 
its meaning in the inner region |2—2z’|</. Therefore, E,.,, might have been of 
the form: ; 
Kseig= —\dz dx’ U(x, x!) + [dz Be Vie Nearer.) 
jr—al|>2 Je—al|>7Z 
(16) 

In the second part V, all baryon fields contributing equally, the selfenergy of a 
nucleon only due to the pion-nucleon system will be meaningless. By nature, we 
should calculate the inner part |x—.2’|<J leaving nonlocal field as it is. Accord- 
ingly, the calculations by the phenomenological interaction (4) corresponds to an 
extrapolation of the first term U up to the region |x—.x’|</ beyond its applying 
limit, thus resulting a violation of the condition for the primitive divergence. In 
this sense Heisenberg’s opinion is very acceptable that even for the point model the 


ee ee 
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momentum integral should be cut off at a certain value. 


5. Concluding remarks 


Taking account of small size of elementary particles we have presented a simple 
model (multipole model) for the pion-baryon interactions with an intention of 
understanding the various phenomena in a more or less unified way. Of course, 
we have not any pretension for the generality or approbation of the interpretation 
of the weak interactions by such simple model. However, one may naively 
recognize that there should be some common picture behind the diverse current 
speculations about the nature of the weak interactions. Our main purpose in the 
present note was to obtain a simple model in the research of the unified picture. 
In the next paper the non conservation of parity and the universal Fermi interac- 
tions will be discussed on the basis of the multipole model. 
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The problems of the non conservation of parity and the universal Fermi interaction 
are discussed on the basis of the multipole model. The non conservation of parity comes 
from the asymmetric structure in the small region of order 10-%%em. The coupling length 
7~10-1%cem in the B-decay is derived from the interaction of the zitterbewegung baryons and 
extended leptons of order 10-2%m. Its coupling becomes, however, of axial vector type 
instead of vector-axial vector type. 


$1. Introduction 


In the preceding paper,” concerning the pion-baryon system, the multipole 
model was proposed regarding the weak interactions as the second kind interactions. 
Moreover, not only the above phenomena but also the following two important 
evidences may support the physical background of the model. That is: 

1) In the weak interactions parity is not conserved. 
2) The universal Fermi interactions seem to be of V-A type, and the coupling 
constant of $-decay is characterized by 7~10-"cm. 

The interpretation of these two facts will be discussed in the present note. 
The non conservation of parity is considered as an effect of the asymmetric 
structure of particles just analogously to the optical activity of asymmetric molecules. 
The coupling length /~10~"cm of f§-decay is derived from the interaction between 
the extended lepton and zitterbewegung baryon. The coupling type becomes, 
however, of axial vector instead of vector-axial vector. 


§ 2. Optical activity 


Non conservation of parity may be understood by an analogous consideration 
in the classical optics where the rotation of the polarized plane occurs in the 


~~ 
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optically active medium such as crystals or grape sugar. With this intention in 


- mind the mechanism of the optical activity will be briefly reviewed. 


As is well known, the rotation of polarization plane results from the difference 
of the phase velocity of light depending on the reflective index, suceptibility, dipole 
moment, and so on, of the optically active medium. Such optical activity directly 
concerns the symmetrical character of molecules or crystal lattices because the 
induced dipole moment of molecules or crystal lattices essentially depends on the 


polarization of light, and it is this dipole moment which determines the phase of » 


the scattered waves. However, in the optical activity the two different effects of 
asymmetric structure appear. That is, in the case of hexaprism crystals the 
asymmetry of crystal lattice causes the rotation of light plane. On the other hand, 
in the case of grape sugar or lactic acid the parity asymmetry of the molecular 
structure is just the source of their optical activity. Our main purpose is, analo- 
gously to the classical optics, to relate the non R 

conservation of parity in the weak interaction 
with the asymmetrical density distribution in 
the very small region of order 10-%cm. 
Therefore, a matter of concern is the optical 
activity of molecules but not of crystals. 

The optical activity in the organic com- 
pound appears when its molecular structure is 
different from its mirror image. For example, 
the carbon compound composed of different 
radicals or atoms is not isomorphic with its 
mirror image. (See Fig. 1). The rotating direc- 


: ; : Fig. 1 Optically active carbon 
tion of the polarized light in the molecule is éoeapoand, 


reverse to that of its mirror molecule. That is, Lactic acid (R,=H, R,=OH, 


R,= CH, R,=COOH) 


i ecule is laevo rotatory its mirror 
Te meeca _ Amil alchool (R,=H, R,=CHs, 


molecule is dextro rotatory. It must be noted R,=CH,OH, R,=C,H,) 
there that the distribution of electric charge lac these) compounds’ theme 
which determines the optical activity is not isomers, laevo and dextro rotatory, 


invariant with respect to the mirror image. are well known. 


Then, how does the electric cloud behave when it enters the incident plane wave ? 
If the wave length / is sufficiently longer than the molecular length, the most 


important response will be the oscillation of the total cloud charge e=je(z)dz 


regarded as concentraed at the center of mass. ((z): charge density at z). In 
this case, even if the cloud density is not symmetric with respect to the reflection, 
the asymmetric effect does not appear at all. Next, in the second order contribution 
the dipole moment p=} p(z)zdz plays a role which depends on the electric 
distribution of cloud. The effect of the asymmetric character of cloud thus comes 
into play most markedly in the rotation of molecule forced by the circularly 
polarized light. The induced rotation of the dipole moment p of molecule emits 


LW, 
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the secondary circular waves which determine the phase velocity of light in the 
solution. Therefore, the difference of the dipole moment due to the asymmetric 


charge distribution of molecule is the very cause of the optical activity. 


With regard to the optical activity the following point should be remarked. 
Even if there exists a right-left asymmetry in the charge distribution its effect 
does not appear in the lowest order process but appears by retardation in the 
multipole processes. The reason why we have taken the multipole model lies in 
such physical insight. Namely, even if the elementary particle has its structure in 
the small region of order /~10~"%cm violating the symmetry with respect to the 
reflection, its effect does not enter into the monopole interaction (strong interaction) 
but come to pass only in the multipole interaction (weak interaction). 


§ 3. Parity non conservation 


Then, how are the two facts, the non conservation of parity and the asym- 
metric structure of the particles, related to each other? In the preceding paper, 
the following transition components were required in order to obtain the pion- 


_baryon interactions, both strong and weak, which reproduce the experimental 


results : 
A U,(z)U,(2)d'z=0, (1) 
(conservation of parity in strong interactions) 
al pe 
B= \O,) Gs) poo (2) de 30, (2) 
Cl= =) U(z) (72) peU, (2) d'2& | (3) 


(non conservation of parity in weak interactions) 


=e) U,,(2) Gai *2) poo (2) d'z 50. (4) 


In order to see the meaning of these rules we shall separate the density matrices 
D=U7,U in the internal space into two parts, symmetric and asymmetric : 


Dio (2, 20) =U,* (2,20) Us (, 20), : 
U* (x, 20) =U (2,20) 7s - (5) 
Dyo(2, %) = Doo (%, 20) + Dio (%, 20); 
Dio (%, 20) =$[U,* (%, 20) Uo (a, 20) + (U*(—s, 2074) re (—2, 20))o], 
DM, 20) =43[U™ (%, 2) Ua (2, 20) — (U*(—2, 20) 74) (74 (= &, 20) Jo]. (6) 


Then, the transition componts of baryons are written as 


"| - 
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A= 7 Sp \rsD"(@, 2) d'z=0, qv) 

Be = Sp |\DG eA ee. (2!) 
al iad 

Gees ree a 2 45 X i} 
a p \ (ra ) D(z, 2) d'z0, (3’) 
1 vf 

(CSS r-x) D’ 2) a'zX<0. y 
"a p \G 2) D'(s, 2) d'z (4’) 


If the internal structure is right-left symmetric, i. e. the internal function is 
invariant with respect to the space reflection, 


U (2, 20) = (i714) U(—2, 20), 
U* (2, %) =U*(—s, 2) (irs), (7) 
the asymmetric part of density D%(z, z)) becomes identically zero. 
ae (2, 2) = Dy. (4, 20), 
Di, (% %) =0. (8) 
Therefore, as is seen in (3’), the parity non conservation does not appear as long 
as D*(z, z)=0. That is, if the internal structure is symmetric with respect to 


the space reflection the non conservation of parity does not appear in the multipole 
interactions. This is the same situation as in the optical activity of the molecules. 


In order to have the non conservation of parity in the weak interactions the baryons . 


must be optically active in the small region /~10~”%cm. 


On the other hand, the condition of parity conservation in strong interactions — 


in the case of asymmetric structure U%(z, 2) 0 is given by 


De 7 Sp |B, 2ydtex0. (1’) 


This is a weaker condition than condition (1). It is evident that even with this 
condition the moment of the asymmetric density is in general not zero, 1. e., 
CT 0. 

(1’) is the condition of suppressing the appearance of the asymmetric effect 
in the total electric charge. In the case of the optical activity of molecules the 
corresponding condition is derived from the physical situation that the forced 
displacement of molecules by the external force should be conservative.” In the 


same way, the condition (1’) might be derived from the mechanical laws in the. 


internal region. Unfortunately, however, we know nothing about details of the 
internal structure, so we regard condition (1’) as a postulate for the moment. 
Summarizing the above consideration one may Say as follows. In the model 
where the weak interactions are regarded as the multipole interactions of structured 
particles of order of 10~%cm the density matrix of structure is in general not 
symmetric with respect to the space reflection violating the conservation of parity 
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in the interactions. However, if condition (1’) is satisfied the parity is well 
conserved in strong interactions as expected. The so-called one to one rule in the 
weak interaction may be expressed that the moments of the symmetric and antisym- 
metric parts of the internal density matrices are equal in the absolute value. 


Sp | (7-2) D*(z)d’z= +Sp \@) (7-2) D*(z) d'z.. (9) 


§ 4. Baryon-lepton interactions 


In the baryon-lepton interactions the most characteristic feature will be: 

1) The universal Fermi interactions are of V-A type the coupling of which has 
the dimension of square of length (#=c=1) and the Z value in the /-decay is 
approxinately 107"cm. 

2) The main selection rules in the reactions are derived from the conservation of 
lepton number and of neutrino charge. But the fact that the lepton pairs (e, e*), 
(4,-*) do not appear in weak interactions might demand another selection rule 
for leptons such as the strangeness for baryons. 

From our standpoint of the multipole model the leptons will have a structure 
as do the baryons in the small region /~10~%cm, and the universal Fermi inter- 
actions may be interpreted as a van der Waals force between such non local particles. 
For example, if a field 4 acts between the baryon and lepton of sizes /, and 1, 
respectively, following the same procedure as in the preceding paper, the baryon- 
lepton Fermi interaction is obtained in the form: 


Vad fs filslz{ IB (27,1) BB) Sar. Le} 
(10) 


where the approximation 


y 20 kk . 1| XY Y 
0,0,4,(x—2') = te ¥’’ _ exp(ik(x— x’) ) w —10,,0 (a— 2! 11 
sPrdy(ae— 2!) =| exp ikaw 2) 13,,0(2—2") (1) 


is used. The suffix m in L is the quan- 


tum number for lepton corresponding to 


the strangeness for baryon. mm, is the 
particle mass of the b-field, 4,(2—2’) its 


| 
or oe 
propagator. (See Fig. 2)* Kl» > iinet 


; } : Lepton 
At first sight it seems that such in- Baryon ‘ 
teraction should really be responsable for Fig. 2 The Ob-field acting between the 
the Fermi interaction, because the inter- baryon and lepton of sizes Zz and lz 


action is of the second kind characterized Reo ec biel: 


* In the monopole interaction between the two extended particles 
We, Ge) =4,(2—2’) \ ona, z)dz\ or(a, 2’) dz’ 


the force which gives rise to the shift from the Coulomb scattering in e-N scattering is contained. 
Then, its force range must be smaller than 10-4cm, that is #/myc<10-M4em. 
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by the square of length /,/, confirming its weakness of coupling due to the small- 
ness of particle sizes J, and /,, the parity ‘is not conserved, an explanation of 
lepton pairs may be possible, and so on. However, the situation is not so simple 
as first expected. According to Umezawa et al.,” the ‘coupling length’ estimated 
on the hypothesis that all weak interaction is of the second kind is summarized 
as follows: 


A>p+n 1=3.6X10-“em 

SV at +H i=4:9 X10 em 

E- 3 Ata- 1=7.0X10-"em 

Koyp+y [=5.0X10-7em (2) 
K->r4+2 138.0 X10="em 

T>pty 1=3.5'<10="era, 


showing nearly the same order for all interactions. On the other hand, in the 
case of f-interaction the estimated coupling length is much larger than the above 
cases : 


n>pte + V/ (bel) =6.7 X10-" cm. (13) 


If the radius of baryon is of order of 10~-%cm, the #-decay would indicate the 
lepton radius 7,~107-“em. As the classical electron radius e’/mc* is of order of 
10-“cem, a possibility of such 7; cannot be excluded. But if /, were really of 
10-“em, its effect should have appeared already in the strong or electromagnetic 
interactions. 

In the preceding paper we have supposed that the dipole interaction changes 
the strangeness by one unit. Then in the above dipole-dipole interaction the 
change of strangeness, if defined, would be expected. However, in the §-decay 
n—>p+te+» the strangeness of baryon is not changed. If the f-interaction is 
considered through the medium of the b-field the vertex part of baryon must con- 
serve the strangeness, that is, the baryon vertex is the monopole interaction. 
Probably such difference causes the large value of the coupling length in the /- 
decay. It will be discussed in the next section. 


§ 5. Beta-decay interaction 


When the interaction between the extended particles as in Fig. 2 is described 
by the Lagrangean 


—L=|dedx'dedz! fy 2) Az 2!) 97 (2, 2); | (14) 


if the b-field range f/m c is larger than J, we can take the multipole expansion : 


-L=|dedex'V(«, cae (15) 
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Vey = \eadzp asl d pea (I) 
+ [erode | pud2/Bydh (2-2) (11) 
—lpsdz|ey Pe gece tes (IID) ed 


+4) Se uw) (zy 2! ) Pxerdzdz’ Oy Od o(x—2’). (IV) 


(1) is a monopole interaction corresponding to the strong interaction such as e-N 
scattering mentioned above. (IV) is the dipole interaction which may be called the 
Van der Waals interaction. In this interaction the process of strangeness change 
such as A>p+e+y» is contained but not -interaction such as n>p+e+y. The 
decay life of A-+p+e+y is very much longer than that of the main decay 
A—+p+z-, and the processes described by (IV) will not be so important. 

(II) and (III) are the monopole-dipole interactions, and the above /-decay is 
contained in the process (III) without changing the strangeness of baryon. 
However, its interaction form, 


Vin(2, 2) =fefrlai > oe) 7sB™ (x) } 
X (SIL (2) U7) b(2) 10,4, (221), (17) 


is, as it is, not of Fermi type. Though we know nothing about the field equation 
of baryons, if the internal structure is neglected the Dirac equation would be the 
first approximation. Then, the b-field source B(x)7;B(x) by baryon is expected 
to be non-locally spread in the low energy processes owing to the zitterbewegung 
of baryon. If so, the monopole-dipole interaction will effectively be an interaction 
between the spread of Zitierbewegung of baryon and the structured lepton. This 
situation is easily seen in the equivalence theorem : 


B(x) 7sB(2) 4, (x) ~ 


—— 
M B(x) ns (2) 0,4,(2) ee (18) 


a 


Accordingly, the interaction is reduced to the desired form : 


Vir= Se Sr ae Eee) mes } 
x ee (290 nA 75) L™ BY} 9,94, 2-29, (19) 


‘ 1 be? Re 
~Lun=——fa fis ae jas B(x) 7s1.B(x) }{ >I L(x)7,01—75) L(x’)}. (20) 

B 
_ Though the interaction becomes, as is seen, of axial vector type instead of vector- 


axial vector type, the coupling has the dimension of square length and the order 
of coupling length is 


ia | 
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V Ge/M 5)-~ 7 (10-* K 10-“) cem=107"%em . (21) 


just as expected. 


§ 6. Discussions 


Concerning the non conservation of parity in the weak interaction some diverse 
models have been proposed. One ascribes it to the nature of neutrino, the other 
regards it as a local character of the whole universe, and so on. However, it 
seems rather difficult to imagine that the complicated characters are given on a 
geometrical point or that the curious behaviours come from the nature of empty 
space. On the contrary, for a unified understanding of the various phenomena 
more concrete and acceptable may be that the elementary particles have some 
small structure whose asymmetry causes the violation of parity in the weak inter- 
action. In nature we see the right- or left-handed spiral shells, tendrils of the 
climbing plants and the like. In the organic compounds there exist the laevo or 
dextro rotaing isomers. The asymmeric structure of the elementary particles in 
the micro world may not be so strange. : 

For the Fermi interaction the situation is not so simple. The coupling length 
in the f-decay of order of 10-"cem is derived from the interaction between the 
zitterbewegung baryon and the structured lepton. But the coupling type becomes 
of axial vector instead of vector-axial vector presumed in the experiments. In 
addition, in the monopole-dipole interaction the process A->n-+e*+e™ appears. Such 
inconveniences prove that the rough representation of the internal structure by the 
multipole model cannot reproduce the details of the selection rules in the elementary 
interactions. Our main purpose was, however, first to obtain a unified picture of the 
various phenomena not analysed hitherto, and for what has been well analysed as 
the selection rules, only the qualitative description is given for the moment. In 
any way, it must be remarked that regarding the /-interaction as the interaction 
between the baryon fluctuation and extended lepton an understanding of its coupling 
would be given in terms of the concrete particle picture. 


§ 7. Concluding remarks 


Up to now, the strange particle phenomena have been represented case by 
case in its own representing frames. But if each description should be united, in 
the end, the first step towards such direction would be to find the common repre- 
senting space for the current laws in operation. As an example of such trials we 
have examined whether the internal space of elementary particles should be the 
representing space for the curious behaviour of weak interactions. In spite of our 


rough discussion the internal space of the elementary particles seems to represent 


the several diverse laws in a unified manner. 
The next task is to translate the laws in the charge space into our internal 
space. A possible elimination of the divergences in our space must be examined 
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also. For these purposes, apart from the simple model, such as the multipole 
model, the general character of the internal structure for the representing space of 
the physical laws must be discussed in detail. A general theory will be given in 


the next paper. 
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An effective two-body interaction is uniquely determined, on the condition that the 
interaction causes a nucleus to deform. This interaction consists of two terms. One is 
Elliott’s Q-O interaction and the other a restoring term. It is shown that the. interaction 
causes nuclear rotational levels and the moment of inertia is about Jrig/3 in the case of 
typical nuclear defomation. Our formalism is the dynamical Hartree method and all results 
are derived in two-dimensional space. 


§ 1. Introduction 


The main program in nuclear theory is to derive the properties of the nucleus 
from the properties of the nuclear force. The first step in this program had been 
made by Brueckner,” Eden” and Bethe”. Their results indicate that the nucleus 
may be approximately described in terms of independently moving particles, in spite 
of the strong correlations between the constituent particles. We suppose that many 
features of the nucleus should be understood in the light of the above picture. 

One of the striking features in low energy nuclear phenomena is the appearance 
of collective motions. Such nuclear collective motions should be understood on the 
basis of the independent particle picture, adding another correlations which are lacking 
in the independent particle picture. 

As to the above correlations to be added, however, we know little at present, 
an example of which being the residual interaction appearing in Brueckner’s theory. 
But it will be difficult to show that this residual interaction is the origin of nuclear 
collective motions. 

On the other hand, more phenomenological treatments have been proposed by 
many authors, one of which is Inglis’ cranking model”. In his model, an external 
force cranks the nuclear body and this cranking causes nuclear collective motion. 
Thus it might be said that his external force would play a part of nuclear cor- 


relation”. Therefore if we can replace an external force in the cranking 


model by an inner effective two-body potential, this modified model will be the next. 


step in the main program. 
Now the principal purpose of our paper is to test how far “the independent 


particles plus the effective two-body potential model” may account for the nuclear 
deformation and the rotational motion consistently, and to seek for the character of 
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this effective two-body potential required. 
In our model, the collective motion and the effective two-body potential are 


connected in the following manner. Any particle in a nucleus filling the individual 
level is excited by the effective two-body potential, and then the nucleus may undergo 
a density change. A part of the uniform potential at an inner point of the nucleus 
will be determined by the above two-body potential averaged over the density dis- 
tribution. Thus the variation of the uniform potential follows from the variation 
of density. In this case, certain properties of two-body potential will decide the 
type of the variation of the uniform potential. 

The above picture of nuclear collective motion can be represented in the forma- 
lism of the time dependent Hartree equations”. 

We start from giving the solution i.e., the nuclear deformation, and then derive 
the form and strength of the effective two-body potential, so that the above equa- 
tions involving the nuclear deformation and this potential are consistent. 

In this paper, we consider a two-dimensional oscillator model. A more realistic 
case will be investigated in a succeeding paper. 

In § 2, the time dependent Hartree equations are introduced. In § 3, we ex- 
press the effective two-body potential in terms of the deformation and the particle 

configuration, then calculate the rotational energy self-consistently, using thus deter- 
Hey mined effective two-body potential. 

In Appendix I, we briefly comment on a possibility of describing the nuclear 
: collective motion in terms of fluctuating uniform potential, starting from the original 


nuclear system. 


§ 2. Introduction of the self-consistent equations 


ie ; Following the assumption presented in the preceding section, we introduce here 
. ; B a set of the fundamental equations. 
rt These fundamental equations are* 

30 (r, t) , 
wri inne ro (T+ Uo (r;) +UA(r;, t)) hb (r:, t) (1) 
i 
if 
: by Gn \e CS vies (2) 
45 
< Pr, D=WH, NGO, 1), (3) 
‘ occ 


. May nat Tey 
where v(r,r’) is symmetric with respect to r,r’ and >} means a sum over the - 
oce 


occupied states. 


The wave function of the system is a normalized Slater determinant of single- 
particle wave function, 


BS 2 5 
In these equations, the exchange terms are not contained. We understand these equations 
:! as the model equations, which are equivalent to the approximated Fock equations. 


=~” 
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Pry ry, t) - or (r, t) |. (4) 


Similar systems have already been presented by M. Nogami? and R. A. 
Ferrell”. They have gained some success in their treatments of the plasma oscil- 
lations in electron gas and the excited states of O%. 

It will be worthwhile to note here that the correlation between two particles in the 
nucleus, v(r, r’) in Eq. (3), is not an original inter-particle potential but an effective 
two-body potential between the particles moving in the uniform potential. 


§ 3. The case of 2-dimensional oscillator potential 


In this section, the deformation and the rotational motions are treated in the 
2-dimensional oscillator model. 

For simplicity, we neglect the spin dependence of the potential. 

a) Description of the rotational motion 

We consider 2-dimensional rotation in y-z plane around a fictitious z-axis. 
Here we assume the following type of rotational motion exists as the solution of 
BastaGLeiz2)e-and~ (3) :* 


Pre 1) Se Rs) (5) 


where L, is the angular momentum operator and 2;the angular velocity, which we 
assume to be constant** and ¢(r;) describes a stationary state. 
Then the transformed functions ¢(r) satisfy 


ih (0¢(r) fat) ={T +e" (Uy (r) + U alr, t))e 09% — OL} ¢® (1) SHY (r) 


(6) 
0H,/ot=0, (7) 
from which we get 
ih(AUA(r, t)/At) =[QL., Ur(r) +Ua(r, 2) ]. (8) 
If (7) or (8) is satisfied, we may writte 
(T+U)(r) +Ua(r, 0) — BL) $° (7) = ED Y ©) (9) 


From Eq. (9), we see that (5) represents a transformation to the body fixed co- 
ordinate system, in which the system is in stationary state. 

b) Consistency. of the time variations 

As Eq. (2) holds for arbitrary time ¢, both sides of Eq. (2) must have same 
time variations. In other word, the time variation of density must be trans- 
mitted through the two-body potential to the averaged uniform potential without 


changes. 


* As we shall see later, the expression (5) is the self-consistent solution of Eqs. (1), (2), (3), 


so this assumption will be justified. 
** More generally, @ may depend on r and single particle states. 


ok tafe 


Bro g 
i 


“> 
> StL 


= 
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At the same time, the stationary condition (8) is also required. 
In the following we seek for the condition of compatibility of the both require- 


ments. Substituting (2) into (8) and using (5), we get” 


(ar{ Or. : v(r, re Su | adrrgins (r!!) el OEet to (r’—r"’) eID OD gt i) (r) 
J ote 


+ dr’ (rr!) S| dr” fO* eT y, O01") 1X (10) 
Ke GML L at JO Gl) —() 


where we use p(r,t) =S3(g* (r;,00(r;—r) ¢ (7; 0) dri. 
Using that L,=—ifd/d¢ in polar coordinate, we can easily perform the partial 


integrations 


(ar'(L, +L, vr, r’)|p(r', 0 =0. (11) 
As this equation should be satisfied for the energy states having the same potential 
u(r, r’), we get 
[E,+L.,, U (r, ie i = V(Tp ©) 1—0, (12) 
7 hal 
ie., the effective two-body potential must be rotational invariant. 
c) . The uniform potential 
In the non-rotating state (=0), the uniform potential is taken to be the 
deformed oscillator potential 
; Mv 


- E (wy y ta,2 (13-a) 


which becomes spherical in the absence of the effective two-body potential, 
a ; Ot) (Mie ya eat 2 se 2 (13-b) 


where M is the mass of a particle. 


Generally U, contains the angular velocity 2. We expand it in the power of 
2/o, assuming 2/w<1, 


Ua (r, 0) po Go (r, 0) (14) 


where Uj means the term of U, of the order (2/w)”. 
U;” respresents the deformed part of the uniform potential ice., 


* Later we will consider the case in which Us is rotational invariant, so here we use this 
property of Up, i.e. [Lz, Uo! =0. 
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U2 (r, 0) = (M/2) (a,? 9° +02 2°) — (M/2) 07 (y? +2") 
= (M/2) {(w2=—0) y*+ (w2— 0) 2. (15) 
Here we assume the incompressible deformation i.e., 
Wy 0,=%. (16) 
From (13) the following relation also results, 
[Ly Us(r) |=0. (17) 


Higher order terms in 2/w, US”(n=1) will be determined later in a self- 
consistent manner. 


d) Non-rotating states 

Even in the non-rotating states, a nucleus is forced to deform in the form given 
by Eq. (15) by the effect of u(r, r’). 

A set of equations in this case (2=0) follows from (1), (2), (3), 


(T; +U, (r;) A Et (ri, 0) ) Ee (r;) ea ate (r;) (18) 
UY? (rs, 0) =|v (r,, r)p(r)dr (19) 
hua Cd aes aad OY eA Ce (20) 


Inve 18); 
Uo(r;) US (ri, 0) = (V2) (a,? yF +0? 27). 
The solutions of Eq. (18) are 


G(r) tpn (1) = Now Hy, (ay) H, (Bz) eet 09) (21) 
” ASE Vue 
aes / es pay ie pr) =>) a (F). (22) 


Next let us look for the form of v(r,r’) satisfying the equality (19). 
At first, we rewrite v(r,r’) in the form of power series of y, z, y’ and 2’, 
WiriTL) A > dees ee We, (23) 
mnik 
so the integral of the right-hand side of (19) vanishes if. One is/odd: 
Considering the above result together with the symmetricity of v(r, r’) with re- 
spect to r,r’, v(r,r’) may be written as follows, 


Meeps See Sy eto Sy) Pia sD Samak" 27 Ve ee (24) 


m,n,l,k=even n,l=even n,l=odad m n,l,k=odd 
m,k=odad m,k=even 


For abbreviation, we put 


==> ce a at aa ==>): 
m,n,l,k=even even n,l=even n,l=odd m,n,l,k=cdd oda 
ee, m,k=odd m,k=even 


5 eS ae — 
Ne ae eT ee BS eT 


Pe Pe ees 


si 


eae y 


‘ 


a 
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As U® is a linear combination of y’ and 2’, the equality of the both sides of (19) 


requires 


M=F(y?, 2) +G(y?, 22 (25) 


even 


Expanding F, G in powers of y”, 2” and using the symmetricity condition of v rare 


we get 


SM=ay y?+b(y?z? +27”) +0272” 


=({2te 9) (yy! bez’)? +b(5? +2") (y?+2) +2 (yy!—z2!) (yy! +22’) 


— (a+c—2b) yy’z2’. 
Consequently, 
u(r, r!) =A! (yy" +22") +B (y*+2") (9? +2") 
pe CV ee Oe ea (26) 


and in polar coordinate, 
v(r, r!)=A'r’r” cos’ (¢—¢’) + Birr” 
+C’r’r” cos (9 +¢’') cos (Y—¢g’) +S. (27) 


odd 


Here we take account of the rotational invariancy of w(r,r’), which can be written 


as 
fe) fe) 
eae age r’) feo 


in polar coordinate. 


Then C’ must be zero. Furthermore, ¥ is irrelevant in our self-consistency 
odd 


problem. Hence we come to the final expression of the effective part of v(rr’), 
u(r, 1’) =A'r’r” cos’ (9—¢') + Blr’r” 
= Arr” cos2 (p—o') + Br?r”. (28) 
*(28) is similar to Elliott’s Q-OQ interaction.” 
The coefficients A, B in (28) can be determined as follows. Substituting (15), 


(21), (28) into (19) and equating the coefficients of y?, z? on the both sides re- 
spectively, we get 


Pinte, Sas: h 
M(a,7—w’) =— aS ue 
(wy, ) ate Ss ) A Smt Sn) B 
h h oe 
Mae >) eS sai BAL 
(w. ) me (Sm— Sn) A+ (SuSs)B | 


aie) 


a“. FP 
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where Sm=>(2m+1) sp >)(2n+1). (30) 

Hence fae M* w'(w,—w,) (31) 
2h WySn— OS .m 

—_ M w(a,—w.)’ (32) 


2h. wySn+0Sn 


where we used (16). 

As is clear from (31) and (32), the strength of effective potential can be fixed — 
uniquely from the deformation and particle configurations. 

Further, it will be interesting to express A and B in terms of deformation 
parameter ¢€ defined by w,/w.=1+¢. For small ¢ 


fos ¢, \Boce’, Peet: 

ms 

Consequently, it is found that the first term of wv(r,r’) induces the deformation of BS 
nucleus and the second restores it. 4 
e) Rotating states a 
Excited states are the rotating states (240). Because 2/w is assumed to be | wa 
small, we consider up to the second order terms in 2/w. “ots 
Equations to be solved are Be 

; ie 

(T;,+U ors) + UP Gz, 0) +UP (rs, 0) + UP? (7, 0) —2L,) & (rs) Be 

=F, dr) (33) ae 

i 

U® (r,, 0) = =|v (r;, 7) pe (r) dr (34) ‘ RS 


where the suffix (m) reprensents the term of order (2/w)”. In these equations 
UW and US are the unknown functions which should be solved in self-consistent 
manner successively, using the v(r,r’) given in Eq. (28) 

Putting H,=UP+UY—QL., 


a = i Sopeo h eee x Eas jigs 


$M =$P+3) ap JO+ Say — >be JP —% N, i (35) wd 
gt jt gt 

ap= SAE be 2 (35-1) , oN 

EP — Eg Be 

. . ae 

aP=S GALES F AIEEE (35-2) el 

ie (EI? — Ef) (Ey — Ey ) es 

b= (i| Hy |i) j| Ale i) (35-3) | sy 

ue (EO — BM)? ow 

ilEDID i 

NE BE — EP) nee, “4 

where E(®, iS etc., are the energies and the eigenfunctions of the unperturbed system. 4 
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o= >) SY Mo* Lh + Sia hor fh +a? for fP} 


4,6€€ 


—N, bO* f@ +z aP* ah GP* GP (36) 
ht 


2 2) i j 2) (2) (4) AOD) 
$33 {(aP*—0P*) f6* $+ (AP DP) A IPH} 
j¥8 


We begin with investigating the first order terms. As v(r, r’) is a linear com- 
bination of y’, 2? and yz, UY can be written generally as 


QO ( é 
UP (r, 0) =( * aye +(=)( a) ch @o) {By eco Ns (37) 
w \@o 
In this expression a, b and c are the coefficients to be found. 
From (34), 
; Gr 0)= |v, rp (rar. (38) 
A Coriolis’ force does not give any contributions to ¢‘ because the matrix element 


(j\|L,\2) is pure imaginary. So Eq. (38) gives a set of the homogeneous equations 
of a;6 and c. 

Without loss of generality, a may be set equal to zero, because this term fixes 
the directions of the principal axis. It will be also shown that 6 and c must be 
zero (see Appendix II), so we conclude UY (r, 0) =0, and then the excitation energy 
begins with the second order terms 2/w, which guarantees the rotational spectrum. 

Next let us examine the second order terms. As in the case of U(r, 0), we 
put 


U® (r, 0)=(2/w)? (Mw/f) (ho) (fy? +92). (39) 


Here we omitted a term proportional to yz because it gives contribution to energy 
only in the fourth order. The second order terms in (36) and (39) are substitut- 
ed into (34). In this case, the effects of Coriolis’ force remain in the right-hand 
side of (34), which assure the non-zero solutions for f and g. 

Detailed calculations will be carried out in Appendix III. Here we quote only 
the results. The energy of our system is 


Bas SIO*, 1) ih (0/08) 6°, 1) dr 
ae {g* (r, t) $@ (r, t) dr 


= SPO) (PAUP) + UP (r) + UP 7) G° ©) ar 


ace bO* (r) hb (r) ar (40) 
of which (2/w)* terms give rotational energy ; 
rot QL, z 5 b 
btn) SAT ASIP. ui 


Since in evaluating the expectation value of UY the effect of u(r, r’) is counted 


»~ bode ial 
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twice, 1/2 factor is added in the second term. 

In (41) the first term denoted by £, has been given by Inglis® and others.” 
which represents the pure effect of Coriolis’ force. On the other hand, by the Co- 
riolis force a nucleus changes its density. This causes the change of uniform 
potential through the effective two-body potential. As u(r, r’) gives the equilibrium 
point of density distribution in the ground state of a deformed nucleus, so the den- 
sity changes require the corresponding energies. The second term corresponds just 
to this part of the energy increment. 

For the typical particle numbers and the deformation w,/w,.~2.6 (see Appendix 


III) 
E DG|UP |i) ~2Ec, 
therefore me 
Er" x3Eo. | (42) 


So far the angular velocity 2 has been left as a free parameter, on the assmp- 
tion 2/o<1. 

The angular velocity can be eliminated, if the angular momentum is known. 
Unfortunately, our Hamiltonian is not invariant under the rotation. We have no 
means to estimate the total angular momentum correctly. Several authors have re- 
cently discussed on this question,”’*”’’” but here following the Inglis’ version, we 
identify the expectation value of >\L‘’ with the eigenvalues of the angular momen- 


tum, 


7 a sv sp il £121’ 


Eliminating 2 in (41) and (43), the excitation energy can be expressed in the 


form of rotational energy, 


rot y 1 Uae, 1 2 pepe } 
Em n38 1 (Ly ba Ie dn (44) 


rig 
Namely the magnitude of the moment of inertia reduces to about one third of the 


rigid value. 
It may be safely said that the effective two-body potential prevents the density 


changes and the smaller parts of nuclear matter can participate in the rotational 


motion. 


§4. Summary and discussion 


In this section the results obtained in the preceding chapters will be summariz- 


ed and some discussions will be given. 
1) The effective two-body potential to be added to the uniform potential can 


be determined, provided that the deformation and the rotational motions turn out to 
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be the solutions of the time dependent Hartree equations. The resulting form is 
similar to Elliott’s potential. 

2) The assumed uniform potential fixes the shape of this effective two-body 
potential, the strength of which is expressed uniquely in terms of the magnitude of 
deformation and particle configurations. 

3) The two-body potential thus derived consists of two parts, the inducing 
and the restoring, and each part is factorizable. 

It depends rather upon the positions of individual particles than on their mutual 
distances. This fact seems to be very remarkable. The random parts of correl- 
ations would certainly be averaged out, because the deformation and the rotation 
of a whole nucleus are of the collective nature. 

4) The rotational energy is calculated with the use of the above two-body 
potential. This differs from Inglis’ result in the appearance of an extra term which 
comes from the fluctuation of the uniform potential. This extra effect reduces the 
magnitude of the moment of inertia to about one third of the rigid value. 

5) The extra effect mentioned in 4) originally comes from the mutual cor- 
relations which is lacking in Inglis’ model and probably relates to Bohr-Mottelson’s 
interactions introduced to adjust the value of the moment of inertia. 

Therefore we presume here that our fundamental picture for the nuclear 
deformation and rotation might be reasonable. 

The authors wish to thank Drs. T. Marumori, R. Tamagaki, S. Nagata, and 
S. Suekane for their many valuable discussions, and Dr. F. Iwamoto for his cordinal 
remarks. 


Appendix I 


Here a possibility mentioned in the last part of the introduction will be shown. 


The formalism is based on the general wave matrix theory proposed by one of the 
authors (H. Tanaka”). 


Let the Hamiltonians and the wave functions of the model and real systems 


be : 
HM=T+U, H@=E@ (AI-1) 


and 
H=T+Sv=H, +H, H,=SJv—U, HV=EV (AI-2) 


respectively, where v expresses the nuclear potential and U the uniform potential. 
We introduce the general wave matrix V, defined by 


T=Vo (AT-3) 


which satisfy the following equation, 


HV=V(H)+(H,V)), (AI-4) 
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where the symbol (QO) means a diagonal part of the operator O with respect to the 
eigenstates of the model Hamiltonian. 
Then we obtain the following time dependent Schroedinger equation 


ih OO — (Hy+ Hy Vy) OW), O) =e, (AL-5) 


<H,V) represents the operator of the energy shift between the model and the real 


systems, and is supposed in this case, to correspond to a kind of residual inter- 


action in the model system. This term can be eliminated with a time dependent 
transformation, 


(t) BS gees <AyzV>)t eHl@Th (t) SRC) bb (t) ‘ (Al -6) 
Then ¢(Z) satisfy ; 
h 
in 0) (T+R)UR}®) ¢M=(T+UE@))¢O. (AI-7) 
In this system the uniform potential has certain time variation specified by the re- 
sidual interaction (H,V). 
Instead of deriving U(t) from the nuclear potential, we determined it in the 
text from the nuclear deformation phenomenologically. 


Appendix II 


We prove U=0. As is written in the text, 


U(r, 0) =e Me ho (by?+c2"). (AII-1) 
(a) h 
Next by picking up the first order terms of p, 
p= DID (alP”e dP" HP +a” Hh $P) (AIL-2) 
4 oce jt ; 
where 
giv SHUM |? (AIL-3) 


a i) )* 
ia. —EhY 


These quantities are substituted into the right-hand side of (38) of the text, then 


1 
U(r, 0) =V SY (m+2, n|UY|m, n> (m+2, n|y?|m, n) 


mn Limtt, n 


LV, SY (m, n+2|UP|m, n) (m,n+2\z3|m, ny,  (AIL-4) 


i pel) 
mn Poe ws WME 2 


V = (A+ B)9?+ (B—A)2?= Py’ + Q2’, 
Vn=(B—A)y + (A+B)2?=Oy?+ Pz, 
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where 4’ means the sum over the states allowed by the Pauli principle. 
Equating the coefficients of yy’, 2°, on the both sides of Eq. (AII, 4), we get 
the following homogeneous equation for and c, 


(1+, Bu PS,,) b+ KR OS,-c=0 


AMw,? 4M*w, 
(14+—* 05. )b+—* PS,-¢=0. (AII-5) 
4M?o, 4M*w? 
Then the determinant of the coefficients is easily evaluated and 
a= (P-2) {35+ igs Su(P+@} 0, (ANL-6) 
because P—Q=2A0 ad P+Q=2B>0. 


Hence Eqs. (AII 8) have not non-zero solutions. 


Appendix HI 


We calculate the second order part of U(r, 0) self-consistently. The equ- 
ation to be solved is 


e 


UP (x, 0) =\or, rp?) dr! (AIII-1) 
2 
where UP =( 2) Me ho fy tge) 
wo h 
1 


OV ORS SS . EWA a 
ans O22 Eo — Ew? TE Penge (AIII2) 


+2515) ( j|L.|0>* (R| L,.|2> J fi 


t,0cc j, kat (ES? — E'”) (EP — BYP) 


i, cee gj, ket (HY — BY) (ES? — EM) 


sy CAILAACAILeld) prone qu 
TE Si (EP _ EO) (EO— Re)" a (AIT, 3) 


NOT |2)* paras 4G lesB ton ae 
ES | RG Rose HD* GO KING AIO goxgpo 
ee E@-—E@ Yo "Yo aye E®_E® fo* Po 
= (P+ 2+ 02+ oh, 
px, the first term of (AIII, 3), represents the reduction of the initial density, oY? 
2); . ? 
(2, the second and third terms of (AIII, 3) respectively, are the density changes 


caused by Coriolis’ force and p®, the last term, is due to the change of the uni- 
form potential U® itself. 


Each part of e® produces the corresponding part of UY. For example, 


Nuclear Collective Motion and the Effective Two-Body Potential 


U2) (r, 0) =|u(r, 1) p2(r") dr’. 


It will be convenient to divide them into two parts, each proportional to y” and 2". 


After simple calculations, we find for each part of UY 


ug=—i(4) |p h {( tyes) S+ orton) S& 
0) Mo, Oyt+o, Wy— O; 


ee ee) see Met ee) ssl | 


Mo, \\ wy+o-z Wy— Oz 


(m+1, n+1) (m+1, n—1) 
Sn = 2i(m +1) (n+1)(2m4+1), SP=S)(m+1)n(2m-+1), 


™m (m+1, n—1) 
ree! =Sn+1) (n+1) (2n+1), Sr?=>)(m+1)n(2n+1), 


Ue — a Q ) | P h {( Wy— We it se+( Wy+az ) sp} 
ae inh Ma, \\ o,+e, : Wy— Oz 


h ey 5s) (oe Sol 19 | 2 
+Q | Sep cr ol 4 ofS. y» 


Ma, \\ o,+a, Wy— Oz 


m+1, n+1) (m+1, n—-1) ) 
SMLS\in +) (+1) 2m+1); S@=NOn+1) (+1) (2m+1), 


m+1, m—1) 


m+1, n+1) 
SOLS Un +D (n+) (2n+3), S20 =S\(n+ 1) n(2n— 1); 


m,n 


m+1, n—1) 
CCE IRR ITOE Oy 


m,n 


Q )| h if Oa, a WytOz ga) | 2 
(2) S| oS SE SW 4 —4 Se ta! on 305) 
Ueay a( w Mo,\ oy Wy ¥ Ws 


(m+1 


son +1) (m+2) (n $1), So Som 41) (+2), 


m, n+2 
Ss (1) itl) +2), 


(AIII- 4) 


(AIII-5) 


(AIII-6), 


rman af2) Mem BY GE (GRY (Rash 


o 
S,=2>) @m41), S,=2>1(2n+1) (AIII-7) 

where the notations oe etc., mean the sum over the states ™, m so that. m+1, 

n-+1 states are woccusied: U®, etc., can be obtained immediately from the above 


expressions by replacing yy? with 2°, P with Q. 
Now we can write 
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2 (2 2) (2) 
UP =UP +UR +Un + Ui 


from which the coefficients f and g are obtained. Thus the expectation value of 
U®) with respect to the ground state is easily evaluated as follows, 


(U9 Yana= el (1 +K,) (1 “"Js) —Kg Jo| x 


x| fo. Sm (1+K,) — ey Su Je| ie (SUB) a (AIII-8) 


Mu, _— Saad 


+ \o. Sm(1+J5) — 02 Sm Kyle 


2 (2 
where S} means the sum over Uf), Ui), etc., and 


a 


= 23 (27 n+1), S,=>)(2n+1) 


ace 


h 2 P h 2 O 
Jee Sim's Je=t| oe 
. ( Mo,/ ho, ; Mao,/ ho, 
h 2 P re h \ 2 O 
K =i ).- Si eee =4( \ es. 
ate Mo. fio, roae Mo, ho. 


We wish to compare this expectation value with E,, taking a typical example, say, 
a fictitious nucleus with 128 particles.. In this case, 


[a ary) (1 Tiss) —Jo Kg] <0, 


and 


@, Sm(1+K,) —@y Sn» Jg<0, oo, S,0.+dy) —@, S, Ke>0 


_and both are of about the same order of magnitude. Further, 


O00 = 0 


>\P 


P h 
é aie, 


Mo, 


Pg 


Qa Mo, Mo, | 


These results make clear how each term of density ©’ contributes to the rot- 
tional energy. That is, e{, as the matter of course, induces the excitation energy 
to decrease and the others to increase it. All terms are nearly of the same order 
of magnitude. 

Finally we will give numerical results. For this purpose, we employ the egili- 
brium condition which gives a good fit with the observed deformation, 


Wy me ie = 
Obie Oe 


In fact, starting from a given value of 0, the calculated value of Deihion reproduces — 
the initial value of 0. In the case of our example, 


(AIII-9) 
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0~2.6. 


Using this value of 0, we get after straightforward calculations, 


2 
(UP Yoana ~4°4( 2)" Hoe Su (1-439). (AIII- 10) 
wo 
On the other hand, E takes the form®:™ : 
Paes foe a) (8. 485) + rts, S| (AIII-11) 
8 \o Wy +o, Oy OD, 


Hence 


ey —. a ee Uwe 
4 


“ : 


=3(-2 ho. ae (1 +0) : 
o 


CUP) grouna ~4Eo. (AIII-12) 
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All possible weak processes are systematically enumerated, and the hypothesis of 
maximal set of interactions, that there is always the weak interaction among any combination 
of all kinds of particles, is investigated. It is found that this maximal interaction model is 
equivalent to the minimal interaction model in the sense that the experimental facts are 
described equally well by these two models, provided that a selection rule which forbids at 
least the appearance of y-e pair is added to the former model. 


$1. Intreduction 


In constructing models of the weak interaction among leptons, mesons and 
baryons, it is usual to assume explicitly or implicitly a minimal set of weak inter- 
actions between elementary particles, that is to assume a minimum number of 
interactions which can explain all observed processes. However, as pointed out by 
Taketani”, we can imagine another extreme type of model, where we assume that 
there is always the weak interaction acting among any combination of particles, 
provided that the transformation among the particles of this combination is allowed 
by the conservation laws. This model may be called the maximal interaction model 
and this maximal interaction is analogous to the gravitational interaction which acts 
between any pair of particles with energy. 

As the facts that support this maximal interaction model we take up the fol- 
lowing three points: (1) While the strong interaction acts only among the limit- 
ed kinds of particles, namely baryons, and mesons, the weak interaction acts among 
all kinds of particles including leptons. (2) The strength of all observed weak 
interactions is of the same order, and in cases of {-decay of neutron and f-decay of 
v-meson, the coincidence of the coupling constant and the interaction type is re- 
markable”. This suggests not only the universality of the coupling strength and 
the interaction type but also the universal existence of the weak interactions. (3) 
In weak interactions at least the parity invariance and the charge conjugation in- 
variance are violated while in strong interactions these invariances hold.2 This sug- 
gests that there may be fundamental difference betweeen the strong interaction and 
the weak interaction and these two will play different roles in the future theory. 
For example, the weak interaction will be connected closely with the frame of the 
theory as the universal gravitation is connected with the curved space-time. If this 
were true, then the weak interaction must, as the gravitation, acts among any com- 


>. * 


Maximal Weak Interactions 193 


bination of all kinds of particles. These three points encourage us to investigate 
maximal interaction model and at least there is no a priori reason to believe that 
the minimal interaction model is superior to the maximal interaction model. 

Before we make this speculation, it is necessary to see whether the experimental 
materials are really consistent with the maximal interaction model. If the universal 
weak interactions among any combination of all particles are assumed, the reaction 
rate of any process can be estimated and according to the results of this estimation 
all processes are divided into two classes: Processes which have the theoretical pos- 
sibility of observation and processes the reaction rate of which is too slow to be 
detected with the present experimental techniques. As to the first class there arise 
three questions: (1) As to the processes which can be observed experimentally, 
is the observed reaction rate in accordance with the universality of the coupling 
strength? (2) Is there any process the experimental detection of which is not yet 
been carried out? (3) Is there any process the non-existence of which is already 
established within the accuracy of the present experimental techniques and which 
demands any selection rule? Concerning the second class there arises a question : 
(4) Is there any process which is observed contrary to the theoretical prediction ? 
To answer these questions is the main purpose of this paper and the results of our 
investigation are briefly as follows: as to the question (1) the answer is affirma- 
tive as is well known, as to the question (2) there is no such process except for 
several cases which are in the vicinity of the present limit of experimental techniques, 
as to the question (3) there are several such unwanted processes which can be 
forbidden by some additional selection rule, and finally as to the question (4) there 
is no such process. As the additional selection rule we postulate the following 
association rule of leptons in the weak interaction which is already pointed out by 
Sachs and Ogawa™: 

Association rule A: In the weak interactions the association of e and y is 
forbidden, or more strongly, 

Association rule A’: In the weak interaction the permitted associations of 
leptons are (e,v) and (/, v), and all other associations (e, 4), (e,e), (», ») and 
(2, #2) are forbidden.* 

Here we do not enter into the deeper meaning of this rule. If this selection 
rule is admitted, it may be said that the maximal interaction model is consistent 
with the experimental observations and in this sense is equivalent to the minimal 
interaction model. Although it seems that the investigations of the above problem 
were already made and the similar conclusions were already established in the 
literetures, for example, by Iwata et al. and by Ogawa!” from the point of view of 
the universality of weak interactions, all conceivable processes have not been thorough- 


* In applying these rules to four lepton process L,+L,>L;+Ls, there arises an ambiguity as 
to which combination (L,Ls) (LeL4) or (LyL4) (L2L3) must be taken. For definiteness we take the 
combination of weaker forbiddenness as determining the nature of the process. For example, if 
(L,L;) (L_L,) is allowed and (L,L,)(LL,) is forbidden by the rule A, the process is an allowed one. 
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ly examined due to their points of view different from ours, and it seems necessary 
to reinvestigate these problems extensively from the maximal interaction point of 
view. 

In this paper the above conclusion will be obtained under the following two 
limitations. First, the universality of weak interactions is limited to the strength of 
the coupling and the problem on the universality of the coupling. type is disregard- 
ed, because except in few cases our experiemental knowledge about most of the weak 
processes is not sufficient to allow discussions on the coupling type. Second, in order 
to minimize the number of kinds of elementary particles we adopt the composite 
particle model of elementary particles proposed by Sakata and Markov”. Other 
models on elementary particles are expected to give essentially the same conclusions 
as _ours.* 

In § 2 all theoretically possible weak processes are systematically enumerated 
and the various experimental situations in detecting these processes are discussed. 
In §§ 3-5 the possibility of observing each process is considered and the unwanted 
processes are enumerated. In the final section the conclusion and some future as- 
pects of our theory are presented. 


§2. Enumeration of all possible processes and generality on 
experimental detection 


In order to investigate whether there always acts the weak interaction among 
any combination of all particles, it is necessary to enumerate all theoretically pos- 
sible processes systematically. As stated in §1, we adopt the composite model of 
elementary particles proposed by Sakata and Markov.” In this model among strongly 
interacting particles only nucleons and / are considered to be elementary and other 
particles such as +’, = and z- and K-mesons are composite particles in the following 
way: 


m=(NN), K=(AN), 
S=(ANN), E=(AAN). 


All leptons, e, » and # are considered elementary. Thus in this model all weak 
processes are caused by elementary interactions between two baryons N and three 
leptons. As the spin of all particles is }, all elementary interactions are 4 fermion 
interactions. Of course it is possible to consider 6, 8--- fermions, but as shown in 
Appendix 1, except in a few cases these interactions can be derived essentially from 
the 4 fermion interactions, to which our condiderations can be restricted. 

Thus in order to enumerate all possible processes, it is sufficient to make all 
possible combinations of 4 particles among 5 particle: N, A, e, v, w. But the ob- 


* The universality of weak interactions based on the weak boson-fermion interaction and 
Fermi interaction was considered by Iwata et al. and Ogawa!?). 
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served processes must obey various conservation laws, among which we take up the 
laws of conservation of charge and baryon numbers as restricting the type of inter- 
action, not to speak of energy and momentum conservation laws. Then as the 
number of baryons which take part in the interactions must be even all interactions 
are classified in three types: 


GQ) L+L>L+L, (@) B+B>B+B8, (3) B+LSB4+1L 


where B and L mean baryon and lepton respectively. 

Before entering into the discussions of each process we make a few remarks 
on the method of experimental detection. Usually, weak interactions are observed 
in decay and capture processes, but besides these there are at least two methods of 
observing the weak processes. The one was pointed out by Heisenberg’ and recently 
emphasized by Taketani?, Blokhintsev” and Umezawa®, and it consists in observ- 
ing scatterings and reactions caused by weak interactions at extreme high energy. 
The other was proposed by Goto and Machida” and consists in investigating the role 
of the weak interaction in the bound state problem. Although these possibilities are 
very interesting, we do not discuss these methods further in this paper for the 
simplicity of discussions. 

The estimation of decay and capture rates is carried out under the following 
assumptions which will greatly simplify our qualitative discussions and will be sufh- 
cient for our preliminary considerations. (1) As far as possible, we limit our con- 
siderations only to the kinematical factor especially to the volume of phase space. 
The matrix element is assumed to be constant and, in the case of similar proces- 
ses, to have the same value, so that the rate of different processes can be compar- 
ed only in respect of the phase space. (2) If it is necessary to consider the 
composite nature of particles such as of z-meson in y+ y decay, the wave 
function of composite particle is replaced by its value at the origin. At present 
this may be permitted because we have no knowledge about this wave function 
governed by the strong interaction which binds the composite particles. In the pro- 
cesses such as such as K->7+7 which contain more than two composite particles, 
there arises the overlapping of their wave functions. This overlapping is replaced 
by a constant parameter of the order~l. (3) We disregard partial waves other 
than S-wave and also the spin dependence of the wave functions. Thus we neglect 
the type of interaction and assume it to be of scalar type. (4) In, most cases we 
neglect the difference due to the various charge states. 

In comparing the assumed interactions with experiment we notice that there 
are two different cases where the experimental observation is difficult. (1) The re- 
action is too slow for our present experimental techniques. Moreover, in many 
cases there is the strong interaction which overwhelmingly dominates weak proces- 
ses. (2) In some cases such as #+/>y+ / the preparation of the initial state is 
difficult. In the following sections we omit these dominated and difficult proces- 


ses from our considerations. 
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§ 3. Processes of the type L+LoL+L 


In the first column in Table I all possible interactions of this type are enu- 
merated. In this table the difference of charge states of particles is neglected. For 
example, e means e* and e, and the process e+e—e+e means e*’ +ete* +e", 
et +e et +e- and e~+e->e +e-. Also the difference between v and » is often 


neglected. 


Table I. Possible weak interactions of the type L+L~>L+L 


Possible interaction Experimental situation 
1 il ete—>e+e | Gree si ies 

Ibe ptpopty ee 

iE, 3} pterete U 

ik, A ptpoete | i Deed BE: 

L5 ptpoute | UE? i 

L6 ete>yt+y Do 

Ibo uteryt+y O 

8 wtpovt+y | Di 

Le9 vty yt+y ; Ney 


The meanings of the abbreviations are as follows: 
Di: difficult to arrange the initial state experimentally. 
Do: dominated by stronger interactions, mainly by the strong interactions and the electro- 
magnetic interaction. 
observed process. 


O 
U: unwanted process which can be forbidden by the association rule A. 
U 


“: unwanted process which can be forbidden by the association rule A’. 


In the processes of this class only two decay processes are allowed by energy 
and momentum conservations : 
p*—2e* + e* (3-1) 
p+ >e*+y+y (3-2) 


If we compare the decay rates of these two processes under the assumptions stated 
in § 2, we get 


R(p— 3e)/R(uaetyvt+y)~1, (3-3) 


neglecting the mass difference of e and ». Experimentally this ratio is smaller than 
10-*. Then the process L 3 is an unwanted process and is desired to be forbidden 
by the association rule A or A’ stated in § 2. 


Next, as capture processes there are three processes to be detected : 
e*+e7>>v+v (3-4) 
(eae Pen (3-5) 
pi +e7 vty. (3-6) 
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The initial state of these processes is the bound state due to the Coulomb attraction. 
Other processes with the initial state such as w*+ys- or v-+¥ are difficult to realize 
experimentally, and are not considered here. 

The process (3-4) is the 2y annihilation of positronium and is expected to be 
dominated by the 27 annihilation. In fact the ratio of these two processes is given 


by 
Rle*--e —2v)/Re* +-e> > 27) = 1/82") (f/a)? (m./mz)*~2 X10. (327) 


where a=1/137 is the fine structure constant and f is the effective weak coupling 
constant of the universal weak interactions measured in unit of z-meson mass and 
f’ is taken to be 5.4X10-% (See (5-6)). The calculation is given in Appendix 2. 
The result (3-7) confirms the above expectation. 

The processes (3:5) and (3-6) are the annihilation of “uonium and compete 
with the decay of a bound y-meson or the destruction of /uonium by collisions in 
matter. If we imagine the very dilute matter, we can neglect the latter process. 
The annihilations (3-5) and (3-6) have almost the same rate 


Rie +e-Se* fe7) = 1/82") & f?m,(m,/m,)* (mf mx)?’ ~2 X 107*/sec.! (378) 


and are much slower than the decay rate of this bound 4-meson which is almost the 
same as a free /-meson. Then reason why the rate (3-8) is very slow is that in 
fuonium #* and e~ are too far from each other, and there is an additional factor 
a’/z~10~" in (3-8). In this connection, it is interesting to note that this factor 
appears in general when the initial state is a bound state due to the Coulomb 
attraction and one of the constituent particle can undergo free decay. 

In this way we get the experimental situation of each process, which is shown 
in the second column of Table I. 


§4. Interaction of the type B+B>B+B 


All possble interactions of this type are enumerated in the first column in Table 
Il. They are divided into two classes: the one which conserves / (hence the stran- 
geness), such as B 1, 3 and 5, and is dominated by the strong interactions as 
stated in § 2, and the other which does not conserve A and is not observed as ele- 
mentary process because of negative Q-values. The latter is observed as derived 
process which contains composite particles. As decay processes we have from B 2 


and/or B 4 


A>N+27, S>N4a, F5OA+2 (4-1) 
Kon (4-2) 
K>3z2. (4-3) 


These are all decay processes that can be derived from B 2 and B 4, and they 


are all observed. 
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Table Il. Possible weak interactions of the type B+B—~>B+B 


i Pricehtary Pierethon Derived process | Experimental situation 
Bi N+N>N+N Do 
B2 A+N>N+N | A(y) >N+n, FOA+n 0 
K>2n, 32 0 
B3 A+N>A+N Do 
B4 A+A>A+N S>A4+nr 0 
B5 A+A>A+A | Do 


It is well known that their observed rates are compatible with the universal 
strength of all weak couplings” and the estimation of decay rate based on the com- 
posite model was given by Tanaka” who took into account the spin dependence. 
We give in Appendix 3 similar but more simplified calculation carried out under 
the assumptions stated in § 2. The obtained results are briefly given here. The 
decay rate of (4-1) is estimated to be 


R~ Ms fein Ex/Mx My Ca 


where p, E,, Ey and my are the momentum and energy of the final z-meson, 
the energy of the nucleon and the mass of the hyperon in the rest system of the 
hyperon. In deriving this formula the radius of the z-meson is taken to be equal 
to m;' and the composite nature of S and = is neglected. The numerical values 
are given in Table III and are in rough agreement with observed values. 


Table III. Decay rate of B—-B+z (in sec7) 


Decay process Estimated value | Observed value 
A>N+n 0.88 X 1010/sec | 0.36 X 1029/sec 
S> Naz 3.1-><10 (0.64~1.28) x 1010 
F>At+n 1.4 x1010 | 1010 


The decay rate for the process (4-2) is estimated to be 
R~ (22°) *f? p(mx/mxz) 7? (4-5) 


where p is the momentum of the z-meson in the rest system of K-meson and 7 is 
a parameter which characterizes the overlapping of wave functions of z- and K- 
mesons. If we compare (4-5) with the decay rate of K,°,~10"/sec, we get 7?=0.3, 
which is not an unreasonable value in order of magnitude discussion. 

In order to estimate the process (4-3) it is necessary to enter into the 
details of the strong interaction. So we neglect the composite nature of K- and 


m-imesons and compare its phase volume with that of -decay of neutron. We get 
(Appendix 4) 


R(K > 82) =R(n> pt+et¥) (Ex max/4)°X (0.44/0.47) ~6.4X10'/sec (4-6) 
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where 4=m,—m,, “0.44” is a factor appearing in the phase space integral of 3z 
decay of K-meson, and “0.47” is a blocking factor of 8-decay of neutron,’ and 
Emax 18 the maximum energy of z-meson in K->3 z decay. The value of (4-6) is 
in rough agreement with the observed value. 

As to the capture processes which are derived from B2 and B4, those by 
proton or nucleus are dominated by the strong interactions and those by leptons 
will be discussed in the next section. 

Now there is another observed process which can be derived from B2 and B 4, 
that is the decay of hyperfragments. In order to obtain the order of their decay 
rate we consider the decay of the simplest and fictitious hyperfragment ,H? as an 
example of the hyperfragment decays, 


sH?> N+N. (4-7) 


The calculation of decay rate is similar to that of the process (3-4) (See Appendix 
2) and gives 


R= (22°) f? pM/m, ~ 6 X 10"/sec (4-8) 


where » and M are momentum and mass of the final nucleon. The value (4-8) 
is in rough agreement with experimental estimation. Thus the interactions of the 
type B+ B-—-B+B cause no obstacles in our maximal interaction model. 


§ 5. Interactions of the type B+ L>B+L 


All interactions of this type are enumerated in the first column of Table IV. 
They are clasisfied in three types according to the number of hyperons involved, 
zero, one or two. 

A. Interactions which involve no hyperon. 

As the elementary decay process there is only one case which is compatible 
with kinematical relations : 


n—>pte+y (5-1) 

but there are several processes which are derived from elementary interactions : 
+ — A(2’) +two leptons (5-2) 

z= —>two leptons (5-3) 

m* —> z°+two leptons (5-4) 


where two leptons mean any combination of identical or different two leptons taken 
from e, # and ». The possible processes must be compatible with the charge con- 


servation and the positive Q-value. 
Now the decay rate of neutron can be used as a standard in estimating other 


decay processes and can be written in the form 


R(n> ptet+) = (607°) 7X 0A7T BX afm (5-5) 
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Table IV. Possible weak interactions of the type B+L>B+L 


Elementary interaction 


Derived process 


mt ea ae . 
| Experimental situation 


| 


BL1 N+e>N+e nm—oette, S°>A+et+e7 Ur Do 

BL2 N+p>N+yu no process 

BL 3. N+v3N+p n—>v+y, S°>Atyt+yV U’, Do 

BL 4 N+p>N+e wtpopte, U 
nt —>pte | Ue .Bo 

BL5 N+e>N+y» n>ptet+y, mr >et+yv 0 
J—>At+ety ? 
mt>retety | Do 

BL6 N+y—>N+y pot+pontp topty 0 

BL 7 A+e—>N+e A(S) > N+et+e7 Bears 
& > A(S) +et+e7 Uae. 
K°>Set+e7 Wa? 

BL 8 AtyoN+u Kes ptt Ue. 

BLQ <A+y>N+y A(X) > N+v+y, K°>y4+y WK 

BL 10 A+py—>N+e A(S) > N+yte, TIS eee. 
K->pte(4+z) Uy_2 

BL 11 A+te—>N+y A(S) > N+e+v, K>e+v(4+7) 0 

BL 12 A+p—>N+y A(S) > N+yty, K>pt+y(4z) 0 

BL 13 A+e—>A+e nm —ette, S°>Atet+e U’, Do 

BL 14 AtypoAt+y no process 

BL 15 A+ty—>A+y wTov+y, SSS Atty | WeDo 

BL 16 A+yp—>A+e mz >ute | Ga Bs) 


?means that the experimental situation is not definite. 


where d=m,—m,, the factor 0.47 is the blocking factor of electron, f?77~* is the 
square of the effective matrix element, and the factor 


component of neutrino. 


we get the effective weak coupling constant 


om oa Oe 


1 


2 


e 9 


comes from the ‘‘ two 


If (5-5) is equated to the observed value 0.96 x 10~*/sec, 


(5-6) 


In treating various processes expressed by (5-2), we neglect, for simplicity, the 


Tablay V. Decay rate of B—B-+two leptons (The strangeness is not changed) 
i 


Decay process 


Estimated value 


S*>A+et+y 
S->A+e74+7 
S-3S+e74+V 
J? > At+et+e- 
S°>Atyty 


1.4 x 106/sec 
1.9 x 106 
Al 


1.4 x 106 


a 
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composite nature of + and estimate their decay rates by comparing their kinema- 
tical factor with that of §8-decay of neutron. The results are shown in Table V. 
These are compared with the rate of non-leptonic decay of 3'~10"°/sec, which shows 
that the detection of (5-2) is rather difficult but not impossible. 

As to the processes (5-3) there are many calculations and discussions.” We 
give here our estimation which is based on the composite model, because this would 
give us an idea on the correctness of our estmation and will be useful in discussing 
other processes for which there is no observation or reliable calculation. (See Ap- 
pendix 5 for the calculation). Assuming the “ radius” of the z-meson is m;'-meson 
and using the value (5-6) for f°, we get the values shown in Table VI. The 
value for 7—>e+y is in rough agreement with the observed value, but the calculat- 
ed value for z°—e-+y is too much larger than that observed value’, which may be 
attributed to the effect of coupling type. The rate of other processes such as 
m—>e*+e- and z>y-+» is the same as that of z—e+» in our estimation and 
these processes are dominated by the observed decay 2'->27 which is caused by 
strong interactions. 


Table VI. Decay rate of z—>two leptons 


eee 


Decay process | Estimated value Observed value 
mT pty 2.1 X 108/sec 0.4 X 108/sec 
m—>et+y 7.6 X 108 ~5 X 108 


As to the process (5-4), the decay rate which is estimated by comparison of 
the kinematical factor with that of $-decay of neutron is 1.2/sec, which is compar- 
ed with the value 20/sec obtained by more accurate estimation based on the dis- 
persion-like calculation”. This gives also an idea on the correctness of our estimation. 
This rate is naturally too slow to be observed. 

Turning to the capture processes, possible elementary processes are 


Di i dae 2 (ag oh (5:7) 

po+po> pte (5-8) 
and possible derived processes are 

gt+te~—>7+y (5-9) 

Sth cg SS fe gs (5-10) 


It is well known that the process (5-7) is observed as the capture by nucleus and 
is compatible with the universality of coupling strength of the weak interaction”. 
The process (5-8) has the same decay rate as the process (5-7) in our model and 
ss an unwanted process, which can be’ forbidden by the association rule A. The 
calculated rates of both capture processes (5-9) and (5-10) are slower than 
the quasi-free decay of 7* an + respectively by a factor of the electromagnetic 


oP 
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overlapping probability of the initial state, a®/z~10~", and are difficult to be detect- 
ed experimentally. (See the discussions at the end of § 3.) 


B. Interactions of the type 4+ LON-+L. 
The elementary and derived decay processes are 


A(5') + N-+two leptons (5-11) 
= —> A(3') +two leptons (5-12) 
K-— two leptons (5-13) 
K—-7z-+two leptons. (5-14) 


If the composite nature of *’ and F is neglected, the decay rate of processes (5-11) 
and (5-12) can be estimated simply by comparing their kinematical factor with 
that of B-decay of neutron. The results are shown in Table VII where the first 
two processes were already estimated in reference 8) p. 442. All processes except 
8- and y-decays are unwanted processes which can be forbidden by the association 
rule A or A’, and only for some $- and y-decays there are experimental evidences” 
at the present time. 


Table VII. Dacay rate of B—B+two leptons (The strangeness is changed) 


Decay process | Estimated value 
A->N-+2e(2y, e+yv) 1.0 x 108/sec 
A>N+y+yv(e) 1.6 x 107 
S > N+2e(2y, e+yv) : 5.6 X 108 
S>N+p+v(e) | 1.1108 
&— A+2e(2y, e+yv) 2.2 X 108 
F->A+put+vee) 5.8 X 107 
> S+2e(2v, e+v) | 2.5107 
E>SJ+yu+v(e) 5.8 X 105 


The decay rate of (5-13) is estimated as in the case of s—>two leptons. As- 
suming the “radius” of K-meson is m1, we get 


R(K->2 leptons) ~ (1/47") mi2mz1 f? ~ 4 X 10"/sec. (5:15) 


Among the various processes expressed by (5-13) only K-p-+» is observed. As 
to the other unobserved processes the slowness of K—>e+y may be a result of 
special effect of the type of interaction as in the case of z—>e+y and others such 
as K°>e+y, 2e, 24, and 2v are unwanted processes which can be forbidden by the 
association rule A and/or A’. 


The decay rate of (5-14) is estimated : by comparing their kinematical factor 
with that of -decay of neutron and is given by 


R(K-+z+2 leptons) ~ 10°/sec. (5-16) 
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In the observed cases such as K->z+e+y and K->z+p-+ » the agreement of the 
value (5-16) with experiment is rather good, and in unobserved cases the reason 
can be attributed to the association rule A and/or A’. 

As to capture processes there is no process which has the possibllity to be de- 
tected, for processes of the type 


pe + p— hyperon + lepton 

are all forbidden by the negative Q-value, and processes of the type 
e~-+K*—>L+G, 2 or 3z) 
e-+3*N+L4(1 or 2z) 


are slower than the quasi-free decay of K*-meson and 3* respectively by a factor 
a®/m~10" (See the discussions at the end of § 3). 

C. Interaction of the type 4+ L-A+L 

As is seen from Table IV the possible processes derived from this interaction 
are all covered by the processes which were already considered in A. 

The main result of this section are summarized in Table IV. 


§ 6. Conclusion 


Summarizing the results obtained in §3~5, we can say that the maximal 
interaction model does not contradict with the present experimental observations 
provided that the following reservations are made : 

(1) Our discussions are quite limited to qualitative problems and must be ex- 
tended to quantitative and detailed problems such as the type of interaction and the 
difference due to charge states. For this purpose it is necessary to have full ex- 
perimental knowledge on all possible processes, which, however, we have not at 


present. 


(2) It is necessary to postulate, besides the usual selection rules, another. 


selection rule which forbids the appearance of a (e, /) pair in the weak processes 
or more strongly the appearance of, besides the (e, 4) pair, (e, e), (4, #) and (», v) 
pairs. This rule must be confirmed more definitely by further experiments, especial- 
ly on the processes marked byakors’> ini<LablesLy. 

The fact that our consideration is based on the special model of composite 
particles might be thought at first to be a serious restriction to the validity of our 
conclusion, but this is not the case at least concerning the conclusion of qualitative 
nature. This is because we used the composite model mainly in the enumeration 
of all conceivable weak processes and did not use it in the dynamical problems ex- 
cept few cases. 

Although these conclusions are nearly the same as those obtained under the 
usual universal weak interaction hypothesis,” it must be noted that our conclusions 
are obtained after more extensive and more systematic examination of all possible 
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weak processes from the different point of view from the usual universal weak 
interaction point of view. 

If the above conclusion is correct, then the next problem is firstly to make calcul- 
ations more precise and to see whether our model holds concerning the details on 
the type of interaction . Secondly, we must seek deeper meaning of the association 
rule A or A’. Already there are many works on this subject and especially the 
trials by Feynman and Gell-Mann, and Sudarshan and Marshak” are very interest- 
ing. But even if their trials succeed, it is necessary to find their more profound 
meaning. In this respect, although in §1 we mentioned the analogy between the 
weak interaction and the gravitation, the conjecture that there is some direct con- 
nection between them does not seem promising, because the effect of the gravitation 
is too small at least in the perturbation theoretic sence. 

The author would like to express his sincere thanks to Prof. M. Taketani for 
suggesting the idea which brought on this work. He also wishes to thank Prof. 
S. Goto and Dr. S. Furuichi for their valuable critisisms on the manuscript of this 


paper. 


Appendices 


a 924 Ot: Ovduteae fermion processes 

Although it is a@ priori possible that besides 4 fermion interactions there exist 
6, 8---fermion interactions, it is not necessary to consider the latter interactions except 
in a few cases. In other words, almost all processes can be derived from 4 fermion 
elementary interactions and a few processes are derived from 6 fermion elementary 
interactions. The proof is as follows. Consider an arbitrary decay process, 


a0 C-—. 


First, among a, J,-:--:- , pairs of the same baryons which can annihilate by the 
strong interaction are excluded. Secondly more than one pair of the same leptons 
are also excluded, partly because of the simplicity and partly because of the associ- 
ation rule A’. Then, as we have only five elementary particles, there remains only 


the following 6 fermion interactions which can not be derived from 4 fermion inter- 
actions : 


A->N+e+2v+y (Al -1) 


and all 8, 10-:---- fermion interactions can be reduced to 4 and 6 fermion interactions. 
As there is no principle to give the coupling strength of the above process, we do 
not consider this further. 

2. Calculation of capture rate 


The rate of various capture processes is estimated under the assumptions stated 
in §2. For example, for the process (3-4) e*-+e-—>y-+) the capture rate is given 


by 
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R=270|M|*|¢ (0) |? (A2-1) 


where p is the energy density of the final state, M is the matrix element taken 
between plane wave states and is assumed to be equal to be f/m x, and ~(0) is 
the value of internal wave functions of the initial state at the origin and is taken 


¢ (0) = (za*)~"? where a is the radius of positronium, oe (me). Then the decay 
rate of (3-4) is 


Ble, re. 32y) = 16 71") fa mom". 
If this is divided by the rate of 27-annihilation of positronium : 
R(e* +e > 27) =4.a°m, 
we get (3-7). 
3. Decay rate of (4:1) and (4-2) 


According to the assumptions stated in §2 the decay rate of (4-1) can be 
written in the form 


R=270|M |’ |¢x.(0) |’ (A3-1) 


where the meanings of p and M are similar in (A2-1) and ¢,(0) is the value 
of the internal wave function of the z-meson at the origin and is taken as (za*)~"” 
where a is the “radius” of the z-meson and is assumed to be Me, - 
Similarly, for the process (4-2) we get , 
R=27ze|M|?|¢..(0) |? 7” (A3-2). 


where 


e 


7=|\ dx px* (x) ¢=(x) exp (ips) | (A3-3) 


is assumed to be a constant parameter and <1. 
4: Phase volume of three-body decay 
We define the volume of the phase space of three-body decay by 


W= (27) a dp, dp; ap; 0 (p+ P+ Pps) 0(£, +E, + E3— Ep) (A4-1) 
where E=(m?,+p",)", pn and m, are momentum and mass of m-th particle. For 


the process (4-3) we get 
Vio 2a, ) oe OA aaa (A4-2) 


where Enmax is the maximum energy of 7-meson. 
For the process (5:1) we get 


W= (120 2") “1x 0.47 4°. (A4-3) 


From these we get (4-6). 
5. Decay of =-meson 
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The method of estimation of the process 7+ is similar to that of capture 


rate in Appendix 2. We get 


RE(im) fg ihe 


where E and gq are the energy and momentum of #-meson. For the process 7>e +», 


E and q are those of electron. 


14) 


15) 


16) 
17) 
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Remarks on the Final State Interaction in Fermi’s Theory of 
Multiple Particle Production 
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A method of modifying Fermi’s statistical formula of multiple particle production is 
presented. It consists of expressing the “ matrix element” of Fermi’s theory as an integration 
of plane wave in the effective interaction volume, and then replacing this free state wave 
function by that of interacting particles. Its application to the z-N system and deuteron 
production is given. Belenky’s formalism on the same problem is critically discussed. 


§ 1. Introduction 


Fermi’s” statistical formula for multiple particle production is based on a tacit 
assumption that the produced particles are in free states. Actually, however, some 
of them interact strongly with each other and this fact séems to be one of the 
main factors that may account for the discrepancy between his theory and ex- 
perimental results.” 

We shall follow Fermi’s original idea and express his statistical formula in 
terms of usual quantum mechanics, as the product of the square of transition matrix 
element and the final state density, and find that the former is just the probability 
that all the final particles, which are in free states, are found in the interaction 
volume 2. In this way we can extend his formula to the case of final state in- 
teraction by modifying the matrix elements, though, as we shall see, the results are 
not very satisfactory. 

Another approach, presented by Belenky”, consists in the change of the final 
state density. His theory explains experimental results very well,” but it does not 
seem to us theoretically convincing. 


§ 2. Formulation 


For simplicity we shall take a system of a nucleon and pions. According 
to Fermi, the probability for the formation of these particles is proportional to 


iefoe V Ii 7 
So(W, Nl, M,) re, ! | V | x| (27h)? | t=1 P P 


x0 (W— 3} Wi- Ww) p+), (1) 
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where W is the total energy of the system; p;, W; the momentum, energy of z-th 
meson; p, Wy the momentum, energy of the nucleon; V, 2 normalization and 
interaction volume. 
This expression can be written in the form: 
So(W, n, Mo) = \Pr (ry Tny Tu) [?dVi---dVn-d Vu X Pr=PX pr. (2) 
Q 
Here ¢, represents the wave function of the final state. It is obvious from (2) 
that S, is, apart from the final state density, given by the probability that, in the 
state under consideration, all the particles happen to be within 2 at the same time. 
This is in agreement with the idea expressed by Fermi in his original paper. 
Fermi took as ¢, the product of plane wave states of individual particles, without 
taking account of any final state interactions ; that is 
oe | \Pe|?*dt= (=. 
V 


Q 
thus we have the expression (1). 
In order to introduce the effect of a final state interaction between a nucleon 
and a pion, it is convenient to slightly rewrite the expression (1). 


Sy (Wn, M) ab 2 ie ae \ idpapadin 
(22h)? n! (2nh)* Jt=1 
n n—-1 
xd(Ww— 22 Wi— Wu) 8 (> Pit Pe), (3) 
t= j= 


where p,=p,+p and p'=(Mp,—ypp)/(u+M) are the total momentum and re- 
lative momentum of 7-th meson and the nucleon system, respectively. We interpret ” 
the last factor 2 in (3) as the volume* of relative coordinate space, and transform 
the expression (3) by putting 

Om \ je" "dV = |r dr| dolexp (i rcos8) | 


Q b 


r'dr| dol 3321+ 1 ju(R 7) P:(cos) | 


I 
— ee) 


Es \ dram S)(21+1) i(k 1) (4) 


into 


S)(W,n, M =| 2 ‘i Liss Brie 
1(W, n, M,) Sai oy Se Cl+1) | I dp, dp,- dk! 


at 


7 


* Strictly speaking, this prescription deviates slightly from Fermi’s original one. 
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= I: : n n-1 
x | dra ir) xo) Wi Wu) 9S) pip.) (5) 
0 es 


where j,(k/r) is the spherical Bessel function, a is the interaction ‘radius (Q= 
4za*/3 and we do not consider the Lorentz contraction) and p’/=hk’. 

Now it is natural to assume that the modification of (5) due to the final state 
interaction can be effectuated by replacing vp =N,,j,(k'r) Xr, which represents the 
non-interacting states, by another function v,, which represents interacting particles. 
(No = 2k”/R is the normalization constant and R is the normalization radius. ) 
If we define 4P, by 


AP,(p!) =| Jo, r) lve @ 9) Pdr, (6) 


the probability for the formation of the system will be proportional to 


SPW, 7, M) =S,(W, n, M)) 


1 Q m—1 if Cr n—1 
site del los” La 
ey Z a An’*h P (27h)* n! \ 7 oP ap, 
n 3 « n—1 A / 
x 9(W— 3} W.— Wu) (S3 pe p.) | APP ie 


where the second term corresponds to the production through the isobars in the 
case of Belenky’s work. 


3. Application 
: PP 


i) 7z-N interaction 
We shall consider only the (3/2, 3/2) state interaction between a pion and 
a nucleon. According to (6) and (7) it is necessary to work out the integration 


of the wave function inside the interaction region 2. The solution of the Schrédinger — 


equation with the interaction taken into account is” 


1 


(oS eS ee 
¢ p E,+ie—H, 


dan ps3 (8) 


and our method amounts to replacing ¢, by ¢{. 


We can prove that if ¢, is normalized, then ¢{*) is also normalized.” Therefore 
[ivsrrav—=i— | [s?Pav. (9) 
Q V-Q 


In the region V—J, which is outside the interaction volume, the wave function can 


be expressed only by the phase shift and 
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| di PdV= \ Ny Gu(B!'7) cosd,— (Rr) sind,) |?7?2dr (10) 
V-Q a 
where N2,=2k”/R and N,, is the normalization constant in the case 0,=0. 
The results of estimation* are as follows: As seen from Fig. 1 4P,(p’) in 
(6) is not always positive and depends sensitively on the interaction radius, so 
the second term in (7) cannot be very significant. It is ~1/10 of the contribution 


without interaction. 


R4Pi(R')|=1 


SS OES F SSS = oes 
Fig. 1 R-4,(2’) 
ii) Deuteron production 
Let us apply our method to a bound state. We then have 


S®(D) = | \Pr(r) ?dV X S(D) (11) 


Q 


for the probability of deuteron formation. Here S,(D) is the corresponding ex- 
pression in Fermi’s theory and ¢,(7) is the wave function of the deuteron. As 
is well-known the wave function ¢, is rather spread out and so we get 


S(D) ~(4~4)8S,(D). (12) 


Table 1 Production ratio of deuteron 


p-p collision ~1 BeV p-n collision ~1 BeV 
a twas perm Uitte pep ere 
exp. (events) 2 GyRn U. ynt 3979) 
Fermi (S)(D)) Hee hws 3 Lai pee, 
Eq. (12) (S@(D)) Ley 0 90 1 : 20~60 


* The details of the calculation are given in reference 7). 


SS 
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The comparison with experimental data is given in Table 1 and it is seen 
that our modification gives a fairly good agreement with experiment. 


§ 4. Discussion; relation to Belenky’s results 


Our conclusion concerning the z-N interaction (S$ 3, i) differs very much from 
that of Belenky®, though our standpoint is similar to that of Belenky. Belenky 


is concerned with the change of the final state density due to interaction. He 
starts from the formula 


Lf} m—1 1 n—1 
SOW, n, Me) = Sof ) | = | Wa a 
. rg GCs Te Cee 


n—-1 n—1 
xd(W— S)W,— W.-W) 0(S p, +p.) (13) 
4=1 7=1 


— NV 1) 
—— >) ey 
Dp 


and takes a wave function of the nucleon-pion system 


/ 
¢,~ const : sin( 2 r— “i +é,) for 7-00 (14) 
r 2 


with the boundary condition 


= R - +0,=s7 s: integer (Dy) 
thus obtaining 
SM = 3} (21-41) | dps a 4 ee) (16) 
7 a hi Op! 


He then asserts that the first term corresponds just to Fermi’s expression. 


According to our consideration, however, this term is different from the original 
Fermi formula by a factor V/2. The ratio of the correction term turns out, 
therefore, to be negligibly small compared with the first term. This could have 
been seen from (16) because the first term contains factor R while the second 
does not. 

For the above reason we have not considered the change of state density, but 
restricted ourselves to the change of the matrix element, but unfortunately the 
results were not satisfactory. 

Here we note Amati and Vitale have already used the similar formula as 
(5) and Kovacs’? have obtained a formula identical to (11) from other view 
point. 

In conclusion the author would like to express his sincere gratitude to Pro- 
fessor Z. Koba for his encouragement and critical comments and to all members 
of Yukawa laboratory for their continual help. 


S. Ishida 
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The conventional virial expansion of thermodynamic functions is converted into a new 
expansion scheme, similar to the former but more powerful. The new method is particularly 
suitable to dealing with the interaction of long-range character, such as Coulomb potential, 
since it suffers from no divergence difficulties contrary to the conventional one. As an 
application of the method, the equilibrium properties of high temperature plasma is studied 
and the term of next higher orders than the Debye-Hiickel limiting law is obtained exactly. 
The order estimation indicates that the Debye-Hiickel law is accurate within the error of a 
few per cent in this case. A possible extension of the present method to the theory of non- 
equilibrium properties of plasma or to quantum statistics is suggested. 


$1. Introduction 


In classical statistical mechanics, thermodynamic functions of an imperfect gas 
are expanded in a form of power series of particle number density p, and coefh- 
cients are known to be expressed in terms of irreducible cluster integrals”. In some 
cases, however, these expansion formulae are no longer valid, because of the diver- 
gence difficulties of cluster integrals. For instance, in an ionic solution or classical 
plasma, the interaction potentials between particles are of long-range character and 
all cluster integrals diverge to infinity. Mathematically speaking, this implies that the 
point e=O0 is a singular point of thermodynamic functions, since these functions 
cannot be expanded in powers of ¢. Therefore, according to the theory of functions 
of complex variables, the point e=0 should be one of the following three cases: 
the pole, the essentially singular point and the branch point. In any case, the 
thermodynamic functions are expected to have some singular properties at low den- 
sities. Then it is quite clear that the usual virial expansion method cannot afford 
to describing the low density behaviour of the system. 


So far, there have been several attempts to overcome the difficulties mentioned 


above. Among them, Mayer” has shown that the long-range interaction can be re- 
duced to the short-range one, if the integral over the intermediate particles of a chain 
is performed for a given type of prototype graph. Thus, the expansion formula in 
terms of prototype graphs is free from the divergence difficulties arising from the 
long-range correlation. In fact, Mayer has proved that the Debye-Hiickel limiting 
law is derived by a summation procedure over the clusters of ring type. 


* A short account of this paper was published in Prog. Theor. Phys. 21 (1959), 475. 
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However, it is important to note that Mayer’s procedure brings about new diffi- 
culties owing to the short-range correlation. One may encounter with these 
difficulties if he investigates into the contributions of the complex prototype graphs 
beyond the ring type. In Mayer’s theory, the existence of hard-core potential is 
assumed and each term corresponding to one prototype graph is calculated without 
any divergence difficulties. However, if one makes the core radius approach zero, 
some terms considered by Mayer are shown to diverge to infinity. Thus, the develop- 


ment in terms of prototype graphs is not applicable to the pure Coulomb potential 
without a hard-core. 

The purpose of this paper is to develop a systematic expansion procedure 
without suffering from difficulties arising from both long- and short-range correlations. 
In § 2 we shall briefly account for Mayer’s expansion method in terms of proto- 
type graphs and discuss how the divergence difficulties arise from the short-range 
correlation. In $3 we shall discuss how to avoid these difficulties, taking a simple 


4) Generalizing this procedure to the more 


example of graphs of watermelon type 
complex graphs, we shall obtain an expansion formula which has a form similar 
to the usual one. Each term of new series corresponds to an aggregate of all usual 
clusters of a given type, and therefore the expansion developed here will be called 
“‘siant cluster expansion.”” The giant cluster integrals corresponding to the usual 
irreducible cluster integrals are defined and shown to have topological properties 
similar to the usual one but dependent on p. Then § 4 is devoted to an application 
of the method to an electron gas in a uniform positive ion background and the term 
corresponding to the usual second virial coefficient is calculated. Calculations are 
carried out in two different ways: the one based on the use of Bessel functions and 
the other which will clarify how the lowest order term of giant cluster can be 
obtained by a summation of the most highly divergent terms of prototype graphs. 
In § 5 the contributions of higher order giant clusters are briefly discussed and it 
is verified that the thermodynamic functions are exact up to and including the 
order considered in this paper. The orders of magnitude are estimated for the 
high temperature plasma and it is shown that the Debye Hiickel law is accurate 
within the error of a few per cent. It is suggested that the thermodynamic func- 
tions of plasma are written as a double power Series of 4 and log 4, with / the 
characteristic non-dimensional parameter for plasma. In §6 is discussed a discre- 
pancy between the results obtained by Ichikawa” and ours. A possible generali- 
zation of the present method to the study of non-equilibrium properties of plasma 


or to quantum statistics is suggested, and these matters will be the subjects of 
forthcoming papers. 


§ 2. Mayer’s expansion scheme 


In order to deal with the thermodynamic properties of an imperfect gas, it is 
convenient to introduce a function S defined by 


S= SBae""/ (+1) (1) 
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where ?, is the irreducible cluster integral, 7 is the particle number density given 
by N/V, N being the particle number and V the volume of the system. Then 
the Helmholtz free energy and the equation of state are given respectively by,? 


A/NeT=log (h?/22mkT )*? 0/e—S/p, (2) 
P/xkT=p+S—pdS/dp. (3) 


Here m stands for the mass of particle, « Boltzmann’s constant, h Planck’s constant, 
YT the absolute temperature. All other thermodynamic functions are derived from 
the S, therefore the investigation of equilibrium properties of an imperfect gas reduces 
to calculating the function S. In this section we shall give a brief account of 
Mayer’s expansion scheme in terms of prototype graphs. 

If we set the potential function between the i-th and jth particles to be ¢ 
and substitute an explicit expression for 8, in Eq. (1), we have 


a 


S= 31 e — | Say saad, (4) 
n=2 yn! VJ Jmnzidjz1 


All products in which all particles 
are more than singly connected 


Here f function is given, as usual, by 
Fig=exp (— P43) -1 (5) 

with §=1/«T. Usually, each term in Eq. (4) is represented by a bond diagram 
composed of points and of bonds representing the f function. Hereafter we shall 
call this bond the f-bond. If the f is expanded in powers of — 8¢6;; and if we take 
the term (—/34,;)*/k !, the fbond is splitted into k ¢-bonds as shown in Fig. 1. Then 
each term in Eq. (4) will be represented by 

diagrams composed of ¢-bonds. The difference 

between the diagrams composed of f and ¢-bonds oro. 
is clear: in the former case one and only i j 


one bond is permitted to connect the points 

directly, while in the latter an arbitrary number fbond _ ¢-bond 

of bonds are permitted. (he) 
The diagrams of ¢-bonds constructed in 

this way may be classified according to their 

topological properties. For this purpose, we introduce the terminology “junction,” 

which is defined as a point to which three or more bonds are connected”, and 


Fig. 1 


let us consider the diagram of which all points are junctions. Mayer has called 
such a diagram “prototype graph.” Then it is clear that all the diagrams are 
constructed by adding the points on the bonds between junctions of prototype graphs 
(except for the diagrams of ring type of which contribution should be calculated 
separately). Therefore, if we first select one prototype graph and then sum up the 
terms of all the diagrams derived by this prototype graph, the S is expanded in 
terms of prototype graphs. In fact, as Mayer” has proved, S is written as 
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S=8,+ 3 | yy ip P49)" acm). (6) 


m=2 Fy ! V mai>jel aj 


Here S, is the contribution of clusters of ring type, and is given by 


So= — (0° 8/2)¥(0) + 1/2V) D1 {—log[1+f»(k)]+8»(k) } (7) 


with v(k) the Fourier component of ¢ defined by 


Pp 


v(k) = \ d(x) e-** dx. (8) 


Furthermore, SY in Eq. (6) implies the summation over prototype graphs, ;; the 
number of bonds between the i-th and j-th junctions, d(m) the integrations over 


m junctions, and gq;,; is given by 


y= (1/V) S120) explike (a,x) I/[1 +0008). (9) 
In the case of electron gas in a uniform positive ion background, v(k) is 
given by 
v(k) =47&/k? (k~0), v(0)=0, (10) 
where € is the absolute value of eletronic charge. Then g;; is shown to be 
g(r) =& exp(—Kyr)/r (11) 
with m= 4780€. Furthermore from Eqs. (7) and (10) it follows that 
So=2V x & 9? 07/3, (12) 


in this case. From Eqs. (3) and (12), we have 
P/ox T=1— pa & pl? pi? /3, (13) 
which is the Debye-Hiickel limiting law. 


§ 3. Contributions of prototype graphs and giant cluster expansion 


We have calculated in § 2 the term S, which is the contribution of clusters of 
ring type, ie., clusters without junctions. We now proceed in this section to dis- 
cuss the more complicated clusters with some junctions. As we have mentioned in 
§ 2, the contributions of these clusters can be expressed in terms of prototype graphs, 
and we shall first consider the graphs with 2 junctions. The simplest one of 


these is shown in Fig. 2, ie., the graph with 3 bonds. Its contribution to S is 
given by 


pone j (=8q)* a, doo ee BD 362 eae 


DEVE oN 3 r 
0 
from Eqs. (6) and (11). Obviously, this integral is divergent at r=0. Ina 


similar manner, it is shown that the contributions of graphs with 4,5,6,---bonds are 
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all divergent. In Mayer’s theory, however, the correspond- 
ing results are convergent, since the assumed existence of <> 
hard-core potential makes the lower limit of integration the 

finite value, thus preventing the divergence at r=0. How- Fig. 2. The simplest 
ever, if we make the core radius tend to zero, the integrals prota Peretee wigs 

: AG : 2 junctions. 

become co as mentioned above. This is the main reason 

why the development in terms of prototype graphs is not satisfactory for dealing 
with the pure Coulomb potential without a core. 

Let us now discuss how to avoid this divergence difficulty. For this purpose, 
it may be instructive to consider the procedure in which the f-bond is expanded in 
powers of ¢-bonds, as we have done in § 2. If the function ¢ has a dependence 1/7 
near r=0, the integration for d-bonds may be divergent at r=0, in spite of the 
convergence of the integral for the /-bond. This in turn suggests that the diver- 
gence arising from the short-range character can be avoided by summing up the 
graphs over the number of bonds. Keeping this in mind, let us sum up all the 
prototype graphs with 2 junctions as shown in Fig. 3. If we set the contributions 
of these graphs to S to be S,, we obtain 


9% ? 2 ov 2 k 
S.= ~ 1 \= ( Baqi) dz, dt» 


(Q2 2 . 
e914 Bar) — | par. (15) 


9 
a 


eS 


Fig. 3. All the prototype graphs with 2 junctions. The contribution of 
these graphs to S is S,. 


I 
bo 
2 
“w 
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From this equation, it is clear that the divergence at y=0 no longer appears. The 
similar equation to this has been obtained by Yukhnovsky”, by the use of the method 
of collective variables. It is also possible to obtain the corresponding equation 
without expanding the f-bond in terms of ¢-bonds, as we have shown previously in 
the theory of watermelon approximation for classical fluids.” 

The generalization of the above procedure to the more complicated prototype 
graphs is straightforward. For example, let us consider the graphs with 3 junctions. 
The simplest one is that shown in Fig. 4 at the left end. If we sum up all the 


graphs in Fig. 4, keeping the number of bond between the junctions 1 and 2 to: 


be one, we have from Eq. (6) 


Sie es | Wy (12) w,(23) w2 (31) dr dtd75 Oy 
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as a contribution to S. Here w function is generally defined by 


i Ss (— fq) */R! 5 (n ae 0) (17) 
k=n 
beth w,=e %—1, w=e %—1+ fq and w,=e %—1+f8q—''q’/2, 
and Wy=—fq. (18) 


Furthermore, the factor 3 in front of the integral corresponds to the three types 
of graphs as shown in Fig. 5. 


1 1 1 
®S LN x 


Fig. 4. Prototype graphs with 3 junctions, Fig. 5. Three types of graphs in which wo 
in which one bond is connected between the bond is connected between junctions. The 
junctions 1 and 2. Their contribution to S dotted line is wg bond and the double bond 
is S,{0). ‘ is w, bond. 


If we further consider the prototype graphs in which at least 2 bonds are con- 
nected between junctions as shown in Fig. 6, we have 


ae if 
4 


a \ WwW (12) w (23) w (31) dz, dt,dt5 (19) 


Ors 


as a contribution to S. 

It is obvious that the similar 
procedure can be carried out for proto- 
type graphs with 4, 5, 6--- junctions. 


In general, if we write 2 
Fig. 6. Prototype graphs in which the number 


ca - f bonds is larger than 2. Their contribution to 
S=S ae SH ga gntt 20 @ e a 
ES paves m+1 ° ey ees 
7m is expressed as an integral of a sum of products of w functions, ic., 
‘ \ 
fh | SST eG) dad On he 
Rar eee n (tj) d(m +1) (21) 


For example, 7, and 7, are given respectively by 


1 
j=, | wa(12) de dis, 


js= | zo(2) W, (23) w.(31) dz, dt, dt, 


3 
21 V 
bh 


+o | w(t) W, (23) w,(31) dt, dt, dz. 


Giant Cluster Expansion Theory and Its A pplication 219 


Comparing Eq. (20) with Eq. (1), one may easily see 
that 7, is a counterpart of the usual irreducible cluster 
integral. However, 7,, corresponds not to a single cluster 
but to an aggregate of all the usual clusters of a given type. 
For example, 7, represents the contributions of usual clusters 
of ¢-bonds shown in Fig. 7. For this reason, we shall call 
im the giant cluster integral and the expansion given by Eq. 
(20) the giant cluster expansion. It is quite easy to see 
that this expansion scheme suffers neither from the diver- 
gence difficulty due to the long-range character nor from 
the one due to the short-range character. 


Fig. 7. Clusters of ¢- 
bonds contributing to 
T2- 


Just as in the usual cluster expansion, the giant cluster integral is represent- 
ed by the bond diagram composed of w-bonds. For example, the bond diagrams 
of 7, and 7, are given in Fig. 8. Furthermore, those of 7; are shown in Fig. 9. 


=——, 

i (a) : (b) 
Fig. 8. Bond diagrams of 7, and 72. The triple Fig. 9. Some type of bond diagrams 
bond is w3. (a) and (b) correspond to S,(@) contributing to 7;. The single bond is 
and S,‘%), respectively. Wy. 


From these figures one may see that the bond diagrams representing the 
giant cluster integrals are quite similar to the usual one. However, the essential 
difference lies in the fact that they should be drawn so that all the points are junc- 
tions in this case. For example, the bond diagrams shown in Fig. 10 do not ap- 
pear, since these are not consistent with this 
requirement. As long as this is satisfied, 
there are several ways in which w-bonds are 
connected for a given type of bond diagram, 
as being shown in Fig. 9. Accordingly, there 
appears, so to speak, the fine structure of 


Fig. 10. Bond diagrams not appearing 
in the giant clusters. 
usual bond diagram in our case. 


Furthermore, it should be noted that 7,, is dependent on density, contrary to 
Bn, so that the giant cluster expansion is not a simple power series of density but 
a more complicated one. But, as will be shown in the next section, it enables one 
to study the low density behaviour of the system for which /, diverges. 


ET a aay Se tee OS 
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Before closing this section, we should like to mention that the similar procedure 
to the present one was discussed by Meeron” in his theory of nodal expansion for 
the potential of average force and for the distribution function. Furthermore, 
Morita” has succeeded in a partial summation of giant clusters in his theory of 
hyper-netted. chain approximation. However, it seems that these authors stayed 
in a rather formal stage. We shall give an actual application of the method to 
the electron gas in the next section. 


§ 4. Application to electron gas 


In this section we shall calculate the function S, given by Eq. (15) for the 
electron gas. As can be seen from Fig. 8, this function corresponds to the 
usual second virial coefficient. In the following, we shall give two different ways 
of calculating the S,: the one based on the use of Bessel functions and the other 
on the summation of the most highly divergent terms of prototype graphs. 

Substituting Eq. (11) in Eq. (15), we have 


2 


( BE J 7 pil? B3!2 3 
S=2n9* || exp (—! er) a1 |rtdr+ : J z= 0 B 3 
s 
0 


4 


In order to carry out further calculations, it is convenient to introduce a dimen- 
sionless parameter characteristic of the classical electron gas: 


1 ky BER QV/F BP pH, (22) 
Then we have 
Sie Fi eee Ae en* : 
ja eS |[exn(- )-1|Aae. (23) 
If we perform the partial integration, it follows that 
S,/e=1/2—4/8— (47/6) (A) (24) 
where J(A) is given by 
dere ¥: ; ag 
1) = | (t-+30%) exp (=a — au. (25) 


0 


In calculating this function, we assume that 4 is small, that is, we consider the 
low density and high temperature limit. In such a case, it may be possible to write 
—4t—e-™/t as —4t—1/t+ (1—e~™) /t and expand exp| (1—e~*“) /z] as a power series 
of its exponent which is of the order of 4. Then we obtain 


I@)= 3 1n(A)/n! (26) 


where 


<a, hula a ae 
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eo 


tin ech 
Ltayr= | (¢+/?¢’) er Cae)” a 
0 
"i t+Ar 
= > (") (—1)” eG OO) eters ae (27) 
0 


The integral in Eq. (27) can be expressed in terms of Bessel functions, if we notice 
the formula® 


ESS | e-= h8 Cosh nf dO. 
} | 


In this way, we find 


ooiy Kor Iya (rtiye| — 2 as 2 yy Ket @V HD) 


KV r+) |. (28) 


§ 
“f $$ 
(r+ lV Ar4+1) 
If we substitute in this equation the explicit expression for K,(z) : 


K,(z)=— ss (—1)"(n—m—1)! (= ee (= pas. Glee 
2 m=0 m! 2 m=0 m!(n+m) ! 


x {log (z/2) —1/2+$(om) —1/2+(m-+n)} 
b(m)=—7+1t+—+-4+4+, $(0)=-, 
2 m 


(7: Euler’s constant =0.57721566:---), 


we have 
=3/#—2/4+1/2—1/2+ {logA—$ (0) —$(2)} +0), 
=5/4A4—1/2—log2+0(A), 
I,=2 log 2—log 3+1/3+0(A) 
and 


=0(2). 


It is easily verified that J, for »=3 can be ignored if we confine ourselves up 
to the order of 7°. Substituting above equations in Eq. (26), we have from Eq. 
(24) : 


Ds = (288 4 re -) + log/ +0(28). * (99) 

E peobi eet atG ©: G 3/72 12 

On the other hand, the contribution of clusters of ring type, So, is written as 
$o/p=2/3 (30) 
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from Eqs. (12) and (22). Thus we see that the contribution of giant cluster 
with 2 junctions is of orders higher than that of clusters without junctions at low 
density limits. Furthermore, it should be noted that there appears the term log 4 in 
Eq. (29). ‘This implies that the point p=0 is a branch point of logarithmic charac- 
ter, while in Eq. (30) it is of algebraic one, [see Eq. (22) |. 

Let us now discuss to derive Eq. (29) in an alternative way. As we have 
mentioned in § 2, the contribution of each prototype graph diverges to «0. However, 
if the existence of hard-core potential is assumed, it is convergent. Then the con- 
tribution of the prototype graph with 2 junctions and 3, bonds is given by 


Sag! Mees 


il: 
0 Dem SNE Ne Gee 
! 6 


where 0=a/E&’, a being the diameter of hard-core. 
Similarly, the contributions of the prototype graphs with 4, 5,---bonds are given 
by 


Sang 72 iL en a Sos eats We 
p DAD c : 


ort 


6 


Though these terms become oo as 0-50, we observe here the most highly 
divergent terms in this limit. They are given by 


Seg OR ee oe ee rere 
p PE eats) ee: | \ pM 
Shes belied Mey fe 
zs =— jot sete: 
0 2 51 90 PEAR, 
Then summing up these terms, we obtain 

Sea Ripon TPMT.) alee 

a ~~ eee | Soe a 31 
? 2 \l¢ is t of * Gy 23 | oe 


Now, this integral is finite as 0-0, and then one may easily verify that the in- 
tegration leads to the same result as is given by Eq. (29). Thus we see that the 
lowest order term of contribution of giant cluster can be calculated by summing up 
the most highly divergent terms of prototype graphs of which the giant cluster is 
composed. This situation seems somewhat analogous to the case of correlation 
energy of electron gas as was discussed by Gell-Mann and Brueckner.”. We shall 


use this method in the next section for the order estimation of giant clusters with 
3 junctions. 
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§5. Contribution of higher order giant cluster and equation 43 
of state of high temperature plasma 


We have calculated in § 4 the contribution of giant cluster with 2 junctions. 
In this section we shall discuss the order estimation of more complicated giant clus- 
ters for small /. 

The term expected to be important besides S, and S, for small / is S§? given 
by Eq. (16). The bond diagram corresponding to this term is shown in Fig. 8, 
and is a counterpart of the usual third virial coefficient. Combining Eq. (16) with 
Eq. (17), we have 


So oO c 


\ (e*923 — 1 + Bqos) (e°°%13— J + Pas) (— Pa) dt, dt. (32) 
0 a 


Carrying out the change of variables and the integration for the angular part, 
we find 


(a) aoe =e 284 ‘ 7 
sda : {|se| exp(— s fier Jas} cheat A(A) (33) 
0 0 
where 
in —As =ds 8 4 met 
A() =2 |e! s| exp(—“—-14— Jasfe “a exp(—“—) 14° — Jae 
: 


(34) 


The calculation of the first term on the right-hand side of Eq. (33) is straight- 
forward, if we use the second method discussed in § 4. Then we obtain for this 
term | 

2B ( 3 1! a\3 
1 Pare taodaree ky 34) (35) 
ahi? Bede Sere 
for small 4. On the other hand, the second term in Eq. (33) is not calculated 
analytically, yet it is verified that its contribution for small 4 is of the same order 
as is given by Eq. (35). In order to show this, we sum up the most highly 
divergent terms of prototype graphs, as was discussed in § 4. Then, after some 
manipulation, we have 


a Baie ht 
oe 


N bie i —1/s 1 is d ( ete 1 a 
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0 § 
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Differentiating this equation by 4, we find 


~ 


bo 
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7 7 \slem—1 tale mds, (36) 
) ‘ 


The right-hand side of Eq. (36) is equal to 
—1/2+[2 (82) “°K, (20/34) — (34) “2+ (34). 
Therefore, for small 4 Eq. (36) becomes 


Uh = [log (34) — $ (0) — $2) +04). 


Integrating this equation, we have 
A(A) ~ const. +1/2+[log3— (0) — (2) ] log4+1/4: (log 4)’. (37) 


Comparing the above equation with Eqs. (33) and (35), we see that the contri- 
bution of the second term in Eq. (33) is of the order same as the first one. Though 
the value of constant in Eq. (37) is not determined by the above argument, it is 
clear that the order of S{°/e is #, if we consider the term log as if it were of 
the order #°. Under the same prescription, S,/ is of the order of # as can be 
seen from Eq. (29). Thus, it is verified that the contribution of giant cluster of 
type (a) shown in Fig. 8 is of orders higher than 7, in the same figure. 

The calculation of terms of type (4) and of more complex giant clusters is 
very difficult, and we shall not enter into this problem here. However, as was 
shown in the above calculation, it is quite probable that their contributions are of 
orders higher than that of 7;. Then, up to the order of ”, we obtain from Eqs. 
(29) and (30) 


5/p=2/3+# Cog 34/12+7/6—11/72) +0(7). (38) 
By the use of Eqs. (3) and (22), the equation of state is written as 
P/p «T=1—1/2-8/8h+(S/p). 


Therefore, substituting Eq. (38) in the above equation, we have 


oe. A 2( log 34 ry | s 
y, ae +0(/°). 
lt. 6 Gia Oe S? 


The third term on the right-hand side is graphically shown in Fig. 11. As is seen 
from this figure, when / is smaller than about 0.4, the third term makes the P/o«T 
larger than that calculated without this term. This situation is represented in Fig. 
12. 

In order to estimate orders of magnitude for the high temperature plasma, let 
us suppose T~10°°K and p~10"cm™*. Then we have /~10-*. If we set 4=107?, 
the Debye-Hiickel term, 4/6, in Eq. (39) is 1.6667X10-°. On the other hand, the 
correction term /* (log 34/12+7/6—1/9) in Eq. (39) takes the value —0.0308 Xx 1073 
Thus we see the latter amounts to only about 2% of the former. The higher the 
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Fig. 11. Graphical representation of 2 (log Fig. 12. Equation of state for high tempera- 
3A4/12+7/6—1/9) as a function of 2. ture plasma. The dotted line is the Debye- 


Hiickel limiting law and the full line is based 
on our calculation. 


temperature is, the smaller the correction becomes. Thus we may conclude that 
the Debye-Hiickel law is accurate within the error of a few per cent for the plasma 
at sufficiently high temperature. 

Here we wish to add some remarks about the functional dependence of S/o on 
4, which is suggested by the present calculations. We have shown that S,/ 0 
includes the terms # and / log 4, S§®/p the terms #, # log 4 and /*(log 4)? for small 
4. Furthermore, it is easily verified that S,/o is a sum of terms #” and 4 log 4 
(m=2, 3,::-). In all these cases, the S/¢ is expressed as a sum of terms /” (log #)” 
(m>n). If we assume these properties to be more general, S/o may be written 
as 


S/o= >) Pni™ (log 2)" 


m>n=0 


where b,,, is independent of 4. This implies that the thermodynamic function of 
plasma is a double power series of. 4 and log /. 


§ 6. Concluding remarks 


A systematic expansion scheme quite suitable to dealing with the long-range 
interaction has been developed. We can safely conclude that the fundamental diffi- 
culties associated with the interaction of this sort are completely solved by this 
method, as far as the behaviour of the system at low densities and high temperatures 
is concerned. The method has been applied to the study of equilibrium properties 
of high temperature plasma, and the equation of state beyond the Debye-Hiickel 
limiting law has been obtained exactly up to the order of /*. It in turn indicates 
that the Debye-Hiickel law is exact up to the order of /. 
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Now, with respect to this point, we must mention the calculation carried out 
by Ichikawa.” He has shown that the long-range correlation effects of the Coulomb 
interaction increase the free energy of the Debye-Hiickel law by about 22%. Ob- 
viously, his conclusion is not consistent with ours. The. origin of this discrepancy 
is due to the fact that he dealt with the high density behaviour of plasma, though 
his result is reduced to the Debye-Hiickel law at low density limit. 

The giant cluster expansion developed here may be generalized to the multi- 
component system, and more realistie description of plasma in which the positive 
ion is not smeared may be possible. Moreover, it seems that the similar technique 
combined with the recent theories’ on the irreversible process will be usefully ap- 
plied to the investigation of non-equilibrium quantities such as mobility, relaxation 
time, of plasma. We shall discuss these problems elsewhere. 

Furthermore, it may also be possible to extend the present method to quantum 
statistics. In this case the expansion scheme corresponding to the classical cluster 
expansion is “linked cluster expansion”? in terms of Feynman graphs’. These 
graphs have a strong resemblance to the bond diagrams in classical theory, except 
for the terms representing the exchange effects. In fact, the summation of Feyn- 
man graphs of ring type leads to the result derived by Montroll and Ward” in a 
quite simple way.’ It is further possible to develop the expansion scheme in terms 
of prototype Feynman graphs, in parallel with classical theory. We hope that the 
quantum statistical treatment of electron gas along the line conjectured here may 
give a deeper insight into the electron correlation in metals and prove useful in 
connection with the problems on correlation energy, thermodynamic properties, 
electromagnetic properties, transport phenomena, superconductivity, etc. In a forth- 
coming paper we shall undertake a quantum statistical generalization of the present 
method. 
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The effects of the so-called s-d interaction on transport phenomena of ferromagnetic 
metals and alloys are discussed. Electrical and thermal conductivities and thermoelectric 
effect are calculated with the simple molecular field approximation, and an anomalous 
thermoelectric effect is expected in these substances. In sufficiently low temperatures, the 
disordering of spin system is described by the collective mode of spin wave. The calculations 
of transport coefficient by using, the spin wave approximation are also carried out. 


§ 1. Introduction 


In ferromagnetic metals and alloys the most characteristic interaction is the 
so-called s-d interaction, namely, the spin exchange interaction between the con- 
duction and the unfilled inner shell electrons (hereafter referred to as c- and u- 
electrons respectively). One of the main effects of this interaction is the effective 
spin exchange interaction between w-electrons which were treated firstly by Zener” 
and in detail by us” and Yosida?. The other one of the main effects is the scat- 
tering mechanism of c-electrons which has the important contribution to the trans- 
port phenomena. The effects on the electrical resistivity are already treated by 
us” for ferromagnetic metals and by Yosida” for dilute alloys using the simple 
molecular field approximation. The problems concerning the effect on the super- 
conductivity we treated in another paper”. Here we treat the effects of s-d inter- 
action on the thermal resistivity and the thermoelectric force using the molecular 
field approximation. The anomalous thermoelectric force is expected to occur in 
these substances. The thermal conductivity by the spin diffusion seems to be also 
important because of the long range character of the s-d interaction. Furthermore 
the transport coefficient in sufficiently low temperatures are also calculated with the 
use of the spin wave approximation. 


§-2. Fundamental standpoints 


To solve the Boltzmann Equation rigorously, because for the discussion of 
the thermoelectric force careful treatment is required, we use here the following 
simplified model. ’ 

(i) We assume that c-electron is reprsented by one band model with effective 
mass m and that the effect of s-d interaction is represented by the effective exchange 
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field H,. Then the energy spectrum of c-electron is written as 


hk? 
Ei =e — SF tebe (1) 
2m 
where H, is approximated by 
H,= (Ni/N) (9-1)7- J), . (2) 


where 7, means the mean value of the z-component of the total angular momentum 
jnz located in each magnetic ion, J(0) the s-d exchange integral, N; the number 
of magnetic ions per unit volume, therefore in metals N;=N, and g the Lande’s 
g-factor. In most cases, H, is much smaller than the Fermi energy ¢. 

(ii) The other scattering mechanisms than the s-d exchange interaction, such 
as electron-phonon and electron-non magnetic impurity atoms, are neglected in our 
treatment. These effects are discussed in later sections. 

(iii) The Hamiltonian of the s-d interaction is given by 


Hsa=(9—1)/N +33 > Diexp{i(k—k’) R,}[{A(|k—k'|)/(g—1) —J(|k—k'|) jn} 
1 Ry 
Ae, Ay +{A(|k—k'|)/(g—1) +I (|k—F'|) ja} Ge Gen 
—J(|k=—k’|) jz ak, ay -—J (\k—k'|) jf a_ ay), (3) 
where ay, and ax, mean respectively the creation and annihilation operators of 
electron with wave vector k and spin quantum number v=+1/2, J(q) the ex- 
change integral and A(qg) the interaction except the exchange integral. 
(iv) The energy level of {j,} may be very complicated both in metals and 


dilute alloys. However, we use here the most simplified model that the energy 
level of j,, is represented by the single molecular field H, such as 


Anag= are > ear as (4) 


and thus the distribution of 7% is given by 
w(j.) =exp(Hyj./«T) />) exp(Hyj./«T ). (5) 
Jz 


(v) The scattering matrix element is given by the Born approximation. The 
transition probability, where the spin direction of c-electron does not change, namely, 
the first two processes of Eq. (3), is given by 
N“*(9—1)*|J(9) ?{72—723, in metals. 

Ni/N*{|A(q) ? + 9—1)?|J(q) ? 72 F2(9—1) Re(J(q) A(q)) 3}, 
in dilute alloys, (6) 


W.(q) = 


where 7. and 72 mean the values of j, and j,? averaged by using Eq. (5). 
Furthermore, we assumed that (j,—j,) and in dilute alloys the positions of 
magnetic ions are perfectly at random and have no correlation in each other. On 
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the other hand, the transition probabilities, where the spin directions change each 
other, namely, the last two processes of Eq. (3), are given by 


Ve(MQ =Ni/N*(9-1)"|F(Q) PP? +ji-PR+tTe3, (7) 


where + mean respectively the processes in which the spin direction of c-electron 
becomes +. Also in the above treatment we assumed that there are no correlation 
between magnetic ions. It is noticeable that between V;, (q) there is a relation 


V.(q) =e" V_(q), (8) 
where B= tint (9) 


Using these assumptions, both the drift and collision terms of Bloch equations 
concerning c-electrons with + spin directions are written as 


(fs (k) /At) ain =fi(Ex)v./eT -[(eF pl) ~Ex «pT, (10) 
(Of. (k) /9t) om=27/h- (We (kk!) {f. ) 1a) 

—fs(k) (1—f,(k')) }8 (Et — Be) 

+{Vi(\k—B'l) fe (k) If (&)) 

—V(\k—k’|) fx (k) I —fs(k)) }8 (Bt — EF + Hy), (11) 


where the directions of the electric field F and the temperature gradient 7 T are 
chosen in the x axis, f,(€) means 


BREeHle +) +e), (12) 
and E,= (BE —O)/xT. (13) 
Further considering that /,(k) is written as 
fk) =fo(Exz) +R Cs (Ex) fi (Ex), (14) 
where fol(€)=[(e +1} 'i€L5) 


and restricting to the linear theory, the collision terms become 
(Of H) /2t) o=20/h 31 Wa (kf (Ex) C (Ex) (Rec) 0 Che ie) 
+ Vz(\k—k’|) fo(Es) fo(—€s FX) {h,’ Cz (Ez + 2) 


~h,Cy(E,)}0 (Be — Et + (Hy—2H,))]. | (16) 
Then, the Bloch equations are solved easily and give the following results 
Cy (€) =62(€) (CF -pQ) —b2 (©) pT, (17) 
where 
PE eat Se ae ie earn 0) 


mT A,(€)Az(€42) —Bi() Bz (E+) 
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ees shacage vei 
2 W.(q)¢dq+- \ V+(q)¢dq, 
Az (€) Aké | (Q)q q Qk. Ve. : a 
ete 
Sy 4 
1. 1+e? | q air enans d 
SSE} V. ee = = qaq, 
Bs (E) Qh. 1teF | +(q) 2k2 Wk: 
ae 
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2 4 ge Ti 
ep— 2 (Ba) ahi (14 he 2), 
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1— (14 2B 4.) . 
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§ 3. Results 
The electric current 7, and the thermal flow Q, are given by 
j,[e= Lo (eF—70) —Lurp T, 
Q,/«T=Ly(eF—pl) —Lukp T, 


where 


Iw= 67? hi 


a [CMD AOA, 


and 
(kids) =Rid."(E) + R26 * (6). 


It is easily seen that Onsager’s relations, L,,=L,,, is satisfied. 


Using the conductivity tensor L, we can calculate the various transport 
coefficients. But since the formula of L is still very complicated, we use here the 


following approximations. 


(19) 


(20) 


(21) 


(22) 


(23) 


(26) 


(27) 


(1) We assume that W.(g) and Vi(q) do not depend on q in the range 
0<q<2k,, where ky is the effective wave vector at Fermi surface determined by 


C=IVk (2m: 


(28) 


(2) Because J/f, H./€, Ho/H, and «T/H,, and furthermore J/A in dilute 
alloys, are sufficiently smaller than unity, we adopt only the leading terms con- 


cerning these factors. 
Then L is written as 


Effects of s-d Interaction on Transport Phenomena. 231 


o 


2 me Si(&) dé 
Sih ee Wt VFS ” in metals 
00 = = 
patedees epee Es V1. 2 |, in dilute all ee 
37. m W, W, Cc Wat en ilute alloys 
2 ne Pe AIRES He Wet Sri ee ee 
ee 8x mJ) W.tVF(@) le. ¢ WiitVFE door eee 
o1 = Ly9 = eae S 
egos fon pe et ae in dilute alloys oo 
9 m1 W; @ 7? WwW, {=e 4 Yi 
2 HAC Ef, (6)dé 
fe Shoes : Wit VF(E) ’ In metals 
oe Be ee ted W, H Vie ag a GY) 
es SOUS eee } fondittet all 
Sel We i Wc We ice? in dilute alloys 
where 
ee at {72—(j)3},_ in metals an 
° LN, /N?- {.42(0) + (g—1)?J2(0) 73}, in dilute alloys 
W,=N,/N?-2(g—1)A(0)J(0)7., in dilute alloys (33) 
V=NSN*-(g—1)?J*(0) {7° +j—7i-Fe}> (34) 
BE} =O Fes") /(1+e**), (35) 
and 7., 72, etc., are given by 
Benge yee At 
aS eH) etDe_ 7 1 ? (36) 
Peel yee ed ak 
e*—1 (e7—1)? -.e%*)F—1 (e”—1) (e*?*—1) 
ait ee 1 (27 +1)? 
2— G)'= are CAS AONE (38) 
Jz (7-) (er== 2) (ie) (e*D*_1) (eg) 
Aisa ESS pe eee os: 1 
Ej—j-j= - | (39) 
Lele dae J e’—1 toro van e’—1) | 
(1) Electrical conductivity o. 
o is given by 
a=e' Ly, (40) 


and I is given by Eq. (29). The formula of Ly differs from that of the earlier 
papers” because the degrees of the approximation to solve the Bloch equations 
are not equal. Nevertheless, the main charactor that o increases with the increasing 
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magnetic order, that is the increase of ., is of course equal. The electrical resis- 
tivity at absolute zero temperature and in the state of no magnetic order are 


given by’ 
0 in metals 
)r-0= ; H, 
ee . i ar {a*(0) + W@—-1)#T70) ~29-D JT A) 
= e = 
in dilute alloys, (41) 
and 
7 7S Bek Sty es 720 : 1 
cS pie j(j+1)J7(0), in metals, 
(net eA - (42) 
. i ae (A2(0)-+ (9 1)77(G ED UACO) PY ia diltite llloys. 
C e 


It is also easily 


seen from the above mentioned charactor that the electrical 


resistivity decreases when the external magnetic field is applied because x increases 
by the application of the external magnetic field. 

In metals, if F(&) is replaced approximately by unity, the result of [I] is 
obtained, namely 


ate a yen 2 oro 

aS C ae (0) fh Ee Gy the rari (43) 
(2) Thermal conductivity «) and Lorentz number L. 
x and L are given by 
kane T Labo Lio Ler ; (44) 
WS Log dogg =3 ees 

yeaa gs BRO GT or 410 £01 45 
oT é 1 Oe ( ) 


As is seen in Eqs. (29), (30) and (31), Ly. and Ly, are much smaller than Ly 


and L,, and thus we can write 


« \ efiteydey eee (dee, in metals 

pa} Oo Wet VEE) |) WAVE ite (46) 
TK (g—1)* J*(0) Es 8 othe y= a 
as = {l a (0) rig (4I-E-F}, in dilute alloys. 


In metals L has a nearly constant value (7/3) («/e)? over the whole range of =. 
This result is caused by the assumption of the isotropic scattering. As is seen in 
later section, if this assumption is not adopted L changes markedly from the value 
(x*/3) (/e)?. 

(3) Absolute thermoelectric power ©. 
© is given by 


Pree sy ie a Mee Pe 
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(47) 


In metals, neglecting W, compared to VF(&), we obtain (see Appendix I) 
the following simplified approximated expression, 


gia c¢ lte” 


S= 


K { Bo kT volt Ir et \. (48) 


é 


The first term corresponds to the ordinary mechanism, namely this is characteristic 
of the isotropic scattering. The second term is characteristic of the s-d interaction 
and it is noticeable that this term is dominant than the first in sufficiently low 
temperature and remains to be of the finite value in absolute zero temperature. 
However, in general, there exists a some kind of lattice imperfection and thus W, 
remains the finite value B,. Then in sufficiently low temperature B, becomes 
larger than VF(&) and © is written as 


a K en Week Wee g El 
e= pe ea ee" 49 
S epg ae (49) 


@ 
= |o 


2.80 
Scales of the ordinate, 2.00, 2.40 and 


2.80 should be read as 0.20, 0.24 and 0.28, 
respectively. 


~ on 
~ 


1. — eo aS ——— 
0 0.2 0.4 0.6 0.8 1.0 1.2 14 


Fig. 1 The graph of G(e/x) versus T/T, (Gd) 


(a) means emo namely the anomalous part of G calculated by 


simple molecular field approximation. 


(b) means 62?'", namely the anomalous part of & calculated by 


spin wave approximation. 
(c) means Gnor, namely the normal part of @ and is given by 


0.011 ¢. 
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The temperature range where the ee 
above equation is applicable cor- 
responds to that where the electrical ee 
resistance is nearly determined by be 


the residual resistance. In Eq. 
(45) it is noticeable that the 9.10 

second term, is proportional to 0.08 (a) 
(V/B))* and the term proportional —_ 0.06 
to V/By vanishes. This result is 0.04 
owing to the assumption that J(q) 0.02 
does not depend on qg. In general, ° 


é " 0 0.2 0.4 . 0.6 0.8 1.0 t=T/Te 
if J() depends pleat sh : deh Fig. 2. The graph of G(e/x) versus T/T, (the dilute 
proportional to (V/B)) exists. alloy of 1.8% Cu—Mn) 

In dilate alloys © is written (a) means the anomalous part of ©. 


(b) means the normal part of 6 and is given by 
as 0.0008 t. 


ee K = i ees ee (0) eee A are ; (50) 


As mentioned above, if J(q) depends on q the term proportional to V/W, should 
appear. For example, if we assume that J(q) is written by 


J*(q) =J3* (0) —Ji q’/hos (51) 

the following term apears. 
ee Te tos Taw eee eps = 
3 ¢ AO) GRE oO Rae at), ayer (52) 


This term is nearly of the same order of magnitude as the second term of Eq. 
(50). 

The more detailed comparison between the normal term and the anomalous 
terms are given in Figs. 1 and 2. (see § 5) 


§4. Caleulations by spin wave approximation 


In the preceding sections we calculated transport coefficients using the simplest 
molecular field model. But in sufficiently low temperatures, the magnetic ordered 
state may be represented by some kind of collective mode. In dilute alloys, 
however, it is a very complicated problem to treat the ordered state on the col- 
lective description. On the other hand, in metals the collective description of the 


ordered state is possible as was done in the previous paper.?) Therefore we treat 


in this section only the metaltic ferromagnetics such as rare earth metals. 
To perform the calculation we use the following model. (i) The magnetic 
spin system is always in the local thermal equilibrium. The justification of this 


it 


Pee Ee 
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assumption may be fairly complicated because in a rigorous treatment the phonon 
system should be also considered, and then the so-called Umklapp process becomes 
important. (2) We assume here that the collective mode of the spin system is 
represented by the so-called spin wave mode and that the energy spectrum of the 
spin wave with wave vector k is written by &(&). 

(iii) Because we consider only sufficiently low temperature range, we adopt only 
the process in which only the one spin wave quantum is emitted or absorbed. 
(av) The square of the transition matrix element is given by 


7 2j(g—1)’ | N(q) +1 
V.(q) =“2 =|) | (53) 
N -N(q) 
where + correspond respectively to the emission and the absorption of the spin 
wave, and N(q) means the distribution function of the spin wave with wave vector 
q in the thermal equilibrium, namely 


N(q) =| exp£ : —1]". (5A) 


Then we can write the Bloch equations concerning the electrons of + spin. 
directions. The drift terms are same as Eq. (10). In collision terms of Eq. 
(11), the first term proportional to W.(q) vanishes because it represents two spin 
wave processes, and only the last two terms are available substituting Eq. (53) 
for V..(q) and e€(q) for Hj). Now, however, because it is impossible to solve these 
Bloch equations rigorously, we use here the technique of the total balance method.” 
The assumptions adopted for the following calculation are as follows. (v) We 
adopt only the lowest terms concerning H,/f and «T/¢. (vi) In Eq. (14) we 
assume that C,(&) is approximately written as 


(8) = O84 CLs: (55) 


Then the total balance method means that the Bloch equations are multiplied 
respectively by &, and &k, and then integrated by dk. These equations mean 
respectively that the change of the total value of k, and &,k, (or the total current 
and thermal flow) by drift effect and collision mechanisms are balanced in steady 
state, and from these four equations we can determine Ci and-C.f ¢ Its feasiiy 
shown that in the case of electron-phonon interaction this method gives the same 
result as that of the second order variational method obtained by Sondheimer and 
Wilson.” (see Appendix II). Here we omit the detailed process of the calcu- 
lation (see Appendix II) and give only the final results. Rewriting Ci such as 


Cr=di(eF—pl)—dixpT, v=, 1, (56) 
conductivity tensor L in Eq. (26) is obtained as follows, 
1 q) 
Loo AGat 9 (by kao) > (57) 


236 T. Kasuya 


oes = (Gi Ras), (98) 
la= Ed + GD} (59) 
re a al + K+0 eal OL 9 
Ly= < {3 #F (oe bai) + (2 Aad) f (60) 
ef & 
where 
(it hat) =R Se +k 39% Sy, 
eens (62) 


> 


and adopting only the leading terms with respect to «T'/e(q), where gq, means 
the maximum wave vector of spin wave mode, we obtain 


6 
z, | Co ky) = 2h 5 (63) 
a [qx] 
~ 2n* [x] 
git kh 3 ee ep 4 a a 64 
‘es Cee TETRIS, sh 
Qn rat ape 
bo! kb 3\ eo b,® 
(OE Rio) pee Pidgiel 
paint eb [x] [q’x"] 1 
Ry. ( : 3 - : 65 
Ig ¢ \azl[2"]—[2*P [ex] 4z[z]+[2'] e 
where [ f(g, x) | such as [q’x] means the following value, 
| 1 mT 29-137 ( fla xql@l 
Rote dq. 66 
Lf@ )] Ne dl ie N | (e*—1) (1—e~*) we 
koH/S 
For example, we calculate transport coefficients in some simple cases. 
Gaser Asie (Gg) = e5g/ gas - J (qyedoi 
In this case [| f(g, x)] is written as 
4 byt OG a) flo ae ; ac Oh bee ae) 
L(G x) |= - - t est d 6 
; | 20 N h* | (e'—1) d—e™) re Ng 
where 
t=«T/¢€, itt 4S Po (68) 
ae ee 
' and from Eqs. (40), (57) and (63) we obtain 
4 Ne’ he veo \ ESI: 
= < 1\2 2 ( | 4 * is (69) 
3% m = j(g—1)7*Jp cai) Pleat Bey, 


7 Bele 


ee | ih. 
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L=- cm ( ‘2 [ fais ds (t-*, Xo) \ 
ée, 9 = l \ 0, (¢-', Xo) bile" *, Xo) } ue 
ee CO ed {1+ 3 (a ) A, ( 1 a, d3(t~, Lo) Olen eG) 
RS Pas De Aiki es Bic Ost kan) Ode, a5) ae (E> cee 
Vega 05 (¢—, Xo) 
"s(t, Xo)' +0,(t*, Lo) )} Mae 
and where 
es ‘e nd 
bu(C*, te) = | ee a ee (72) 


x9 
When 2) is sufficiently smaller and ¢”’ is sufficiently larger than unity, we can 
replace ¢,(¢~', 2) by ¢,(c0, 0). The values of ¢,(0co, 0) are given as follows, 


d,(co, 0) =3.29, ¢(co, 0) =7.22 


73 
$,(co, 0) =25.9, 4, (00, 0) =124.4. ee) 
Then o is proportional to T~*, L to T” and © is written as 
Sie ot & mio fy a 
epee Fie 144() 2 
ae eee ky eo" Ste 


When 2 is sufficiently larger than unity, that is, in very low temperature range, 
we can replace ¢,(¢~', %) by 


b(t", m4) > | ae7* da 
ea) 


=(rhtnzet4...tnlyen% (75) 


and thus o is proportional to e. On the otherhand, the denominators of L and 
© vanish if we take only the leading term of Eq. (75). Therefore we must 
calculate the values of L and © in such a very low temperature range using the 
full expressions as given in Appendix H. However, in such a very low tempera- 
ture range, we must consider the following facts that (i) The approximation to 
replace C,(&) by C2+Cz€ becomes very poor. (ii) The Raman process in which 
one spin wave is absorped and the other one emitted becomes important because 
in this process there are no lower limit with respect to gq. (iii) Furthermore, in 
actual case, the transport phenomena of such a low temperature range are de- 
termined mostly by residual resistance. The more detailed calculation by consi- 
dering such a circumstance may be carried out in future. 


Case B €=€09'/GQo, J (gq) =o. 


In this case [ f(q’, x)] is written as 
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apa ony LG GH—V7I?2O) mT 2, (faite, 2) ee (76) 
Ti Cee ais ve N howe i (e*—1) (1—e~”) 
2 
where t= ae ; y= +-( Fe: 22) 5 (77) 
€0 Z % qd 


and thus we obtain ° 


eS renaOl CMT RENE (18) 
beet) Pere gern 79) 
ap clarinets 


When 2 is sufficiently smaller and ¢' larger than unity we can replace 
bn(t~', 2) by ¢,(09, 0) as was shown in Eq. (73). However, this replacement is 
impossible for the function ¢,(¢~', 2)) because ¢,(¢~', 2) diverges logarithmically in 
the limit of 2,0. Considering the above fact, o is proportional to T~* and L 
proportional to T. While © is written as 


errs 4141.5 (2) eee \, 
; BMG €o 6, (2-",--29) 
and in this case, too, the anomalous term becomes large because the value of 
H./€ is in general of the order of 10 and Inz is not so large (see § 5). 

In the case of antiferromagnetic ordering the same treatment is possible (see 
Appeneix II). For example, the explicit results of the case A are given as follows. 


(81) 


Pe NCR a Maton Gil Ras) phran sd 
37 m pete £6, ~ 
Siete (oN) afl i ipe 7 Qo opal tharos pg pial 
z Cate a oa e|[at 3 ae : i aq ot! )/Pske )} |. ce 
wk mM eT 1427 (q/ko) O{1— 1/40") b(t) /b(t)} (84) 
Cae Oe 1+ (2°/3) (qo/ho)*t?{1— (1/22) b(t") /bx(7)} 
where 
Re Fe Lae 
eae \ (ef? 1) d—es*)., ae 


and t=KT-/ 6. 


In antiferromagnetic ordering, H, becomes zero and thus the anomalous term of S 
proportional to H,,/¢ disappears. 
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§ 5. Conclusions and discussions 


(i) By s-d interaction, anomalous thermoelectric force as well as electrical 
and thermal resistivities appears both in ferromagnetic metals and alloys. 

(ii) For the more qualitative discussions we take Gd as an example of fer- 
romagnetic metals. Then using a free electron model we can obtain the following 
values. 


n/N=3, Fe 256405 ergs Ip=2:5 X07 Peres 
e175 10. "9/ j vere. 


If we assume that there is only the s-d exchange interaction, H, is written as 


f1p= Fm Jes (87) 
and H,, is determined experimentally by the paramagnetic Curie temperature T,, 
such as 
«T, =H) Hn, (88) 
and thus in Gd we obtain 
T,=300° K, H,,=8 X10” erg=57«. (89) 
€) is also determined experimentally by Ty as follows, 
as | 98 (2 \c(3) ctu arer 90 
= To le) le KL y—KL my, ( ) 


where Ty is obtained as an effective Curie temperature by extrapolating the 
magnetization curve of the range where T*®” law is applicable in a ‘good approx- 
imation. In Gd we obtain the following results. 


Taps AO €)=5.8X10™ erg., 


esas et (ee Jo\! aid (91) 
BEA € de yh: 


and the T°? law of the magnetization curve is applicable still up to 200°Ks Th 
Fig. 1 the curve of © is plotted as a function of T. Experimental value of © is, 
however, not available. 

(iii) As is well-known, the electrical resistivity by the ordinary electron 
phonon interaction, say /, is proportional to J” in temperature sufficiently lower 
than the Debye temperature. While the resistivity by s-d exchange interaction, 
say Psa iS proportional to T? from Eq. (78). Therefore the following behaviour 
of p is expected that in sufficiently low temperature 2 overcomes [ep and f is 
proportional to T°, In Gd, however, the temperature dependence of 9 differs from 
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the expected behaviour. This result seems to be owing to the fact that in rare earth 
metals the temperature dependence of »,, may be fairly different from that of the 
ordinary theory because of the complicated band structure and thus it is very 
difficult to separate p into p,, and fi. in good accuracy. For example, the electrical 
resistivity of La at sufficiently low temperature is rather proportional to T. Recently 
Mannari pointed out that in Fe p changes with 7” in low temperature.” In the 
transition metals, too, ?,, seems to be fairly different from that of the ordinary 
theory as is seen in Pd and W and thus it is still ambiguous whether this tempera- 
ture dependence is due to the s-d interaction or not. 

(iv) In rare earth metals the thermal conductivity has not so far been measured. 
In the above calculations we neglected the thermal flow due to spin diffusion or 
spin wave flow. But it seems for me that the effect of spin diffusion may be 
important because of the long range character of the s-d interaction. The more 
detailed discussion about this point may be made in future. 

(v) For an example of dilute alloys we take up here the Cu-Mn alloys as 
one of the simplest substances because Mn** is in the state of °S and has no 
orbital momentum. Notwithstanding of this circumstance the actual. magnetic state 
of Cu-Mn alloys seems to be fairly complicated and the interactions other than the 
s-d interaction seems to be important for the magnetic ordering. However, with 
respect to the electrical and thermal resistivities the results of Eqs. (40) and (44) 
do not depend so sensitively on the character of the magnetic ordering and the 
agreement with the experimental results is fairly good as was shown by Yosida.” 
While the anomalous part of © depends so sensitively on the character of the 
magnetic ordering. For example, if the magnetic spins are in a state of some 
kind of the antiferromagnetic ordering, the anomalous part of © disappears. 
However, on the other hand, for the applicability of Eq. (50) it is not necessary 
that there appears the resultant magnitude of the magnetization because Eq. (50) 
does not depend on the direction of 7.. For example, Eq. (50) is applicable even 
in the case that the ferromagnetic ordering exists only in the limited range of the 
mean free path of the conduction electron’s spin. Therefore the measurement of 
S may give a certain knowledge about the magnetic ordering of dilute alloys. 
For a more quantitative discussions we take up the sample of 1.8 atomic per cent 
Mn” which was chosen by Yosida for the discussion of the anomalous electrical 
resistivity. Then using the free electron model we obtain the following values. 


(07) rep = 4.62 ohm=5.1 X10 “e.sx1., 
(o>*) 255 ohm =5.555<10—“e sur. 

g=2, j=5/2, N,/N=0.018, (92) 
Cal X10 ere N= 8.5510" Gon 


=) 


A(0)=3.4X10-"erg., J(0) =0.7X10-" erg., 


oh? ae 
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H,=3.15 X10“ erg., T,~20° K. 


From the above value it is easily seen that the term proportional to H,/¢ in Eq. 
(52) is smaller than that proportional to J(0)/A(0) and thus we can use Eq. 
(50) in a good approximation. The graph of © given by Eq. (50) is plotted in 
Fig. 2. The anomalous thermoelectric effect is very much larger than the normal 
part. For example, the maximum value of the anomalous part is 350 times of 
the normal part at 10°K. 

Even in the case of non-ferromagnetic ordering, the anomalous part of © is 
observable by applying strong magnetic field. For example, using a simplest model, 
we can replace H, by 


A,=98H, (93) 
and taking only the linear terms with respect to the external field H, we obtain 
Say ited 2 ae ae 2:97 + eae ) (22) 
= =—g'(g—1 ay . 94 

Be ea eG oa) eer (94) 


For example, taking the above data of 1.8% Mn-Cu alloy, we obtain 
wm «KT fee ; 
Cin o Te (10°27)? 
and we can see that when the external field of 10* gauss is applied the anomalous 
part dominates the normal part in the temperature range lower than 22°K. 
Measurement of © in various Cu alloys has been carried out’ so far’? and 
the anomalously large values of © were observed in samples which exhibit resist- 
ance anomalies. It seems to me that one of the mechanisms of such anomalous 
thermoelectric power may be what is considered in this paper. However, because 
© depends sensitively on the ordered states of impurity atoms or the band struc- 
ture of Cu and these are considered as fairly complicated in Cu alloys (the sign 
of © in pure Cu is inverse from that predicted by the free electron model), the 
detailed qualitative comparison between our theoretical and experimental values is 
not tried here. Measurement in a strong magnetic field or in alkaline metals is 


(95) 


desired. 

(vi) The mechanism of anomalous thermoelectric power may be recognized 
as follows. When temperature gradient 7 T exists, the electron distribution function 
f(k) changes from the thermal equilibrium values as shown in Fig. 3a. On the 
other hand, the inelastic scattering causes a mixing as shown in Fig. 3a and thus 
the stationary distribution function becomes such as shown in Fig. 3b. If there 
are no other different circumstances between the systems of + spin electron, the 
situation of Fig. 3b exhibits no anomalous thermoelectric current. However, if 
there are some differences between + spin electrons, for example, the difference of 
the transition probability of elastic scattering in dilute alloys or the existence of 
the effective field in metallic ferromagnetics, the anomalous thermoelectric current 


flows as shown in Fig. 3c and thus Gan. appears. 
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Fig. 3 Illustration of the mechanism of the anomalous thermoelectric power. (a), (b) and 
(c) show the mechanism of anomalous thermoelectric power. (d) shows the mechanism 
of normal thermoelectric power © 5,. Gyo, iS proportional to the difference of the 
displacements () and @), and thus usually of the order of x7/¢. 


Appendix I 


The integrals to be solved are such as 


1=\" ANAT Ws t ati tna pd (Al) 
-o(e+1) (1+e*)? 


When 2 means an even number, we can write the integrand as follows, 
Sada TEL eta) anne Uo (A2) 
(e&£+1) (1+e75) (e*+1)?(1+e7*) 


The first integral is easily performable. The second integral is also performable 
using the following relation, 


. eres SP eraniuens be Geers ma 
ao Thus J, is obtained as follows, 

oe h=1/2-(1+e9, 

8] I,=7"/6-(1+e7*), ete. (A4) 


When 7 means an odd number, we can calculate J, as follows, 


- ahi ntl sila 
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Se i ee De! 1 
pets Hee dé (e®+1) (1+e-*) be 
cam ly ‘ir re i et 
Botcig AS arenes ce (AS) 
_ Thus 
L=i(1—e~). (A6) 


Appendix II 


The equations of the total balance with respect to k, and &.k, are written as 


d= 9°, v=0,1 (A7) 
where 
1 26 Ts 
d= Gag Healer) — AHS « TI, (A8) 
2 2 
d= = fe. Ee '(eF—p¢) — 7 Bio is rTi, (AY) . 
i ich ga ewe + q\J(q)|’ 
= sul Ne = Z| e* de| d 
= 127° he® N Eo: oH ft Peta) (1—e*) (1—e?**) 


x| (L—ateee® AF pt e*2) (C24 C4 2)C¥) 
2 a: ¢ 


+( tot Ro eS) (ct +e) | . (A10) 


Because, as is seen from Eq. (61), the quantities we require are (kj¢%"), we 
transform {Cz} into {a,, 8,} as follows, 


5 CY +h 2 C’=(Ky CY) =a, (All) 
J a Ode (A12) 


Then the matrix to determine {a,, P,} is written by using the approximation to 
adopt only the leading terms with respect to «7T/¢ and H,/€ as follows. 


eF—pt 
a, Po, a, ep Kp T 
oe au, To ky 
Re 4 
re ee le, 
Sede. wd + 3 en he 
2 
46 
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3 2 
ae 12 
A 2 Poe a a ro 3 } i ®ig A fe re 
we Poi es -{3k¢ BPR ater es tke a) 
(24 Saas enone 5 PS by 
2 2 
Py nee — 2 (224-n%2) i pee xr+2n*x é, Lo anEe 
4 3 4 
: ; * a4 a, 3 
2, —Fag(a+4ntz)—g(wz— = \l, 0 
4 6 21) 
2 apt 
ay Dx +8rr 5 2 (gat) A+ ax+27°x ai 0 
ns 4 
(A13) 
where 
ex fap eane pees (A14) 
oe Cc C 
i) Sand f(q, x) means (in Eq. (66) it is written as [ f(g, x) |) 
i Le rieT fd te ie, (A185) 
ie 27 ht N kyH elt (e*°—1) A—e™”*) 


From the above matrix, we can easily obtain the required quantities as follows. 


Cy CG a) ae mee ee ea 


DD; 

a where 

z qx Fx" 

2 : 2: 4 

ge D,= (Al7) 
a Cae a ky (Am x + x°) —q (mW x— x*/2) 

% 4° “6 

x4 Because the available wave vector g of the spin wave is much smaller than & in 
aM low temperature, we pick up only the leading term with respect to g/k). Then 
— .. we obtain 

ogi 

ee ZRy 

ee. (62° hho) ==. (A18) 
Gx 

i: ts : — (2k? —¢/2) a 

ip A 8s) See eee? 

a Gi) (PE Ro) : Ro D, ; (A19) 

fe 

‘ where 
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in (240-7 ) (24¢— ©) x 
2 2 


2 
; eth e (A20) 
heh 
<= (2&4 \=, Ghiet——¢ (#*2—2'/2) 
and taking only the leading terms respecting g/k) we obtain 
2n* [x] 
(Ox kia) =, hi A21 
=O 3 Talla) re 
aoe 2 
Gi) 6 By) 2 ot Bh) 
=— Oya x 0, at "3 Gx 
Zz 4 4 
x? k 6 2. 2 2 
za (2k) (2 1) z 
ae), ee 1 eto ies e801 
yg Dat + Brix 5 522 eos ere 
—xd— 0, v8 erat yl) yd ba eee a tine 7) 
12 ER ON a a gee 
aki 42+ 2) +9 (wx—x'/2) 
6 
(A22) 


and taking only the leading terms with respect to g/k, we obtain the result of 
Eq. (65). 

If one wihes to obtain the ordinary results of electron-phonon interaction, the j 
following simplification should be made. (i) The behaviours of the electron systems 
with + spin directions are equivalent and thus in the matrix of Eq. (A13) 8 and 
8, should be put zero and the second and fourth lines of the matrix be omitted. 
(ii) The effect of the scattering mechanisms becomes twice that in the above case 
because in the present case the two mechanisms corresponding to the emission and 
absorption of phonons are available. (iii) The transition probability given by Eq. 
(53) should be replaced by the ordinary value of electron-phonon interaction. 


Then the matrix to determie a, and a, becomes such as 


a a, eF—pt x are wp T 
3 2 
Gz. o ee , ke a = “e hy! 
. 3 2 
ke x eT il |[Skta*+q'(ma —~ ), 7” #16 eis Rat 
2 rg 2 oe et. 
(A238) 


and this gives just the same result as that calculated by Sondheimer and Wilson 


using the second order variational method. 
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In the case of the antiferromagnetic ordering, the situation is just the same 


‘as that 
plicable. 


of the electron phonon interaction and the matrix of (A23) is also ap- 
The explicit forms of (64440) are given as follows. 
(G2 Rio Shy (A24) 
ae 
B be) = at (A25) 
Ps Ao) Shictt+¢?(ma—xr*/2) Z 
(gu 2B Qhex'+g(ax— 27/2) (A26) 


[gx[Skix'+¢q'(ex—2'/2)] 
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The electromagnetic structure of the nucleon is investigated in detail. As for its isovector 
part, the distribution functions of charge and anomalous magnetic moment are obtained with 
use of two different methods, the second order relativistic perturbation and the static 
approximation, and the S-wave and recoil effects and higher order corrections are examined 
by comparing these results. The meson structure correction in the fourth order perturbation 
is also calculated, and it is shown that its contribution is rather small. As for the isoscalar 
part, the 3z-state contribution is calculated by the lowest order perturbation (order 9), and’ 
its rough numerical evaluation is carried out. The result obtained is favorable for explain- 
ing the recent experimental results (but not conclusive). Hyperon closed loop effects are” 
also discussed. 


§ 1. Introduction 


Since Yukawa’s original proposal, meson theory has been very successful in the 
P-wave scattering and the theory of nuclear force, and it has been established that 
meson theory is valid at least about the phenomena to which the outside region of 
the nucleon mainly contributes. However, we can hardly expect that this theory 
would be valid in any small region, because it has the well-known divergence dif- 
ficulty characteristic of the present field theory. Therefore it will be an important 
problem to clarify the limitation of the applicability of meson theory. 

As a crucial test for the validity of meson theory it will be useful to investigate 
the electromagetic structure of the nucleon”, which has recently been experimentally 
clarified to a considerable extent by high-energy electron-proton scattering by Hof- 
stadter et al. and low-energy neutron-atom scattering. The experimental results — 


are as follows.* 


+ The preliminary results were reported in Prog. Theor. Phys. 21 (1959), 726. 
* The notation adopted here is explained in the next section. 
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(i) ()8= (ry¥ =| (0.80 + 0.04) X 10-" em] 
~lprF, (Lek) 
OMS UNE. 
(ii) The charge distribution of the proton can be explained by the exponential 
model or Clementel-Villi model” (with 7=1.2). 
Here we must notice that in the analysis of these experiments some very special 
models, which could hardly be expected from the current meson theory, were as- 
sumed. Hence it should be understood that the successful models stated in (ii) in- 
form to us only a crude approximate form in the outer region r20.4107“cm. 
Indeed if Clementel-Villi model with 7=1.2 were completely valid, that would 
mean the breakdown of the concept of probability in the small distance (though such 
a possibility naturally can not be excluded a priori). Because if probability is well- 
defined, the bare probability and the clothed one of the proton can take value only 
between 0 and 1. The former corresponds to the 0-singularity at the origin (i.e. 
the centre-of-mass of the proton), while the latter corresponds to the distributed 
charge. Therefore the coefficient of the 0-function must be between 0 and e. (This 
intuitive argument will be verified rigorously under some weak postulates in § 2). 
Thus it is inconsistent with the concept of probability that this coefficient would take 
the negative value (1—7)e. 

Our main purpose is to clarify the limitation of the applicability of meson theory, 
by investigating the electromagnetic structure of the nucleon which is, as is seen 
from (1-1), the phenomena in a little more inside region than r~1//. So, our 
aim 1s not the fit with (1-1) itself but to check whether or not the theoretical 
values which are calculated as faithfully to meson theory as possible are con- 
sistent with (1-1). But in this analysis it is important to notice that we should 
explicitly distinguish between the contributions from the outside and the inside region. 
As for the very inside region, since we have no reliable approximation method in 
the present stage of our ability, we should reserve the analysis even if meson theory 
were completely valid. For convenience, we roughly divide the distribution of the 
nucleon into three regions: r2>1/p, 1/p2>r21/M, and 1/M>r=0. 

i) In the first region r>1/”, we may regard that meson theory is valid and 
also its perturbational approach is quantitatively reliable as was suggested by the 
success of the theory of nuclear force. Thus we can obtain the distribution func- 
tions in this region by perturbation theory. We will then be able to diminish the 
arbitrariness of the models for r=>1/p in the experimental analysis. 

i) In the second region 1/pr21/M the validity of meson theory is not 
well established, and so the analysis in this region is our main purpose. Since the 
r.m.s. radius receives the main contribution from this region thanks to a weight 
factor r°, we can check the validity by comparing theoretical values with (1-1). 
We take the standpoint that perturbation theory is semi-quantitatively reliable even 
in this region. Of course, it is necessary that this point is critically checked. 


iad Geb obdllie Michie, 
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ine most crucial point is whether or not meson theory can predict the large 
(r*)* as (1-1), but no significant calculation has so far been carried out on this 
problem. A detailed calculation for (r*),* is our most important result. 

ii) In the third region 1/M>r=0, we are almost completely ignorant. There- 
fore we do not expect to predict the magnitude of the anomalous magnetic moment* 
which may receive a large contribution from this region. In order not to reflect 
our ignorance on the results obtained from the second region, we always use the 
experimental values for #*'” as the normalizations of (7°)3:". This means that we 
phenomenologically modify the distribution functions in this region. 7°)?" are like- 
wise normalized by 1/2. 

Though many authors have so far calculated the theoretical values of the r.m.s. 
-radii, it seems that they do not sufficiently recognize the limitation of the appli- 
cability of meson theory. In this paper we investigate the electromagnetic structure of 
the nucleon from the above-mentioned standpoint in detail. In § 2, we state the general 
formulae on the nucleon structure in order to explain the notation used, and prove 
a theorem on a limitation to the total amount of the distributed charge. In § 3, 
the results of the second order relativistic perturbation are presented in more detail 
than so far given. In § 4, the distribution functions are obtained by the static 
approximation, and we examine the recoil and S-wave effects by comparing them 
with the relativistic results. In §5, we present the lowest order terms of pertur- 
bation (order g®) of 37-state which is probably the main contributor to (r”)?s, and 
the lowest order of the isovector part corrected by meson structure. Since these 
calculations are very bulky, the technical details will be reported in the succeeding 
paper. In the final section, we discuss the validity of the approximations employed 
here, and some conclusions are presented. 


§ 2. General remarks 


As is well known, the electromagnetic vertex function of the nucleon can be 


written as 
DQ =F) eu! (p)ru(p) + Fa?) + (e/2M) w'(p') ons qu(p) (2-1) 


on account of Lorentz covariance and gauge invariance. Here w(p) and w’(p’) re- 
spectively stand for the initial and final wave functions of the free nucleon, e the 
observed charge, M the nucleon mass, g=p’—p the transferred momentum and 
Oy, At 2) Galeton) Che form factors F,(q’) and F,(q’) are usually divided 
into the isoscalar and isovector parts : 


Fy 2(q’) =Fia(?) +oFi2(7)- (2-2) 


Their values at the origin are 


* Hereafter we briefly write it as a, m, m.,, 
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F?(0) =F 7 (0) =1/2, 
F3(0) == (fp +n) /2= — 0.06, (2-3) 
FY (0) ==" = (My — Pn) /2=1.85, 


where /, and #, denote the magnitudes of a.m.m. (in units of nuclear magneton) 
of the proton and neutron, respectively. 

In order to understand the nucleon structure more intuitively, we introduce 
the fourier transforms of the form factors: 


pe (r) = [F hz (q)edq, (2-4) 


1 
(22)? 
(with 50) 
which are called distribution functions. Then r’moments are defined by 


Cae Ar \yripie (r) dr aah Bie (0) ; (2-5) 
AMO es (7) dr Fes (0) 


It is proved in every order of perturbation expansion®) (but not yet by the 
axiomatic formulation”) that the spectral representations with expected thresholds 
are possible for the form factors FJ (q°). If we assume the boundedness conditions 
as is expected from perturbation theory, we have 


io) S 2 
Fi@)=3—g| S10") am’, 
ig) =3—@ ou2m? (q?-+m?) 


Pr(gyadeg (7 — 0") at 
7 2 2 =o\n ’ 
v (2u)2 972 (q +m?) 
co Ss 2 
Fi@) =| am’) dm’, (6) 
our g? +m? 
fox) Vv 2 
= tee dm’ 
(20)? g? +m” 


> 


FY (q’) =| 


where /# is the pion mass, and the bar stands for —i&. The distribution functions 
Pr: (r) can be easily obtained by using the spectral functions ap’ (m’) : 


rae ai’ (m? 
Ano" (y= —| : ( by dm’) 0(r) + ras (nye dm’, 
m 
' 
Anos! (r)=r \ aS’ (m)e-™ dm’. (2:7) 


From these expressions we see that the contributions from high massive states 
rapidly damp for larger r thanks to the exponential factor. We therefore may 
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neglect the contributions from such states, if we are interested only in the tails of 
the distribution functions. As was pointed out by Chew e¢ al.,” the spectral func- 
tions are expressed in the order of the thresholds of mass spectra as follows: 


B= Aen) +A 5m) + Ane + aby + er + aby + vee 
a’ = a V (2-8) 
= Ban) te Xen Aca + +H -::. 
It was shown by Goldberger ef ai.,” that a..z, and ayy) are indeed not important 
as is expected. We may expect that the main contributor to (7°), is 37-state 
(sn) and that to (r*)f, is 27-state (@w.)). Hence we shall mainly investigate 
them in the following sections. 
Now, as is seen from (2-7), the proton’s charge distrsbution consists of 0- 
singularity at the origin with a charge 


ey iS 2 V 2 
e| 1—| ay (m’*) +a; (m ) dm | (2 -9) 


m 


and of continuous distribution whose total amount is 


e| Bee) tee dm’. 


m 


(2-10) 


Since the 0-singularity at the origin corresponds to the bare proton, it is expected 
that (2-9) is equal to Z,,e, where Z,, is the probability of finding the bare proton. 
Indeed, such an equality holds as is proved in the following. 

We, of course, adopt ps(ps) meson theory which is renormalizable. If the 
theory is consistent, we may assume that all renormalized quantities are finite and 
the bare charge e is also finite. The unrenormalized vertex function is 


Hi gf AEA age gf AEA at] 
Z ‘g m*(q +m) 


| Bee Cp) =eatt,u-| 


(3 aes f Av+ T,Ay 2 

+—_uo ue | ee din +€&,(A), (2-11) 
9M * a g +m - 

which is cut off by / in order to avoid possible divergences. The unrenormalized 

quantities AY are functions m’, A and e@. &,(A) isa possible non-gauge-invariant 

term owing to the artificial cut-off. For simplicity, we define Z, by 


Ly Lag EE ay (2-12) 


Carrying out the renormalization after Dyson’s prescription, we have 


~ fs, S - Vv 
P.9(q) =Z71(A) feottrye-| x e | Le ig 


m? (q?-+m’) 


2 


Steel \ 
+o gnu) 2 See dm’ +6,1(A) (2-13) 
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with 
E,/(A)>0 for A>o. 


Here aS depend on m’, A and e. Since @ is finite, (2-13) shows that Z,(/) a: 


remains finite for Aco. Hence 
EMD) === rath) a 
Comparing (2-11) with (2-13), we obtain 


33 a rc Si- ; Vv “4 
ZUM ithe : : aie BTS dnt +0(Z ‘(A)), 


Zy*(A) (af +ryaf) = AS +,AT +0(Z. (A), (2-14) 
Zg1(A) (ah +t af) = AS +7 AP +0(Z (A). 


Inserting the second equation into the first, and taking the limit Jo, we find 


Bani yey Arse ja ae ay (2-15) 
2 ane m 
that is, 
Ss Vv 
eae Shae dm’, (2-16) 
v mM 


Ss 14 
aa 
On| ee dm 


m 


which can be rewritten as 


s pty sha 
| at dm’=\ “1 dito (2-17) 
m m 2 

because of Ward’s identity. Therefore (2-9) is equal to Z,,e as was expected. 
From Lehmann’s proof” we know 


OS eal ? (2-18) 


provided that negative-norm state is absent. Thus we may conclude from (2-17) 
that the total amount of the distributed charge of the isoscalar part is equal to that 
of the isovecter part, and it must take a value between 0 and e/2. The latter re- 
quirement is usually not satisfied in perturbation calculation. So, it should be 
remedied by a cut-off. 


§ 3. Second order relativistic perturbation 


The Feynman graphs of the second order perturbation are shown in Fig. 1 
(apart from strange particles). The graph (a) has a mass spectrum for m= (2p)? 
and contributes to the isovector part alone, while the graph (b) has that for 
m’=(2M)* and contributes to both of the isoscalar and isovector parts. Of course, 


as lhlhe he 


Electromagnetic Structure of the Nucleon. I 293 


the former is more important because its threshold 
is lowest. We calculate the distribution functions 
2 due to these graphs, following our standpoint 
- stated in the introduction. Though we rely only 
1 on the distribution functions in the outer region from 
p , the physical point of view, we will present here also 
(a) (b) the expressions concerning the inner part for the 
Fig. 1 sake of completeness.* 

The spectral functions of the graph (a) are 

easily calculated by the usual Feynman method, and results are** 


e 


2 
al (m*) ==. g | — mi) ata(—V mt x))dec-+3\0(—V(=m', x))dx|, 


1 


4 


ay (m’) = 


yi 
L_M'\230(—V(—m #)) de 
4 


where g stands for the meson-nucleon coupling constant in the rational unit, and 
Viq, x) oa Ce be ie (2 as Xs) pe + 2X, Xs q, 


3 3 
dx=0(1—>) x) Il dx, TO (3-2) 
q=1 gaa 


The integrations in (3-1) are analytically carried out*** : 


nce Aaa ye 1 
ss @ As : 
az An Saar eh m(4M?—m’)? 


“[(8M?-+-m!) (m?— 2p) // (m*— 4p) — { (8M? m?) (m—22)*+ 
+m? (4M*—m*) (m*— 4p") } p(m’) |, 

OME Stale (3-3) 
m(4M?— 1m’)? 
-[—3(m?— 2") // (m?— 4") + {3 (an? — 2p")? + 
+ (4M?—m’) (m?—4p")} 9(m’) |, 


al (m’) = 


2 
al (m’) ae Se A(m?—4p’) - 
1 


where ; 
DA rane easy bape) 
¢(m’*) = —— Lae aa Se eam ae AP) for m?< 4M? 
V/ (4M?—m’) m— 2p 
= : mi — 2p! +y/ {(m'— 4M) (m'— Au) 5 for m’>> 4M”. 


~/ (m4) m— 2p y/ {in — 4M?) (m’—4p)} (3-4) 


* As for old works on the second order perturbation, see Fried’s paper.) 
*E 9(¢) =1 for t>0 
=0 for t<0. 
*&* These expressions were given also by Chew et al.” 
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a’,(m*) are analytic also at m’=4M?: 
(M?— p*) 3/2 ca 8M (M?— p?) = | 
F 3M (2M2—2)—-15(2M?— 4) 


: s le aN fe 
J MM? => so 
a; (4 ) th hee 


iv py Salk 9 ep SUNN Ses (3-5) 
sa te emma Ty ory Fo 


The behaviors near the threshold are 


: Ie ege 
ay (m°) = Beane 
2 2 
Bn = clip A LET (3-6) 


for m>=412(1+6&) (€>0: infinitesimal). For m?>co we have 


9 


4 1, Te 
ay (m’) > = . ree 
Ti fe 


(—3+2 log m’/M?’). (3-7) 


ay (mm?) ~ 


GLA Hi8, 


0 0.5 1.0 1.5 ; 2.0 (1/p) 


Fig. 2 Distribution functions of the 2z-state contribution by the lowest order relativistic 
perturbation. (a) charge distribution Arr2o,¥ (r) 
(b) a.m. m. distribution Arr2po¥ (r) 
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From (2-7) and (3-3) we can calculate the distribution functions not analytically but 
numerically. The result obtained without cut-off and that with cut-off by m’?=4M? 
are shown in Fig. 2. It is seen that the distribution functions are quite insensitive to 
cut-off for r0.5/u. The asympototic forms for roo are calculated from (3-6) 


é HIS? ener 
hist =) WAN Gy) ee 
-1 ( ) V2 Ar L (ur) 3/2 


emery (be eer 


, 4 
Arr*py (r) ~ = : 3-8 
7 54 ) Vr Ar ue (ur) 5? ( ) 
The charge distribution near the origin is divergent as 
2 
Ano (r) ~—- + (3-9) 


Dit es AT, AF 


The numerical values QO”, (7*)!, pv” and (r*);” for nocut-off and for various (square) 
cut-offs are summarized in Table I, where Q” denotes the total amount of the 
distributed charge. In the numerical evaluations we use the value g’/47=14.6 and 
10-*cm? unit for (7?) throughout this paper. The values in the parentheses are 
obtained by discarding contributions from m’>4M*. As is expected Q” and p” are 
sensitive to the cut-off while (7°)/. are not. 


Table I 
Sl a a en 
| cut-off 
unit no cut-off 
Tate: Te=1/M Te=2/M 
QV é co : (0.64) Bok (0.55) 0.65 (0.41) 0.26 (0.21) 
(r2)V 10-26cm?2)| 0.46 (0.37) 0.44 (0.37) 0.41 (0.36) 0.33 (0.32) 
By e/2M | 1.61 (0.85) 1.05 (0.77) 0.73 (0.62) 0.38 (0.35) 
(r2)oV 10-%cm?2) 0.21 (0.20) 0.21 (0.20) 0.20 (0.20) 0:19 (0.18) 


Now, the contributions from the nucleon current of the graph (b) are likewise 


calculated as follows. 


ats (m?) = — 3at (m’) 
aes: LI {I (2,+2)*M*+ azgn'|d(—V(—mi2)) dat 
gx At LJ | 
+{a(- V(—m, 2))dz | 


af Seis Mt (ay t2s)'8(—V—m, x)) dz, (3-10) 
4x Ar 
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where 
Vq, L)= (2,+2)?M*+4+ 25 [P42 Xs ws (3-11) 
namely 
as (m?) = —3at (m’) 
alee 5 5 1 | A airs be 
a VE an 4M) eS SS = [SS 
8x An ees PEG eT, 2 m’?— 4M? 
Nae Se mkl a p78 | pe n?—4M?* +p | 
(AM ob 9) eS lo oe ‘ 
Ed Gaps Sram PT es REET ie 
a3 (m?) = —3ak (m’) (3-12) 
3 gy” 2 2 M? | 6 
RAT 9 (pk Wy ee ely ae 
Ax Ax fe Loge m’—4M? m’? —4M? 
3ye 2p mP—4M?+ ye? | 
pee eat Og =e Eee 
* ( ¥ me? — 4M?) m?— 42 pe 
and for m’—>0o 
é : Sg" 
as (m*) = —3al (m’?) > 
1(m) 1 (mM) iGn ode 
2 J? 
af (m?) = —Bal (m)~— 3. 9M” (3-13) 


‘4x Ax m 
From (3-7) and (3-13) we can confirm the first equality of (2:17) relating to 
the leading terms of the second order perturbation. 


§ 4. Static approximation 


The static approximation has been applied by a number of authors” to calcu- 
late am.m. and (7’),,*. But to our knowledge the distribution functions themselves 
have not fully been examined so far. As was stressed in the introduction, we are 
interested rather in the distributions in outer region than in these averaged quantities. 
In this section we shall examine the distributions of charge and a.m.m. due to the 
pion cloud using the static approximation. 

Though the static approximation has succeeded in explaining quantitatively the 
low energy P-wave pion-nucleon reactions and will probably be useful also for the 
qualitative understanding of the nucleon structure, it is not clear to what extent 
this approximation in quantitatively reliable for this problem. Recoil effects, which 
have beeen proved to be rather small in the low-energy poin-nucleon reactions, may 
be important in the nucleon structure.’?) This point will be examined by comparing 
the result of the static approximation with that of the relativistic calculation. 


* Throughout this section, as only the isovector part is concerned, the superscript V is omitted. 
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By the static limit we mean to neglect the terms other than those of the 
lowest power with ‘respect to 1/M. Then the small components of the nucleon 
spinors vanish, and the vertex function /%,(q°) becomes as follows. 


lim 1)(q’) =e%*%- ts lim F,(q’), 
lim ["(q@) = (k/2M) X* ilo X q\%-5 lim F.(@), (4-1) 


where “lim ” means to take the static limit, and 2% denotes the two-component 
Pauli spinor. Following Salzman,” we identify the lim /’,(q°) with the charge and 
current densities, e?.,(7) and (e/2M)j.(r), of the nucleon as 


lim F,(q°) =f Px (r)e""dr, 

ilo X q|lim F,(q") =JSju(r)e"® dr. (4-2) 
Relations with /;.(7) defined in (2-4) are 

Pu(r) =lim pi(r), 

ju(r) =—[e Xr] (1/7) (0/2r) lim p2(7). (4-3) 
The am.m. density M(r) =(e/2M)[rXju(7) //2 is given by 

M(r) = (e/2M) Ps. (r) 
with ba (r) = — (r/3) (0/97) lim p2(7). | © (4-4) 


Therefore the following relations hold. 


an\" r Pu(r)dr= an\"r4 lim p,(r)dr=lim Lr’) 

0 0 

an rtt4(r) are an\"? tan pice mae (4-5) 
0 0 


an\4p(r) dr=G/3) an\"r4 lim pa(r) dr= (5/3) lim pr?) 


The charge and current operators for the pion field are —e(7,6,—79,) and 
—e(bV t.—4 4,). The distribution functions, fu(r) and P(r), of the P-wave 
pion cloud are given by the expectation values of these operators in the physical 
nucleon state. They are calculated by the familiar Chew-Low method. We quote 


11). 


here only the results 
Pst (r) = Pre (r) + 50 CH}; 
Pst (1) = f(7) + Pe (7) (4-6) 


with 
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o°,(r) eae Ze), | dpdp aN FED) _ 


. ae ae yey (Oy eww) 
\ 
(ACA =A dha EEDFEN 7. (ay ov); (4-7) 
2 Ont Op 
and 
a fen 
pedry= ML)" ( deaw FEED , 
( pL Oj Os 
/ 
=| EP Y | ae PEAS Tat ba Reg 1) | (4-8) 
OnOx (Og + Wx) 


The notations used here are as follows. The superscripts 0 and 1 respectively 
mean the lowest order term and the rescattering correction ; f?= (4/2M)?*(g°/47) = 
0.08 is the renormalized coupling constant ; o,=)/ 7+? and 


: F(kr) =F), (kr) vy (4-9) 


* where j,(&7) is a spherical Bessel function, v, being a cut-off factor ; and 

er m. 

im 1,( eos Oy) == I -| doy, F(P) 

ea 367" p (cop +p) (wy fia ye 

i Ts ig a as |e tee ee 


3672 Ju p (wz, +a,) (Wx +w,) 


where o;; stands for the cross section of the pion-nucleon scattering in the (3/2, 3/2) 
state. Cross sections in other states are neglected. 
There is great arbitrariness as for the form of the cut-off factor. If we use 
the square cut-off, it gives rise to an oscillation of the distribution functions for 
_ large values of r and its behavior in the outer region depends appreciably on the 
cut-off momentum. Physically considering, such a situation seems unreasonable. 
Hence a smoothly decreasing function should be chosen. We adopt here the 
‘Gaussian type : 


Up= exp (—h?/2K°"), (4-11) 


K being referred to as the cut-off momentm. 

Results obtained for K=6y and co (no cut-off) are shown in Figs. 3 and 4. 
We see that for r20.5/» the results are quite insensitive to the cut-off factor. 
The effects of rescattering, p,t(r)(<0) and p3(r)(>0), are of relatively small 
magnitude everywhere, and the ratios of these effects to the lowest order ones 
gradually decrease with increasing r. For K->co*, we have 


* The limit K->0o should be taken after integration. 


if 


ie ih ed i 
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1.5 
1.0 


0.5 


0 
0 65 tes apd 15 (jp) 


Fig. 3. Charge distribution functions of the 2z-state contribution by the 
static approximation. 


(a) lowest order (P-wave) 47272529(r) 
(b) rescattering correction (P-wave) —4z7rps5;1(r) 
(c) S-wave contribution 42720s_wave(”) 


0 0.5 . 1.0 Gh a i) 


Fig. 4. A.m.m. distribution functions of the 2z-state contribution by the 


static approximation. 


(a) lowest order 477?452(r) 
(b) rescattering correction 477? p15¢1(7r) 


U 
i 
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2 1 
eee (1) =e L[ 6 +2/8r?) -K (2pr) +5erKi (27) ] = 
' Die is ; r 
NED —2ur 
Base () =A (FL) tan (4-12) 
3m \ yp r 


where K,,(2) are modified Bessel functions, whose asymptotic forms are Ko(xr)~ 
K,(x) ~ (#/22)""e~" 

The calculated values of Q, (r*),, # and (r*), are shown in Table II. Q 
and y are rather sensitive to the cut-off energy, while (7*),. are not. The rescat- 
tering corrections for (7°), are small. 


Table IL 
lowest order including rescattering 
unit) * | == ae a = —_——— - 
no cut-off K=6yp | K=5y | K=6y | K=5y 
Q e co 0.80: |b MOB ln Tes OSB, Maer eso 
<r2), 10-26cem?2 oo 0.68 | 0.62 0.58 0.52 
be e/2M oo 1.70 | 1.26 | 1.85 1.36 
(72)o 10-26em2 0.58 0.42 | 0.40 0.44 | 0.42 
| | 


In the above calculation only the P-wave pion contributions are taken into 
account. But the S-wave pion also contributes to the charge distribution. This 
effect is included in limg,(7) which follows from the relativistic calculation. 
Namely, the leading term of @,(m’*) given by (3-3) in the (1/M)-expansion gives 


lim a(r) = Pseep-wave) Capes (f?/2™) K,(2pr) y a 


in the cut-off independent region. The additional term of the right-hand side is 
the contribution from the S-wave pion in the lowest order perturbation, which is 
plotted in Fig: 3. This is interpreted, in terms of time ordered graphs shown in Fig. 
5, as follows. The graphs (P) are reduced to the P-wave contributions in the 


Ire on = 

‘ Dae, \ “fy 

N“ V4 \ iS OY 
~~ 4 \ ~ \ 
AG / \ peas 7 \ 
7 cs SSN \ 
sAAn > aN 

(P) (S) 
Fig. 5: 


static limit, while the graphs (S) to the S-wave ones. If the usual static approxi- 
mation is used from the outset, the graphs corresponding to (S) do not appear. 
The lowest order perturbation for the S-wave effect will not be very misleading 
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because the ¢-term of the non-relativistic Hamiltonian of the S-wave pion-nucleon 
interaction plays no role in the present case. It is worthwhile to note that an 
inequality 


lim Cr) = Pues (7) <(5 faery (4-14) 
Psp) (7) l+per 

holds in the cut-off independent region r=>0.5/. Therefore the S-wave contribution 

is less than 20% of the P-wave effect in this region, and decreases with in- 

creasing r. 

The S-wave effect on Q and (7°), was calculated by Ando and Miyazawa™, 
who used the dispersion relations in the static approximation. According to their 
result, the S-wave contribution to Q is 0.48, and that to (7°), is 0.055 x 10°-*em’ 
(square cut-off with K=6y/). 

As for a.m.m., since an S-waye pion does not produce magnetic moment, such 
a difference as mentioned above dose not appear as is easily confirmed by (4-4) 


and (3-3). 
4-2 Ambiguity concerning gauge invariance 


The interaction Hamiltonian density of the pion-nucleon system is proportional 
to the gradient of the pion field operator. When the electromagnetic field is included, 
the well-known prescription of replacing "d>V —ieA)é and Vd*—>(V +ieA)¢* 
garantees the gauge invariance, provided that the source nucleon is a point. 
However, in the static approximation the source should be considered to have a 
finite extension, and hence the above prescription becomes insufficient. In this 
case, gauge invariance is guaranteed by introducing filaments of current in the 
region of the source, as has been discussed by Capps and Holladay.” Then we 
have the following additional term to the interaction Hamiltonian. 


H’=— (42)™ (ef"/w) ar u(r): 


| A. ds) (7 o7.— T2071) + (7192— Tar) oA| (4-15) 


Here f° is the unrenormalized coupling constant, and u(r) is the source function. 


us . . 
\ A,ds is a line integral of the vector potential A from the origin (the center of 
0 

the source) to the point r in the source where pions are created or absorbed. 


The path of the integration may be chosen arbitrarily; if a straight line is taken 
as this path then this line current does not produce magnetic moment, while if a 
circulating current is assumed it will contribute to the magnetic moment. 

The last term of (4:15), proportional to (<4.—72,)0A, is familiar as the 
leading actor in the photo-production of S-wave pion near the threshold, and is 
necessary to secure the Kroll-Ruderman theorem in the static approximation. If 
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the source is a point, this term does not contribute to the magnetic moment. But 
when the source has a finite extension, it produces a considerably large magnetic 
moment, /4imZs, as was noted by Hara and Kawarabayashi.’” They obtained, using 
the square. cut-off, #;,—=—1.27 for K=5yv and #4.=—1.54 for K=6p. 

It should be noted, however, that all the above mentioned ambiguities come 
out from the region of the source extension. Therefore the distribution of a.m.m. 
in the outer region is free from these ambiguities. For instance, the distribution 
Lin (7) produced by the last term of (4-15) is 


pr) = — 2M acre (ae EGO | Fy 4 | ay 20) |, (a-16) 


Ox - Wy; 247” On (Wz + Ops) 


which evidently vanishes in the outer region where uw(r)=0. (7°). also hardly 
suffers the trouble of gauge invariance. Indeed the contribution from /4,(7) to 
(ry, is —0.12X10°%cem’ for K=5u and —0.14K10~-"%em* for K=6y (Gaussian 
cut-off) . 


4—3 Remarks on the recoil effect 


Confining ourselves to the lowest order perturbation, we examine the recoil 
effect and the reliability of the static approximation. In Fig.6 477°0,(7r) and 
Ar’ lim p,(r) are compared. It is seen that the recoil effect is very important 


(4) 


0.5 1.0 1:5 2.0 (/#) 


Fig. 6. Charge distribution functions by the lowest order perturbation. 
(a) static limit 4zr2limp,(r) 
(b) relativistic A4zro,(r) 


lms 
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and in fact surprisingly large. The discrepancy between fi(r) and lim p,(r) or 
between a,(m’) and lima,(m?) is a factor two or more. Therefore the static 
approximation for the charge distribution should not quantitatively be relied upon, 
though it is useful for the qualitative argument. A similar situation is found for 
the a.m.m., too. We feel there is a contrast: in the low energy reactions such 
as the scattering, rescattering effects are essential but recoil effects are not, while 
in the problem of the nucleon structure, recoil effects are very important but 
rescattering effects are not. 

A more unpleasant situation arises at m” near the threshold or at the asymptotic 
beheavior for very large r. For m’?=4y?(1+6&) as (3-6), we have 


Mp (77) = CF 2/ 7) E, 
lim @_(m?) = (f?M/2#) -€. (4-17) 
The asymptotic forms of lim ,.(7) are 
Arr lim py (17) ~ (2f? B/y/m) 2" / (ery? 
Arr? lim p.(r) ~4f?M-e"*"/ (ur), (4-18) 


which differ very much from (3-8). This discrepancy may seem somewhat puz- 
zling, since for m near the threshold the recoil effect would be considered to be 
quite unappreciable. The trouble comes out from the inadequate limiting process 
“lim”. Namely, the “lim” of 


tan {(4M*—m*) (on*— 4p") } stan 2/1 (MP — pe) &} be | 


m—2pe 


in (3-3) is put to be 7/2, while (3-6) was obtained by expanding this arctangent 
like (2/4) )/ (M?—/)€+-:. Such a discrepancy cannot be remedied by taking ac- 
count of (1/M)-order correction for the static approximation. Indeed, for very 


large r, we have 

(1/M)-order correction of 4zr‘p,(r) ~—(f ue iM) eo, 

and that of 427°0(r) ~— (4f°#/{/m) 6 / (Lr). (4-19) 
Therefore these corrections exceed the leading terms for very large r. Thus 


(1/M)-expansion does not uniformly converge, and therefore it is inadequate not 


only for very small 7 but also for very large r. 


§5. Isoscalar part and meson structure 


5-1 3z-state contributions 

We have so far been concerned with the 27-state contributions, but in order 
to investigate the isoscalar part we must calculate the 37-state which is probably 
the main contributor.”,® We do not know any approximation method except for 
the relativistic perturbation theory, whose lowest order terms are already of order 9’. 
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(Dp (ID (III) 
Eig. Te 


The Feynman graphs of the lowest order are shown in Fig. 7. These calcul- 
ations are elegantly carried out without extreme complexity by means of the general 
integral formula presented by one of the authors (N.N.). Detailed account of 
calculations will be stated in the succeeding paper. We write here only the final 


results : 
S. 9 
a ; 3 g wer ; 5 (2) divi 
i(g) aoe =, (2) PRON Ga Vig aye 
=(2)S3 
: BE aGe\” cere (onesie nes 
rads, SL) war tS 
(7) rim Az* \ An - Ua ere 
9 
Dit si 
+| ae d| 5-1 
Meme ee 
where 


5 9 
V(q, 2) = (x) M?4+3)0,- +>) 2,-M?+C(2)¢, 
3 6 : 
) 


9 
ar=0 =a) 1 dz, Tees (5-2) 
1 1 


The explicit expressions for U(x), €(x) and €(x) for the respective graphs 
are rather lengthy, and so they will be presented in the succeeding paper. 


We give here only the following exact inequalities, which are proved by the general 
theory." *” 


0.12> U(a)>0, 

X,+2,>§ (x)>0, 

My a aes Ne (5-3) 
Vq@, x) 20 for g=—(Bp)”. 


"7 > 
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We enumerate the main characteristics of the expressions (5-1). 

i) They contain no divergence. Hence no renormalization is necessary. This 
fact is very favorable to numerical estimations. 
ii) The contributions from graph II and graph III are identical. This is easily 
seen by noticing that they are interchanged by the exchange pp’, and that /', 
depends only on p+ // and (p—p’)’ on account of gauge invariance. 

iii) The three graphs contribute with the same sign. 
isoscalar part. 


This fact favors a large 
iv) The total charge vanishes. This is obvious from (5-1), but we can prove it 
more directly. Consider the self-energy graphs which are obtained by eliminating 
the photon line from Fig. 7. Since the closed loop has three 7;’s, these contribution 
identically vanish. Of course, this property is not changed by arbitrarily adding a 
constant momentum & to the propagator of the line 6. Differentiating with respect 
to k and putting &=0, we obtain just /°,3(0), and therefore /',°(0)=0. Thus 
we find F,5(0)=0. This remains valid also for the higher order graphs of the 
37-state contribution. 
v) F,5(q) consists of a single term, while F,°(q°) is a difference of two positive 


terms. The contrast between this and the isovector part (3-1) is noteworthy. 


vi) We can define without ambiguity 
mass in the closed loop as very large.* 
the closed loop to one point. We can 


from this approximation, in which the 


the approximation in which we regard the 
This corresponds graphically to shrinking 
see the distribution functions for large r 
contributions from the three graphs com- 


pletely coincide. 
Now, in order to understand the results (5-1) more intuitively, we transform 
them into distribution functions by means of (2:7) : 


\ 


5 mee C2) Soon 
3 g 2 re 
aay = M X)* 
cA? hes ur 167° Gs ) eaeeen CAs . 
. (ae SOREN cis ren dx 
2 > 
9 
s 3 EN M? aes 2 
AnraT)— o a i) if U(x) VO, 2). . ere 
Ms (z)- <, Pod (ah glee 
PEN BO einai Do 
U* (x) V7 (0, x) 2 


where 


* This limiting procedure is uniformly convergent in contrast with the static approximation 
discussed in § 4-3. 
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x(x) =[V (0, x) /€(x) 23p. (5-5) 

The form of the charge distribution is displayed qualitatively in Fig. 8, which 
should not be taken too seriously.* The 
amount of the positive charge is equal to 
that of negative one as was stated in the 
remark iv), and the sign change occurs 
0 near r~1/M (or a little more inward). 

We can in principle evaluate Q*,{7’),*, 
pS and (r*),§ (without and with cut-off) 
from the distribution functions (5-4). But 
a straightforward numerical evaluation is 
prohibitively tedious because these are 
eightfold integrals. We therefore have 
evaluated these integrals by a statistical 
method. We first transformed the in- 
tegration domain into the unit 8-dimen- 
sional cube. And taking ten. points 0.05, 0.15,---, 0.95 for each variable, we 
regarded the set of the values of the integrand at these 10° lattice points as a 
population universe, and estimated its average value by sampling 100 points at 
random. Since the population universe is not in the normal distribution, the 
estimation of statistical error is rather difficult. Hence we estimated it by the 


Anr?oP 


Fig. 8. Qualitative form of the charge 
distribution function of the 3z-state con- 
tribution by the lowest order relativistic 
perturbation. 


deviations of the four average values over 25 samples. The results obtained are 
summarized in Table III. 


Table III. 
cut-off 
unit no cut-off 
Te=1/M To=2/M 
Qs e 0 6.644 1.1+40.5 
(r2),8 10-26cm2 1.8+0.9 1.6+0.6 0.65+0.3 
pes e/2M 60+30 12+8 15:1 
pS Cr2y8 e/2M.10-26em2 2.0 1.2, 1.3+0.7 0.50.4 


These numerical values are surprisingly large. Especially *% for no cut-off is ex- 
tremely huge. The value of (7*)*, for no cut-off is confirmed by another approxi- 
mate integration method, which gives a lower bound to it. Unfortunately, since a 
large number of the samples give large values to «(x), the cut-off values, in which 
we are more interested, are less reliable. We are planning a more reliable evaluation.** 


5-2 Isovector part with meson structure 


In the last subsection we have obtained unexpectedly large values for the 


; * The form of the a.m.m. distribution drawn in our preliminary report is not correct at large 
istances. 


** Unfortunately such a calculation takes a very long time. 


. Sat sally dl 
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isoscalar part. The counterpart to Fig. 7 in the isovector part will be the graph 
shown in Fig. 9 rather than the lowest order one, Fig. 1 
P pe (a). Hence we are interested in the contributions from Fig. 
9, which we may call the lowest order graph corrected by 
meson structure. 
q Though this graph is of order g‘, unfortunately it contains 
= an internal divergence, and so needs a renormalization of the 
internal part, which makes its order-of-magnitude estimation 
rather troublesome. Its calcutlation is carried out by the same 
technique as in the last subsection,” and the result obtained will be stated in the 
succeeding paper. We here notice only that this result exhibits a remarkable 
similarity to that of order g’ more than expected. 
The parameter integrals are fivefold, but we can easily carry out two integrations 
only as for <7*),’, #” and (r°),.” for no cut-off. We have evaluated (7r°),” and 


<r*,.”, which are shown in the left column of Table IV, by Simpson’s method.* 


Fig. 9. 


Table IV 
| é | | approximation 
| unit no cut-off | = 
a9 | | 429M? | 4y2—>4M2 
(r2),V | 10-28cm? | 0.57 | 0.05 0.26 
(r2)oV | 10-%6cm? 0.13 | 0.03 0.09 


The cut-off values, in which we are more interested, are not calculated, because 
the corresponding integrals are fivefold. Instead, we can calculate the spectral 
functions @%.(m?) by expanding them in powers of the inverse square of the 
closed-loop mass. Retaining only the first non-vanishing terms**, we obtain 


Gg 4 2 eS 
g LEE, est) (m*) ; (5 7 6) 


a (m’) = J, 


where af?" are given by (3-3). This approximation is, of course, not reliable 


for m*>M?. The numerical values of (7°)? and (7*)} in this approximation are 
pp 


tabulated in the right two colnmns of Table IV (which should be compared with 
Table V in § 6-1). 


Thus we may conclude that the contributions from Fig. 9 are all positive and 
rather small at least in the outer region. 

5-3 Hyperon effects 

In the last two subsections we have considered only the nucleons as the 


particles in the closed loop, but we must, in general, take into account hyperon 


* In the numerical evaluation care must be taken because the integrand takes extremely large 


values near some end points. Since the results are differences of large terms, error may amount 


to 50%. 


*k The lowest order term of this expansion cancels with the renormalization term as is expected. 
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closed loops. The corresponding form factors are easily obtained by a slight 
modification, but there their relative signs are important. We investigate in this 
subsection the contributions from the graphs which contain hyperon closed loops. 


=o ‘ ‘ 
First, we consider N =(% ) and & =(=-) The interaction Hamiltonian con- 


sists of 


H,=ign Niet, N-aj;+ige 5 7st, 2-2, (j=1, 273) 


and H,=— ie( Nr, 1+ N—Er, +" 5 A, (5-7) 
Z Zz, 

where gy==g. Here N and = respectively couple with the electromagnetic field A, 
through (1+7,)/2 and —(1—7,)/2. Thus the relative signs of the form factors 
for N-loop and =-loop are the same for the isovector part and opposite for the 
isoscalar part* (apart from the relative signs of gy and gz). 

Next, we consider A and ¥. We assume that 4 and +’ have the same parity. 
Then the interaction Hamiltonian consists of 

H,=igy- 27s 2-2 +19n (247s A+ A752); 


and 1247 Se aS (5-8) 
=—eS7,p;5-A,, 


, Vv \ 
“1 
where r= ~s ; ea F154) yf 23. 0S Shy and 
“3 } 
O07 0Ke) ie) O Ais 0—1 0 
p=2z-0 0 —1 } OA al Ua Vad } n=l Ue Ol | 
Ont) —100 600.0% 
with Ps P3— 3 Pe=10% (4, j, + cyclic). 


For simplicity we neglect the A-» mass difference. 
i) The case of global symmetry (¢,= Jy). 


V+ 0 
Putting y= ( Ba ae (_ ) where Y°= (A —2")/)/2 and Z°= (#+3") ///2, 


we can rewrite (5-8) as 


Ip eine scr v5 Y-2j+Z7s tT, Z°7,) 


Fie ~ie( Yi vet Y-Zr, SS vs )Av (5-9) 


which is completely analogous to (5-7). Thus A and S contribute to the isovector 
part with the same sign as N, while they mutually cancel in the isoscalar part. 
For simplicity, we hereafter consider only the lowest order graphs Figs. 7 


* This N-& cancellation in the case of global symmetry was first noticed by Miyazawa.19) 


_ 
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and 9. 
ii) The case of no A(g,=0). . 

As for the isovector part, it suffices to replace 7%. Sp(citjt3) in the N-closed 
loop by 

Is Sp (0: 23 Ps) =93 ‘ 1Ei3=G9> -Sp (7; T; ta)y 
i.e. gw’ by Yn" Jz. 

As for the isoscalar part, the contribution from + vanishes. 
iii) The general case (J,/Jx=@). 

The form factors must be linear with respect to a” on account of isotopic-spin 
conservation. Determining the coefficients from the above results for a=1 and 
a=0, we find that 

Gx 9w(Gxt9s) for the isovector part, 
and 
0 for the isoscalar part. 


Summarizing the results obtained, we have the following replacements for the 
inclusion of hyperon-loop graphs.* 


gx L’ (Mw) —>9y' {gy L” (My) + (9.7 +9x") L” (Maz) + 
+92 L’(Msz)} for Fig. 9, (5-10) 
gu’ L'(My)—>9x° {gx° L?(M x) —9z' L*(M 2)}, for Fig. 7, 


where L°”(M) is the contribution from the closed loop of the baryon having mass 
M (ie. Spur part). 

It is worthwhile to remark that the contributions from the baryon loop are 
all additive for the isovector part, but whether those from N and = are additive 
or substractive for the isoscalar part depends on the relative signs of gy and Jz. 

We have numerically estimated these effects in the case of global symmetry. — 
The contributions from the Z-loop graphs for the isoscalar part (Fig. 7) amount to — 

(r*)4: — (60415) %, 
(for no cut-off) 
pS and (r’) 3: — (80420) %, 
and those for very large r are about —39%. The contributions for the isovector 
part (Fig. 9) are inversely proportional to the squares of the baryon masses for 


large r. 
§6. Discussions and conclusions 
We have so far mainly carried out relativistic perturbation calculations. Our 


standpoint is that perturbation theory is semi-quantitatively reliable in the second 
region 1/p=r21/M, but it must certainly be critically examined. We will discuss 


* For Fig. 7, (5-10) holds as it is even when A and 3 have different parities. 
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higher order corrections, which we classify into the rescattering part and the 
closed loop part. 


6-1 Rescattering correction 


The rescattering effect can be calculated for the isovector part alone. The 
calculations with use of the static approximation have so far been performed by 
many authors”, and the rescattering correction was shown to be relatively small 
(20%). We confirmed this result by a more detailed calculation, and showed 
that the distribution functions of the rescattering correction, as a whole, is quite 
smaller (and slightly more inward) than-that of the lowest order. 

The relativistic calculation of the rescattering correction was carried out by 
Chew e¢ al.” and Goldberger et al.,*» who made use of the dispersion theoretical 
approach. But the former neglected the higher order terms with respect to not 
only /M, but also m/M, hence obtained essentially the same result as the static 
approximation. On the other hand, Goldberger et al. carried out the spectral in- 
tegration for (24)’<m’?<(2M)’? without using the (1/M)-expansion. As a result, 
they found an unexpectedly large rescattering effect. For large m’, however, the 
Legendre polynomial method in the analytical continuation, which they made use 
of, will converge poorly and further, as is seen from (2-8), the 4y-state contribution 
may become rather significant. Hence we have recalculated their result, dividing 
the integration domain into the two parts, 44°>M? and M?>4M’. 


Table V 
lowest order including rescattering 
unit OME Se TLS se ae ee ee ee 
42>M2 | M2>4M2 | 4y2>4M2 | 425M2 | M254M2 |4,2-54M2 
Qv Z 0.13 0.51 0.64 0.06 | —027 | —0.21 
<r2), | 10-26em2 0.20 0.17 0.37 0.11 —0.05 0.06 
av e/2M 0.31 0.54 0.85 0.40 136 Art 894 20 
(r2),¥ | 10-26cm? 0.14 0.05 0.20 0.20 012 | 0.232 


We see from Table V that the rescattering effect estimated by this approach be- 
comes dominant for large m*. The charge spectral function ay (m’*) changes its sign 
near m*=M”, and the total distributed charge Q” becomes negative. This is quite 
unnatural. Therefore we can hardly believe that their result is reliable even for 


m’> M?*. Then we may conclude that the rescattering correction is not so signifi- 
cant (S30%). 


6-2 Closed loop correction 


The meson’s self-energy part is not important, because the renormalized meson 
propagator including higher order corrections has the mass spectrum which consists 


of Z,0(m'—y*) and a continuous spectrum m’>(3/4)*, the former being already 
included in the lowest order. 


ss - 2" 
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The closed loop correction for photon-pion vertex is usually referred to as 
meson structure. The corrections by meson form factor were investigated in detail 
by means of dispersion relations by Goldberger et al. They showed that the part 
through 27-state may contribute as 


{ryt 0.16 X 10-*em?, (6-1) 
while the part through N-pair state is limited by 
(<7) 20.0910 * cin? (6-2) 


from the unitarity requirement. 

We have calculated the lowest order correction by meson structure, Fig. 9 in 
§ 5-2, and found that this contribution is rather small. Thus the perturbational 
result is not inconsistent with (6-2) except for the contribution from inner region. 
But this meson-structure correction is considerably enhanced by hyperon effects as 
stated in § 5-3. 

As for the isoscalar part, the lowest order graphs for 37-state, Fig. 7, already 
contain the closed loop part. Though the estimation of higher order corrections is 
technically impossible in the present stage, we conjecture that they will not dras- 
tically change the outer forms of the distribution functions, from the fact that the 
three topologically different graphs in Fig. 7 contribute nearly equally (by the 
numerical estimation) and coincide asymptotically. 


6-3 Takeda-Kato’s criticism 

Takeda and Kato gave the following comments to our preliminary results on 
the 37-state contributions. 

The amount of the positive charge in Fig. 8 may be very large as is 
seen from Table III. The localization of such a large amount (in a spherical 
shell) will violate the conservation of probability. The graphs calculated by us, 
Fig. 7, can contain at most two pairs in the closed loop part at an arbitrary time 
t. Therefore denoting by ¢ the wave function at ¢, we can write 


PH=coPoter Pi +cs $2 
with (6-3) 
leo? + fea]? + |e2|?=1, 


where #,(j=0, 1, 2) is the j-pair state. Hence the maximum localizable charge is 


(>) e(Jer|?+2|cs|”) = Je. (6-4) 
Bate The most favorable case is shown in Fig. 10. 
/@ @ Thus if an amount larger than 2e localizes, our 
Gy perturbational calculation will be inadequate. 
ae pair ‘ @) It should be noticed that the above criticism 


naturally depends essentially on the order of appro- 
ximation, and so the upper bound (6-4) is by no 
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means a strict one. What can be asserted is that the result is rather doubtful if 
it exceeds 2e. Therefore probably we should not believe semi-quantitatively the 
perturbational result for the region r<(1/M~2/M), though we cannot yet defini- 
tely say so because our numerical evaluations are very crude and the experimental 
error of the coupling constant is rather large (~40% for 9’). 


6—4 Conclusions 


[A] Jsovector part. We may conclude as follows. 

i) perturbation theory is not misleading in the S-wave effect (20%), contrary 
to the scattering problems. 

ii) The recoil effect is unexpectedly large, and it changes even the asymptotic 
forms. The static approximation predicts larger values for (7°)¥, by about factor 
two. 

iii) Higher order corrections contribute mainly to the inner region. 

Therefore they are not important for (7”){,. Thus the relativistic perturbation 

theory is fairly good except for in the inner region.* That is further confirmed 
by the fact that the fourth order correction by meson structure is indeed not incon- 
sistent with the dispersion theoretical result. The numerical value of (7°)! is re- 
duced by the rescattering correction, but is recovered to a considerable extent by 
meson structure correction. The resultant will not be too small to explain the 
experimental data (1-1). As for ¢7*)!, the theoretical value is rather small, though 
it is enhanced by both the rescattering and meson structure corrections. But the 
disagreement with (1-1) is not conclusive, because the experimental analysis of 
<r*yy is quite model-dependent. 
[B] Jsoscalar part. Our results for the 37-state contribution are qualitatively 
favorable to explain the large (7°)? (and probably the small #°(7*)3) as in (1-1). 
But the numerical results are much too large, and hardly reliable in the region 
rS1/M from Takeda-Kato’s criticism. Unfortunately, our numerical evaluation is 
a very crude one, hence no quantitative conclusion can be deduced. 

At any rate, if the charge distribution function of the isoscalar part becomes 
negative in the inner region r<1/M, as was indicated in Fig. 8(a), also for the 
exact theoretical value, then the situation will be very favorable to the experimental 
result (7°)?=(r*){. This is because we know the following facts: 

i) We may safely expect (perturbationally and intuitively) that the charge dis- 
tribution function of the isovector part is positive definite. 
ii) The total distributed charge of the isoscalar part is equal to that of the iso- 


* Contrary to our standpoint, there is the opinion that the static theory would be better than 
the relativistic theory even in the problem of nucleon structure. But we can hardly agree with it, 
because such a non-Lorentz invariant and non-gauge invariant theory can not be expected to be 
valid in the rather inner region 1/M<r<1/y, and indeed the static theory (without an unnaturally 


large core!)) predicts (r2),8=0 which is completely inconsistent with the experimental evidence 
(hea): 
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vector part (cf. (2-17)). 
iii) The threshold of the isocalar part (m=3/) is higher than that of the iso- 
vector part (m=2/). 
Therefore the charge distribution function of the isoscalar part will be small for 
large r and large by a considerable amount for middle + in comparison with that 
of the isovector part. Then the neutron’s charge distribution will take the form 
suggested by Schiff.” 

We may thus conclude that meson theory need not be modified drastically in 
the second region 1/#-=r=>1/M, and probably the introduction of a new field 
(such as Nambu’s neutral vector meson”) is unnecessary. 
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In order to investigate whether the spin-orbit force in the theory of nuclear shell 
structure is due to the tensor force of the pion-theoretical potential, the doublet splitting of 
the p-phase shifts in low energy m-He‘ scattering is analysed. We get the conclusion that 
the major part of the experimental doublet splitting can be reproduced by the strong tensor 
force of the pion-theoretical potential. Also it is shown qualitatively what features of the 
pion-theoretical potential are important to the binding energy of He* and the discontinuity 
of the binding energies between He4 and the system of He‘ plus one nucleon. 


§ 1. Introduction 


Recent developments in researches on nuclear forces, made it clear that all the 
nucleon-nucleon phenomena up to about 150 Mev are well explained by the pion 
theory of nuclear forces’. The pion-theoretical potential has been established quanti- 
tatively in the outer region (r=2X10°"cm) and at least qualitatively in the in- 


termediate region (r~1~2X107-"%cm), where 7 is the inter-nueleon distance. The 


inner part (r<<1X10-"cm) of nucleon-nucleon interaction, to which the present 
day pion theory can not give any reliable prediction, has been determined by the 
comparison with experimental data. Thus we know of the phenomenological 
effective potential corresponding to main features of nucleon-nucleon interaction in this 
inner ragion. At present, our knowledge about nuclear forces is sufficient to attack 
problems of nuclei on the basis of two-body interaction. 

The characteristic features of the pion theoretical potential differ essentially 
from those of phenomenological potentials conventionally adopted so far as will be 
shown in § 2. The most remarkable one of them is the strong tensor force due 
to one-pion-exchange process. It is thus very interesting to investigate the relations 
between the strong tensor force and characteristic properties of nuclei. However, 
there has yet been no attempt taking into account this feature of two-body inte- 
raction. One of important problems in connection with the strong tensor force is 


whether the spin-orbit coupling force in the shell model can be accounted for by 
this strong tensor force*. 


* As will be discussed in § 2, the two-body spin-orbit potential predicted by the pion theory 
is too weak to produce the spin-orbit potential in the shell model. 


Tensor Force of the Pion-Theoretical Potential 275 


At the present stage, there exist many difficulties in general treatment of this 
strong tensor force, because one has to take account of the following situations: 
The mixing of states plays an important role in this case, hence the perturbational 
approach becomes questionable. Furthermore, significant contributions from the tensor 
force may sppear at the nuclear surface, and it is desirable to treat the nucleus 
as a finite system not as an infinite medium. 

In the case of lightest nuclei, the above mentioned difficulties do not appear 
and we can treat the problems directly by adopting the pion-theoretical potential. 

The investigation of the doublet splitting of He’ and Li? is the crucial test of 
the problem whether the strong tensor force is the origin of the spin-orbit coupling 
force in the shell model. The effects of the spin-orbit force in He® and Li’ appear 
in the most direct fashion as the wide splitting of the doublet p-phase shifts in 
the low energy nucleon scattering by He‘. The main purpose of this work is to 
investigate qualitatively the relation between this wide doublet splitting and the 
strong tensor force of the pion-theoretical potential. In the course of this investi- 
gation we also consider the binding energy of He* and the reason why there is no — 
bound state in the system of He’ plus one nucleon, while He‘ is a tightly bound 
system. This feature is closely related to the binding energy discontinuity at the 
closed shell. 

Many authors investigated the effect of a tensor force on the doublet splitting. 
Dancoff”? estimated the doublet splitting of He® in the second order perturbation. 
Feingold” also calculated it in the variation-perturbational way. In these works, 
besides the defect of the perturbational approach, there exists the unsatisfactory 
point that the values of the splitting and even its sign depend seriously on the 
parameters of the wave function, for they treat He’ as the bound system. In 
another type of approach”, the doublet splitting is calculated on the basis of the 
Fermi gas model in the second order Born approximation with respect to a tensor 
potential or a modified tensor potential (¢-matrix in Brueckner’s theory). In these 
works, however, there are also unsatisfactory points in treating the nuclear surface 
effects or the mixing of states due to a tensor force. 

Here, we follow the procedure developed by Sugie, Hodgson and Robertson”. 
This approach seems to be most reasonable for investigating the spin-orbit coupling 
force resulting from the tensor force in He* and Li’. However, they got only the 
small splitting of the p-phase shifts (about 30% of the experimental value), 
because they used the phenomenological potential with a weaker tensor force than 
a central one. As discussed by Sugie et al., the main part of the interaction term 
responsible for the splitting of the phase shifts is proportional to the strength of 
a tensor force and the mixing ratio of the D-state of He* due to a tensor force. 
Therefore, the strong tensor force characteristic of the pion-theoretical potential is 
expected to account for the wide experimental splitting. Indeed, it is shown that 
the major part (~60%) of the experimental value of the splitting can be re- 
produced by the pion-theoretical potential. 
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It is to be noted that, although such a strong tensor force to reproduce the 
experimental splitting is believed to reduce the binding energy of He‘ utterly, the 
pion-theoretical potential gives its reasonable value mainly due to the strong attrac- 
tive force of the two-pion-exchange potential in the singlet even state. 

The essential difference between the work of Sugie et al. and ours lies in the 
properties of the two-body potential. In § 2, we shall show the characteristic 
features of the pion-theoretical potential. In § 3, we shall recapitulate the procedure 
deriving the spin-orbit coupling term and discuss the approximations used. The 
determination of the parameters of the He‘ wave function and the calculation of the 
binding energy of He‘ will be made in § 4. The qualitative features of the spin- 
orbit coupling term and the numerical results derived from the pion-theoretical po- 
tential will be presented in § 5. §6 will be devoted to discuss various corrections 
affecting numerical results. In § 7, we shall summarize the main results obtained. 


§ 2. Characteristic features of nucleon-nucleon interaction 


In this section we summarize the characteristic features of nucleon-nucleon 
interaction clarified by the analyses on two-nucleon problems”. It should be noted 
that the features of the outer and intermediate parts (721X10°"cm) have been 
established pion-theoretically, while those of the inner part (r<1X10~“cm) have 
been determined by the comparison with experimental data. These features are 
shown in Fig. 1. 

(i) In the outer region (r22x10-"% cm), the tensor potential is very strong 
compared with the central one. This feature, the most characteristic one of the 
pion-theoretical potential, results from the one-pion-exchange potential. 


ees oe 1s 12 a : ) o— 2: 
fe) ct Su [(or0:) +8 (1424 ae em Nt) 


where 
Sp=or — (oir) (o,'r) = (01-2), 


i *=h/vo=1.415X10 "cm (yp is the pion mass) * 
an | 


Je /4z = 0.08. 


The potential in this region is completely described by V“'™. 

Gi) In the intermediate region (r~1~2X10-"% cm), the contributions from 
the two-pion-exchange potential V°*) become important in addition to V"™, The 
tensor part of V°™) is important also in this region. The qualitative features of 
V©™ have been verified, although there remain some quantitative ambiguities due 
to different choices of methods in the derivation of V2, The most essential 
feature of V“*) is noticed in the strong attractive potentials in the central part of 


* We adopt the value yc2?=139,4Mev. 
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the charge triplet states (‘E and *O)*. The central potentials in *# and 'O and 
the tensor potential of V°* are not very effective and their effects can be expressed 
by the suppression of magnitude of V“*) in this region. The comparison with 
experimental data also supports this feature”. 

Gi) The two-bedy spin-orbit coupling potential predicted by the pion theory 
is very small compared with the static potential in the intermediate region®”®. 
This potential is not strong enough to produce the spin-orbit coupling force in the 
shell model. It is of the wrong sign in the recent calculation using the dispersion 
relation”. Also, the nucleon-nucleon scatterings up to about 150 Mey can be repro- 
duced by the pion-theoretical potentials without spin-orbit potentials as predicted by 
Signell and Marshak” and by Gammel and Thaler”. Therefore, the two-body spin- 
orbit potential cannot play any essential role, and we can neglect its effect in 
qualitative discussions on problems of nuclei. 

(iv) The main features of the exchange character of the pion-theoretical po- 
tential can be represented, from the properties (i) and (ii), as follows: 


Ve Com T2) (01-G2) er + (7%: T>) Say yw 
oo AT, T2) 
4 


V{™ are the radial parts of VO. V2~(?O) and VY’ (‘E) are those of the two- 
pion-exchange-central potentials in “O and ‘FE respectively. The minus sign in the 
third term is added to make V?~C@O) and V2" (‘E) positive for convenience’s 
sake. 


{= ae V2) 30) +2aevey ve~cE)} ; (2-2) 


(v) In the inmost part (r<0.5xX10-“cm), there exists the hard-core-like 
repulsive interaction in all the states. Through comparison with experiments, it has 
been shown that the effective potential just outside this hard-core can be roughly 
given by the straight cut-off potential of V°~+V°™ at the region, r=0.5~1 
SaLOs Fm”, 

In choosing the detailed forms of V,“*), etc., in the intermediate and inner regions, the 
following should be taken into account. In 3F, V,) is very small and V“=) with the hard-core 
cut-off is the most reasonable potential for reproducing the deuteron data!”)1). As will be discussed 
in §3, V,(E) plays an essential role in the phenomena of Het and the system of He‘ plus one 
nucleon, while V,(@O) does not. So, in the case of the present paper, it is allowable to take 
V,=V,%~) in the region, r=1x10~%cm**. V,2)(1E) is stronger than V,2*)(3O), i. e, V,@) 
(LE) /V,2*) (80) 3/2101), . 

Thus on the basis of the features shown in (i)~(v) and the situations dis- | 
cussed above, we adopt the potential given by (2-2) as the two-body potential 


outside the core region. For convenience of analyses, we take the following ap- 


* We use the following simple notation for the classification of the two-nucleon states; °E 
(the triplet even state), 1£ (the singlet even state), ?O (the triplet odd state) and 10 (the singlet 


odd state). 
*k Strictly speaking, V,4*) @O) should be modified due to V;(2*)(3O) so as to be damped in 


the region, rS1.4X10-8em™). 
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proximate form* to the pion-theoretical potential. 


Vag ens 7 CXD | em fe 7 | 
VEM™® =v r? exp[—y™ 7?) + vf" 7? exp[—»™ r?], (2-3) 
VEX CE) =v 2 exp[—g@ 77), and V 2”GO) =(2/3) VO Ce 
vO =6.86, v=700, vi=7.45 and vi?=456 (in unit of Mevx10*%cm7’), 
p=0.600, #?=1.94, o»=0.388 and v=1.76 (in unit of 10%cm~’). 
In order to obtain a good approximate form to V}'®, we use the sum of potentials 
/ 2 
with different ranges. The long range part corresponds to (1/3) (92/47) pc 
(e-*"/«r) and the short range part to the remainings. The errors caused by these 


approximations are very small (several per cent) except at the tail (r=>3x10-“% cm), 
where the potentials themselves are vanishingly small, as shown in Fig. 1.** 
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Fig. 1 (a) 


* The reason why we use such a particular form comes from the following situation: If we 
choose this form, we can analytically perform the calculation of the binding energy of He‘ and the 
derivation of the interactién kernels in n-He4 scattering. Otherwise cumbersome numerical calculations 
are needed after eliminating exactly the motion of center-of mass. Including the r2-factor, we can 
avoid the procedure of Eq. (26) in Sugie et al. The r2-factor plays the role as damping factor in 
the inner region, which corresponds to the situation discussed in (v). Also, we can avoid 
overestimation of the contributions of the potential in the core region (r<0°5x10-l3cm) to the 
binding energy of He‘ and the scattering potential in m-He*, even in the case where no short-range 
correlation function is introduced. 

** Because the results depend on the overlap integral of the forces and the wave function, the 
errors in the results that arise from the small incorrectness of the tail may be negligible. 
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singlet even 
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Fig. 1 (b) Fig. 1. Two-body potential. V,4*) and 
V,4~) are the central and tensor parts 
of the one-pion-exchange potential, 
oe respectively. The curves denoted by 
KMO are the one- plus two-pion- 
50 exchange potentials of ref. |b). For 
other pion-theoretical potentials, see 


ref. la). Also, the effective potentials 
in the inner region determined by 
comparison with the experimental 
data are shown. The dotted curves 
are the approximate forms given by 
(2-3) to the pion-theoretical potential. 
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state. 
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potential are the effective potentials 
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In the present paper, we perform the calculation using the exchange operators 
instead of (o,:0) and (7,-T.). If we use the conventional notation for the exchange 


operators, 
V= SD (ww +m Py +b Py th® Pi) VE (7) +Si2(w +m© Py) Vee 
t=1,2 (2 ; 4) 
and put 


Vir) VCE); 
the exchange character given by (2-2) is rewritten as follows: 
VI s w%=1/3, mP=—4/3, bP =—2/3 and AY =2/3, 
Vw = 5/12, mM ==1/12,- 69 =1/12 and kh? =a/12,"_ @-5) 


Var . w=—1/3 and m= —2/3 
§ 3. Spin-orbit term 


In this section, we outline the method to derive the spin-orbit term*. We 
discuss what is important to cause the wide splitting of the p-phase shifts in 7-He* 
scattering. 

First of all, we assume that He* remains in the ground state during the 
scattering process. This will be justified in »-He‘ scattering at low energy (<5 
Mev), because the first excited state of He* is believed to be very high**. He- 
reafter, particles 1, 2 and 3 are neutrons, and 4 and 5 are protons. The totally 
antisymmetric wave function ¥Y of the system is then written in the form 


P= $(—1)6(1) +$(—2)6(2) +$(—3)9(3), (3-1) 


where ¢(—7) is the antisymmetric wave function of He’ which does not contain 
the z-th neutron and ¢(z) describes the 7-th neutron in the scattering state. The 
ground state of He‘ is considered to be principally the 'S,-state. Due to the tensor 
force it has a small admixture of °D)-states. As the first approximation we neglect 
the *P,-state probability. And, of all the possible spin-angular wave functions, only 
the principal ‘S)- and °D,-state wave functions are considered’. We take this ap- 
proximation, because our main aim is to see the qualitative feature which the pion- 


theoretical potential shows in the lightest nuclei. Then the wave function of He! 
is of the form 


* The method of derivation is the same as the one given by Sugie et al.5), on the whole. 
Hence our notations follow what they used in most of the cases. Sometimes, we may omit the 
description of meanings of notations when they seem obvious. The reader who is not familiar 
with the notations is advised to see the paper by Sugie et al. 

** This assumption is justified by the following experimental data. The behavior of the Pape 
phase shift is well accounted for by the one level formula. The proton reduced width is above 
75% of the sum rule limit. (R. K. Adair, Phys. Rev. 86 (1952), 155; D. C. Dodder and isd Ue 


Gammel, Phys. Rev. 88 (1952), 520.) The p12 level is much broader. This shows that for E(7 
Mey, the present assumption is not so bad. ; 
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$(—1) = {9st (23, 45) +Copwt (23, 45)}/V/14C?, (3-2) 
where gs and gy, represent the normalized spatial parts of the wave functions for 


the principal *S)- and °D,-state, respectively. % is 3{a(2)8(3) —B(2)a@(3)} {a(4) 8S) 
—(4)a(5)} and, if the operand is %, 


— 2 
CO — > Tig Say 
2 


=3 (62-13) (O 4:5) +3 (O2-T45) (0 4°T 23) EO (ray) CS (3-3) 


The wave function ¢ is obtained from the Schrédinger equation of the n-He* 
system 


(> T+ ena) Ee CS (3-4) 
a t>j 
Decomposing the wave function ¢ into partial waves 
é(1)= > (fis(r) /1) 1,49, 5), (3-5) 


we get a set of uncoupled differential equations, each of which is specified by two 
good quantum numbers, J and J, since we neglect the virtual excitation of He’. 
The equation* for f,;(7r). is 


Bee ee A 1) ga 
2M’ br r2 +8] fs) 


=[dr1d2,f(-1) TH) >} Vi —D TE) furl) 


+2) dz 1d@§(—1) i) > Vis (—2) %i(2) Skt) x 


r 


h° i o(—1)¥™ pe he ma Op hy oN m Forel 
+2 2M! | ded QF Ly) { Vi1,2345 k?| b( 2) Nie(2) 7 
(3-6) 
where 
B= (2M'/R)E, 1 (4/5) M, 
r=r,— (1/4) (rotrs+rs.trs) 
r/=r,— (1/4) (itrstritts). (3-7) 
and 


The explicit form of ¢(—1) is given in the next section. We calculate the S-S 
terms and the S-D cross terms, neglecting the effect of the D-D terms. 


* In deriving the equation, we assume Ho¢(—1) =Eap(—1):*:(a). Sugie et al. assumed only 
(oH) =Eq:::(b). By doing so, they included the contribution from So, and S34 -terms in their 
Eq. (34). However, the splitting should be given only by S,,- and Sj, -terms if we could find the 
exact wave function of He‘, and so these terms are of physical significance. Then we assume the 
relation (a), though in actual calculations we use the approximate form for ¢ (—1). 
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Equation (3-6) can be expressed in the following abbreviated form* 


£. mek ACs 9 | fil) =W(r) fir) + Fe 9) Fria rt 
iT To v 


a ete PY PG hire (3-8) 


The first term in the right-hand side is the so-called potential term. This term is 
derived from the central potentials without the space exchange operator in the 
direct terms and those with the space exchange operators in the antisymmetrized 
terms. The kernel of the second term arises from (1) the remaining parts of the 
central potentials in the direct and antisymmetrized terms, (2) the J-independent 
parts from the tensor force in the antisymmetrized terms and (3) the term related 
to the kinetic energy in the antisymmetrized terms. The J-dependence of the 
second term in the right-hand side of Eq. (3-8) is caused only by that of the 
wave function f,,(r). Hence this term does not give direct contribution to the 
spin-orbit splitting. The kernel &4’(r, r’) itself in the last term depends on J, 
hence it contributes directly to the splitting. In the following, we discuss this term 
in detail. 

First of all we must mention that the direct tensor terms do not give any 
contribution. Then the antisymmetrization is essential in the spin-orbit splitting. 
After integrating the exchange tensor term over all coordinates except r and r’, 
there remain the scalar quantities of the following types: 


(I) (scalar function of r and r’) 


and 


(I) (o-(@xXr’))- (scalar function of r and r’)**. 


It is evident that the spin-orbit splitting results only from the terms of the type 
(II). Expanding the scalar functions of r and r’ in terms of the Legendre poly- 


a 
nomials P,(cos(r,r’)), we obtain the linear combination of the following ex- 
pressions*** by integrating the terms belonging to the type (II) over dQ and dQ’; 


jue 1)Xi,(1)i(os: (r Xr’)) > Y# (Q) YP (2) 182) 2 (2) dada’ 
=—$rr'Crr, (3-9) 
where 


l 
Ci £41/2,241 — —- ——_—— Om (172,131 = ee RS for Ll 0. 


2141” 2i+1 


* The explicit expressions of each term are given in §5 and the Appendix. 


** This type does not result from the exchange S-D term but from the exchange D-S term in 
our treatment. 


*“* This relation is derived by Sugie et al.5) 


=_— —" 2° 
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The exchange D-S tensor term with Majorana exchange character (D(—1)| 
SiuPyss|5(—2)) is equal to that of Wigner type, since the wave function 7s(—2) 
%(—2) fix(r’)/r’ is invariant under the exchange of the coordinates rr, Thus, 
the splitting term has the factor (w +m), which means that only the tensor 
force in °F contributes. 

We get the following summary as to the splitting kernel kg (r, r’). 

(i) Antisymmetrization is essential to the splitting kernel. 


(ii) The splitting kernel is expressed as 


1+C 


Rot eae jie (w™ +m) ( ) eCE)|lo UA (pet Lavoe (3-10) 


Here |lo-l|| is the eigen-value of the operator o-I, resulting from the numerator of 


Cinzi ; 


for J=l+1/2 


jo-t=| 
—(I+1) for J=l—1/2. 


a and 8 mean the spreads of the *S,- and °D)- wave functions of He’, respectively, 
and » is the range of the tensor force. From the expression (3-10), we see that 
the tensor force contributes to the splitting in two ways: (1) proportionally to 
the strength of the tensor force and (2) through the D-state mixing ratio C of 
He!. The strong tensor force characteristic of the pion-theoretical potential is then 
expected to be favorable to the wide splitting. The remaining part of this paper 
will show this is the case. As shown in §4 and § 5, the sign of kg; is the same 
as what the shell model assumes,, because 


(w +m) v,CGE) <0, C<0 and A>0. 


It will be worth mentioning that also in the case of more general nuclei we 
expect to get the spin-orbit coupling of the type (3-9) from a tensor force, when 
we take into account the antisymmetrization and the mixing of the core states due 


to tensor forces between core nucleons. 


$4. Wave function and binding energy of He’ 


The available data on He’ are as follows: Its spin is zero, parity even and the 
experimental binding energy~28 Mev. Because its spin is zero, we cannot get any 
information from the E2 and M1 moments. The high energy electron scattering 
experiments showed that the charge distribution of He* can be best fitted by the 
Gaussian radial distribution with r.m.s. radius 1.61 X10-% cm”. 

As in Eq. (3:2), we chose the spin-angular wave functions. Taking account of 
the results of the high energy electron scattering experiments, Gaussian radial wave 
functions are chosen, namely 
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5 
Is=Nszs exp{—2@ 3175} 5 Gr=N> exp { —4$f8 bay ras} (4-1)* 
wjJ= 


4> g=2 


Usually, the parameters of the wave function are determined by the variational 
calculation. But we do not follow this procedure, because it may be meaningless 
to determine the values of the parameters, particularly of a, by this method when 
the wave function has no short-range correlation. Instead of this, we use the 
result of the high energy e-He‘ scattering experiments in determining a. As the 
r.m.s. radius j/ (77) is mainly determined by the ‘S,-state wave function and the 
contribution from the °D,-state is estimated to be smaller than 5%, we determine 
parameter a to fit the experimental value of the r.m.s. radius~1.61 X 107" cm. 

Regardless of the finite charge distribution of proton, we obtain a~0.11X 
10" cm~* from the relation (7?)”=9/32a. But through the electron scattering ex- 
periments, it has also been shown that the r.m.s. radius of the charge distribution 
of proton is about 0.7~0.8X10°-"cm™. Taking this fact into account, we obtain 
the next formula: 


Gene gare 


where (7°)/* is the mean square radius of the charge distribution of He* including 
the effect of the proton finite size, and (7”), is that of proton. Substituting the 
values 1.61X10~" cm and 0.710“ cm for )/ (7*)/* and 1/(7*), respectively, we 
obtain 7/ (7?)?'=1.4X10-" cm, from which we determine a=0.14X10%cm~. 
This value is considerably smaller than those obtained so far by other authors using 
the variational calculation without the short-range correlation. Later we shall discuss 
this point. 

ors Fixing the parameter a to this value, we determine the other parameters f 
is and C by the variational calculation. With nuclear forces of (7*XGauss) type 
radial dependence, the variational expression of the total energy of He‘ becomes 


ie f= |- 18a@+26 pC? ste 
“g 140 (18a@+262 Po 21% |9(w-+m) A palieg 


+07(28 om bn Ames wm bh) AM? 


S +o (w+m+b+h) arr) — z | — Siu, \6 V5 C(w +m) Br 

‘ Zo Nee ote 

a +C? ee (w? —m) Be? 4 +F (wim) BP). 1 + 

a 2 2 2B +» 

be 

i where 

; 

2 * Such functions have no two-body correlation: for exam | 
by ple, exp {—$a3)7; 2} =ex D 2 
i where r; is the coordinate of the i-th nucleon relative to the center of mass of Het. p{—2a@>)7;2} 
i 

Ae 


i= 


— 


. Binbe Be Th oe 
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A=- 2a : Sg ele 
2at+pu 2B+y 
5 ia 
Ale saa Lapa pele (28 ) ( eve a (4-2) 
2b+y a+B\a+B/ \a+f+y 


This is minimized with respect to 8 and C. The results are shown in Table 1. 


Table 1 Binding energy of He‘ calculated using the pion-theoretical potential 
without the short-range correlation from Eq. (4+2). 
ih a ee ee ES eee ee ee eee 


B=0.35 x 1026 cm™? ; C=—0.30 (22014 < 1026 cm7?) 
SS (K. E.) 


46 (Mev) 
(Central 17) —1l1 
Central 2x) —55 
SD <Tensor 1z) —21 
DD «K. E.> 16 
(Central 1x) —0.3 
(Central 27) —5.9 
<Tensor 1z)- —1.9 

Total —33 (Mev) 


nn ne ee U EEE SEES ESSER 


As seen in Table 1, V@®(E) plays an important role, and V/'*)(*E) also yields 
large contribution. Without them He’ will hardly be bound. It is noted that 
Ve» (O) and V#*(?O) do not contribute to the SS and SD terms, respectively. 
Obviously, the total binding energy is too large*. This is due to the fact that we 
take no account of the short-range correlation, the main effect of which is to in- 
crease the SS(K.E.). Although it is difficult to say anything about this effect 
quantitatively, we estimate this roughly in §6 using a trial correlation function 


Hex (175). From this result we may say qualitatively that: 1) we 
get the reasonable minimum total energy, 2) the value of @ minimizing the total 
energy tends to be much smaller than that determined variationally without cor- 
relation (a=0.50X10"cm~*; B.E.=120 Mev. See Fig. 5(d)), 3) the values of C 
and f are insensitive to the correlation function in our case. 

So far, many authors” have calculated the binding energy of He* to deter- 
mine the “consistent ”’ phenomenological potentials. From their results it is seen 
that we could not obtain sufficient binding energy if the tensor force was predominant 
in °E. In our case, the pion-theoretical potential has two central parts with different 
ranges, ie. V{” and Ve~. so, although its tensor force is strong and the con- 
tribution of Vi” is small, it can reproduce the binding energy of He‘ reasonably 
as shown above. Moreover, the strong tensor force results in a large value of 


* Since, in the intermediate region, V,2=) is known only qualitatively, so our choice of V2) 
and the value of the total energy should not be taken seriously. The latter is very sensitive to 
the choice of the detailed form of the former. 
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C?~9%, which is very advantageous for reproducing the wide splitting of the p- 
phase shifts in 7-He* scattering, while the value of C? is about 4% according to 
other authors. Also, by our method of determining the value of a, the brems- 
strahlung-weighted cross section” in the 7-He* reaction is naturally reproduced. 
About the corrections due to the correlation and additional °D, states, we shall 


discuss briefly in § 6. 


$5. Effective potentials and phase shifts 


In this section we discuss the p- and s-phase shifts in m-He* scattering and 
show the numerical results. 
5-a) Effective potentials 
The explicit expression of the integro-differential equation is derived from Eq. 
(3-6) using Eqs. (2-3), (3-2) and (4-1). The result is given in the Appendix. 
In order to find out the characteristic features of the interaction terms we 
rewrite the terms which contain kernels in the form of the effective potential. 
The abbreviated form for /=1 is 
ih’ qd’ 
we 


+82) LO) = (WO) +WLO AWAD) AO) OD 
where 


JeCr rl) £2(r dr! 


Wy =F = Di-w 

ay Fi) ie: 

we Jesse, er dr’ ae 
ERR 


f7(r) is a solution in the square well potential reproducing nearly the experimental 
splitting. This procedure is allowable, if f? does not differ much from f, inside 
the force range and then the convergence of the iteration in solving the integro- 
differential equation is good. In our case, we can find such f? as seen in the fol- 
lowing. These potentials and the phase shifts are plotted in Fig. 2. 

In W(r), V{* vanishes exactly because of its exchange character. Conse- 
quently, V{°* is essential in this scattering problem because it composes the whole 
W(r) which is the main part of the effective potentials. Besides V‘”, the tensor 
force, which is important in binding four nucleons, has no effect on extra neutron 
in the direct term. These circumstances seem to be the reason why five nucleons 
do not bind, although the 3)-level of this system is just above the zero energy. 
W(r) is shown in Fig. 3 (a) with the use of the parameters decided in § 4, 

In W;(r) the main part arises from the V@”, V, and the kinetic energy in 
the antisymmetrized effect (the last term in Eq. (3:6)). They cancel each other 
to some extent in 73.0. Out of this region, only the kinetic energy term is 


ik ii 
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Fig. 2(a). p-phase shift. 
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15 


1.0 


0.5 


Experiment of n-Het (J. D. Seagrave, Phys. Rev. 
92 (1953) 1222; Levintov et al., Soviet Phys. 
JETP 5 (1957) N 2258) 

Calculated from experiments of p-He*. (K. W. 
Brockman, Jr. Phys. Rev. 102 (1956), 391. We 
wish to thank Dr. Brockman for sending his 
data prior to the publication. 

Calculated by the zeroth order wave function. 
Theoretical values at the first step. 
Theoretical values at the second step. At the 
third step they scarcely change. 


fi.” 


Zeroth order potential 


Fig. 2(b). Zeroth order potentials and their wave functions for, C=0 
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Wij (r) 


Zeroth order “Center potential ” 


—50 
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Fig. 3(a). Effective potentials W(7), W7’(r) and “center potential” W/(7) for 7=1. 


1.0 2.0 3.0 
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(<10-" cm) 


Zeroth order splitting potential 


Wsp (r) /o-1| 
Ist step 


Fig. 3(b). Effective spin-orbit potential Wo 57@2) tom tal 


effective but small and attractive. As k(r, r’) itself has no J-dependence, the J- 
dependence of W,;(7) is small. Its effect to the splitting is reductive in r<3.0 
and constructive in r>3.0. This is shown in Fig. -3Vta), 


In the last term of Eq. (5-1) the kernels ki (r, r’) themselves split depending 


. = 
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on the total angular momentum J, proportionally to the factor |!o-l|. . Now 
W3,(r)/|lo-1|| is shown in Fig. 3 (b). There we find that the effective spin-orbit 
potential Wy,(r) has only small J-dependence except the kinematical factor 
lo 1). 

The J-dependence of the effective potentials through that of f;,(7) is small. 
This feature comes from the situation that in spite of the wide splitting of the 
p-phase shifts the wave functions f,.(7) and f(r) are not very different inside 
the potential range (72.5) below 5 Mev of the incident energy, (e.g. see Fig. 
2. (a)), and outside the range the kernels are small. 

5+-b) Numerical calculation 


In the next place, we solve the integro-differential equation (3-8) and calculate 
the p-phase shifts. As the first step we consider Eq. (5-1) given in terms of 
effective potentials. Further steps will be discussed in § 6. 

The energy dependence of f;(r) inside the potential range is very small below 
5 Mey of the incident energy. Consequently, in this energy range, we use Eq. 
(5-1) with the effective potentials defined by Eqs. (5-2) and (5-3) at a definite 
energy. 

The wide splitting of the p-phase shifts is related to the “ critical ”’ situation 
that the s)-level is just above the zero energy, while the fyi;-level is not so. 
Therefore, the p-phase shifts are very sensitive to the details of the potentials, 
particularly in the p5).-state. Then, we can hardly obtain the reasonable ‘ 
potential” to reproduce approximately the weighted mean value of the experimental 
p-phase shifts, unless we have the very detailed knowledge of two-body interactions 
and of the treatment of the system. It is readily seen in practice that our effective 


‘ center 


potentials fail to reproduce the experimental mean phase shift, mainly because Wr)’ 
is somewhat too strong. It is, however, noted that we have not taken into con- 
sideration the hard-core of the nuclear force and the short-range correlation between 
two nucleons. Consequently, if we took account of these points, the potential W(r) 
should be reduced by some amount, particularly for small 7. However, we can 
hardly estimate this effect definitely. So we are obliged to decide this “center 
potential” phenomenologically by the following procedure. 

At first we neglect the outside part (7==3.5xX10°"cm) of W/(r) because of 
its smallness, and for r<3.5X10~% cm adopt the mean value W,/(r) of Waj.(7) 
and Wyj.(r), neglecting the small J-dependence of W,/(7). We then solve the 
following differential equation 


it a Dem a NAL EL r 5.4 
“2M! & a8 = )LO IG Ss SE : 


where W’’(r) has the same form as W(r)+Wii(r) at r=2X10-"% cm but the 
inner part of W’’(r) is to be decided to give the “center potential”. Second, we 


solve the following differential equation 
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| 1.0 
PU. for): Zeroth order wave function 


(X 107" cm) 


Zeroth order potential 


—50 
Mey 


—100 
Mev 


Fig. 4(a). Zeroth order potential, its wave function and effective potentials 
was for /=0. 


6 Ei (Mev) 


Fig. 4(b). s-phase shift. 


I Experiment of n-Het. See the caption of Fig. 2 (a) 
—— Calculated from experiments of p-Het. See the caption of 
Fig. 2 (a) 
—~—®—-— Calculated by 0-th order wave function. 


—~---x--~- Theoretical value. 
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h° fee 


2M" Tt BL) fi) = (WY) + WHO) Fol) Ys (BoB) 


In spite of our approximations we can get the essential feature so far as the spin- 
orbit coupling is concerned. In order to obtain better solutions, we continue the 
iteration in the original equation, (3-8). 

The results are shown in Fig. 3 (a) and Fig.2 (b). In Fig. 3 (a) the “center 
potential” W/’’(7) is shown. It is seen that the tensor force of the pion-theoretical 
potential gives about 60% of the experimental splitting at the second step iteration. 
This result is reasonable in comparison with that of Sugie et al. obtaining 30% 
by the week tensor force in Fig.1 (a). The values of the W%,(r)/||o-l|| at the 
third step (obtained by using the second step solution) are almost equal to those 
at the second step. This shows that the convergence of the iteration is good. 

Finally, we calculate the s-phase shift. Also in this case the discussion is 
pushed in the same manner as the p-phase shifts, and the differential equation 


becomes 
h* d* s ee : ; 
2M’ (<, +) for) = (WO) + (r)) fo(r), (5-6) 
where 
JEG Arar’ 
W,(r) —— = ¥ (5-7) 


fo'(r) 


W(r) is the same as that in (5-1) and &(r, 7’) is abbreviated from the kernels 
for 1=0 in (A-1). fi’(r) is solved by the similar potential to the “ center potential” | 
for 1=1, reproducing the experimental s-phase shift. In this case, Wo/(7) is mainly 
repulsive contrary to the p-waves and so the effective potential W(7) + W,'(r) has 
a reasonable strength. Although the p-waves are very sensitive to the details of 
the interaction terms, the s-phase shift is almost determined by the main feature 
of the effective potential. This is because the s-state is not at the “ critical ” 
situation. The potentials and the phase shifts are shown in Fig. 4. It can be 
concluded that the pion-theoretical potential explains the s-phase shift. 


§ 6. Supplementary discussions 


6-a) Short-range correlations 

In the previous calculation the nuclear size parameter @ was fixed from the 
information of the high energy e-He’ scattering. In the following we show that 
our value of @ is consistent with that determined by the variational method, if the 
short-range correlation between two nucleons is taken into account. 

Let us use the following correlation function so that the calculation can be 


performed analytically : 
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/T (1—exp(—7r2)). (6-1) 


>i 
Generally, introducing the correlation function, we obtain an additional kinetic energy 
as the most important effect. Since this additional energy increases with a, the 
value of a which minimizes the binding energy is to be reduced. However, this type 
of the correlation function may not be realistic in the core region of nuclear force, 
because the actual wave function vanishes there. The additional kinetic energy derived 
from this correlation function has a (negative) contribution in the core region, so 
we should eliminate this unrealistic contribution by cutting off. 


MeV MeV "MeV 


oF 7=6-10%cem~? ss: 150/-- y=8-10"% em” an 7=10-10%cm~ 
a E 


50 


(K.E.) 


7=0,2-10- “em 


50 


= (X10*%cm=?) Cx 10% cm72) ( X10" cm=) (xX 10%cm7’) 

a0 a0 a0 a 

0.14 0.16 0.18 0.20 0.14 0.16 0.18 0.20 0.14 0.16 0.18 0.20 0.20 0.30 0.40 0.50 
total ay SET 


(P.E.) — 200 


(a) (b) fe (c) (d) 


Fig. 5. The a’s minimizing the total energy of Het are shown for several cases. Solid 
lines are obtained by fixing 8 and C to 0.35x1026cm-2 and —0.30, respectively 
(Table 1). 

Figs. (a), (b) and (c) show the results with short-range correlation function 
pi cep a rar) (a), (b) and (c) correspond to 7=6, 7 and 8X1026 cm72, 
respectively. 7g is the range of cutting off. In these calculations, we include only 
two-body clusters, since the effects from the higher clusters are negligible in our 
cases. The values of C and 8 are insensitive to the correlation function when 
aS 0.2 102 em and 761026 cm-?. 
5 (d) shows the results without short-range correlation (r=00). The variational 
calculation with respect to all parameters a, 8 and C gives the result shown by the 
cross point (B. E.=120 Mev, #=0.5x10% cm-2, B=0.8X1026 cm-2 and C=—0.5). 
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Using (6-1), we obtain the following results. Fig. 5 shows the values of @ 
that give the minimum binding energy for fixed 8, C, the range of cutting off and 
several values of 7*. It is seen from Fig. 5 that owing to the introduction of the 
correlation function the value of a minimizing the binding energy is much reduced 
to a@<0.2X10%cm™~ from a=0.5X10"%cm~? without correlation. In spite of above 
rough estimation, we can expect to get a~0.14x10%cm™* if we adopt a more 
realistic correlation function. The situation is same also in the three-body problem, 
as already studied by Kikuta et al.°, that is, adopting a correlation function which 
is consistent with the hard core, the parameter (corresponding to our @) becomes 


smaller than the value without the correlation. 

Moreover, it is to be noted that the short-range correlation does not affect our 
determination of the value of a through the r.m.s. radius, because in the expectation 
value of 72 the contribution from the region, where the correlation is important, is 
negligibly small. 


2 of a is 


From the above discussions we conclude that the value 0.14 10% cm™ 
consistent with the whole variational treatment with the hard core and it is rather 
appropriate to 7-He* scattering problem. 

Speaking of n-He* scattering in relation to a, the magnitude of the splitting 


of the scattering potential and so the p-phase shifts are rather insensitive to the 


change of a near a~0.14X10"%cm™ as seen from. Eq. (A-6)**. 


6-b) Corrections to the numerical value of the splitting 
(1) The additional °D, states in He‘. According to Abraham et al.™”, the 


additional °D, states have some effect on the binding energy of He‘. So, intro- 


ducing these states in our problem, they would make the binding energy and the 
splitting of the p-phase shifts larger, since their effect seems to be at least additive 
to the principal °D, state. 

(2) So-called Sx and Sx terms discussed in § 8. There remain two 
independent terms, Sx and S,, with respect to the tensor terms, if the wave function 
of Het is not exact. While S,, term is independent of the splitting, S.. becomes 
the same as S,, after the interchange 172, hence in the kernel from S_, the co- 
ordinates r and r’ exchange each other as compared with that from Sy. Then, 
speaking about the splitting, we now get ki,(rr') +kg, (7! r) instead of kg, (r r’) 
in (3-8). This additional kernel may increase the splitting of the p-phase_ shifts. 


* In the next step, we estimated the effect of short-range correlation to 8 and C fixing a to 
a=0.14X10%cem-2. We found that C and @ are insensitive to the correlation function in our case. 

** It ig because, firstly, the integrand of the splitting potential, in which a appears in the form 
of a+, is not so affected by the change of a on account of a<B in our case, and secondly, the 
fractional variation with respect to w of the other factor, which depends on 7, is nearly equal to 
dala over the region where the contribution to the splitting is most important. 

As for the effect to the result by the change of 8, the effect may be estimated to be small as 
seen in Sugie et al., provided that our B should be replaced for their 2a because a<fP in our case. 
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However, the contribution of all kernels resulting from inaccuracy of the wave func- 
tion of He’, including this additional splitting kernel, tends to vanish as the wave 
function of He‘ becomes exact. Therefore, we cannot say anything definite about 


this effect. 

(3) J-dependence of Wj and iteration. Finally we speak about the ap- 
proximations in the calculation of phase shifts. In § 5, we-neglected the small 
J-dependence of W;(r). It is reductive in r<3.010~"cm and constructive in 
r=>3.0X10-"cm to the splitting. Its net effect on the splitting of the p-phase 
shifts is estimated to be reductive, 15% at most. Our result in the previous section 
was obtained at the second step of the iteration method. At the third step it is 
found that the effective potentials W%,(7)/||o-l|| reconstructed by using the second 
step solution scarcely change. There is a reason* to consider that the successive 
effective splitting potentials fall inside the bounded region between the second step 
ones for J=1/2 and J=3/2. Thus we estimate the error of our result which 
arises by successive iteration to be negligible. 

After all, as for the splitting, we conclude that these various corrections will 
not change essentially the results that the tensor force of the pion-theoretical potential 
explains about 60% of the splitting of the p-phase shifts. 


§ 7. Concluding remarks 


Applying the pion-theoretical potential to He* and m-He*, we obtained valuable 
information on the relations between the characteristic features of nucleon-nucleon 
interaction and important properties of nuclei. We summarize the main results in 


_ the following. 


(i) The wide splitting of the p-phase shifts in the low energy n-He‘ scattering 
can be explained by the strong tensor force of the one-pion-exchange potential in 
the triplet even state, if we take into accout the Pauli principle and the mixing of 
of *Dp-states of He* due to this tensor force. Basing upon this results, therefore, 
we can expect that the spin-orbit coupling in the shell model is originated from the 


* At the second step, the reduction of Ws,1/2(r) is mainly due to the reduction in the overlap 
integral fRspl2h jo Pdr’ arising from the change of the form of the effective potential. Although 
this reduction of W,,/?(r) makes the total scattering potential a few Mev deeper for r<1.210-18cm 
and so the wave function f,/,°) somewhat larger at this region, the change of Ws,1/2(r) constructed 
by this f,/.% is much smaller than that of the first step to the second step. The trend is to make 
Ws,/?(r) smaller because of the division of the larger value of fj), but, of course, Wss,'/? does 
not become smaller than Ws,?/2(r) at the second step. On the other hand, the reduction of: 
Ws,°/?(r) is partly due to that in the overlap integral and partly, in r<1.2xX10-Bem, due to the 
division by fs/.), which is larger than f3/2' because of the large discrepancy between the effective 
scattering potentials there. The smaller Ws,'/?(r) becomes, the smaller f3/. becomes and then 
Ws,°/2(r) at the next step becomes larger, but the absolute value of the change is very small. 


Thus the effective potential Ws,°/2(r) will converge at a slightly larger absolute value than that 
of the second step. 
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strong tensor forces between an extra nucleon and core particles, through the ex- 
change effects among these particles and the mixing of the core states due to the 
tensor forces acting between core particles.*:** 

(i) The binding energy of He‘ can be explained by the following main features 
of nucleon-nucleon interaction: the strong short-range attractive force of the two-pion- 
exchange potential in the singlet even state, the strong tensor force of the one-pion- 
exchange potential in the triplet even state and the short-range repulsion. The 
parameter representing the spread of the wave function is consistent with the ex- 
perimental data of e-He* scattering, if we properly take into account the short-range 
correlation effects due to the hard-core-like repulsive interaction. In three-dody 
system, essential contributions to the energy seem to come from the above men- 
tioned three parts of nucleon-nucleon interaction. Therefore, we expect that the 
pion-theoretical potential may explain all data of the nuclei with A<4. 

(iii) The strong tensor force gives an important contribution to the binding 
energy of He*. On the other hand, in the system of He* plus one nucleon, the 
direct (non-exchange) contribution from the tensor force to the interaction acting 
on the extra nucleon vanishes exactly, even though we include the °D,-state. The 
main contribution from the one-pion-exchange central potential also vanishes. These 
situations help us to explain the discontinuity in the binding energy at the closed 
shell. Also in this case we see the importance of the attractive force of the two- 
pion-exchange potential in the two-nucleon charge triplet states. 

The authors are indebted to professor M. Kobayasi and the members of his 
laboratory for their helpful discussions. 


Appendix 


Eq. (3-6) is rewritten with the use of Eqs. (2-3), (3-2) and (4-1) as follows: 


HP dE pH Fr) = WD fl) + | Hen ss filer" 

aM dr * nS | 

+ facr, rfid dr'+ [Rr fil drt + | BGC efile ar’ 
(A-1) 


where kn.(r, r’) is derived from the kinetic energy in the antisymmetrized term, 
k(r, r’) is from the central potentials and ki(r, r’) is from the tensor potential. 
Cc 


These have no J-dependence. 


* This program is now being pushed in the case of general nuclei by Takagi, Watari 
and Yasuno. ds 
*& T. Terasawa and T. Terasawa and A. Arima obtained about half the doublet splittings of 


i i taking into account the 
the energy levels of He, N¥5 and O1 in the second order perturbation, by taking 


same effect. 
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k&(r, r') is the splitting kernel derived from the tensor potential. The ex- 
pressions of W(7) and these kernels are Le in the following. 


Mir) da Aw +200 — mO— Bi HL be eae 2 exp(— par’), 
Saah 32a 
16a 
4) = = ale : A=2 
Ponies Lau (A-2) 
: a 82 roa , 8(/+3) 4 
Rear, 7!) = 1+C’ 15 (+ | (16a"-+ +" r + % #) A isiye(Crr’) 


+877! Auaa(err’)| exp {—=Le (r+ rk, 
Gis 
8 2 
ees 6(2) a. (A-3) 
Pe gL) =axi'j,(ix), where j, is the spherical Bessel function of order /. 
ofan a Reet ok Ca 8 i ed A (6 ie a 
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W == 2_ab*(19a+ \s wie) =U, (A:5) 


In &,'(a, r’), (1) and (2) do not denote the number of exchanged pion in potentials. 
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Ci, is defined in Eq. (3-9) 
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High Energy n-He* Scattering 


Yoshiyuki Sakamoto and 
Tatuya Sasakawa 
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In the previous reports”, hereafter 
referred to as I, we calculated the -d 
scattering at high energy (near 100 
Mey neutron energy). In those papers 
we found that the impulse approximation 
can well reproduce the experimental re- 
sult of the differential cross section at 
least 0<90°. It will be of interest to 
examine the validity of the impulse ap- 
proximation in applying to the 7-He’* 
scattering at the same energy. In the 
previous papers, I, we found that the 
both effects, (1) the hard core and (2) 
the D-state in the target nucleus (deu- 
teron), are small in the scattering. (It 
is effective only at large angles.) In 
another paper” due to one of the present 
authors (T.S.), it was found that the 
Gaussian type wave function, the S-state 
of which is expressed by 


$= No exp {— (1/2) on (r;—r,)"} 
a=0.14X10"%em~’, (1) 


can well give the binding energy of He* 
besides that it can well reproduce the wide 


splitting of the p-He* system when 
we take meson theoretical two-body 
interaction. 

In the present report, we calculate 
the differential cross section and the po- 
larization for n-He* elastic scattering at 
90Mevy, adopting exactly the same ap- 
proximation as the previous papers I. 
As the wave function of He‘, we take 
one given by the Equation (1). 

The effect of the D-state is neglected. 
Following the same notations as in the 
previous papers I, the differential cross 
section is given by 


I(#) = (8/5)2(1/2) 
>] Mn+ Mio [0 


i=1 


 (2(Myu-+ My) 2.) |SAR) 
= (8/5)? (1/2) 
x| a/16) IN+G+BP+ICP| 
are 4) ae ©) 


Here 1 is the incidnet neutron, 2 the 

neutron and 4 the proton in He’, re- 

spectively. S(dk) is the sticking factor. 
In the present case, it is given by 


S3*# (ak) = exp| — (3/16@) 
| (k,— ke) /2} | (3) 


N, etc., are the sum of the coefficients 
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of the spin matrix of the two-body scat- 
tering, 


N= 2 GNis + iNew) > etc. (A) 


The result of calculation is given in 
Fig. 1, together with the experimental 
(The experiment is the scatter- 
ing of 93 Mev protons by He’*.) We 
get the following results. 


result®. 


mb/sterad 
1000 


10 


0° 20° 40° 60" 80° 

Fig. 1 Calculated value of the differential 
cross-section of m-He! scattering at 90 Mey. 
Curve 1 is obtained by using the meson-the- 
oretical phase shifts and Curve II by using 
the phase shifts analysed by Gammel and 
Thaler. Experimental value shows the di- 
fferential cross scction of p-He‘ scattering at 
93 Mev. 

(a) The impulse approximation can re- 
produce well the angular distribution of 
p-He® scattering, especially at the for- 
ward direction. This fact seems to in- 
dicate the superiority of the impulse 
approximation to the Born approximation. 
Heidmann” calculated the n-He' scatter- 


ing using the Born approximation. 
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However, he obtained the unsatisfactory 
result.H is result is about five times larger 
at 20° and about threee times larger at 30° 
than the experimental values. This large 
discrepancy seems to come from the use 
The small 
discrepancy between the present calcul- 


of the Born approximation. 


ation and the experimental results may 
be reconciled by taking into account the 
D-state”” of He’. 

(b) 
of the phase shifts derived meson theo- 
retically is better than those obtained 


The result obtained by making use 


by using the phase shifts derived pheno- 
menologically in scattering problems”. 
This is consistent with our previous con- 
clusion” about 7-d scattering. 

(c) If we adopt some smaller value 
as the mean square radius of He*, we 
shall get unsatisfactory result in repro- 


P(0) % 


Fig. 2. Polarization of the neutron scattered 
from Het. The difference of the chosen ~ 
phase shifts of the two-body scattering ap- 
pears clearly. Curve I and Curve II corres- 
pond to the calculated results in Fig. 1. 


a” 
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ducing the angular distribution. 
The polarization is given by 


_ Re (1/2) C* (N+G+ B) 
(1/16) |N-+G+B/?+|CP 
(5) 

The calculated results is shown in Fig. 


os 
The polarization of the 7-He* scattering 


P(#) 


may manifest the difference of the nature 
in the various sets of the phase shifts 
of the two-body scattering more clearly 
than that of the 7-d scattering”. There- 
fore the measurment of the polarization 
of n-He‘ scattering may be used as the 
check of the two-body scattering phase 
shifts. 

The authors wish to thank Prof. M. 
Kobayashi for his continuous interest in 
this problem. Also one of the authors 
(Y.S.) is indebted to the Yomiuri- 
Yukawa Fellowship for financial aid. 
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The present authors have verified in 
a series of works the validity of the 
pion theory of nuclear forces in all low 
energy two-nucleon phenomena below 
about 20 MeV”, taking properly into 
account the reliability of the theory as 
proposed by Taketani et al.” It is, of 
course, not legitimate to extend the 
method straightforwardly to the high 
energy region, since there is no a priori 


justification of sticking to the static 


pion-theoretical potential at higher ener- 
gies. But we may expect that the 
characteristics of this static potential will 
not change drastically in the outer region 
at an energy around one hundred MeV. 
It is therefore worth while to ascertain 
the point in the actual analysis of the 
nucleon-nucleon scattering. 

At first, some of the present authors 


* Main contents of the work were reported at 
the Tokyo meeting of the Physical Society of 
Japan, April 1959. 
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Table 1. Shape of the potentials. 
V=V,tVrSi2, 


The internucleon distance is measured in the unit of the pion Compton wave length #t/yc. 
V@ means the one-pion-exchange potential. (OPEP). 


Case I. Case IT 
Ve VID Cr V.=V.0 (x 
Wee os 3 |<, Vr=Vp < ern 
rare 1.0>2>0.7, Rie ben |Lo>2>07, 
Vr=Vp (1.0) Vr=Vr (1.0) 
V.=—100 MeV lor>a> oe V,=—100MeV | oes 
Vr=0 Vr=Vr (1.0) 
Veto)” ay >a, V=+00, 2 >r 
X%-=0.34 (90 MeV) %-=0.36 (90MeV) 
=0.28 (150 MeV). 0.31 (150MeV). 
(uc?) 


1.0 | 0.1 
ey, —— central 


en LC SOF, 


0.5 
. SS 
—0.5 
—1.0 


Fig. 1. Potentials in the triplet odd state. For the two-pion exchange poten- 
tials, see ref, 4), 
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(mb/ster) 


Fig. 2. Angular distribution and polarization 
cross section,at 90 MeV. Theoretical curves 
are due to potentials of Fig. 1. 


attempted a kind of phase shift analysis 
for the pp and n-p scatterig at 90 
MeV and 150 MeV to see whether there 
exists any possibility to reproduce the 
data by the phase shifts based on the 
pion-theoretical potential, and obtained a 
set of phase shifts which has the charac- 
teristic features of the strong tensor 
force due to the one-pion-exchange 
potential. Then, we have tried to find 
some sets of potentials with the one-pion- 
exchange tail to reproduce the p-p single 
and double scattering data at 90 and 
150 MeV. Examples of the potentials 
thus selected out are given in Fig. 1 


(mb/ster) 


do 
dQ 
5 


(mb/ster) 


Rigs, 
tion cross section at.150 MeV. 


Angular distribution and _ polariza- 


and Table 1. The first are shown in 
Figs. 2-3, together with the predicted 
phase shifts in Table 2. Care was taken 
not to destroy the fit obtained at low 
energies. As seen in Table 1, there is 
a very weak energy dependence of a 
parameter of the inner-most potential, 
that is, the hard core radius. The pos- 
sibility is not excluded that the energy 


dependence would disappear if we adopt- 
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Table 2. Predicted phase shifts at 90 MeV and 150 MeV. 
(Blatt-Biedenharn phase shift in radian.) 


3997 39,8 395% 39,7 &% 
90MeV 
I 0.53 |—0.18} 0.11 | —0.02 |. —0.50 
II | 0.56 —019} 0.11 | —0.02 | —0.52 
150MeV | 
I | 064 |—0.13| 0.22 | —0.004| —0.34 
i} 068 |—0.17| 0.20 | =0.01  —0.40 


0.20 


0.05 —0.028 | 0.011 —0.004 |—0.60 
0.10 


|-0.10 | 0.08 |—0.034 | 0.028 |—0.005 |=0.58 


0.05 


ed the more realistic shape for the 
potential around the poin range. In the 
course of our analysis, we did not find 
indications of the necessity of strong 
LS potential in the outer region. The 
point was already discussed in other 


places.” 


We also notice that the shapes 
of the proposed potentials are quite 
similar to that of the two-poin-exchange 
potential, which suggests the qualitative 
validity of the static poin-theoretical 
potential even at these high energies. 


The detailed accounts will be publish- 


_ed in the Progress of Theoretical Physics 


in the near future. 


1) J. Iwadare, S. Otsuki, R. Tamagaki and 
W. Watari, Suppl. Prog. Theor. Phys. No. 
3 (1956), 32 (Part IL). 

2) M. Taketani, S. Nakamura and M. Sasaki, 
Prog. Theor. Phys. 6 (1951), 581. 

3) S. Otsuki, Prog. Theor. Phys. 20 (1958), 


TWAS 
W. Watari, Prog. Theor. Phys. 20 (1958), 
181. 
R. Tamagaki, Prog. Theor. Peys. 20 (1958), 
505. 


4) See Ref, 1. Part Ill, and IV. 


Note on Electrodisiniegration of He‘ 


Toshinosuke Muto, Takashi Sebe 
and Ko Izumo 
The Institute for Solid State Physics, 
University of Tokyo, Tokyo 
June 11, 1959 


After we published the previous paper,” 
Prof R. Hofstadter has kindly sent us 
his unpublished experimental data on 
electrodisintegration of He* nucleus in 
which the scattering angles cover a 
wider range of 45° to 105° at 400MeV 
electrons, compared with the previous 
observations (45° and 60°). In order 
to get additional confirmation of our pre- 
vious theory” in comparision with the 
experimental result mentioned above we 
have extended the numerical work of 
the cross section to the mentioned range 
of angles and obtained the following re- 
sult. 

Since the observed cross “sections are 
not given in absolute magnitude but in 
arbitrary scale, the calculated variations 
of the cross section with the scattered 
electron energies have been fitted to 
those of the observed ones through 
adjusting the scale factors and taking 
the appropriate width-parameters of 
He* and residual nucleus (4, and /%). 
The scale factors are estimated by com- 
paring the integrated cross sections with 
the area bounded by the experimetal 
curves. The results are described in 
Fig. 1~5 in which the critical energies 
for meson production are indicated by 


arrow symbols. 
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Table 1. The values of ye and »; adopted in 
the numerical calculation. 


Cross section in arbitrary scale 


coe | ta¥/2(10-28emn)|p2,-1/2(10-23em) 
() 3.30 5.25 
(1) 3.30 3.30 
(2) 3.65 3.65 
(2) 3.65 5.25 
(3) | 3.85 | 95.25 
(3) 3.85 74.65 
(4) 4.50 4.50 
(5) 5.25 | 5.25 
on ee 
400 MeV 
rs 


400 


= 


Cross section in arbitrary scale 


Ee'in MeV 


Fig. 2, (i) 


Generally speaking, the agreement of 
our result with the Stanford experiment 
400MeV electrons are rather good except 

for the 45° data in view of the limit of 
accuracies involved in the experiment 
and in our computation, particlarly in 
the assumed form of nuclear wave func- 
tions. In the case of 45° data the agre- 
ement does not seem to be so good in 
comparison with the other data, which 
fact be attributable to the mixing-up of 


600 


= 
Ss 


no 
S 


500 = 
400 MeV 
3 
5 
x= 
i=} 
s 
3 
oO 
200 «ff 250 300 350 400 
Ee in MeV. 
Fig. 2, (ii) ‘ 


the other type of nuclear reaction, Le., 
deuteron ejection from He*. In fact, the 
deuteron has been seen to become rather 
dominant in the forward electron scat- 
tering according to our unpublished com- 
putation. ; 

If the size effect of nucleons determined 
from the scattering data of a free nucleon 
is allowed for in the present case the 
cross sections for all observed scattering 
angles will increase by small amount in 
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the lower energy side of the maximum 
cross section and decrease by roughly 
equal amount in its high energy side. 
In the present numerical calculation such 
nucleon-size effect (Gaussian form with 
<r) =0.70 fermi) has actually been taken 
into account only in the curves (3), the 
effect lying within the limit of experi- 
imental error. 

As for the energy of inelastically scat- 
to the 
maximum cross section, a careful ex- 


tered electrons corresponding 


amination of the calculated cross section” 
reveals that the indirect process yields 
rather minute contribution in the vicinity 
of the maximum cross section compar- 
ed with that from the direct process and 
then the corresponding energy is shown 
to be approximately determined by the 
following relation. 


where 4E,=E,— E/ expresses the energy 

difference between an incident electron 

and a scattered one, 4k the correspond- 

ing momentum change, 4M the mass 

difference between He‘ and (a residual 

nucleus-+a nucleon), and M the nucleon 

The other quantities have the 

usual meaning. The above relation 

yields, at E,=400MeV, 

O45"; 60°, ieee 
E,=336MeV, 316MeV, 284MeV, 
| 90°, 105°. 

259MeV, 238MeV. 


mass. 


For 975°, the above result is seen to 
be in fair agreement with the observation 
while, for 6=45° and 60°, the observ- 


ed energies are found to shift, by small 
amount, toward the high energy side. 
This is due to the contribution from 
the indirect process neglected in deriving 
the above equation since the mentioned 
contribution tends to increase in the 
smaller scattering angles. 

The authors would like to express 
their deep gratitude to Prof. R. Hofstadter 
for sending us his experimental results 
prior to publication. 


1) T. Muto and T. Sebe, Prog. Theor. Phys. 
18 (1957), 621. 


Magnetic Susceptibility of 
Ce-Th Alloy 


Tsuyoshi Murao 


Department of Physics, Tohoku 
University, Sendai, 


June 15, 1959 


It has been generally accepted that . 
well-localized 4felectrons are promoted 
into a conduction band in the cubic close 
packed a-cerium metal. This a@-phase 
succeeds in the lower temperature range 
to the 7-phase which is also packing 
structure, and the phase change can also 
be induced by a hydrostatic pressure. 
We have 
magnetic susceptibility ‘and the anoma- 
lous part of specific heat of the a-Ce 
metal from the viewpoint that half of 
the 4f-electrons are promoted into the 


previously interpreted the 


conduction band.” 

Bates and Newmann observed the 
susceptibility of Ce-Th alloy and they 
concluded from the effective Bohr magne- 
ton numbers obtained from their experi 
ment that more than one 4f-electron 
might be accommodated in each Ce 


Ny 


4 
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atom. However, we rather think that 
the Ce atoms make nearly complete 
transition to the a-phase in the alloy. 
Our consideration is based on the follow- 
ing facts - 

(1) Th metal has the structure of 
cubic close packing. 

(2) Thhasa slightly smaller atomic 
radius than Ce (7p, = 1.80A, ae 1.82A). 
This difference of the atomic radii can 
be the cause for giving rise to a large 
internal: stress or pressure. 

(3) The inverse magnetic suscepti- 
bility curve of each alloy tends to be 
still flatter as the temperature decreases 
in comparatively high temperatures and 
the susceptibility falls rapidly to a small 
value in low temperatures. This behavior 


seems to correspond to a gradual tran- 


sition to the a-phase in the comparative- 
ly high temperatures and to a nearly 
completele transition in the low temper- 
atures. 

(4) The hysteresis loops in the sus- 
ceptibility curves diminish continuously 
and then vanish when the concentration 
of Ce is decreased. This phenomenon 
suggests that it is intimate with the usual 
a-y transition of the pure Ce metal. 

In order to estimate the degree of the 
transition we have calculated the sus- 
ceptibility of the Ce metal in which the 
fraction @ of the 4f-electrons are promot- 
ed into the conduction band. Several 
assumptions included in our calculution 
are as follows: 

(1) The Pauli spin paramagnetism 
due to the conduction electrons is always 
Set Tope equal tO Xi,mnencn = 0110 <0 
(if there are enough of the 4f-electrons 
the contribution of the Pauli spin para- 
magnetism to the susceptibility is only 


a small fraction so that we have omit- 
ted it in our previous calculation on pure 
Ce metal.) 

(2) Expressing the susceptibility due 
to the 4felectrons in the form of 
%=C/(T+4), 4 is assumed to change 
linearly as a function. of @ and take 
the values of 12°K for a=0 and 10°K 
forca— (0.5: 

(3) The quantity 4, which is a 
measure of the strength of crystalline 
field”, varies also linearly with a, i.e. 
4/k=206 X (3+a@)/3°K. This corres- 
ponds to the smearing out of valencies. 

(4) We neglect a small correction 
to the Curie constant, which arises from 
the fact that localized magnetic moment 
always polarizes the conduction electron 
through the exchange interaction between 
them”. 

(5) We neglect all higher order 
effects of the crystalline field which 
mix the higher energy levels in Russel- 
Saunder’s scheme (i.e. the states of dif- 
ferent total quantum numbr J) _ into 
the ground state. 

The result of our calculation is shown 
by solid curves in Fig. 1 and also the 
typical experimental curve (Ce 20%-Th 
80%) obtained by Bates and Newmann 
by dotted curve. That the experimental 
curve crosses over the solid lines of 
constant a is interpreted as indicating 
that the fraction of the promoted 4f- 
electrons increases as the temperature is 
lowered. The crossing points give the 
values of a for the respective temperatres. 
Our curve is, however, sensitive to the 
contribution from the conduction band, 
which we actually set to be equal to 


Xtauthannm in the regions of large a; 
hence our calculation should not be 
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taken too seriously in these regions. A 
further investigation of the electronic 
structure of the rare earth metals is 
now in progress and will be discussed 
in another paper. 

The writer would like to thank Prof. 
C. Horie and Dr. Y. Osaka of Tohoku 
University for their profitable discussions. 


Penne as DO ae a 
Fig. 1. Calculated susceptibility curves (solid 
lines) for each value of the fraction @ of the 
promoted 4 f-electrons into the conduction band. 


The dotted curve shows Bates and Newmann’s 
experimental result on Ce 20%-Th 80% sample. 


1) M. F. Trombe & M. Foex, Compt. Rend. 
217 (1943), 501. 
A. W. Lawson & Ting-Yuan Tang, Phys. 
Rev. 76 (1949), 301. 
A. F. Schuch & J. H. Sturdivant, ibid. 73 
(1950), 145. 
C. J. Kevane, S. Legvold & F. H. Spedding, 
ibid. 91 (1953), 372. 
J. M. Lock, Proc. Phys. Soc. B70 (1957), 
566. 

2) cf. the second of references in 1) 

3) T. Murao & T. Matsubara, Prog. Theor. 
Phys. 18 (1957), 215. 

4) L. F. Bates & M. M. Newmann, Proc. Phys. 
Soc. 72 (1958), 345. 

5) cf. the last of references in 1) 

6) T. Kasuya, Prog. Theor. Phys. 16 (1956), 
45. 
K. Yoshida, Phys. Rev. 106 (1957), 893. 


On the Radiative Muon Decay 
Shoji Sawada and Minoru Yonezawa 


Department of Physics, Hiroshima 
University, Hiroshima 


May 18, 1959 


Dabis, Roberts, and Zipf have recent- 
ly reported on an experiment whereby 
they searched for the event #>e+7 
and obtained the value ~10~° as the 
upper limit of the branching | ratio 
poety/poetu+u” | 

The purpose of this note is to suggest 
that most of the events observed by 
Davis et al. may be understood as the 


contaminating process, the internal 
bremsstrahlung of muon decay 
(uo>et+yv+y+y), and the process 


p—oe+yr may be less frequent. We 
have calculated the decay ratio 
Py= Pe tvt¥t7/ poety+y, assum- 
ing A—V Fermi interaction”. In the 
calculation of the numerator, the range 
of integration over electron energy FE is 
35 Mev <E<53 Mev. The lower limit 
of y-ray energy & is taken as 20 Mev 
which is chosen to give nearly the same 
condition with the experiment. For 
given E and ¢ (0 is the angle between 
electron and y-ray), the available maxi- 
mum energy of 7-ray is restricted as 


kimex = M(W—E) /(M—E-+P cos “DYE 


Table 1 
ee 
5 
Range of integration | _ il (Oey Daa ae 
of Y] Emin= Emin= 
35Mev 45 Mev 
0=n 154°<6=<180° 0.6 0.2 
0=82 107.5°<6<162.5° ee 0.7 
=}n 67<0<113° 93 | 0 


ee UNE 


“AK 


if 
5 


=>—_ i i#,£ 
Peis Te 
es 


haat ge 


= 


310 Letters to the Editor 


where W=(M?+m?)/2M. M and m 
are the masses of muon and electron 
and p is 
The angular integration is 
performed over 47 X0.05 solid angle 
around the point (4, g=0). The results 
are given in Table I. Probably the 
present estimation should be multiplied 
by a factor~2, when we compare it 
with the experiment of D-R-Z. 

It is seen from the first column of 
Table I that the value of »,(7) is con- 
sistent with the observed value of ~10~°. 
This indicates that most of the observy- 
ed events should be understood as the 


respectively, the electron 


momentum. 


contamination by the poe+yv+yt+7 
process and suggests the possibility that 
careful correction of #oety+y¥t+y 


process may give much lower limit for 
the #—e+7 process. To obtain more 
precise value for the ratio ~—e+7, it 
will be necessary to use the 7-telescope 
and electron telescope with more high- 
energy cut and small aperture. For ex- 
ample, if we use the 7-telescope with 
aperture of a tenth of 47 x0.05, then 
the expected ratio of uoe+v+v%4+7 will 
be smaller than a tenth of the ,(z) of 
table I, while the process p—-e+7 will 
not decrease so 
ve+v+y+7 process. In the second 
column of Table I we give the p, when 
we take 45 Mev as the minimum of FE. 
We have also estimated the angular 
dependency of the internal bremsstrah- 
lung for the similar experimental situation 
as that used for the present experiment. 
These are also given in Table I. 
The investigation of the angular 
distribution will supply the information 
which is useful for supporting the value 
of p, at O=z and can also give the 


much as. the 


proof for the type of Fermi interaction”. 

Finally, we should like to note that 
although the fact that the process #>e +7 
is rarer than the theoretical value ~10~* 
estimated by Feinberg’? may be disen- 
couraging for the consideration that the 
weak Fermi interaction is mediated by 
the charged vector boson, the rarity of 
p—e+7y even cannot deny the “charg- 
ed boson hypothesis” completely, since 
there is an ambiguity in the theoretical 
estimate of the branching ratio due to 
the cutt-off parameter and also the 
selection rule such as  Konopinski- 
Mahmoud’s one” might be operating.* 

We wish to thank Dr. S. Ogawa for 
his valuable discussions. 


1) H. F. Davis, A. Roberts and T. F. Zipf, 
Phys. Rev. Lett. 2 (1959), 211. 

2) R. E. Behrends, R. J. Finkelstein, and A. 
Sirlin, Phys. Rev. 101 (1956), 866. 
T. Kinoshita and A. Sirlin, Phys. Rev. 107 
(1957), 593. 

3) C. Fronsdal and H. Uberall, Phys. Rev. 113 
(1959), 654. 

4) G. Feinberg, Phys. Rev. 110 (1958), 1482. 

5) E. J. Konopinski and H. M. Mahmoud, 
Phys. Rev. 92 (1953), 1045. 


Note Added: 

After we have completed the present 
article, we saw the paper recently published by 
Berley, Lee, and Bordon (Phys. Rev. Lett. 2 
(1959), 357) in which they obtained more small 
lower limit for woe+y (21075). 


* This is not the case when the neutrino is of 
two-component. However, if we do not take 
the two-component neutrino (this is possible so 
long as the present experimental data are con- 
cerned), Konopinski-Mahmoud’s rule can survive. 
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Possible Explanation of the Energy 
Gap in the Excitation Spectra 
of Nuclei 


Tatuya Sasakawa 


Department of Physics, Kyoto 
University Kyoto 


June 13, 1959 


Bohr, Mottelson and Pines” noticed 
the energy gap in the intrinsic excitation 
spectrum of nuclei. The energy of first 
excited intrinsic states is markedly dif- 
ferent for the even-even nuclei and the 
odd mass nuclei. In the even-even nuclei, 
the first intrinsic excitation appears at 
about 0.8~1.0 Mev, whereas in the odd 
mass nuclei it is observed about 0.2 Mev 
or so. See Fig. 1 of their paper and 
the table of isotopes.” 

The first intrinsic excitation in odd 
mass nuclei seems to be related closely 
to the single particle excitation, predict- 
ed by the shell model. If the first ex- 
cited intrinsic state is of the same parity 
as the ground state, the spin change by 
this excitation is 4j=+1 (eg., Lu”, 
He?) Ta" WwW -Au™),. with only a 
few exceptions (e.g., Pu”). On the 
other hand, in the even-even nuclei, the 
spin of the first excited intrinsic state 
is 0 in most of the cases (e.g., Er’, 
Po", U**, Pu™), and 2 im other cases 
(e.g., wi, wet He™, Rn, Th?*), 
when we pay attention to those intrin- 
sic states which have the same parity 
as the ground state. This shows that 
the mechanism of the intrinsic excitation 
in the even-even nuclei differs markedly 
from those in the odd mass nuclei. The 
purpose of the present note is to give 


a possible explanation of the gap in the 


excitation spectra of nuclei. 

First we discuss the odd mass nuclei. 
Near the top of the Fermi sea, the level 
distance of the degenerate system (spin 
up or down) is given by” 

dy= (4/3) -(Tx/A). (1) 

If we take the usual value of 40 Mev” 
as Ty, the value of d,; becomes nearly 
equal to the value predicated by Bohr 
et al.” However, the potential seen by 
a nucleon is velocity dependent. The 
mass is reduced perhaps to about 0.6 4 
at the top of the Fermi sea.*” Then, 
we must take (0.6)~' times the usual 
value of the Fermi energy as T’y, when 
we take the inter-nucleon correlation into 
account. In the ground state of the 
odd mass nuclei, the level distance is 
then dy~90A Mey. 
sorts of excitations which are degene- 
rated in zeroth order ; one-particle-jump 
and one-hole-jump. But the nuclear force 
removes this degeneracy in first order. 
Thus the first intrinsic excitation is 
reduced, say, to 1/2-d, in the average. 
This value is consistent with experiment. 

In the even-even nuclei, the rather 


There are two 


© eyen-even nuclei 
x odd-A nuclei 


180A“! o 
° for even-even nuclei 


05 
45A-! for odd-A nuclei 


150 170 190 210 230: 250° A 


Fig. 1 The experimental value of the first 
intrinsic excited state collected by Bohr, Mot- 
telson and Pines.) and our predicted value as_ 
shown by the solid curve 


} 
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strong pairing energy (1~2 Mev) makes 
it more probable to make the degenerat- 
ed two particles jump simultaneously, 
than to make one particle jump after 
breaking up the degeneracy. There are 
two sorts of excitations, which are 
degenerated in zeroth order; two-neu- 
trons-jump and two-protons-jump. In 
this case the internuclear two-body forces 
cannot remove the degeneracy in first 
order. Then the energy required to 
this jump, i.e., the first intrinstic energy 
is 2d7~180A"*Mev. Again this value 
is consistent with the energy gap in the 
even-even nuclei. 

Such a simple statistical explanation 
cannot account for the spin change of 


the type 0*—2*. However, the mecha- 


nism of the intrinsic excitation would 
be very similar. 

The author wishes to acknowledge 
many helpful discussions with Professor 
M. Kobayashi, Professor S. Yoshida, 
Dr. A. Arima’ Dr. A. Iwamoto and Dr. 
M. Yasuno. 


1) Bohr, Mottelson and Pines, Phys. Rev. 110 
(1958), 936. 

2) Strominger, Hollander and Seaborg, Rev. 
Mod. Phys. 30 (1958), 585. 

3). S. A. Moszkowski, Handbuch der Physik, 
(Springer Verlag) Band xxxix (1958), p. 
435. 

4) K. A. Brueckner, Phys. Rev. 97 (1955), 1353. 

5) The effective mass correction to the level 
distance is also discussed by F. H. Bakke, 
Nucl. Phys. 9 (1958), 670. The author 
wishes to thank Prof. S. Yoshida for his 
notifiying this to the author. 


Errata 


‘Molecular Processes induced by »«- Mesons in Hydrogen Bubble Chamber. II 


Yukio Mizuno,Takeo Izuyama and Mikio Shimizu 
Prog. Theor. Phys. 21 (1959), 479. 


Following corrections should be made. 


p. 479, 7th line from the bottom; '(44ev) should be replaced by (—44ey) 
p. 480, 11th line from the bottom; “at the limit of zero bombarding energy ” should be 


eliminated. 


p. 480, 9th line from the bottom; “@;, ®p and ®;” should be replaced by “ Op and Os”. 


On the Wave Functions of Higher Spin Particles 
Shoichi Hori 
Prog. Theor. Phys. 21 (1959), 613. 


The following corrections should be made. 


Soe Ee ee 


. 617, 15th line... .f)9=(p?+n?) should be read as po= (p?+x2)1/2. 
618, Ist line... . however, that should be read as however, noted that. 
620, eq. (34)....The second argument of Eproa should read m’y instead of mj. 


622, eq. (51)....The second term in the bracket should be replaced by 


AL2K+3)/(2K+1)]¥?(KK + 100/KK +1L0) (sy Lin’yM|syLsymy) W(KK +1sysy;L}). 


p. 622, footnote....The equation should read as follows, Y;#*= (—1)*Y,-#. 
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Charge-Transfer Forces in Molecular Compounds. II* 


Benzene-Iodine Complex 


Shigeyuki AONO 
Chiba 1st High School, Katsuragi-machi, Chiba 


(Received January 9, 1959) 


It is of much interest to inquire whether the structure of the benzene-iodine complex 
belongs to the symmetry of C,, or C,,. Here the former is called the R (resting) model and 
the latter the A (axial) model. Some recent experiments on the infra-red spectra of this 
complex and the observation of the crystalline state of the benzene-bromine complex support 
the A model of C,, symmetry. In this article the author concludes from a_ theoretical 
consideration that the A model is most probable for the structure of the benzene-iodine 
complex. In the A model, the charge-transfer takes place from $9, the MO (molecular 
orbital) of benzene to ¢(c,,, 5p), the MO of iodine. The energy loss of the charge-transfer 
state which is involved in adopting the A model instead of the R model, is supplied by the 
“disscreening effect” and the interaction energy between the no-bond state and the charge- 
transfer state. This interaction energy is far larger in the A model than in the R model. 

The stabilization energy, the dipole moment, the charge-transfer spectrum and the oscillator 
strength are calculated, and we have obtained fairly good agreement with the observations. 


§ 1. Introduction 


Many interesting observations about the benzene-iodine complex have been 
reported. This complex shows an intense characteristic absorption near 4=2900 A” 
which does not appear in case benzene and iodine exist independently. Mulliken” 
has explained this absorption theoretically as the charge-transfer spectrum, and 
estimated the oscillator strength of this spectrum at 0.30 from the experimental 
value obtained by Green and Ress”. This complex has the dipole moment 0.72DF 23 
which is an evidence of the existence of the charge-transfer state. The stabilization 
energy has been measured by Bower” as 1.72 kcal/mol. 

To a certain extent Mulliken has succeeded in a semi-empirical explanation of 
the above mentioned observations in view of the charge-transfer mechanism, by 
means of the R model (Fig. 1). However, Ferguson” has recently concluded from 
the observation of infra-red spectra of this complex that the A model having the 
Cw symmetry (Fig. 2) is suitable to this complex. Hassel’) has observed that the 
benzene-bromine complex has the axjal structure in the crystalline state, in which 
the distance between the carbon and the next bromine atom is 3.70 A. We are 


* The previous paper published in Prog. Theor. Phys. 20, 133 (1958) is called “I” of the 


present series. 
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now much interested in a theoretical explanation of the benzene-iodine complex 


having the C,, symmetry. 
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The solid line represents the MO of iodine, ¢(o,, 5p). The dotted line represents the MO’s 


of benzene, ¢_, in Fig.1 and go in Fig. 2. 


The reasons why Mulliken has given up the A model and adopted the R 


- model are summarized as follows. 


The vacant MO of iodine to which an electron of benzene may transfer is 


d(o,, 5p) ={2(1—S,) bo? Ha— Mar) > 


(1) 


which is a strongly antibonding MO, spreading along the direction of bond. Here 


Xa and %4, are 5p atomic orbitals of iodine, and S, is the overlap integral 


Sa= |e Tipaciol (2) 
‘The: occupied orbitals of benzene are written as 
bo=6-? (X, +X 4a +4nt+%y +Xu) (3) 
O.1=127? (24) +%4 —%n — 2% —X%v +20) (4) 
61=47" (Ly +Xa—ALy —An) (9) 


where %;~2Zy are 2p7% atomic orbitals of corresponding carbon atoms. In the case 
of the R model, the charge-transfer takes place from (5) to (1), which is easily 
verified from symmetry consideration. On the other hand, if we adopt the A 
model, we cannot but consider the charge-transfer from (3) to (1). This process 
is energetically more difficult to arise at first glance, because ¢) is lower in energy 
than ¢_,. 

Next, in the calculation of the energy of the charge-transfer state, the electro- 
static attraction between the charged molecules must be taken into account. ~The 
mean separation distance between the charged centers of the benzene cation and 
the iodine anion is greater in the A model than in the R model, and therefore the 
stabilization in the energy of the charge-transfer state arising from the electro-static 
attraction favours the R model. In order to explain theoretically that the A model 
is suitable to this complex, we must overcome the above mentioned points. 


§ 2. Theory with numerical calculation 


The ground state wave function of this complex BA (B and A refer to benzene 
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and iodine respectively) is written as 
Py=al,+b%, (6) 
where Y, is no-bond wave function 
P.=P(BA)=U Fp Ps, (7) 
and 9% is the antisymmetrizer. Further 
P, Fs=bn a(1) $8 (2)[B][A], (8) 


in which [B] and [A] denote the configuration of electrons in the occupied MO’s 
of B except ¢,, and that of electrons in the occupied MO’s of A, respectively. 
In (8) 


dp=¢-1 for the R model, 
b2=o for the A model. 
Y, is the wave function describing the charge-transfer state 
Y,=V(Bt A), (9) 
which is written in detail as 
P= (24284)? (Vrt Yn); (10) 
P,=U gpa (1) 648 (2) BIA] 


(11) 
Py =U 64 @(1) 9,8 (2)(B][ A], 
Sra=Jbn Gs dv. | (12) 
The coefficients of (6) have the relation 
a+2abS+h=1, (13) 
S=f% Uy dv={2/ (14 S%a) $7? Soa: (14) 


As [B] and [A] are regarded as fixed in the calculation, the effect of these electrons 
may be treated as a part of the effective Hamiltonian. In (6) the mixing of % 
into YZ seems to be very small (a>b), so the second order perturbation theory is 
an adequate approximation in this case. The ground state energy of this complex is 


= (Hy —SWo)* OY, a Hy 


at, (15) 
W,- W W,- Ws 


Wy=Wo 


where 


Wo=|% AY, dv; w=|\% Jal LY; dv, Tye \% H LY; dv. (16) 


The stabilization energy is 


4W=HG/(W,— Wo). (17) 
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It must be determined from the estimation of the stabilization energy whether the 
R model or the A model should be suitable to the benzene-iodine complex. In 
estimating (17) the denominator (W,—W,) takes a smaller value in the R model 
than in the A model as mentioned in $1. Here we are led to use the following 
approximation for Hj, otherwise it must be treated as a semi-empirical parameter. 


Hy! = 2S/Ss, (18) 


where 5S; is the overlap integral between 27 orbitals of adjacent carbon atoms in 
benzene, and # is the resonance integral of the corresponding orbitals, of the magni- 
tude —40 kcal/mol. 


S.=|% Xu BOON): 


The width of the benzene ring 2.41 A is nearly equal to the interatomic dis- 
tance of the iodine molecule 2.66 A. Therefore, in the R model, the 2pz carbon 
atomic orbital is almost orthogonal to the 5% iodine atomic orbital, and the overlap 
integral between them becomes nearly zero. 

In the case of the A model, we may easily understand from the orientations 
of atomic orbitals that the value of S,, becomes largest. Here we ought to use 
(3) as ¢, and the polarized form of (1) for ¢4, which is written as 


ba=N*? (La—AL a1) : (19) 


In order to estimate the parameter 4, we may adopt the following consideration 
as a reasonable one. The positive charge of benzene in the charge-transfer state is 
assumed to be at the center of the benzene ring, and the negative charge density 
' about A or A’ atom of iodine is thought to be inversely proportional to the distance 
between the positive charge of benzene and the A or the A’ atom of iodine re- 
spectively. Then we obtain A4=0.82. 

Thus the overlap integral S is calculated at 


S=0.0058 for the R model, 
(20) 

S=0ad for the A model, _! 
where the Slater orbitals are used for the carbon and the iodine atomic orbitals 
and the Mulligan approximation” is used for the heteropolar integral. (20) suggest 
very small interaction energy for the R model, therefore we may conclude that the 
R model is not adequate to this complex. In the following our discussion shall be 
directed to the A model and let us examine how to overcome what Mulliken has 
pointed out. 


The interaction energy HH; is estimated by substituting (18) with (20), and 
we obtain. 


= — (0.72 eV. | (21) 
The energy of the no-bond state is 
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Wo=| 00 HY, dv 


=|6» (1) $28 (2) (Hn +H.) by a (1) $98 (2) do 


=ald, lek bp dv 
as 


~—2(9.241.7)eV. (22) 
Here the electronic Hamiltonian is the sum of the self-consistent one-electron 
Hamiltonian and they are considered to be constructed by two parts, part B and 


part A. I, is the second ionization potential of benzene and is estimated to be the 
sum of the first ionization potential 9.2eV and —f=1.7 eV. 


On the other hand, the charge-transfer state, as has been written in (11), 


has the positive hole in part B. In the evaluation of the energy of this state we 


must take account of the effect of this positive hole in the electronic Hamiltonian, 
that is to say, the Hamiltonian referred to B is to be H%, then 


We |" H®, dv 
=\$, a(1) 648 (2) (H$+ Hs) by @(1) ba (2) dv 


~ [by Hi by dot |b Hi bs do-+ | 6s Ha Sado, (28) 
where 
|. H, ¢, dv — Eg= —1.8 eV (24) | 


in which E, is the electron affinity of the iodine molecule and has been reported 
at the magnitude of larger than 1.8 eV” 


[8 Hib, dv=—1/r.=—3.3eV (25) 


seems to be a good approximation as the inter-molecular distance is very large, 
where r, is the distance between the positive charge of benzene and the mean 
charge distribution of the iodine molecule. Next, 


[bo Hi be do= (bn Hs bn dv+4 


Here 4 is the effect arisen from that the Hamiltonian has changed from H to H*, 
and called the “disscreening effect” hereafter. It is estimated approximately as the 
difference of the Coulomb interactions between above two states, 
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A= (6—8*) [r;. (27) 


Here r, is the mean distance between the 27 electron and the positive charge at 
the center of the benzene ring, and 6 and 0* are the orbital exponents of the 
neutral 2p7 carbon atom and that of the positive carbon ion respectively. 7; is 
easily estimated at 1.65 A (3.12 a.u.), then 


4= (1.625—1.80) /3.12 
= ——() 056" au. —— 152 7eV- 


In (26), 4 is in appearance the stabilization energy for the electron left in ¢,, but 
the above estimation of 4 in (27) contains all stabilization energies for the electrons: 
not only in ¢ but also in ¢,, and ¢_, of benzene. And this treatment is fortunately 
valid in this problem.* 

From the foregoing results we obtain 


W,-— Wo=1p—Es,—1/re+4 
=4.3 eV. (28) 
Now we calculate the stabilization energy, using (28) and (21) combined with (17), 
4W=0.12 eV =2.8 kcal/mol. 


The coefficients a and 6 in (6) are evaluated by using 

| b/a=— Hy!/(Wi— W,) (29) 
and the normalization condition ¢13) svat 
a=0.97, 6=0.16. (30) 


The dipole moment of the ground state 
Py= —e| Py 7s P. dv (31) 
_is calculated in quite the same way as Mulliken” has used, at 


-Uny=0.94 IQ): 


| In order to calculate the charge-transfer spectrum and the oscillator strength 
associated with it, the excited state shall be considered. 


Pi =a*P,— b* 0), (32) 
a®—2a*h*S + p=], (33) . 


The energy of the excited state is given as 


* For this discussion the author is very much obliged to Prof. S. Nagakura. 


Charge-Transfer Forces in Molecular Compounds. II 319 


Sox 2 12 
Was 4 et aes (34) 
The frequency of the charge-transfer spectrum is given as 
hv= We— Wy= W,— Wy + 2H22/(W,— W») (35) 
and we obtain 
y= 36,500 cm7?. 


The coefficients a* and 6* are estimated at 

G10. OP S027. (36) 
The oscillator strength 

f= (4.704 X 1077) vpgy?, 


where /4zy is the transition dipole, is calculated by the similar procedure to that of 
calculating the ground state dipole moment, and then we obtain 


f=0.34. 


§ 3. Discussion and conclusion 


The calculated results are tabulated in Table 1, where we can see fairly good 
agreement between the calculated results and the observed values. The charge- 
transfer spectrum 36,500cm~ in the observed values of Table 1 is the value which 
is obtained by adding 2,000cm™' to the actual observed value as a solvent effect”. 


Table 1. 
calc. obs. 
stabilization energy (kcal/mol) | 2.8 1.725) 
dipole moment (Debye unit) 0.94 0.722) 
charge-transfer spectum (cm) 36,500 36,5000) 
oscillator strength 0.34 0.302) 


From the preceeding calculations we can conclude as follows: The geometrical 
structure of the benzene-iodine complex is not the R model having the symmetry 
of C,, which has been postulated by Mulliken, but the A model having the sym- 
metry of Cs which is supported by the recent experiments. We have_ concluded 
that the R model is not suitable to this complex by the estimation of the interaction 
energy between the no-bond state and the charge-transfer state of this complex. 
Mulliken has not exactly calculated the overlap integral between these two states, 
but has simply assumed for it the value of 0.1, which is, however, obtained when 
we adopt the A model. The estimation of the overlap integral is essentially im- 
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portant, so long as it is assumed that the interaction energy is proportional to the 
value of the overlap integral, as has been done in (18). Though the Slater orbital 
of high quantum number, say the 5p atomic orbital of iodine, does not seem to be 
adopted as a fully accurate one, the semi-qualitative treatment may be possible 
under the approximations assumed in this article. Also we may note that Mulliken 
has used 1.2 eV for the electron affinity of the iodine molecule (the observed value 
is larger than 1.8 eV.) 

The charge-transfer does not always take place from the highest occupied 
orbital of the charge-donating molecule to the lowest vacant orbital of the charge- 
accepting molecule. In other words, we should not expect the simple relation 
between the first ionization potentials of the charge-donating molecules and the 
charge-transfer spectra of the complexes. In this problem we cannot but consider 
the charge-transfer from ¢) of benzene to ¢(c,,5p) of iodine, where the former is 
not the highest occupied orbital of benzene. The energy loss caused by adopting 
the A model is compensated by the introduction of the “‘disscreening effect” which 
is the stabilization energy for the electrons left in the MO’s of the charge-donating 
molecules. This effect is originated from the change of the orbital exponents 
of the atomic orbitals of the charge-donating molecule, corresponding to the change 
from the neutral state to the positively charged state of the molecule. 
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It seems impossible that the pion-nucleon s-wave scattering can be explained in the frame 
-of meson theory. It is suggested from the experimental result that the static pion-nucleon 
potential with the appropriate isospin dependence has the possibility of explaining this 
phenomenon. The following characteristics of Fermi-Yang’s composite model of pions are 
‘noticed: (i) Pions are bound states of one nucleon and one antinucleon. (ii) The attrac- 
tive short range static potential exists between nucleon and antinucleon, and the repulsive 
short range static potential between nucleon and nucleon. (iii) The numbers of nucleons 
-and antinucleons are independently conserved. 

Using this model, we obtain the static potential between a pion and a nucleon. When 
the interaction type is vector, the static pion-nucleon potential with the charge dependence 
-t-w is given. In this case, the pion-nucleon force in the state [= } becomes attractive, 
therefore the bound states of two nucleons and one antinucleon may be possible. We 
consider this bound state of total isospin one half and spin one half as the nucleon core. 
Then the possibility of understanding the extension and other mysterious properties of the 
nucleon core exists. 

This model is extended to every baryon and meson. 


§ 1. Introduction 


The experimental results about the pion-nucleon s-wave scattering are expressed 

‘by the formulae” 

6,~—0.77 (k/M.,), 

(1-1) 

d= +1.1(k/M.), 
where k is the center-of-mass momentum of pions, and M,, is the observed nucleon 
mass. In spite of the great successes of the meson theory” for the structure of 
the meson cloud about the nucleon, we have no satisfactory explanation about the 
s-wave scattering.” The similar circumstance exists for the structure of the nucleon 
core and the electron-neutron interaction.” Several trials” including the effects of 
the virtual K-particles have been performed. However, the results of these calcula- 
‘tions do not seem to be consistent and favorable. At present it is natural to think 
that these phenomena are essentially different from the P-wave phenomena. 


Therefore our starting point is that 
« 1).. The phenomena concerning the pion-nucleon s-wave scattering and the nucleon 
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core are beyond the limit of the validity of meson theory. 

From the behavior of the phase shifts (1-1), we conclude that 
(IL) No resonance occurs in pion-nucleon s-wave scatterings, 

and 
(IIL) The pion-nucleon s-wave scattering may be expected to be explained by the 
static potential with the appropriate isospin dependence. 

The phenomenological treatment by the pion-nucleon static potential has too 
many possibilities and, therefore, is not adequate for our purpose. Thus we must 
seek the appropriate model satisfying the requirements of (I), (II) and (III). 

Fortunately, Fermi and Yang’s model® seems to fit these conditions. Their 
model is characterized by the following hypotheses : 

(i) Pions are the bound states of one nucleon and one antinucleon. 

(ii) Between nucleons and antinucleons the Fermi interactions exist. 

(iii) The interactions between nucleons and antinucleons are replaced by the 

static potentials with range 1/M, where M is the “nucleon” mass. 

Fermi and Yang replaced the Fermi interaction by the static potential basing 
upon the consideration that the effects of such processes as N+N—-N+N+N+N 
(N represents a “nucleon” and N an “ antinucleon”’), etc., collectively extend the 
interaction. If the s-wave scattering can be explained by the Fermi-Yang model, 
(iii) may be considered to have the more meaning than to be only a conventional 
treatment. 

Thus, for the phenomena which are beyond the limit of the validity of meson 
theory, the composite model may become a clue. 

Therefore we postulate as follows: 

(IV) Pions are the bound states of a “nucleon” and an “antinucleon’’, belonging 
to the 1S, state. 

The meson-nucleon interactions are charge independent, so it is natural to 
propose that 


« 


(V) The Fermi interactions between nucleons and antinucleons are charge in- 
_ dependent. 

Following (III), the treatment by the static potential between pions and 

nucleons may be available for the s-wave scattering ; therefore it may be assumed 
that - 
(VI) For the phenomena concerning the s-wave scattering and the nucleon core, 
the Fermi interactions between nucleons and antinucleons are replaced by the static 
potential. In such a case, the hypothesis that the “ nucleon” number and the 
“antinucleon” number are independently conserved is a good approximation. 


In Appendix A the static nucleon-nucleon and nucleon-antinucleon potentials 
are derived from the scalar and vector interactions. 


§2. Pion-“ nucleon” static potential - 


The interaction between a “nucleon” and a pion, which is composed of one 
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““nucleon”’ and one “ antinucleon”’, is derived from the static potentials between 
““nucleons”’ and “ antinucleons ”’. 

We will adopt the following notations. The nucleon and the antinucleon 
forming a pion are denoted respectively by N, and N,, and the nucleon interacting 
with the pion is denoted by N. The distance between the center-of-mass of the 
pion and N, is designated by R, the distance of Ny) and N, is ™, and that of No 
and N, is 7. The relative coodinate of N, and N, is denoted by r. 

The total Hamiltonian of this system is 


H= H,;™ AH Hy Ales Ae) 4 Ae), . (2 r 1D) 


where H,, Hy)”, H)®, H’°-?, H’°-» and H’*~-» are, respectively, the free Ham- 
iltonian of Nj, N, and N, and the interaction Hamiltonian of M)—™,, N,— N, and 
N,—N;. 

We shall treat the problem non-relativistically. 

The wave function of pion ¢/(r) satisfies the Schrodinger equation : 


(Hy 4+ H,®+H’'*-”) d(r) =(2M— (1/M) 4+H!'*- (r) (2-2) 
=pp(r), 


where / is the pion mass. 
Then the total Hamiltonian is reduced to 


H=H,+p4+H’',-x(R), (2-3) 


where H’,_y(R) is the interaction potential of the pion and the nucleon Ny. On 
the analogy of the classical treatment for the interaction between a charge and an 


electric dipole, we obtain 


H’,.-v(R) = Ape d iirc (7) +H" (72) }eion 
= \gr@) [H'°) (7) +H? (rm) or) dv. (2-4) 


On introducing the polar coordinate (see Fig. 1), (2-4) is reduced to 


H’,_y(R) =2n|9(r) ((H'y-2(/ (R?+ rR cos 0+ (r°/4)) (2-5) 


+ H'y_v(/ (R?—rR cos 6+ (r?/4)) pr? dr sin bd, 
where p(r) =¢* (r) ¢ (Tr), and we denote as follows : 
H'y_w(m) =hy_-wv (1), 
(2-6) 
H'y_x (12) =hy-wv (72); 
ond the function v(7r) satisfies ; 


v(0) =1, v(co) =0. (2505 


For example, in the case of the square well potential, 
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Lied) 
v(n= 
0 (r>6), 
and in the case of the Gaussian type, 
v(r) =exp(—a’r’). 


Changing z= cos #——z in the second term-of the right-hand 
side of (2-5) and using (2-6), we obtain 


A’ ,,-w(R) =< (hy_wthy_x) ) Pion U(R) ae, 8) 


where 
Fig. 1. U(R) aon |"r dr p(r)| de v(V (R?+ (r?/4) 4+rRz) (2-9) 
has the various forms for the types of the potential V(7). In the case of the square 
well type, a4 R) 
U(R) =2n\ ar eect Ae 
D 


where D is the integration domain R’+ 7°/4 
+rRz<r*. The values of U(R) in this 
case are given by Fig. 2. 


0.5, 
We will calculate the average value of 


(2-8) for the charge and spin states of a 
pion. The charge dependence of the 


99 ¢¢ 


““ nucleon nucleon” and “ nucleon ”’- 
““antinucleon”’ potentials has been derived 
in Appendix A. In the case of the scalar 95 05 TD = 
interacton, we obtain, using (A-10), the MR 
following.* 
hy-ythy_-y=[4q—T: (rP—7)]V,, 
oo (2-10) 
(lhy_w+ hy_w]) Pion = An Vo. 
In the case of the vector interaction, we obtain, using (A-11), the following : 


hy-w-thy-2= —2r- (t® +7) Vy, 


Now 
BC (TO +7) dpi =O (2-11) 
is the charge operator of a pion, so 
“ (hy_-wt hy_x) Pion =—Ar- @V). (2 % 12) 


Thus in the case of the vector interaction, the t-dependent pion-“ nucleon ”’ static 
potential | 


* Vj is defined as V(r) =Vov(r) in (A.8) and (A. 9). 
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A’... w(R) = —47r-@V,U(R) (2-18) 


is derived. It is needed for this potential to agree with the experimental tendency 


that V,<0. The comparison with the experimental result is discussed in Ap- 
pendix C. 


§ 3. Composite model of the nucleon core 

From the result of the preceding section, it is seen that 
(i) for the [=3/2 state, the pion-nucleon potential becomes a very strong repulsion 
with range 1/M, and 
(ii) for the I=1/2 state, a very strong attraction with range 1/M, where I is: 
the total isospin quantum number of the pion-nucleon system. 

This circumstance (i) justifies the 1/M cut-off prescription” for the I=3/2 state in 
meson theory. From the conclusion of (ii), the possibility that two nucleons and one 
antinucleon make a bound state, exists. The derivation of (2-13) is based on the ap- 
proximation that the distance of the pion and the nucleon is not so small. When the 
pion and the nucleon become close to each other, the correlation between two 
nucleons and one antinucleon acts and the interaction between them becomes stronger. 
The bound state thus introduced must have the extension of several nucleon Compton 
wave-length. It is natural to assume that such a bound state is just the nucleon 
core. 

Let us postulate that : 

(VII) The nucleon cores are the bound states of two ‘“‘nucleons” and one “antinu- 
cleon” belonging to the *S,). state. Here the “nucleon” and “ antinucleon” are the 
bare particles without the meson cloud. We shall denote these “fundamental particles” 
-or ‘“Urmaterie“ by N and N, or p, ”, 7” and ~. The nucleon core and the 
antinucleon core are denoted by N and N, respectively. The physical nucleon and 
antinucleon are designated by (N) and (N), respectively. 

The composite model of the nucleon thus proposed may explain several pheno- 
mena qualitatively. 

(i) Extension of the nucleon core. 

The “ nucleon ”-“ nucleon ” and “ nucleon ’’-“ antinucleon” forces are given in 

Appendix A. The wave function may, for example, be looked for, using the trial 


function 
P=exp[—ary—@! (75+ 7) J; (3-1) 


where the particles 1 and 2 are nucleons and the particle 3 is an antinucleon. 
The attractive forces act between 2 and 3, and between 3 and 1. The repulsive 
force acts between 1 and 2, hence a’>a. The spatial configuration is schematically 
shown in Fig. 3. The extension of the core for the repulsive nucleon-nucleon force 
is much larger than that for the attractive nucleon-nucleon force. Therefore if the 
depth and shape of the potential are appropriately given, it may be possible that 
the extension 4r of the core defined by 


n> 
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(Jr) teak ie, (rid + 193° + rst) Lf) (3-2) 


1 


3 “. <‘sbecomes about 3/~. 
(ii): Nucleon-antinucleon annihilation. 

Following Koba and Takeda,” the pion produc- 

1 2 tion by the annihilation of the antinucleon is due to 

the process, that about 2.6 pions produce from the 

meson clouds of the nucleon and antinucleon and the 

residual pions from the annihilation of the cores of both particles. In our model of 
the nucleon, the cores are composite as follows : , 


N: (N,N,N) and N: (N,N,N). (3-3) 


Pig. 3: it! 


Following the hypothesis (VI), the numbers of N and WN are independently con- 
served, therefore three pions are produced from the cores: 


N+N-(N+WN) +(N+N) + (N+ N) 337. (3-4) 


Thus together with the contributions from the meson clouds, 2.6+3=5.6 pions are 
produced. This result is in good agreement with experiment. 
(ii) Pion-nucleon s-wave scattering. 

Using the static potential (2-13), we obtain the static potential between a 


‘nucleon core and a pion as 


Ja hi rage: (R) s TEL etme C7) =i Ny Ae (72) = Hv (73) 1 eciebe core, (3 : 5) 


where 7, 7 and 73 are, respectively, the distances from the center-of-mass of the 
pion to the “nucleon” 1 and 2, and the “antinucleon” 3. Roughly estimated, the 
potential (3-5) reduces to 


H’,.-~ (R) = —4Vor-oU,, (R), (3-6) 


which becomes the extended interaction, and here 


1 eters ¢ Cre - ae ar ro) Vunclon core (3 i 7) 


is the isospin of the nucleon core. U,,(R) is the modified form of U(R). Thus 
the discussion in the preceding section remains qualitatively unchanged. 
Gv) Nucleon-nucleon and nucleon-antinucleon forces. 

We obtain the nucleon-nucleon potential using meson theory of nuclear forces 
in the region of y~' distance, and in the region of the extension of the nucleon 


core—about 47' distance—by the composite model of the nucleon core. The 


latter, the N-N force, becomes very strongly repulsive and this effect may be con- 
sidered as the impenetrable core.” For the nucleon-antinucleon potential the impene- 
trable core may be replaced by an absorbing core, owing to the N-N strong attractive 
force. Thus we can lay the foundation for Ball and Chew’s phenomenological 
model.” 
(vy) Multiple production of mesons. . 

When two nucleons collide with a very great energy, the total energy of this. 
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system is concentrated on the overlapping volume of the two nucleon cores, where 
the fundamental “nucleons”? and “antinucteons” are multiplly produced. The 
interactions between these fundamental particles are non-linear and very strong. 
The produced energetic ensemble diffuses and many fundamental “‘nucleons”, “anti- 
nucleons” and their ‘bound particles, i.e, mesons, are separated out. The separated 
fundamental particles are extremely unstable and decay into physical nucleons or 
antinucleons accompanied with the multiple production of mesons. 

At comparatively high energies, the correlations between the fundamental par- 
ticles in the ensemble strongly affect the multiple production, therefore the multiplicity 
of mesons becomes larger than that of the fundamental particles. 

At extremely high energies, the effect of the correlations between the funda- 
mental particles becomes smaller, therefore the multiplicity of mesons is not so 
larger than that of the fundamental particles, as in the case of comparatively high 
energy. 

(vi) -decay of a neutron into a proton. 

The composite structure of the physical nucleons affects the 8-decay of a neutron 
into a proton. If we assume the V-A weak interaction for the fundamental 
“neutrons” and “protons” and adopt the wave functions for the neutron and 
proton cores appropriately, we have the possibility of explaining the observed shift 
of the $-decay interaction for a physical neutron into a physical proton from the 
V-A form. 

We assume the -decay interaction for the fundamental ‘“ nucleons”, for sim- 
plicity, non-relativistically, as follows : 


Hl = (Jy +9a0 0) a, (3-8) 


where o® is the spin vector for an electron anda neutrino, and o and (7,+77,) /2 
are, respectively, the spin vector and the isospin operator for the fundamental 
“ nucleons.” The f-decay (n)—(p) occurs for the transitions 7p or pn. 

It is very difficult to give the spatial wave function, and therefore we replace 
with two parameters as follows: 
(for a neutron) 


(3-9) 


P= age? te+be." te, (@+h=1) 
(for a proton) 


P= alg? yr +b! gy! Kas» (a?+b"=1), 
where $a; and ¢, are the isospin eigenfunctions as follows : 
git = (1/)/2) {942 gia!” 2) — gy! (1) gifs (2) } gia” (3), 
pi? = (1/1/6) (eC) gn" 2) +918" Deth@) 118 @) 
—y/ (2/3) 43 (1) gia (2) gin” (3), (3-10) 
grav (2/3) ¢i8" (gin? 2) Fik) 
— (1/6 ) {gt (L) gah? (2) + 970" (1) gia (2) } Pia" @)- 
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and the spin eigenfunctions 7,, and 7%, are obtained by replacing g—7% in the defi- 
nitions (3-10). 
The f-decay interaction is given by* 


Ea Sot saat (Grpt 910-0) ses Wil 17 (Jy —gar-a™) (3-11) 


sie al Y Y 


where o (i=1, 2, 3) are the spin vector for the fundamental “nucleons” and “antinu- 
cleon”, which are the constituents of a physical nucleon. 
The transition probability for the #-decay of a nucleon is proportional to 


a APD 
=," (aa’ +bb’)? 
+492(2(a'b+ab’) — (aa! +bb’) }? (3-12) 
=97' +39.'. 


The experimental results show 94/9; =—1.25”. We assume V-A symmetry, that: 
is, Jy-=—9.4. Unfortunately the ratio 


Patek [20ee tee) — (aa’'+bb’) | 
Opie aa’ +bb’ 


(3-13) 


deduced from (3-12) is equal to or smaller than one. The maximum value is 
given by a=a’=1/\/2 and b=b'’=—1/)\/2 .** 


§ 4. Composite model of the pions 


In the above consideration, we have postulated the criterion (VI) and treated. 
the problem by the particle dynamics. But, of course, the numbers of N and N 
are not independently conserved. This effect is treated only by quantum field theory. 
However we have not yet a satisfactory and useful formalism of the composite 
model. Thus we shall set an anticipation which will be solved in the future de- 
velopment of physics, as follows. 
(VIIT) The presence of the meson cloud surrounding the physical nucleon is due 
to the effect of the quantum fluctuations in the fundamental nucleon number. The 
behavior of the meson cloud can be fairly well described by the meson theoretical 
method in our model. 

Then the meson cloud are accompanied not only by nucleons, but also pions: 
and other baryons and mesons. Therefore (IV) must be modified as follows. 
(IV’) Pions are composed of their own cores, which are constructed from one- 


* For the fundamental antinucleons, the sign of ga in (3-8) is inverted, 
** Mr. M. Nakagawa kindly informed the author that the (g4l9v)2 ratio may be taken to be: 
larger than one when the P state for the nucleon core is assumed. 
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“e > ” ) 
nucleon” and one “‘antinucleons”’, and their meson clouds surrounding the cores. 
It is very difficult to investigate the composite. structure of pions experimentally, 
but this may be ascertained in several considerations, for example, the mass differ- 


ence between charged and neutral pions. In this model, physical pion states are 
represented as 


| (w) “= ala") +Blx°), 
| (x) =a" |e) +B \n") +7'|n-), (4-1) 
| (aw) =a|x-) +B lx"), 


° and w* are the pion cores composed of 


where 7 


«* 2 (ps 4), 
nm: (p,p), (2,7), (4-2) 


ate (7, D) : 


It is easily seen that the mass of 2° is smaller than that of 2* (see Appendix B)- 
In order that the mass difference between charged and neutral physical pions is in 
agreement with the observed value, it is necessary that a*>f” and (a? +7”) <8”. 
a? and §” are the probabilities that the total charge of the meson cloud surrounding 
the physical pions is zero. Therefore we expect that 

(IX) The probability of the total charge of the meson clouds surrounding the 
physical pions to be zero is larger than the probability of that to be +e. 


§ 5. Composite model of baryons and mesons 


Sakata™ has extended the composite model to baryons and mesons. The funda- 
mental particles are p, 7,7, p and A, A. Were we extend (IV’) to every baryons 
and mesons as follows: 
exec ental ‘i (X) Every baryons and mesons oes composed of 
nucleon their own cores, which are listed in Table 1, and 
their z-meson and K-meson clouds. 
It is natural to introduce the “ global sym- 
metry”? into our model. 
(XI) The masses of A and A are equal to the 
physical ——————— M* fundamental nucleon mass M, and M is larger 
ee 7 than the observed masses of every baryon. The 
baryon cores have smaller masses than M, and 
further the meson clouds decrease the core masses 
to the observed masses. These circumstances are 
shown in Fig. 4. 
It is necessary for explaining the mass di- 
pion pn fference between pions and K-particles, that the 


Fig. 4. couplings or potential depths of N-N and N-A and 
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Table 1 
Particle core isos Strangeness Structure we ie pes 
Pee ae doe) (p, 7) Sp 0 
nr? 1 0 (n, Nn), (A, Pp) 1S 0 
re. 1 0 (n, P) 1S 0 
K+ ne Tee (p, 4) So 0 
K° 4 1 (n, A) 1S 0 
Ko 4 —1 (A, n) 1S 0 
K- 4 —1 (A, p) 189 0 
P 4 0 (p, n, n), (2, Pp; Pp), (p, A, A) 2Si/2 $ 
m 4 (n, ny, 7), (n, P; Pp), (n, A, A) *Si/2 s 
A 0 —1 (A, n, n), (A, Pp P), (A, A, A) 2Si/2 s 
s Meee st (A, p, 7) *Si/9 : 
59 1 —1 (A, n, 7), (A, Ps P) 2Si/2 4 
ae 1 —1 (A, 2, Pp) 2Si/2 2 
=~ 3 = (A, A, P) 2Si/2 3 
£0 4 aay (A, A, 7) 283 /2 $ 


A-N are different. 

(XII) The coupling or interaction potential depth for N-A and A-N is smaller 
than that for N-N. Similarly, it is clear that 

(XIII) The couplings or interaction potential depths for A-4 and A-A are smaller 
than that for A-N and A-N, for exaplaining the mass difference of =-particles and 
other baryons. ; 

This corresponds to that the K-meson coupling with nucleons is smaller than 
the z-meson coupling with nucleons. 

However, the in our model is different from Gell-Mann’s 
model.” From the hypotheses in this section, the strengths of the interactions 
between pions and baryons are not equal, because the hyperons contain the funda- 
mental /-particles. 

Finally, it is pointed out that there are the difficulties in the particle dynamics 
of the cores: 


“ce > 


global symmetry ’ 


(a) The relativistic effects are extremely large. 
(b) The results are very sensitive to the shape of the potential. 
These circumstances make it difficult to treat the problem quantitatively. 
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Appendix A. General formulation 


The interaction Hamiltonian is 


ie >| ax dx! (2) Q,,T 9 (x) V (— a!) B(x!) 0,T! ft (x!). (A-1) 


Ba, 
¢’(x) and ¢’(x) are defined as 

ih! (x) = —itayscf* (x), 

Z (A-2) 
Gh! (x) = ig" (x) C7" Ta, 


where the operator c represents the charge conjugation, and the suffices * and 7 
mean the conjugate complex and transposed, respectively. The isotopic spins of 
the “nucleon” and “ antinucleon”’ are assigned as 


‘Dx tS 5 We? Ta— 1 l, 
The Tea Pp: c——— 


The isotopic spin operators T, and T,(a=1, 2, 3,4) are given as 


Tr=Te 
Ti=-% (k=1, 2, 3). (A-3) 
Ts=%; T/= 1 


Thus, using (A-2) and (A-3), H’ is rewritten as 


Hl=>)| [dx de! F(2) QT) Vea) PO ATE rh(#), (AA) 


Ba 
where 
Diae(es 2, co} Sc Ure, O.. (A-5) 
with 
+1, when 2, is scalar, axial vector or pseudoscalr, ies 
eyes ‘ 
4 —1, when 2, is vector or tensor, 
and 
aS WARE ie) tek A 
2 k 2 k (A-7) 


Thus the interaction Hamiltonians (A-1) and (A-4) are, in the configuration 
space, reduced as follows: The “ nucleon ’’-“ antinucleon”’ potential is 


H! y-wH=2(GQ—7 7) (74 By) Ta By) OV (7). (A-8) 
Similarly, the ‘“ nucleon ”-“ nucleon” potential is 


Hy we 2(gt7™- 1) € (14 Dy) Os Qu) OV (7). (A-9) 
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In the non-relativistic limit (7,0, 7.0, p31), for the scalar interaction, 


H!' y-w=2(n7—7T™- 7) V(r), 
N-N (7 ) (A 10) 
H'y-y=2(gt7r?-4®) V(r), 
and for the vector interaction, 
H'y_-w=2(7—7™-7™) V(r), 
N-W (y (A-11) 
Hig a= — 2p rT 7) Via). 
It is necessary for the composite model of the pion that the “ nucleon”’- “nucleon” 
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potential. is repulsive and the “ nucleon ’’-“ antinucleon”’ potential is attractive. 
For simplicity, the potential V(r) has the form of square well. Denoting its 


range as b, 


0 —(r>d), 
ViGaia (A-12) 
Ve tre). 
First, we examine the scalar interaction. For the pion state, the attractive 
force acts between the “nucleon” and “ antinucleon”’, hence 2(7—1) V> must be 
negative, that is, 


7> 1, V,<0 or 1 Vie OU: (A-13) 


99 6¢ 


For the ’ nucleon ”-“ nucleon ” charge triplet state, the repulsive force acts, hence 
2(y7+1)V, must be positive, that is, 
7>—1, Vo>O or y<—1, Vi<0. (A -14) 
For both conditions (A-13) and (A-14) to be satisfied, it is necessary that 
1L>e5>1 and “V,>0. (A-15) 


Uuder this condition, 2(7—3) V) becomes negative, therefore the bound state of the 
“nucleon ’’-“ nucleon “‘ charge singlet state becomes possible. Thus the scalar inter- 
action is not favorable. 


Second, we examine the vector interaction. For the pion state, the attractive 
force acts betweeen the “nucleon” and the “ antinucleon”’, so 2(7—1) Vo must be 
- negative, that is, the condition (A-13) must be satisfied. For the “nucleon ”- 
“nucleon ”’ charge triplet state, the repulsive force acts, so —2(y7+1)V,) must be: 
positive, that is, . 

A> 1,9) <0 or ye 1, VS 0. (A- 16) 
For both conditions (A-13) and (A-16) to be satisfied, it is necessary that 
4>1, Vo<0 or y<-1, V,>0. (A:17) 


Then for the “ nucleon”-“ nucleon” charge singlet state to act the repulsive force: 
between them, it is necessary that 
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7>3, Vo<0 or 7<3, Vo>0. (A-18) 
Therefore the final condition is 
7>3 and V,<0, (A - 19a) 
or 
7<—1 and V,>0. (A.-19b) 


For the “ nucleon ”-“ antinucleon”’ charge singlet state, the condition (A-19a) brings 
the attractive force and the condition (A-19b) the repulsive force between them. 
When the “ nucleon ’’-“ antinucleon”’ charge singlet force is attractive, the presence 
-of the charge singlet meson may be possible. In Sakata’s model, the charge singlet 
meson has the configuration (A, A) in addition to (N, N),”™ therefore the condition 
(A-19a) or (A-19b) is not decisive. 


Appendix B. Mass difference between charged and neutral pions - | 


Let the “nucleon” and “antinucleon” be denoted by 1 and 2, respectively. 
‘The states of the pion cores are given by 


|~*) 
[n> t=1P(r)) A/y/2) [at ) 48 (2) — aa" (7? 2) ] 
|~~) 
gula(1) gijs(2), 
x1 (1/7/2) (gia) gia” (2) + ¢72? (1) gi (2) J, 
gia” (1) 972" (2). 
-'(r) is the 4S, wave function, The Coulomb interaction Hamiltonian is 
HL +0 LGD, 
“hence we easily obtain 
(w*|H,|2") = (a7 |H,|2-)=0, 
ear 


0 OVA tS era, 
(| H,|2") = —— 


J o@) 2b @)ae. 
Tr 
‘Thus the calculated value of the mass difference for the cores of the neutral and 
charged pions is 
Ap*=Pyeuteat — * crargea= (| F1,| 2°) ~ — 38m, 
-when we adopt the square well N-WN potential with range 1/M,,. 
Appendix C. Semi-phenomenological treatment 


of the pion-nucleon s-wave scattering 


The shape of the pion-nucleon static potential (3-6) is not favorable for calcu- 
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lating the scattering phase shifts, and further (3-6) is not sufficiently correct Sigs 
titatively. Therefore we shall treat the s-wave scattering semi-phenomenologically.. 
Instead of (3-6) we postulate the form of the pion-nucleon interaction as follows : 


Hix (R)=7-0 U (RK); (C-1) 


where 
OU; for* ren, 
UCR) 2 OU, edoten 7a ees, (G-2Z) 
OS piGte ares 


is a two-step square well potential. We take as 1=1/2M,, and 7,=1/M,. Both 
U, and U, are positive. 

The pion-nucleon interaction (C-1) is repulsive in the total isospin J=3/2 
state and the phase shift 0; is not sensitive to the shape of U(R). In order to 
agree with the experimental value, the depth becomes 


G,=11 10M. (C-3) 


In the [=1/2 state, the pion-nucleon interaction is attractive and the phase 
shifts 0; is very sensitive to the shape of U(R), that is, the ratio U,/U;. In order 
to agree with the experimental value, it is needed that 


U./U,~0.9. (Ge 4) 
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We use a model for ferromagnets such that the electrical current is carried by 4s 
(or 6s) electrons which are assumed to be described in band scheme and the unpaired 
electrons (3d or 4f) are assumed to be localized on the lattice points. In the temperature 
region far below the Curie point the spin-disorder in spin orientation, which can be naturally 
described in terms of spin waves, gives rise to the scattering of conduction electrons through 
the s-d interaction and accordingly contributes to the anomalous part of the resistivity of 
type T?, which agrees fairly well with the experimental results both in order of magnitude 
and in temperature dependence. The effects of the lattice vibration are also discussed and 
turn out to give only the small additional contribution of type T°. 


§ 1. Introduction 


It has long been recognized that the electrical resistivity of the transition 
metals and of rare earth metals consists of two parts” ; the one is the resistivity 
coming from the usual electron-phonon interaction, and the other part is the anoma- 
lous resistivity, which is usually larger than the former part up to the Curie point. 
This anomalous part has been discussed by several authors”) whose models 
are classified generally into two types: The one is spin-disorder resistivity”? 
and the other is the so-called s-d transition mechanism”. Taking the former 
point of view, we discuss the anomalous part of the resistivity of ferromagnetic 
metals in the temperature region far below the Curie point. 

The s-d interaction is written as” 

V=—STS I (k/—B) exp [i (kB) Ry] { (ah raya, any) Sa 


kki 7 
+ aj, Ay Ne + airy Ant Sets (1) 
where aX, and a,, are usual creation and annihilation operators for the conduction 
electron with spin upwards moving through the lattice with wave vector k, and 
ax, My refer to the electron having spin downwards. J(k’—k) is given by® 


2 


7(K — ky =| [oC bur 2) 902) Gu Dds dra exp (7(—K) Re] 2) 


al 


and is easily shown to be independent of R,, where ¢, (rT) and ¢;,(r) are the wave 
functions of unpaired electron localized on the 7-th lattice point and conduction 
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electron of wave vector k, respectively. , is the spin operator of the unpaired 
electron localized at the n-th lattice point, and if the Hund-rule is effective in the 
unfilled shell on each lattice point the above operator S, may be considered to 
represent the total spin angular momentum at the 7-th lattice point and then the 
above quantity J(k/—k) must be understood to represent some relevant mean of 
J over the states occupied in each unfilled shell. 

We now classify the types of spin-disorders by which the mean free path of 
conduction electron is limited. Confining ourselves to the case of regular lattice, 
we have the two types of spin-disorders, i.e., in spin orientation and in its location. 
The former type of disorder can be described in terms of spin waves” (magnons) 
in the low temperature region far below the Curie point and the latter in terms 
of lattice waves (phonons). 

In the low temperature region only the magnons of long wave length are 
effective in determining the mean free path of conduction electron. Through a 
single scattering a conduction electron diminishes its wave vector by a small amount 
of order k,-«*/k7, and on the average, k;/x’ collisions are necessary for a con- 
duction electron to lose its wave vector completely, or to travel a distance of order 
of its mean free path. On the other hand, the probability of occurrence of a single 
scattering process is proportional to the number of magnons and the magnitude of 
coupling constant in V, or, explicitly speaking, is proportional to the quantity 


| der J e) P/eocT, 


where J(«#) is assumed to tend to a constant value with decreasing «, and n, 
stands for the number of magnons with «. Further, we have («’/k?),yocT and 
the mean free path is proportional to T~*. Then we can expect to have the 
resistivity of type const.x 7’. In §3 these and some allied problems are dis- 
cussed. In the next section as to these scattering processes a more quantitative 
‘discussion is given in detail, and the effects of lattice vibration are also discussed. 


§2. Transition probabilities for the various processes 
and the electrical resistivity 


a) Transition probability in terms of spin correlation and resistivity 


The transition probability for the scattering process|k | >——>|k’t > 


is” 
N 
P(k|—>k't) raat Na a es [tr SHG, (r, thin (t) dr dt (3) 
with e=k—k’, ho=E;,— Ej, and 


Cn s =(\ar’ 3 (r +R, (0) —r’)d(r’—R, (t))) (4) 
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Tn (t) =(S¢ (0) Sz @)), (5) 


where (B) stands for the statistical average of the operator B. 

In order to observe the essential features of the resistivity determined by the 
disorder of spins in their orientations, in the first place we discuss the case of 
rigid lattice; G,(r,t)=d0(r—R,). In the low temperature region the spin-disorder 
in orientation can be described in terms of the free spin waves”, Then Eq. (3) 


becomes 
I 


P(k|>k't) = geey |J (x) fx 1— FE) (1-17 +1) 0 (= ORK) 


ie 
P(kt>k'|) = dO pales Ae Niger onsen ae (6) 
Pkt >k) = AEN (4) ff AF) (NS/2—SM) Fan 9 (on) 


in which fws,=E}7—E}, ho.=Ef— Et, and hw, is the energy quantum of spin 
wave K. 

Next we determine the distribution function f# of the conduction electron when 
a uniform external electric field F is present in the direction of the z-axis by the 
use of the steady state equation” 


df#/dt) y+ df#/dt) ou=0, (7) 


and then we calculate the resistivity. In what follows we make the following 
assumptions. 

(1) J(«) depends only on the magnitude of «x. 

(2) In the low temperature region most effective spin waves to the scattering | 
processes are of long wave length and the energy spectrum of these spin waves is 
€,=N''/2p, » being the effective mass of magnon. 

(3) The phonon spectrum is assumed to be Hw,=Hsg, where s is the sound 
velocity. 

The scattering process leaving the spin orientation unchanged (corresponding 
to the last member of Eqs. (6)) does not bring the change of k in the low tempera- 
ture region. Hence this type of process can be neglected in determining the 


resistivity and we have 


Aft /d0)oan= ON SIC) MAS AFA) Oe +1) Fi ASE) mo} 


(k1sk +7) 
x 0 (Eig — Ex — Ex). (8) | 


Because the electrons near the Fermi surface are only effective to these scattering 


processes, we put as usual 
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fi=fy —FO* df, (dig ks (9) 
Leaving the terms up to the first order in @’s, we have that 


Ex jee +€x) 


[Ge | Ce) Fede] " (Ep) LED exp( 


diet knT/ f° (EE) 
ae af (Ep+é) f(D) [,__G-m/M2 (10) 
<P (HE + Ex) d(Ee +e.) fiir ten [2 2k i 


ahrek - df°(E;) (0 
m?N? Sv ao 


where v) stands for the volume of unit cell. Similarly we have that for the electrorr 


with spin downwards 


Jn (4e) J Ce) [red o- (8c) PED. PER) 


dk; SF (EX) 
ee Oe ck Af (Weetba)i ol Eee Va Ea) acl eel ee 
De eed (Eee ae fea, eda ee oR } 


th'ek df" (Ex) _¢ 
MUN S09 ALi 

As the function —df*(E£)/dE has sharp maximum at E;, and @’s would be very 
slowly varying function of HE, one may regard @’s are constant. Integrating (10),. 

(11) with respect to E# and combining the resulting equations, we have 
el mpenenlt chy, 8p 
Le Mm SVJ (12), 
Ak? J, — 


2 


(11) 


Js B=0 


_ may 
PL 

where 

A=" (E,) +2 (£,), B=@* (E;) —D (E,) 

Jani ‘AGI G) pe ce (13) 

—e 

L=W He? / 2k, T. 

Upon solving Eq. (12) one finally has (cf. (9)) as resistivity 


32m? Svo ( ( m \* af ; 
Ss re Rolla + 2 ) 
? 26h hk? 2 L Ake ST, — Jy (14) 


J, reveals a logarithmic divergence at the lower limit of the integration. However,. 
in reality, the actual sample is of finite dimension so the mode «=0 has to be- 
excluded from the collective excitations. Moreover, this mode does not have any” 
contribution to limit the mean free path of conduction electron and if one tenta— 
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tively use the values 
Kiniy ce (NG) 7 *?®~1em7,, u/m=100; T=40°K, 
one has that as order of magnitude 
ARI, /Jx—=60/C (2) - E,y/knT-m/p>1. 


So one can neglect the second term in the parenthesises of Eq. (14) and obtains 


x 2 2 Ten72 72 
2 a Se EN OES a5 
In Ni, adopting the following values”, 
NJ(0) =0.48 eV, E;=3eV, S=1/2 and p/m=s38, 
one has that 
Papin wave=2 11 X10°°X T* (microhm-cm). (16) 


b) Effects of the lattice vibration 

As has been shown in §1, J(k’—k) is independent of R,. Therefore if it is 
assumed that the electronic wave functions relevant to the quantity J (k'—k) are 
rigid, J can be regarded merely as a coupling parameter independent of phonon 
coordinates. As to the inner shell electrons such as 3d or 4f this may be the 
case but as to the conduction electrons this assumption is rather serious. However, 
making this assumption throughout the present calculation, we investigate the effects 
of lattice vibration whose degrees of freedom are then contained in the quantity G, 
only. 


In the usual Debye approximation” one has 


aes ( a ) | dee Fo) exp | — SLM op (0,0) — Map (Ruy 1) Teas | 


(17) 
with 
M.,(R., £) = 3322 | (n?, + exp ([—i(q-R,—o?, 1] 
2MN a3 wy 
nt, exp [i(q-Rn—o?; ‘) I} (18) 


where e,; is the polarization vector, j specifies three independent modes of lattice 
waves and the quantities with superscript p are referred to phonon. At low 
temperatures far below the Debye temperature 0 


[SM op (R,,, t) Ko | S2) Mas (0, 0) Ka Ke 
ap a 


~ Nat (9 paar 19 
— 2M \k,/ kp@ a 6? te 


tan ee 


a 


* 


’ 


é 


es aa, Site oe ee es ot thaw i. Bia > ’ Uitee é 
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<i, 


then we can expand G,(r, 4) in terms of these quantities and obtain 


= CORP er ig | 
PRR) = J (we) Fé (1—fid) 8 (Re) 8.0 € "(AS —sia,) 


on CU . 2 l J. 
+285 7(0) ppg fae® Sa8) (NB sin.) 


M ‘. . wr 2 a 
X { (+1) 0 Reo—Rhe®) +7x 0 (ho+hw) } (20) 
with 
Rhe=E,— Ep, c=k—-F’, w= Ma (0, 0) Ky Keg. (21) 
3B 


Confining ourselves to the lowest order scattering process, hence making use 
of the second term of Eq. (20), we have the following equation, 


m Ns ee =e ee woe 
Af E/ dt) pronn= =. (2 M2 —Sn)> IJ (me) [ten 


ee 
x {ffm A—fe) (nx +1) —fe 1 — fe) n_,]0 (Ex — Ex — ho?) 


+ fe A —far)x—fe fir) (te +1) 18 (Es — Ex the?) }. (29) 


At low temperatures one may put J(«) and e™ as constants (J(«)=J(0), 
e-*=1; ef. (9), (21)). Upon solving the steady state equation we have™ 


F=f — FO (Ex) dfx/dEx:h., 


Cees BRE ___ ae NS at ) Nv me Ko meh yp 0 ( odx 
@) he M 2 (A 2 ~4m 4x hes kf ( — ( ) > (e°—1) (1—e~*) 


(23) 


We can similarly determine fg and obtain 


- 5 ro/ 5 
pert 3x = rome" Sy? J * (0) es —Sm) ay | z : xdx Sa Mpeg) 
2he*sMk ye x 6/ J, (e*—1)(1—e™”) 
With Eqs. (15) and (24) we finally arrive at 


O=Pepm ware (1+), (25) 

ga 2" mS —E; ( 6 )( q ) ( M(T) ) (3. adx 
r(2) M k,@\ 6 0 M(0) / Jo (e*—1) (1—e=*) ’ 
(26) 


where M(T) is the magnetization at T, k,J=H'x?/2u. 

We now estimate the magnitude of ?,nonon relative to Pepin wave, that is Eq. (26). 
@ is determined by the experimental value™™ of the coefficient of the term T°” 
in M(T) and is listed in Table I with other constants. Using these values we 
obtain values of 6. From Table II we see that the lattice vibration considered 


wif dh itve oe 
eS tt ee 
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here has only a small contribution to resistivity. 


Table I 
| S | E;(eV)® | 6 (0K) | 6 OK) 
Ni 1/2 | 3-14 8670* | 456 
ea 7/2 | 4-4 433** | 1528 


Ce Ti a ee vee oe ey, SS se ee ae Pee eee eee LS 
* @ is determined from the coefficient of 73/2 term in M(T) given in Ref. 14). 
** Determined from Kurti’s data!5) on the magnetic part of the specific heat of Gd at very 
low temperatures which has temperature dependence T%/? and is to be attributed to spin waves. If 
one uses the magnetic data!) one has 9@=467°K. 


§ This is estimated from Kurti’s data’) on the lattice part of specific heat which has tempera- 
ture dependence T3 at very low temperatures and is to be ascribed to phonon. 


Table Il Values of 6. 


Ni Gd 
T(°K) 8 TR) 3 

0 0.0000 0 0.0000 
22.80 0.0020 7.6 0.0005 
35.07 0.0072 11.69 0.0017 
45.60 0.0150 | 15.2 0.0037 
57 0.0255 19 0.0062 
76 0.0420 25.33 0.0102 
91.2 0.0514 30.4 0.0123 
114 0.0585 38 0.0139, 
152 0.0594 50.66 0.0138, 
228 0.0493 76 0.0110 
304 0.0391 101.3 0.0082 


§ 3. Discussions 


Electrical resistivities due to the spin-disorders in spin orientation and in its 
location have the temperature dependences of type T? and T°, respectively, in the 
low temperature region. This type of difference can be ascribed mainly to the 
difference in the energy spectra between that of magnon and that of phonon. Then 
:f one has the metallic antiferromagnets in which the s-d interaction is effective, 
one can easily expect that the spin-disorders in orientation and in location give the 
resistivities of type T* and T”, respectively. This is because the energy spectrum 
of spin wave in antiferromagnetics is proportional to k. Wence, in an antiferro- 
magnet, the lattice vibration may have effects of much more importance than in a 


ferromagnet.* 


* In the case of inelastic scattering of slow neutrons by ferro- or antiferromagnet, one may 
expect at least qualitatively that lattice vibration plays a more important role in antiferromagnet 
than it does in ferromagnet (magneto-vibrational effect 16)). 


ie. 
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Now from the view-point of the s-d transition” one can obtain the anomalous 
resistivity proportional to exp(—@:/T). 4x is related to such minimum wave 
vector Guin as it enables an s-d transition to occur.* Further”, this view-point 
does not seem to be able to explain satisfactorily the abrupt change in the resistivity 
at the Curie point, and to explain why the rare earth metal, whose unfilled shell 
does not seem to constitute a band, does have an anomalous resistivity. 

In § 2-(b) we have confined ourselves to the discussion of spin-disorder in spin 
location and neglected the effect of the deformation of electronic wave functions by 
the presence of lattice waves, that is, the deformation effects of J(«#). Indeed, 
this type of effect must exist but the resulting resistivity might be expected to be 
of the same order of magnitude of or even smaller than the resistivity due to the 
usual electron-phonon interaction. This latter type of resistivity, when determined 
from Potter’s experimental data”, is of order of the magnitude given in § 2-(b). 
Thus one can conclude that the electrical resistivity of ferromagnet is almost due 
to the spin-disorder in spin orientation and is given by Eq. (15). In Ni Egq.(16) 
agrees fairly well with the experimental results’ both in the order of magnitude 
and in temperature dependence. As was shown in Potter’s experiment, in Ni and 
Fe the electrical resistivity deviates very much from the one given by Griineisen 
formula and this deviation, namely the anomalous part of resistivity, is proportional 
to T"(2<n<2.2) up to the room temperatures. 
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* It is suggested by Wilson that if the energy surfaces are not spheres it is possible for s- 
and d-surfaces to cut one another in some directions in k- -space, and in the neighbourhood of these 
directions long lattice waves may be able to participate in the s-d transition. 


ss gmiu is then zero. 
hese circumstances, however, seem to occur only in a very special case, 


and in general there is a 
non-zero value of wave vector for the phonon which is required to produce an s-d transition. 
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“Note added in proof: 


Recently White and Woods (Phil. Trans. Roy. Soc. (London) A251 (1959), 
273) reported the detailed data about the electrical conductivity for twenty transition 
elements and showed that p is proportional to T? at very low temperatures in Mn, 
Fe, Co, Ni etc. They ascribed T*-term to Baber’s mechanism (Proc. Roy. Soc. 
158 (1937), 383), but his mechanism only is not sufficient to explain the abrupt 
«change of p at Curie point. 
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We here prove generally and rigorously that the non-orthogonality catastrophe does 
never arise in the Heitler-London theory. Our treatment may be regarded as a mathematical 
justification of Van-Vleck’s objection against Inglis’ criticism on the Heitler-London theory. 


There are two well-known approaches to problems of the electronic structures 
of molecules and solids: the Heitler-London method and the molecular orbital 
method. Although the former is sometimes attractive from the point of view of the 
chemical intuition, the latter is almost exclusively used for quantitative discussions. 
The reason is that molecular orbitals are mutually orthogonal, hence the MO method 
has important mathematical advantages over the HL method in which non-orthogonal 
atomic orbitals are used. 

In order to obtain an expectation value of any physical quantity represented by 
a one-body or two-body operator (H, or H,), one should calculate 


Tr (@, H,) or Tr (¢.FH2) 


where /, and ~, are the one-body and the two-body reduced density matrices, re- 
spectively. Here we consider a case in which these density matrices are given by 


(q'|eila”)=N|davday P(q'qx-*-qw) + P* (qq: qx) /(2|F), 


(qn Qn! |(02| Qn""Qa!") 
= NN day daw P(qa'qo' qs qx) + P* (qi! Qe! gs:--aw) / (L|F), 
(1) 
(4.444) = Al $y (0) ars) Pse(ry) +8(04 04-05) | 


In the above, A is the antisymmetrizer, 9 is a spin function, r and o are space- 
and spin-coordinates, respectively, and g=(r,o). The essential point in the HL 
method is to use non-orthogonal orbitals ¢,,---, gy. The non-orthogonality makes it 
almost impossible to obtain ~, and , in the case of NS1, because there appears: 
an infinitely largé number of permutations in the integrands of the numerators and 
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denominators on the right-hand side of Eq. (1). Consequently, one inevitably 
neglects differential overlaps ¢;(r);(r) which are not large, if he wants to obtain 
any qualitative or quantitative result from the HL theory. However, the number 
of the terms neglected in the integrands is almost infinite, because of an extremely 
large number of higher permutations. Therefore one cannot readily conclude that 
errors involved in such a treatment are small, even if each of the terms neglected 
is very small. Indeed, the errors in the numerator and the denominator sometimes 
tend to infinity as N->0o, even if each of the overlaps neglected is small, no matter 
how small. This difficulty inherent in the Heiter-London or Heisenberg method was 
first pointed out by Inglis”. 

Against him, Van Vleck published his opinion”. He considered that this difh- 
culty may be due to the fact that the denominator or the numerator by itself is not 
any observable physical quantity, and he expected that the ratio of these two quan- 
tities, which has a definite physical meaning, may not exhibit such a difficulty. In 
fact, he succeeded in justifying his expectation for special cases by neglecting certain 


terms. 
The density matrices given by (1) may be expressed as 
Val” o= DS5- 45 (G/) fe* (Q) 
a (2) 


ailaa!\erlau’ga =>) S85!) $5 (as!) be Cl) PE (aa!) 
t=), 


In order to simplify mathematical treatments, we here define the following artificial 


wave functions : 


4 tesAl {gue aw (r;) W, a (Fs +1) thé (0104-0) | 


Pimedl {-ealre DBO ea ton) Pratid ed tia Ps) SOC oy) | 
- and so on (3) 
where (¢;,|¢:) =0 for i=1, 2, -, N and (¢,\¢,) =%u. Then the coefficients S in Eq. 
(2) can be expressed as 
Sea ey CAF) 
See iS) OC) 


(4) 


Our purpose is to show that 5 remains finite as N->co and is not much different from 
that given by neglecting the small overlap integrals (zeroth approximation), though 
numerators and denominators on the right-hand side of (4) sometimes have absurd 


values. 
From the definition (3), we obtain the following equation, 


(£\") oa Ss (Pu| Pir) we (Dimn| Y fm) (PF Pix"im), 
(41° * Fyn) 


..., N under the condition 


where the summation is taken over all values of k,=1, 
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that &,,---,2m should all be different. Substituting the above relation into Eq. (4), 
we obtain 


S$=TY Dio TS 


(5) 
Sra= Vial >, (Pushin) (Pia| Pia) Te 
where 
PY figp cee Wd gd rece eon 
IU" 'Jon (GIs Fm| PI1-+- Fm) 
The J7’s can be expanded as 
4y...tm t 
Belt Pi, 
Ti ns tm 
(7) 


Dare a7. Fan: Gant 
3 Gil no) Ts 


This equation is directly derived from the the relation 


(Ptr--tm| PI1---Fm) =S} (Pal Pires) (P41 tmt | PF1--Fmi m1) 
eT) 

where jmsi 18 arbitrary except that it should be different from j,:--j,,. For these 

T’s we obtain the following inequalities which can be proved rigorously under certain 

conditions. 

Theorem I. If %---2,, is merely a permutation of j,:--j,,, then 


basis Sh (8) 
(Proof) 
‘In this case (Ptr tm) Ptr---tm) = (PI Im| PF1--Im) holds, hence we obtain 
| (Bist) Ir Im) [<| (Pi1---Fm| PI1---Fm) | 


which is an example of Schwartz’s inequality. Therefore, the inequality (8) in this 
case is directly established from (6). 
Theorem II. If 


22) Palen) |S1/2 (9) 


is satisfied for all 4, then Eq. (8) holds for arbitrary values of WOES Belk Pere as 
(Proof) Among i,:--7, be found i, which is not equal to any of jx Je Todt this 
is not the case, 7,---7, is merely a permutation of j,::-j,, hence Theorem Il, ie, 
PTS reduces to a special case of Theorem I. Using such 7, We expand 
ree as follows, 

Ss (Yel) Tat 


Seog ry (#44... Inty 


see x 
fon si (Hi|¢i,) a ( ) 
meray 


a 
tI, Jy Int 
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It should be noted that in the summation of the denominator i may coincide with 
Zz, and ($,,1%;,) Pas ear. Now, let us assume Eq. (8) holds for m=n-+1. 
Then we get from (7’) 


Dal Gs | $a) | 
4($% ) 


aS eel | a = 
— 1-311 (Pil Pe) | 
4(+=%)) 


Fyn 


Using Condition (9) in the above inequality, we obtain Eq. (8). For m=N Eq. 
(8) has been proved, because i;:-:i is a permutation of j,---jy. Therefore, Theorem 
II has been established by induction. 


Using (8), we can derive the following inequalities, 
1 Git ge Pil tas ReaD 
1+ 31] Gel Ps) | 1—91| el Po) | 
kd) kt) 


LSé| = DSaeo| CAD) | 
71S alg) -—S @l eo 1 
kK) 14) 


(10) 
4 <szx : 
1433] Ould) [ Gil] 1S Gal) 1 ald | 


221 6 
u((ij)) <si< uj) 
TEST Gulf | [Gul] ~~ VER adhd || Galo | 


where u(P) =(—1)”?(P0|9), P denoting a permutation operator, and the double 
sign in the denominator depends on the sign of «((zj)). 


| 4 ee Sicee,n01 CAD) | 
mie Leet (Puls) - (fi\ $5) J1—->4) (elon) (I 
[S45 (k,1)#(4,9) RC#G,j7) 
(hj) 


[S) 1 Geld IS Ge 
k( +957) #9,h) 


SHS Pht ai TIN Slee 
[1— dil alee) (fi) [1 waa Helo) LE ease ly )(J 
(Fin gj) RAL J) (10’) 


From these inequalities we see that the exact values of S are not much different 
from the values obtained by neglecting all overlap integrals (¢,|¢:) (the usual zeroth 
approximation) if >|| (¢,|¢;) | is sufficiently small compared with 1/2 or 1/4. Thus, 
we see that the non-orthogonality catastrophe in the sense pointed by Inglis never 
arises. . | 
Next we consider a similar problem in the case of the electron pair bond 


(epb) theory. When ¢, and ¢,, form an epb, ($y\%u), whose sign is hereafter , 
taken to be positive, is sometimes larger than 0.5. Then the usual zeroth approxi- 
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mation in which all overlap integrals are neglected will be too poor. In such a 


case, one adopts, as the zeroth approximation, the approximation in which large 
overlap integrals between bonding mates are taken into account but all the remaining 
(small) overlap integrals are neglected. Then we wish to prove that the non- 
orthogonality catastrophe never arises also in this case. Here we consider the case 


in which all atomic orbitals are real. 
Theorem III. If Condition (9) is satisfied for ¢, having no bonding mate and 


5} | Gale) [SB A— yl) 


PuldN2Z> | Galen) | 
A(=p,B/) 


(9) 


is satisfied for any ¢, and ¢,, composing an epb, then Eq. (8) holds for arbitrary 
values Of Z1:++Zm Ji'**Jm- 
(Proof) 

Let us return to the step in the proof of Theorem II where ire teal <1 was 
taken as an assumption of induction. It is sufficient to consider the case where we 
can find 2, (A=1 or 2 or ---m) which is not equal to any of j,:--jn. If we find 
z, which satisfies the above condition and has no bonding mate, we expand the 


pie vn by means of (7’), using this z,. Then we can prove eee lst in the 


same way as we have done in the case of Theorem II. If the 7, inevitably has a 
bonding mate 7,’, we proceed with the proof as follows. 


Fy. Int /y — > () 


Lemma. 
Ii tIn=y In 


where j,.atid 7,’ form an ¢pb) and 75 fi; jas <°- Jes 
(Proof of Lemma) 
The fact that all the ¢,’s are real leads to the following result, 


(Pir In-1 ¥/n| Pir In-1 In) —=— (Pir: In-1 In| Pi-- In-1 i/n) y 
Thus we get 
(Par In In| Pa - Int tn) Sh! rep ») (P71. -In-1 int | PI1---In-19/nIn) 


i(#9y.. in) 


= >(% Iba E) (Pir In—s In 8) PI InAInI/n) | 


UI ---5n) 
In the last transformation we have used the property 


u(P- Cin J'n)) =Uu(P) 


which is derived directly from the fact that j, and j’, form an epb. Consequently 
we obtain 


Tig CD Galba) Lp aly 


IV In—1 In re ee "dy 5? mn 
» 


where 
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wax (Pir Anda WPF a se wed 


(Par In| | Pia: ; in) > 0. 


Therefore, by the assumption of induction 


44-+-In—19/n 
TRIES Cl Gb) = Slo h 


Fy**in—y In 
U($9y) 97m) 
>0 (by Condition (9’)). 


Now, we will return to the proof of our Theorem. From (7’), the Lemma, and 
the assumption of induction, we get 


ho aS 

| ty...% ex a(t 2d es) cn Intr 
HH TF Gea) Typ tbe) The 
A “3¢ #7)%)/ ‘Int 


Sl Galo) | 
ze » 
S1=S) [Gilgad | 


a(#4277 


This inequality leads to Eq. (8) because of Condition (9!) (©. HD) 
Similar arguments to those given above lead to inequalities like (10). Here we 


give only an example: 


(Jul Pus)? — onl (bul eur) (Pal Pur) | 
et 143), ( Pur) | ; ean Pel Pu) | 


1 


eae 
Gulu)? +331 Pulte) (rl bu) | = 
na >} h |b 
1—S)| il gu) | eet avit elu) | 
eT Zp) 


(Here we may assume that 
¢h,/=0 


if ¢, has no bonding mate.) Then, in the zeroth approximation, we get 


ieee i 


. e~1+ (PulPur)” 
which has been rigorously established if 
SI Gil fa) | and >} | (Pil Pr.) | 


URAL) U(#Aas) 
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are sufficiently small. Thus we see that the non-orthogonality catastrophe does 
not arise also in this case. 

Finally we would like to express our sincere thanks to Prof. Kotani for his kind 
introduction and guidance on this problem. Further, we are very grateful to the 
members of Kotani Laboratory for their helpful discussions. 
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The 3z-state contributions to the isoscalar part of nucleon electromagnetic structure are 
explicitly calculated in the lowest order of perturbation theory (order g8). The detailed 
calculational techniques, numerical evaluations and approximation methods are presented. 
The lowest order meson-structure correction to the isovector part (order g*) also is calculated 
in detail. 


§ 1. Introduction 


In a previous paper,” which is cited as I, we have investigated the electro- 
magnetic structure of the nucleon. The present paper contains only the technical 
details of the investigation in I. In § 2, we summarize the general method of per- 
turbation calculation presented by one of the authors (N.N.)”. The four sections 
from § 3 to §6 are devoted to the lowest order perturbation calculations of the 
37-state contributions. In $3, the derivation of the final results, which are sum- 
marized in § 4, is illustrated in detail so that anyone who knows the Feynman- 
Dyson theory can check our calculations. Rough numerical evaluations and 
approximation methods are presented in § 5 and § 6, respectively. § 7 contains the 
fnal results of the lowest order meson-structure correction to the isovector part. 

Notations are the same as those of I throughout this paper, unless other- 


wise indicated. 


§ 2. General integral formula 


In this section, we summarize the general integral formula presented in NI.” 
Consider an arbitrary Feynman graph G, which consists of @ internal lines. 


They are numbered 1, 2, --:, @. Each internal line corresponds to a propagator. 
Each boson propagator has the form 
1/{(pi+q)?+M}, (2-1) 


where p; and q; are respectively a momentum to be integrated and a constant one, 
and M,=m?. The upper bar denotes —ié, (€E>+0). Though g; and M,; are con- 
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stants, we regard them as independent parameters without substituting their actual 
values for a while. Each fermion propagator has the form 


(7D, +m) /{ (pita)? +M}, (2-2) 


where D, is the following formal operator :* 


My; 
e 


3 
D=—| dM,—— (2-3) 
Dae Og: 


Making use of the generalized Feynman identity, 


UO ot) ae (2-4) 
Diack Cae oye HS 
ib i=1 
ith da Vex IT dai -B. = >i ae) ad eece Os 
t=1 4=1 


we can easily carry out the integrations over p;, and the result is as follows: 


f(D) dx? 
(2) LV eo 


(271)"(a@—2n—1)1) (2-5) 
where 7 is the number of independent integration momenta, and we have assumed 
a>2n. If a<2n, it suffices to use the formula presented in § 4 of NI, but such 
a more general formula is not necessary in the calculation of the 3z-state contribu- 
tion. 

The notations used in (2-5) are as follows. 


U(2) = = Dey} Hrvy°** Xv», - (2-6) 


Here the summation goes over all possible sets (4, ¥s, +++, ¥») such that p,,, Py» °**, Pvn 
are independent variables. 


Vg, x)= >) 3) e(M,+-g#) — (1/0) © 21 Ver ( LeyQey + Ley Joys --  LeyJex)*, (2+) 


where C is a closed circuit** eet: to the graph G, and «, cs,--:, c, are the lines 
belonging to C. The double signs correspond to the relative directions of Qe; ON 


the circuit C. Of course, for a fermion propagator the direction of g; must coincide 
with that of the arrow. 


Oe ( 6) >) Bi De ies (2-8) 
The summation goes over all possible sets (2, v2, -::, ¥,-1) such that no one of 
Ys, Ya, “+, Una belongs to C, and that py, Pra 5 Pi 29 late independent. The sum- 


mation > in (2-7) means to sum over all possible “closed circuits in G. 


* This operator was first used by Karplus and Kroll.) 


kK . . . . . mers 
The terminology “closed loop” is not used, since it is usually used in a narrower sense. 
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The numerator in (2-5), f(D), is a polynomial of D, including 7- and t- 
matrices. According to (2:3), we carry out the operations D;, which yield the 
following results. To firstly operate D; on a function of V is equivalent to a 
multiplication by a factor 


Y;(q, 2) =(1/221)0V/0g:=9;— (1/U) pa Vou (tiget-**); (2-9) 
a) 
where C(z) stands for a circuit containing the line 7. The next operation of D, 


yields an extra term since Y; itself generally contains qg;, namely, 


bine 2 Ys —_ Y; Y; = 1 Xi; 


ieee Sa ea ae 2(s—1) “yer? (2-10) 


where 
Kyl ry)=— (1/2x;) 9Y;/0q,= G/U) dit Vou, 0 = Xj (2). (2-11) 
4,9) 


Here C(i, j) stands for a circuit containing both the lines z and 7, and the double 
sign corresponds to the relative direction of 7 and j on C(i, j) (+ for same, — 
for opposite). 0 is the usual unit tensor. When the explicit indication of tensor 
suffices is necessary, we denote them by superscripts (e.g., gf, Y?, oO". etcs) 7) ince 
X,, contains neither g nor M, further operations of D introduce no new type of 
function, and we can write down the result of the operation of f (D) by using Y 
and X only. 

When the operation of f(D) has thus been finished, we may substitute the 
actual values of g,; and M;. Then, of course, gq; is not uniquely determined by 
the external momenta. We may choose qg; suitably to the calculation. The func- 
tions V and Y, can be written down directly in terms of the external momenta 
rather than g; (NI $3). The following calculations were independently checked 
by both formulae (in terms of g; and directly in terms of the external momenta). 


§ 3. Calculations 


The lowest order graphs of the 3z-state contribution are shown in Fig. 1. In 
each graph the isovector part cancels when (a) and (b) are added. The three re- 
sultants are denoted by I, II, and III, respectively. 


The matrix element of the vertex part is 
II 


P»(q) =H -elig 2a)" P(—i/ 2A) PHD + 1°21) Pe FD 


=[2e9°/ (47)*] on Ty: Fy’ (q), (3-1) 


where 
Tet tate -Sp(t,.7j7) =—12, 


Tu a Tin =+ 12, 


(3-2) 
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and 


pad | ee) i Og 20) or = BN 3-3 
Fy =| U2V2 x ? (a > 7 ) ( ) 


For simplicity, we omit the suffix N in the following, since N is irrelevant to the 
calculations up to (3-34). 


f*(D) Sw (p)7s(—i7D,+ M)7s(—77D, + M)7su(p) 
‘Spl (—7 D+ M')7s(—i7Dst+ M)7s(—17D;+ M7 
(7 De MPI; (3-4) 


where M’ stands for the nucleon mass. We have discriminated the mass M’ in 
the closed loop from M so as to be able to apply the result to the case of hyperon 
loop. Calculating the Spur part, we obtain 


f° (D) =4iM'u' (p') G7 D,+M) (—i7D, + M )7su(p) 
ever D,” Dy’ D,'— Dy Dy? Dy +-DyD;? De = Dy Di Dy]. “(3°5) 


It should be noticed that the highest degree term of D disappears and so no ultra- 
violet divergence occurs. 


Next, we calculate the result of the operation of f(D) on V~*. Then we 
notice that 
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So 0, (3-6) 
and 


Gvotw ae bey Y= 0: (3 f 7) 


(3-6) immediately follows from (2-11). (3-7) is obtained by noticing that Y; is 
expressed in terms of the external momenta such as 


Y,;=a,pt+b:p’. (3-8) 


Here we must notice that (3-6) is a true identity, but (3-7) holds only after the 
substitutions of the actual values for g, and therefore we must not use it until the 
completion of the operations of D. 

The results of the operations of D are easily calculated as follows. 


BaD? De De Ver=0: 
Df Dy Dy? Dg V-*= (1/4) 62°" (Xe Yi? Ye + Xy Vo VE + Xa YO YF) V™, 
Df D#&" Dy Dy De V-* 
= (1/4) [Yat 0" (Kae Vy? Yo t+ Xa Yo YO + Xu Ye Y;") 
LV SEP (X VA Ve + Xy VOY ot Xu Ve YS)]V- 
+ (1/8) €%™ [Xe Xoy Yer + Xaj Xe Vo + Xue Xu Y" 
MAAN face Mag hag aan ol Vrs (3-9) 


where for convenience we have redefined X,; in the omission of 0 in, (2911): 
_ The substitution of (3-9) in (3-5) yields 


f* WD) V= M'V>?-w (p!)[G7Yi tM) 72 AM +77 AM G7Y1—M) Jisu(p) 


+ (1/2)iM'V a! (p77? BY 7su(p), (3-10) 
where 
Ast =" Xig Yo? Yr + Xe V7? Yo" + Xi Yo" Ys" 
KY Vg ial Bako re oh 
SEXP Vg Ni Vee al 8 7 
XN Mile ele Varo ks Kel (3-11) 
and 


Bee = E8™ | Xo Xog Yo" + Xie Xor Yo" + Xa X00 Ys” 
SR VX Aas Ye io Mar Y's 
NM Xap Xe Nghkng Ys — Areca t 8. 
Kya Xoo Yo b Xie hes Yo Xo Xag Yo 
aN Xe Ve i ae yada 
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— Xin Xo Yo = ae Nar 0 — Bry Nas V7 
— Xp Xor Yo — Xi7 X08 Ys — Xie Kos Yr" 
Xp doe Vo +e her oe Ashe te |e (3-12) 
It is convenient to express A, and B in terms of the differences of Y,;. Namely, 
using the identity 
Srey Lg ae Oy (3-13) 
we can rewrite (3-11) as 
Ath = 8°78 (Xig— Xp) (V7? — Yo?) (Ye'— Yo") 
+ (Xi7— X19) (¥s’ — Yo’) (Ye — Yo°) 
+ (Xig— Xi) (Yo — Yo") (Yr — Yo") |, (3-14) 
and. likewise (3-12) becomes 
Bere = E88 { (Xap — Xay) (Xor— Xag) — (Xar— Xo) (Xas— Xa) } (Ys*— Yo") 
+ { (Xis— Xap) (Xas— X29) — (Xae— Xiao) (X2e— X29) } (V7 — Yo") 
Rel eves (Xog— X29) — (Xis— X10) (Xor— Xa9) } (Ye — Yo°) ]. (3-15) 
Making use of 
Y.—Ys=p'—p (3-16) 
and 
Xig— X19 = Xog— Xo = 0, (3-17) 
which will be verified later by concrete calculations, we obtain 
Ay (pl — pb" | = (X= he) Yes Ko) Che ew) (Ys) Jp ee (5218) 
Be = (p!— p)E°| (Xar— Xi) (Xog— Xv0) — (Xis— Xv) (Xr— Xm], (3-19) 


which are rewritten as 


AMS pr pee he (3-20) 


B= (pp) *EM*K, (3-21) 
with 

l= (Xi7— Xi) (ag-+ bg— ay — by) aie (Xig— Xi) (a; +b,— a,— by) ; (3-22) 
and 


K= (Xir— Xe) (Xos— Xap) — (Xag— X19) (Xor— Xap) , (3-23) 
where a; and 6; are defined by (3-8). 


By substituting (3-20) and (3-21) in (3-10), there appears the following factor 
in the first term : 


i! (p") (an t7 pt be itp! +M) 7° p pe 75u(p). (3-24) 
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By using an identity 


eS fea Soh tT OY (3- 


and Dirac equations 


iyp-u(p) =— Mu(p) 


and a! (p’) : itp! = — Mia! (p’) : (3 4 


(3-24) becomes 


—M (a,+b.—1)u' (p')[ (pp!'— M?)7*—iM (p* + p™) Ju(p) (3: 


after some elementary algebraic manipulations. Likewise we obtain 


a! (p')7* As® (7 Y¥i—M )7su(p) 


= M (a,+b,—1)w (p’)[ (pp! — M*)7*—iM (p* + p™) Ju(P) oy Bee ae (Cain 


From an identity 


Prete 2 eis (3: 


and Dirac equations (3-26), the last term of (3-10) can be rewritten as 


nw (p')P 7° BY 75u(p) = — 2u! (p'!)[—21M7*+ (p* +p") Ju(p)-K. (3: 


Substituation_of (3-27), (3-28)-and (3-30) into (3-10) yields 
fLCD) V= — MM’V~P- a (p’)[ (pp! — M*)7*— iM (p" + pp") Ju) 


—iM'V"K-i (p')[—2iM7"*+ (p* +p") Ju(p), (3- 


where 


P= (a, +b,—1) Li— (a +0,:—1) Le. (3- 


Further by utilizing 
pp'=—4/2—M 


and 
a! (p!) (p* +p”) u(p) =ia' (p'!) (— 0" gq +2M;7")u(p), (3- 
where 
q=p'—p 
and 


PG 2) EP ET): 
(3-31) becomes 
f*(D) VV = (1/2) MM'q@?: PV?-u' (pr up) 


+ M'(M?PV?—KV]-a! (pot qru(p). (3- 


397 


26) 


27) 


28) 


29) 


30) 


31) 


32) 


33) 


34) 


Thus the form of / has been found. The remaining task is to calculate the 


functions U, V, P and K according to the general integral formula. 
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We will hereafter state the calculations on Graph I alone, since the other cases 
are similarly calculated. 

The expressions for U and U, are determined by the sets 
of independent integration variables as was stated in § 2. 
Therefore the external lines may be disregarded. It is con- 
venient to deform Graph I(a) to Fig. 2 (Q-diagram) which is 
topologically equivalent to it. Since p; and pf; are the same 


apart from an additive constant, x, and 2; can appear only 
in the combination x,+.2;. Since p,, p. and p, are not inde- 


Fig. 2 


pendent because they start from a common vertex, the term %2.x%, does not ap- 
pear. Noticing such facts, we can easily construct the expression for U: 


U= (24,4243) (Hot Xs) (ot Xo) + (41 +243) (42 +45) (47 +23) 
+ (tg +25) (Lot Xo) (Hat 4X7) + (Let Xo) (41 +43) (41+ Zs) 
+ (ey +23) (Het X71) Let (Lots) (X,+2s) Let (Leto) (Zr +s) Xs 
+ (423) LiKe t (Lo Hs) La Let (Let Xe) Ly Ls. (3-35) 


According to (2-7), we can easily write down also the expression for V: 
9 
V= > x4(M,+ @’) 


= (1/U)[ (tate +1 Let Les) (LsqstLiGt LiGtLsGst+LoGot Logs)” 

+E (Lot+ Lo) (sqst+XigtLoqQtXLsqs—XLsqs—X7qr)” 

+0 e(LitX3) (LagGa+TsqstLoqot Loot XLrqrt+ Liq)” 

+07 (e+ X5) (L3qgF+XiG—LsGst LsqstXLoqotXeqs)” 

+ { (Lat 2X5) Let+Xs(Lo+Lo) + (Lot Xo) (Lat Xs) } (43qQst+XiG—LsGs—X1qr)* 

+ (it 2s) Leb 21(Lo+ Ly) +(2o4+-Ls) (Lit xrs)} (%.g2+2sqs—LeGs+LiG)’ 

H(i 425) 04+ 24(%,4+ 25) + (La4+- Xp) (41+ 2s) } (LrQr+XLeqetLogot Log)’ ], 

; (3-36) 
which is expressed in terms of the external momenta by representing g; in terms of 
p and p’, e.g., by putting g=@=p, G=Q@=p—p! and G=Gu=G@=G=q=0. The 


result is given in the next section. From (3-36), Y; and Xi; are immediately cal- 
culated according to (2-9) and (2-11), e.g., 


Yi=qa—(1/U)[ (ea xr+2729+2%52,) (LsqstXiGtLoG2t+L5gst Loqot Logs) 
FX (Lo+ Lo) (XsqQy+XiQt Lagat Lsqs—Xsqs—X1qr) ‘ 
F2r(LatXs) (LaqytLin—LiGit Leqe+Loqo+ Tog) 
+ {(2at+L5) Let+Xg(Lot Xo) + (He+Xo) (X.+-2s)} (LsQ+2X1G—Ligs—X7q,) |, 


X1g= Xy9= (1/U) [ (agar +27 Xe+252,) + £7(Le+25)]- (3-37) 
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The expressions in terms of » and jp’ are as follows. In these calculations, we 
need to consider only =p’ without loss of generality, since we need the sums 
a,t+b,; only. Namely, we can put q=q=p and all other g;=0. 


a+ b—1LS=— 0/0) [ (Gi eat 210g La Lit 21245) (Lot Xr t+ Lats) 
ay Hp Let Ti XaLot Li Lr Let 2X1 La), 
G+ bg—1= = (fU) [ (ay eat ri eet Ly Lit LaLa) (Lote, t+ Fst 2s) 
40H Lo tLe LeLrt LiL Let LoL Xs], 
Ag— A= — (bby) = —1, 
a, +b,—a,—b= — (4 +h,—1), 
ag tbs—ay— bg = — (4, +,—1), 
Xie— X19= Xog— X29= 0, 
Xi — Xw=— A/V) [eat est 2s) (Lot 21+ Xet Xo) +245(t¢tX7+240) |; 
thee eS ay Ole — (1/U) [x4(@e+2%7+2%st%s) +2X7X~l, 
Xos— X= — 1/U)[ (eit rat 2s) (Lot Xrt+ Tet Xo) 4+ 27;(tot+ 2st 2s) ]. 
(3-38) 
Substituting (3-38) into (3-22), we find 
Ly=—22(Let+ Xr + 28+25)/U, 
Lo= 2X1 (Lot Xrt+ Leto) /U. (3-39) 
Therefore from (3-32) and (3-23) we obtain 
Pai Us) lary: (tot+25) +22 (21+) A (apart (tether es +29) 
4 ag(Lot Lo) + LP L1(Loet Lo) + (2,22)? 2725) (Let rt Leto); 
K=(aet+271+ 24st 242)/U. (3-40) 
Thus the calculation has been completed. The final results are obtained by collect- 
ing (3-1), (3-2), (3-3), (8-35), (3-36), (3-34) and (3-40). 
§4. Results 


We summarize the final results in the following. 


9 
A be ot ae Bes 
$7 NL Sere) (-@):| oe hee) 
Fig@)= > Tent MM ( q) U*(z) V2(q, x) Cass 


Ill Ar 


ee) 3 


ad dx®-+ 
U(x) V7. 2) 


FS(¢) = 3 (2) aw'| —m"| 


1m 47° 
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e Ss] XL; 

+ me dz" (4-1) 
U* (x) Vig, x) 

with 


9 9 
Ap =O SS tellidrs koe U, 
1 1 


© 9 
Vig, x) =F (2) M74 Slae P+ Dee M"+C@) -¢- (4-2) 
3 6 
The expressions for U(x), §(x) and ¢(2x) are as follows. 


[Graph I] 
U (a) = { (¢1 423) (4a 425) + (414+ %s) 2st 21(L24+<£5)} (ot 27+FstZ) 


+ (ryt rot Xgt 2X5) Xp Let (Xi +X3t+ Ls) Lg(Loet Lo) 
+ (Lat Let X5)X7(Let Ls) +X, Le(Lot Xo), 
F(x) =[1/U(2)]-[{r (ates) +22 (214+%s) + (414-22)? 24} (Lo+ X71 +%et+2o) 
+27 X—(LotXo) +2717 (Let Xo) + (X41 +L2)* X73], 
C( aye lt/ UOtax))- (agrees (Set 27+ 23+ Zs) 
+4 (2it+2s) (at 2s) + (71423) 21 Fi (Zab Lp) [Lets 
TH (ay tee t xs) (st Lo) Lo Let (Lot T~tzZs) (Tat Ve) L1Lq 
(ty Le) LyX eo Le Ga Xz) Pete Lo Css + Tete) T7Lal- (4-3) 
[Graph II] 
O(a) = { (41425) (Lot Xs) + (Xi t43) Lt 44(%24-25)} (et Xr +234 Zo) 
+ (ty 4+ Lot+X3t+25) X7 (Leto) + (i+ L%3t Ls) X3(Xo+ 29) 
+ (y+ L442 5) £7 L3+27%53(2e4-25), 
© (a) =[(1/U (2) ]-[{rr (ae. t xs) +02 (tit 2s) + (eit 22)? 24} (Get 274+2%s+2Xo) 
+X Le(Lot+ Lo) +r Xr Let (H1+4L2)*L7(Le+4Xs) J, 
C(x) =[1/U (2) ]+[rsx1,25(e5+27+23+2%) 
+4 (41+ £3) (H2+%5) + (Hits) Ls+2,(T.4+2X5)} XeXo 
+ (21 4+234+ 2X4) (%5+Xo) (ote) + (Hi 4+ 724+434+-25) (Hit Xe) X712Xo 
HF LyLe HK Xo tXeXLsXLelrt (Ge cor erecta a 
(Marte) Legge ee ern. (4-4) 


[Graph IIT] 
These are obtained from Graph II by exchanges of parameters (2,2, 
3X5, Le>Xg, X7>Xg). Therefore the integrated values are equal to those of Graph 


NE 


mee ide 
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As for U and ¢, the expressions are interchanged by the following exchanges : 
Graph I — Graph II for x s2,+ 2%», 
Graph I <— Graph III for 2;25+ 2. 


It is of interest that in (4-1) F,5(q?) and the first term of F,‘(q’) are obtained 
from the second term of F,‘(q*) through the operation 0/0M”* apart from a constant 
factor. 

From (4-1) pS and (77), for no cut-off are immediately obtained. 


OS=0, 
9 
(rys= 2 (2) um’ | es ute 
li 47° An (XZ) V7(0; 2) 
5 9 
: 3 g \? DHE aa ey VL es 
= (| Mm’ | S S G Daeg aie 
Imm Az? Art UC CeyV 210352) : 
5 9 
9 g \% e Dh ee ice S)2,-M?—§ (2) M 
wiring, oe( Ly melee 
1irut, 27° Ar ‘ U? (xz) - V*(O;, 2) 
9 
‘ Spel (2) ar”: (4-5) 
6 


The spectral functions a,(m*) also are easily obtained from (4-1) by using the 
identity 
Im 1/V*=[z/(n—1) Jo"? (—V), (n=1). (4-6) 


From aj,(m’), the distribution functions are calculated by means of I(2-7). 
der? pir) = Sy | pila (@)( 0/2) ea) rt— reer da, 
II Jil 
i (4-7) 
Arps (n= > \[os(x)e (2) r—2M?29, (2) (x) jer dx™, 
I 


ILIV 


where 
9 
(a) eas 
ade) 9 ) um’ 3 6 
#1 (2) =e ( ie U(x) V2(0, x) ’ 
2 (4:8) 
Dies 
Ve) i ) MM’ 6 
NE) fat ee U(x) VO, 2)’ 
and 


nv) =v” VO, x) /C(z) & 3p. 
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Using (4-7), we can calculate r.m.s. radii, e¢c., for cut-off. Namely, when f(r) 


is a cut-off function, we have 
(YF entott=2 * jaz rio (r) f(r) dr, etc., (4-9) 
0 


or more explicitly. 


Qaieon ee 32 


TIT 


1 (2) K(x) {Gy (2x) —G,(x) 10 5 ae 


CP) eutot# = > 


Ti I 


12 $, (x) {2G,(x) —G;(x)}dx™, 


e 


Hava = > [| ¢2(2)G, (2) dx®—4M"\ ¢, (2) G(x) dz] 
T II II 


e 


(25 Cr) 95) onto = Ss 6| eG, (2x) dx —8M*| PSE) (2) dx” |, 


rinim | J «2 Ce) Ke (x) 
(4-10) 
with 
GC, (x) =(1/n!) (x) | r®e-*" £(r) dr. (4-11) 
0 
For the square cut-off 
f(r) =8(r— rin (4-12) 


which is simple but effective, we can easily carry out the integration of (4-11) : 


G, (x) =e" 3 {c(2) re}4/j). (4-13) 


§ 5. Numerical evaluations 


The integration domain of the final results (4-1) is rather inconvenient for 
carrying out the parametric integrations. Therefore we transform it into the 8- 
dimensional unit cube. The choices of such transformations are of great arbitrari- 
ness, but we should choose a transformation such that the transformed integrand 


becomes simple without violating its symmetry. Actually, we have adopted the fol- 
lowing transformation. 


XL, =stuv 

X= st(1—u)w 
X3=stu(1—v) 
X4=s(1—2) 


X3=st(1—u) 1—w) (5-1) 
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L=r(l—2z)ez 

ry=rxry 

X= rz(1—y) 

X=r(1—-2) (1-2). 
Then the 0-function in (4-2) becomes 


d0- S32) =80-s—n), (5ie2) 
so after the integration over 7 we have 
hs (5-3) 
Substituting (5-3) in (5-1), we get the integrations over eight variables s, t, --:, z 


in [0,1]. The Jacobian J is easily calculated : 
J=s'®u(1—u) -r’x(1—2) 
=s*(1—s)*u(1—u) z(1—2). (5-4) 
The results transformed by (5-1) are elementarily obtained. For example, for 
Graph I we have 
U=s?(1—s)t[1—t+tu(1—u) ] 
+s(1—s)?x(—2)[yA—tw) + A—y) A-t+tu)] 
+5(1—s)2tz*y(1—y) #A—s)* 2"? 1—2z)yA—y), 
U-€=8(1—s) f(t (l1—u) vv’ +tuQ —u)*w'+ (1—2) {uvt+ 1—u) w}’] 
48 —s)222(1—2)[ev'(1—y) + d—w)*w*y] 
+3(1—sy?e2*y(1—y) [wot (l—u)wf, etc. (5-5) 
Thus U and & do not contain z. ¢ alone contains z, but the z-integration can be 
easily carried out for (4-5). Though it is not so for 3 (4-10), we have approxi- 
mately carried out the z-integration by replacing ¢ by \¢ dz.* 
We must furthermore carry out the the remaining sevenfold integrals. But 


their straightforward evaluations are actually impossible. We therefore estimated 
them by a statistical method. The concrete programme of our calculation is as 
follows. 

Taking ten points, 0.05, 0.15, 0.25, -:-, 0.95, for each yariable, we have 10° 
We regard the set of the values of the 


lattice points in the integration domain. 
., 10"), where X is the integrand of 


integrand in these points, {XnJn} (2=1,,2, ~° 


* This is, of course, a rough approximation, but it is sufficient in the following very 


crude numerical evaluations. 
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(4-5) or (4-10) and J is the Jacobian (5-4), as a population universe, from which 
we take out N samples at random (e.g., 2=1, 2, ---, N). From the values of these 
samples we can estimate the value of the integral J in the following two ways. 
(i) We regard the average of the samples itself as the average of the integrand, 
therefore, multiplying the integration volume 1, we have 


I=) X,J,/N. (5-6) 


(ii) We consider the estimation of J in the original integral (4-5) or (4-10) by a 
similar statistical method. In this case, a sampling in equal probability is technically 
difficult. Therefore a random sampling has been performed after the transformation 
(5-1). Then to get a sampling in equal probability, we must weight the samples 
by J. Therefore I is estimated by the following weighted mean. 


N 


I= (1/8!) 31 Xn5e/S) Iu (5-7) 


where 1/8! is the integration volume (cf. (2-4) with A;=1). 
The ratio of (5-6) and (5-7) is a factor 


y==81517,/N, (5-8) 


n=1 


which is irrelevant to X. Though »y->1 for N->co, of course, »#1 for a finite N. 
Hence there is an ambiguity in the estimation of J by a factor ». When » deviates 
from 1, which of (5-6) and (5-7) is more reliable is rather subjective question, 
but we think that (5-7) is more favorable since the possible inclination due to the 


special transformation (5-1) may be corrected to some extent by the denominator 
Of (57); 


Table I 
- No. 1~25_ | No. 26~50. | No: 51-75 | No. 76~100 | No..1~100 

yv=8! J ,/N 1.16 1.04 1.69 1.55 1.37 
(r2),8 0.99 2.72 1.67 2.04 1.83 

No cut-off ws 84 ae 55 70 61 
pS(r2)98 3.56 1.16 1.49 1.86 1.97 

Qs 3.7 10.0 5.7 7.6 6.6 

Cut-off (r2),8 0.93 1.73 1.64 1.94 1.58 
re=1/M ps 20 5 10 | 12 12 
pS (r2)8 2.72 0.74 0.89 1.16 1.33 

OS 0.7 0.6 1.4 1.5 ies! 
Cut-off (r2),8 0.41 0.31 0.85 0.83 0.65 
r,=2/M ps 3.4 re 0.7 1.0 1.5 
pS{r2)o8 1.33 0.47 0.17 0.26 0.50 
SS 
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We have put N=100. Since the population universe is. not of the normal 
distribution, the estimation of error is difficult. Hence we have divided these 100 
samples into four sets, each of which contains 25 samples, and from the fluctuation 
of their averages we have estimated the magnitude of error. 

The results are displayed in Table I, where g?/47=14.6, and (r”)?, and p* are 
written in units of 10~-"%cm? and nuclear magneton, respectively. For simplicity, we 
show the values obtained by (5-7) only. 


§ 6. Approximation methods 


We have directly estimated the sevenfold integrals in last section, but this 
estimation is very crude, so it will be important to check the results by other 
approximate integration methods. 


6-1. Ineqalities 

The expressions for U, € and ¢ given in (4-3) and (4-4) are very compli- 
cated, but we can give them upper and lower limits by applying the general theory 
presented in NI” and NII”. 


i) U. Since the summation in (2-6) goes over the special sets (%4, ¥2, °*:, Yn), U 


is not larger than the sum over all possible sets. Since the latter is a symmetrical 
a 

expression, it reaches its maximum at a,;=1/a under the restrictions >}7;=1, 
t=1 


x,=0. Applying this to the present case, we have 
0<U(z) SCy- (1/9)°=0.12. (6-1) 


(6-1) is a rigorous inequality, but for practical purposes it is more useful to reduce 
the upper bound even at the sacrifice of rigor. U itself is not a symmetrical 
expression, but it is approximately so. Therefore it will become approximately maxi- 
mum at 2,;=1/a. Thus we obtain 


0< U(x) S50- (1/9)? == 0.069. (6-2) 


Indeed, there is no U which exceeds (6-2) among the 100 samples chosen in last 


section. Hence this upper bound is sufficiently good. 
iene uim-V, é consists of the coefficientts of the internal nucleon mass and that 


of —p’—p”, namely, 

E(x) =2,+2,—7(2). (6-3) 
Uy consists of positive terms only (cf. NI § 3). Therefore we have 

0<F(x) Satm, (6-4) 
which is very easily checked by using the concrete expressions (4-3) and (4-4). 


iii). .¢.. In, order ‘to derive. the inequality for ¢, it is convenient to use Theorem 
2 in NII, which was made use of in the proof of dispersion relations. 
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Consider a graph which is topologically equivalent to Graph I(a), but in which 
the masses of propagators are assigned as follows. 


My =M,=fL/2, M3=M4=Ms=f/, (6-5) 
M,=Mg=f/2, Me=M,=3p/2. 
We specially choose the external momenta as 
q= —2p=2p'= (0, 3p), (6-6) 


and the internal constant momenta gq; defined in (2-1) as 


2/6 oS AS = Oj =—— 05 — PBs: 
A=h=9/ q= 4. 95=4/ (6-7) 
q=—e=9/6, %=—G=9/2. 


Then it is obvious from (6-6) and (6-7) that 
—(Sau)’?20 (6-8) 
a 


for any real numbers a;. Therefore the second term of (2-7) is non-negative de- 
finite. Hence we obtain 


V(q 2) = S}c(me-+q2) =0 (6-9) 
from (6:5)~(6-7). In the present notations (6-9) is rewritten as 
V= (i422) (4/2)? + (tat 2+ 25) + (tr +2) (4/2)? 
+ (e+) (34/2)? 7 (x) (84/2)?—€ (2) (34)? = 0. (6-10) 
Therefore, using 7(2) 0, we find 
OSC (x) S (1/36) (a1 +22) + (1/9) (a3+244 25) + (1/36) (7+ 25) 
+ (1/4) (e+ 2»). (6-11) 
Since this inequality is rigorous and fairly good as an upper bound, we have 


made use of it to check the numerical calculations of ¢(x). Using >}z;=1, we 
ef 


have a more rough inequality 

OSC @)S1/% (6-12) 
(6-11) holds also for Graphs II, III. 
6-2. Approximate integration 


Since the (7*),* for no cut-off consists of positive terms only, we can give its 
lower bound by an approximate integration method. 

We use the following approximations. 

i) To replace U(x) by a constant (U). 

ii) To replace ¢(2) by a linear expression c-(2,+2), where c is a constant 
between 0 and 1 (cf. (6-4)). 
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Then we have 


dx. 


( g ) MM! { (21+ £2) Sh 


27 
lr) 8x ‘ 
credve (Uys * 


3 5 


9 
{ (94-2) CM >) 2p Sg MP }* 
3 Gia 
(6-13) 
If ¢ is not too near zero, on account of M?s/ the second term of the denominator 
has effect only when ESX, t+ Lat Dir is small, but then the numerator with the 


volume element is of order of &’, therefore the contribution from such cases is negli- 
gible. Neglecting the second term, we have 


(ry) fm 21 (og) MM. 5! | Pee ieee) +7! 
3 3 “| 
Am \ 4x} €U) 813! M"*) {(1—t)cM?/M" ++}? 


0 


dt, (6-14) 
or, when M’=M, 


5 3 | gy 3 1 1 (1—2)224 : 
te ede oee ( = ) ean c| eaeaet (6-15) 


0 


The numerical values of (6-15) for the various 


values of (U) and c are shown in Table II in Table I 
units of 107%cm*. (U)=0.069 is due to (6-2), SST eer meae e e 
and (U)=0.049 is the weighted mean Sa 0.069 0.049 
> Lf Sas 0.1 0.13 0.35 
# x 0.2 0.21 0.57 
of the 100 samples in §5. We estimate c~0.4 0.4 0.32 0.88 
from the numbers of the terms of the numerator 0.6 0.39 1.05 


and denomnator of €(x). In this method of 
estimation the contributions from very small U are omitted, and so the obtained value 
should be regarded as a lower bound. Thus we get 


Cr ez 09 x 10-* cm’, (6-16) 
which is consistent with the result in last section. 


6-3. No-loop approximation 
If the closed-loop mass M’ is regarded as sufficiently large, 


P we may neglect higher order terms in the 1/M’-expansion. 
; oe This graphically means that the closed loop is shrunk to one 
Lanes point, i.e., Fig. 1 is replaced by Fig. 3. This approximation — 
1 2 goraee is, of course, very bad for small 7, but probably good for large 
ae r. And actually, the form of the distribution function will be 
e insensitive to higher order corrections to the closed loop part 


Fig. 3 only in the region where this approximation is fairly good. 
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For the convenience of calculation, we use the spectral functions 


3 
a'(m) = >} : ( a ) MM’ m*- 1(m), 


1ijut 167° Ar 
(6-17) 
2 3 
a5 (m*) = >) 2 (—_) MM!’ | — M?-1,(m’?) + 1,(m’) ], 
rinig 47° An 
where 
I, (m*) = — (0/8M”*) I,(m’), 
St X4 (6 © 18) 
iL.) = ie 0(—V (mm, 2) yd: 


Now, J, and J, vanish for such m? that V>0. Therefore in order that J, and J, 
are non-vanishing, it is necessary that at least 


Sh ty M2 <c(x)m<m/4 (6-19) 
6 


from (4-2) and (6-12). If M’ is very large, from (6-19) 
9 


t= (6-20) 


6 
must be very small for not so large m. Therefore neglecting higher order terms 
of ¢, we obtain the following approximations : 


Uw Ut, 
FE aS, (6:21) 
V~V,+1M”, 


where Uy, ¢) and V, denote the U,¢ and V of Fig. 3, respectively,* or more con- 
cretely, 


Op= (21+ 2s) (a+ Ls) + (41,4 Ls) B+ 2, (2.425), 
So= (1/ Up) [ar (a2 +2) +27 (41 +25) + (2,422)? xi], (6 - 22) 
Vo=SoM?+ 5S Lyf — Eom’ 
with 
Co= 234 Xs/ Up. 


Now, substituting (6-21) in (6-18) and multiplying by 


alt 
9 
1=|o@- SY xdt, 
6 
0 


* Properties such as (6-21) can be proved with wide generality.5) 
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we transform the integration variables as 
t;= 4—4)y.,) @=1, 2, 3, 45.5), 
L=ty,, : (j=6, 7, 8,9). 


(6-23) 


Carrying out the integrations over yj, we obtain 
1 1 
a e at © 
I, ~~ — \tQ—a)‘dt\ —,--0(-(- ,) —tM?) dy 
av \t(1—2) \ TG) 36 G9 Volvo 1M?) dy®. (6-24) 


0 


Neglecting higher order terms of ¢ again and rewriting y, by x; we find 


eae a 
Tame aa Jaye (— VC Vode. (6-25) 


Therefore (since the three graphs coincide in this approximation) we get 


3 ge No Raa ts. 
a8 (mM?) ~ ( )- | 0 f(— V. (4) 
bh 322° \ 4x DEPP) O15 Se eee 

(6-26) 


5 a ie 3 gy 3 M c 1 = 
ashes 87° ( An M*" \ Oly [—M?s,.+ (— Vo) ]4(— Vo) dx™. 
By using (6-11) the inequality (6-19) is improved as (M?X¢m’S (1/9 +5/36 -2) m. 
Therefore since 14/31 when m?=M™”, the approximate formulae (6-26) will be 
able to be used in m?<M”. 
The distribution functions are easily calculated from (6-26) : 


; Coy ee ex ia i Menage ae ras 
Seer. ()y~ 2 v i 1{ es, [lanyil-em dx, 


ah An M* ns U2 
+2£0 (3+ 3k r+ky' 1’) jevetdz®; (6-27) 


2 3 
An r? ps (1) © 2 © ) aera Ss \ 1 [—M%,r*(1+Mr) 


where 


| 
r=, Go M+ 3 201) (bo 23H. 


Thus the charge distribution function in this approximation becomes positive definite. 
(The negative part in Fig. 8 of I tends to a 0-function at the origin.) Both the 


distribution functions are divergent as 1/ r® near the origin. 


§7. Isovector part 


In this section, we consider the fourth order graphs, Fig. 4, of the isovector 
part, we here state only the final results. The calculation technique follows the 
method mentioned in §2. We distinguish the closed-loop mass M’ from M as 
before. For simplicity, we omit the superscript V throughout this section. 
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The form factors are 


F{? (g@) =—M"(—/8M) Hg) + 0/2) H (@), 


(7-1) 
FY (¢) =M7(—3/aM) He”), 
where 
WP ee od ( ~ ) iI K, (M’) —@’K, 
ea fd AE U* V(@; M?) 
3 
U+32; >) x: = - 
+5 — {log Via"; M*)} |dx® +const. (7-2) 
with 
6 6 
Vilar. M?’) = Gli ) to >7 te Vo (tot 2s) + Da M" +a; 
4 4 
3 6 
CSO z) o> Mi) as A Le) 
6 3 
C= (1/U)[%aty 3) et Lele Dit Xo (Lr Lot Lp Ls t+ Ls ts) J, 
Ky (M?*) = x7 x3 (i+ 10) M? + (225+ 24+ 2X) U? M”, 
3 
Ky = 242%6(4,+2%.+ 23+ 25) (U+25 >) X;) 
ae (Xi +2) Xp 2+ (21+ 2X2) LeXe\. (7-3) 


Unfortunately these form factors contain an internal divergence. Therefore we 
must renormalize them after Dyson’s prescription. The subtraction terms are 
FP (GQ) =—(Re+RIAG), (7-4) 
where F7%}(q") are the lowest order form factors given in I § 3, namely, 
FY (@) =— M*(—9/8M) H® (¢*) + (1/2) H(@), 
FY? (@?) = M*(—3/8M*) H® (q’), re 


with 


2, 


He gh ae eee | [log (a? M*+ (ay +25) 2+ 220g) ]d2” +const, 


ot Ag 
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R.+R, in (7-4) is the contribution from the closed loop when the meson lines 2 
and 3 are free, 2.e., 


1 
oom jede v(1—v)* p+ (2—v) M? 
0 


Ar M?—v(1—v) 2 
Sa Uae le Sita. 4213 ( feN 
= a eae “€ 
ee &) + | (7-6) 
1 7 ri 
Ro=— J lim | a Bia, aa ie) 
nz Amt Arx JM”? —25(24+2%—) LP +A 


We transform the integration domain of (7-2) into 5-dimensional unit cube like as 
(ar7):; 


= st 
a=s(1—t)u 
Xa=s(1—t) A—x) 
t= (1—s)vw 
Xs= (1—s) (1—v) 
Z= (1—s)vA-—w), (7-8) 
and 
Js (i—s)’ CL —2) v: 
Correspondingly, we transform in (7-5) and (7-7) as 
yt XL4= VW 
a= (1—t)u Ee tek 4) (7-9) 
2,= (1—1t) 1—z) La=v(1—w). 
Then we combine R,-F{%} into a single factor by the Feynman technique. The 
renormalized results are as follows. | 


FY (@) — Fi (@) =—[F° ) — Fa (q’) | 
rae ( gy )'-fsta—9e| KK? 5 (—logV) 


Qn? \ Ax UV 
4 s(4—3v) | (—logV) __ (—logV’) | Jats 
1—s Ohs sf 


—R,[F,? (q) +” (7°) ]+const., 


2 \2 K,*—K,* 2 
Rog Fhe @=4,(—) Mi eed) 0) at 


nm \ An 
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4 FOS) 4 E80) {A at ate RP), 
(7-10) 
with 

V=(1/U*) s?t? M?+s(1—1) + (1—s) M?+£-¢’, 

U*=U/(1~s) =s+(1—s)v(1—v), 

C= (1/U*)[s?(1—2)?u(1—u) +5(1—s) V’ w—w) 
+s(1=s) d—2) vG—v) (a(l—w) 14) w} 
+(1—s)?v*(1—v) w(1—w)], 

K,*=K,/(1—s)*=s'v(1—v)?M?4+ (2—v) UM? 

K,* =K,/(1—s)*’=v?w(1—w) {s+ (1—s) 1—v)}{U*+s(1—v)} 
+s(1—Av(0—v)*[{¢+ A—2d A—u)} 1—a)w 
+{77(-t)ujad—w)], 

VW’ =st? M?+ {s(1—t) —(1—s)v(Q1—v)}#+0—s) M” 
+s(1—2)?u(1—u) q’, 


@rt=dsditdududw, (0Ss,t, u,v, wl). (7-11) 
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There may exist some extremely weak interactions called here 


which are much weaker than usual weak interactions. As a possible example of such 
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interactions we discuss “metastability” of matter. 


“super’-weak interactions, 


During the past few years, we have learned a lot about the interesting nature 


of various interactians in the field of particle physics. 


known interactions into three groups, whose main features are summarized in 


Table I. Now, there arises a natural question : 


interactions ? We know at least one “ super-weak ”’ 


Notably, we can classify 


Do there exist any other types of 


interaction from the earliest 


days of physics: the universal gravitation. Using a natural unit A=c=1 together 
with m, (pion mass) =1**, the gravitation constant is found to be 
Table I 
| characteristics 
: : li tant 2 
class of interactions | ay aad age - . charge independence conservation 
| os CPT-theorem | and strangeness Lae 
| conservation 
Example: | 
pion-nucleon oe 
P : interaction | C, P an a eas 
strong interactions | ie Pe i asianee both satisfying 
(Ps(ps) ) | 
g/4x=15 energy-momentum 
a SPEER angular momentum 
: ting but lectric charge 
e 1 ap vl1ola e ! g 
electromagnetic | er pees strangeness baryonic number 
interactions 4x 137 conserving leptonic number 
Example: ep 
: 5 ernest -deca \CP invariance seats 
weak interactions | 107 2 seat oe aavartance both violating 
Gs=1.4X107 


super-weak intetac- 


fe 


? 


tions 


* On leave of absenc 


e from Osaka City University, Osaka, Japan. 
** This is merely a matter of convenience. 
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7 (7 mf iclh=U3ai XK 10s. (1) 


This value is very much smaller than that of any other known coupling constants. 
Historically speaking, the §-decay of nuclei was the first example of weak inter- 
actions and many others have since been added to our inventory of weak interactions. 
We may perhaps expect that a similar situation would happen in the field of 
“ super-weak ” interactions. We can suppose that the strength of such super-weak 
couplings is somewhere between the §-dacay constant and the gravitation constant. 

As is well known, the stronger the interaction, the greater the number of 
symmetry properties it possesses. Therefore, super-weak interactions, if these exist, 
might violate time reversal invariance or even the CPT theorem and/or some of 
the other conservation laws.* We shall discuss the latter possibility in somewhat 
more detail. We know so far that the following five kinds of conservation laws 
are absolutely valid (or, more conservatively, to exceedingly high accuracy at least) 
for an isolated system : 


(I) Conservation of the total energy and momentum 


(II) 5 » 9» » angular momentum 

(IID) 9 » 9» 9» -€lectric charge 

(IV) % »» 9, sum of baryonic number, and 
(Vie) ss » 9» 9, Of leptonic number. 


The last two expressions, (IV) and (V), may be considered as a statement of the 
stability of matter.”/ Recalling the breakdown of parity conservation (and charge 
conjugation invariance) in weak interactions, we may now speculate that some of 

these conseravation laws are violated in (some) super-weak interactions. In this 
"paper we would like to pursue one special possibility :'f the ‘“ meta”-stability of 
matter. 

We already know that non-radioactive elements must be stable at least during 
the age of the earth (21.5X10°yr~5xX10"sec)[We can instead take equally 
well the age of our Galaxy or a time scale of the order of the longest half-life of 
natural radioactive nuclei] : 


(lifetime of matter) = r,, > 10sec. 


* According to our “extrapolation,” the gravitation interaction must violate many conservation 
laws, while our knowledge on gravitation forces contradicts this expectation. However, it should 
be noticed that our information on gravitation forces is limited to the “classical” region of large 
distance. Hence our proposal may not necessarily give rise to self-inconsistency. On the contrary, 
our proposal suggests that the gravitational interactions at small distance must show quite 
spectacular feature. 

+ Most conservatively one may replace (IV) and (V) by the stability of “stable nuclei” and 
“electrons”. 

tt Another possibility of charge non-conservation will be discussed in another paper by the 
present author (Prog. Theor. Phys., Suppl., to be published). 
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In fact we can find a much better lower limit for ct, from the following 
argument. It is well known that there is heat generation in the interior of the earth, 
whose amount we can estimate from the temperature gradient in the earth’s crust.” 
It is commonly accepted that the natural radioactive nuclei are responsible for it. 
We now suppose that a fraction € of the earth’s heat is due to spontaneous an- 
nihilation of nucleons whereby ~1 BeV of energy is released. Then we shall find 


SM ektg tae 2 X 10*sec. (2) 


Even if we take €\107‘*, we obtain r,,~10"yr=3 X 10sec. 
The problem of the stability of matter has been checked by direct experiments 
using a large liquid scintillation counter.” The experimental results were as follows: 


ref. 3a). ta = 10"yr=33.X 10sec 


~ 


(3) 
ref, 3b) :—t,, = 4X 10"yr=10" sec 


It should be remarked that M. Goldhaber* has obtained theoretically a limit 
t= 10" yr 


from the spontaneous fission rate of Th™. 

Thus we find ourselves in a very interesting, but rather puzzling, situation. 
All information coming from astrophysics indicates that our Galaxy and its neigh- 
bours are in a very young stage of the “age” of the order of 10°~10"yr. If all 
matter were created in some way at the time of birth of the galaxies, then we 
might naively expect that the death of galaxies (or stars) could be connected with 
some catastrophic end of the matter ; for example, the supernova explosion might 
be associated with some annihilation processes of “ stable’ matter.* However, our 
experimentalists have guaranteed that the lifetime of matter is very much longer 
than the “age” of the galaxies. 

We can, of course, take another point of view. The matter is immortal, but 
galaxies are “living ” or mortal. We can observe only living galaxies so that, if 
the latter view were correct, there must be extremely many germs and corpses of 
galaxies in our universe, direct detection of which must be a very interesting 
problem. In this connection, many people have been inclined to accept the concept 
of steady state universe. In this theory (or one type of such theories) one some- 
times postulates not only the continuous creation of stars and galaxies, but also 
the continuous creation of matter.” (Expanding steady state universe requires 
continuous creation of matter but not annihilation of it). This steady state theory 


* In such occasion we might expect substantial production of antimatter. However, if we 
accept the supernova origin of the cosmic radiations, amount of antimatter should not be too much 
abundant in the outer parts of supernova explosion where the cosmic radiation is supposed to be 


born. This is because the primary cosmic radiations consist mostly of positively charged (i.e. 


normal and not anti-) nuclei. 
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seems to be rather ridiculous simply from the logical point of view: problems to 
be discussed are just replaced by (or hidden in) an “ill defined concept of 
“ steadiness”. Here we would rather like to accept an assumption of mortality of 
matter. So much about cosmological speculation, let us come back to our original 


problem. 
When we talk about the “ meta ”-stability of matter, we may take either one 


of the next two possibilities : 
(a) Both conservation laws (IV) and (V) are no longer valid for some _ super- 
weak interactions ; 


(b) Two. conservation laws—(IV) and (V)—lose their separate validity for a 
super-weak interaction, but the fermion numbers must still be conserved, where 


the fermion number is defined by : 


(fermion number) = (number of protons and neutrons) 
— (number of electrons) +::-. (4) 


(b) is a less drastic conjecture, as compared to (a).* 


Examples of possible modes of matter annihilation are : 


Case (a) 
(2 nucleons) —— (several pions and/or photons) (5) 
Casee(b) ** 
We have: spontaneous decay 
(proton) —— (2 positrons) + (electrons) (6) 
electron capture 
(electron) + (proton) ——> (electron) + (positron) (7) 
and 
(two nucleons) —— (two leptons) (8) 


and so on. If we assume a specific mode of matter annihilation and a correspond- 
ing super-weak interaction, we can estimate an upper limit of the coupling constant 
from the experimental result (3). Here is one point which must be kept in mind: 
the experimental checks” quoted above have been performed under special conditions 
so that some modes of matter annihilation, even though they exist with a rate 


* In this connection we may remark thet the annihilation of an odd number of fermions: 


a state with another state with 
(caa number of nena (ee number of hosans) 


can happen with great sacrifice of violating the angular momentum conservation law Gb 
** If a primary interaction gives rise to various reactions listed below, the effect of other 
stronger interactions affects them. Thus (6) would mean that we must also see 
(proton)—-+ (electron) + (many pions), etc. 
We do not go into such details hereafter. 
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somewhere between (2) and (3), might have escaped experimental detection. 
One of such examples (for the experiment of ref. 3b) may be given by the reac- 
tion (6) or its neutral counter mode: 


(proton) ——> (positron) + (neutrino) + (antineutrino) (6’) 


Without further discussion of such details, we simply assume hereafter (3) or (2) 
as a possible lower limit of the lifetime of ‘“ matter ”’. 

Let us now examine a few theoretical possibilities. We begin with case (b). 
We choose a very special model (6) or (7), whose interaction Hamiltonian can be 
written asi 


Y 


F_(e*7e(1+7s) p) (eral +75) e7). (9) 
Vy 2 


Notice that there is a possibility of violating the CPT theorem? and thus we can 
construct such an interaction which allows only either one of the two annihilation 
modes, (6) and (7). It is quite easy to find an upper limit for the super-weak 
coupling constant g in Eq. (9) (See Table ID). 


Table II 
mode of annihilation spontaneous decay* electron capture** 
case ((a)) case ((f)) case ((7)) case ((0)) 
assumed lower limit of 7, 


1025 sec 1031 sec 1025 sec 1081 sec 


upper limit of super-weak ¥ 
coupling constant g in units 10-6 10-29 10718 10721 
Of =c=—11,,=—1 
$$$ 


We notice here the following very interesting numerical coincidence,” 
r~G,;° (for H=c=m, =1). 


Furthermore, if we take case (a) or the process (8) the effective coupling constant 
turns out to be <10-™ (ie., same as case ((f)) in Table II). 

The following important difference should be noticed: The spontaneous decay 
rate is (nearly) independent of nuclear states (i.e., whether the nucleons are free or 
bound in nuclei is irrelevant), while the electron capture rate is roughly  proportio- 


+ This choice of V-A interaction is made here just because of the easiness in comparing with 
usual weak processes, (y-decay and y--capture by a proton). We do not insist on this choice. 
+t Construction of a CPT-violating (phenomenological) interaction Hamiltonian is very easy 
if we give up the locality; see the preprint by R. Arnowitt and J. Feldman, A possible Theory of 
Beta Decay Interactions (1957). 
* See Eq. (6) 
** See Eq. (7) 
*#* See Table I. 
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nal to (the atomic number)‘. This difference will serve to distinguish between 
these two modes of matter annihilation. 

From such considerations we may propose the existence of super-weak- inter- 
actions with extremely weak coupling strength g. Let us suppose 7, were in fact 
equal to the experimental lower limit (3) and see what we can expect. Then the 
numerical coincidence, e.g., 7’~7~G;", etc., is so attractive that we can hardly 
avoid a facinating conjecture about some inter-relations between super-weak inter- 
actions and gravitation or the usual weak interactions.” 

For example, we may bring up again a famous argument given by W. 
Heisenberg long ago”: Using the dimensional argument, he has claimed that there 
must exist a constant 7) with the dimension of length—the “ universal length °— 
in the future theory of elementary particles. If we accept this philosophy, the 
interaction Hamiltonian (or if the Hamiltonian does not exist, some appropriate 
quantity which describes interactions) must be expanded in the power series of 7°” : 


Ant (7) =>3 Fa eel ies (10) 


If the energy involved is not too high (or more precisely, an appropriate momentum 
transfer is much less than 1/7), such an expansion should be valid. We naturally 
make the following assignment: HH must contain at least all strong interactions, 
while all others H”(n>0) represent various interactions of very tiny strength: 
the larger 7, the weaker the interaction must be. 

If there is an intermediate charged vector boson—whose second order effects 
are nothing but usual weak processes like {-decay, »-decay and so on—, then 
the coupling constant f of this boson to fermion currents [| B,(77.(1+7s)p), 
B.* @ra1+7s)v), etc.])—Yukawa type interaction !—is dimensionless. So that the 
only non-dimensionless constant we can have in our theory is the gravitation constant 
7, and we may relate ry) to 7 (= 7h/c)~10-“cm. In this case we can say 
that H™ contains both strong and usual weak interactions, while H” and H” 
describe the matter annihilation and gravitation and thus g~1V/ 7~7 Unfortunately, 
we have found no link between usual weak interactions and super-weak or gravita- 
tion interactions. 

On the other hand, if such an intermediate boson does not exist and (primary) 
weak interactions are of the Fermi type, we can take as 7 the length: 


VGs © 4X107*~4X 10-"%em 
1 (id) 


~400 BeV 


and the summation >} in the right-hand side of (10) may be restricted to only 


even values for n 


Fin (re) = 33 (yO, (12) 
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Here we can tentatively assume the following correspondence: Naturally we should 
take 


n! Hn”) Interpretation 
0 Ho strong interactions 
1 H() weak 4 
Ha) gravitation 


while the assignment of matter-destructing term depends on the choice of the 
various possibilities (case (a) or ((a@))---((0)) of case (b)) ; e.g., the case ((0)) 
would correspond to m’~3. In this theory the strength of usual weak interaction 
is supposed to fix the strengths of all other weaker interactions, notably of the 
super-weak (matter-destructing) and gravitation interactions. Aesthetically, this 
type of philosophy would be a more appealing one. 

In any case, we have seen a rather definite relationship between g and 7 and/or 
G;. If the numerology we have tried in this paper carries some meaning—as we 
have just conjectured—, then we may choose either one of the cases (a) and (b)” 
(see Table II) and also we can expect that the true lifetime of matter should not 
be terribly different from the present experimental lower limit (3). A more precise 
determination of <,, would therefore be very interesting. 

Discussions given in this paper are without any doubt quite speculative. How- 
ever, the problem of stability of matter and existence of other super-weak interac- 
tions than gravitation must be very important for the theory of cosmogony, as well 
as to the future of particle physics. We cannot, of course, exclude the possibility 
that some information on these problems would come from the field of astro- (or 
cosmo-) physics. Up to the present time we have not yet fully understood the 
meaning of—or the role played by—the gravitation interaction in the domain of 
particle physics. Existence of super-weak interactions, if established, may cast a — 
new light on such a direction. 
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The pion-nucleon s-wave scattering is investigated in the case of the Yukawa interaction 
of pseudoscalar coupling, making use of the Chew-Low formalism. It is shown that the 
s-wave amplitude of the z-N scattering is strongly damped compared with the perturbation 
theoretic caluculation. This is due to the fact that the second order matrix elements are 
almost cancelled by some of the fourth order ones which appear in the reduced Chew-Low 
equation as modified Born terms. 

The photo-pion production near the threshold energy is also discussed on the same 
footing.’ In this case, this sort of cancellation does not occur and the amplitudes for this 
process remain unchanged. We calculate the charge ratio of photo-pion productions at the 
threshold energy and get a value 2.27 which is larger than the experimental one 1.87+0.13. 
In addition the low energy kaon-nucleon and the pion-hyperon scattering are treated in a 


similar manner. 


§ 1. Introduction 


While the static p-wave pion theory has attained great success”, phenomena 
connected with nucleon pairs, e. g., the s-wave scattering, have not been satisfactorily 
accounted for. Among the investigations, so far made, which were started with the 
pseudoscalar interaction, there are the perturbation calculations and the analysis by 
the Tamm-Dancoff (TD) approximation.” Discussions have been made making use of 
the effective s-wave Hamiltonian reduced by the Dyson-Foldy transformation.” In ad- 
dition, the renormalization theories of the pseudoscalar coupling” have been developed. 

The main difficulties are; (1) the phase shifts for the 1/2 and the 3/2 iso- 
spin states (0,=0.167k// and 0,——0.105k/)* are not split, because of the too 
large iso-spin even part compared with the iso-spin odd part, and (2) the coupling 
constant g?=15, which is obtained from the pv-coupling constant by the equivalence 
theorem, is larger by about one order of magnitude. 

It is also to be noticed that the value of 6,—0, can be reproduced while the 
value of 6,+20,; cannot in terms of the dispersion relation.” 

In the photo-pion production near the threshold energy, Kroll-Ruderman (KR) 
and Deser-Thirring-Goldberger (DTG) ) obtained g?=12**. This is consistent with 


* The natural unit (c=h=1) is used throughout this paper. 
** g2—25 in their paper, but Bernardini and Goldwasser® got the above value later. 
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a 


the p-wave theory. On the other hand, kaon interactions with nucleons and hyperons 
are favourable for the ps-coupling® and the s-wave amplitudes are predominant in 
the low energy K-N scattering. The experimental data of the scattering cross 
sections coincide, in magnitude, with the values obtained by the lowest order per- 
turbation calculation with g2=1 which is derived from the dispersion relation. 
The recent experimental value of the lifetime of 7°-27 decay also comes closer to 
the result of the perturbation theory”. Thus, these phenomena suggest that the 
small s-wave amplitude of the 7z-N scattering seems to be due to an accidental 
situation. . 

As will be shown in § 4, the iso-spin even part is damped by the cancellation 
of the second order matrix elements with some of the fourth order ones which 
appear in the reduced Chew-Low (CL) ‘equation. The iso-spin odd part is damped 
by the cancellation of the matrix element corresponding to a graph, in which the 
external pion lines are crossed, with the other matrix element in which the external 
pion lines are uncrossed. On the other hand, in the s-wave phenomena other than 
the z-N scattering there exists only one of the two types of graphes, i. e., either a 
crossed or an uncrossed one, and we get no cancellation at least with respect to 
the iso-spin. odd part. 

Since the energy denominators of the matrix elements for the s-wave scattering 
are larger than 2/!M(M=the nucleon mass) on account of the appearence of nucleon 
pairs, those corresponding to the crossed graphs are almost equal to the uncrossed 
ones. Therefore, the TD approximation which does not satisfy the crossing theorem 
is not reliable in this case. While in the TDG theory the scattering amplitude is 
renormalized as a whole, it is not possible to analyze the detailed mechanism of 
interactions. On the other hand, it is a sort of perturbation to obtain the effective 
s-wave Hamiltonian by the Dyson transformation. Here the effective s-wave potential 
is derived up to the second order in the coupling constant, and the Schroedinger 
equation is solved just as in the ordinary scattering problem. But there is no 
justification for neglecting other higher order effects. It seems, therefore, worth 
while to attack the problem in the CL formalism starting with the ps-coupling 
Hamiltonian, since this formalism made a success in the static p-wave theory. 

The s-wave scattering arises through the virtual formation of nucleon pairs in 
the interior region of the nucloen, and it is likely that the some pions are exchanged 
among the virtual nucleons and anti-nucleons. This effect should, therefore, be taken 
into account and in fact it will be shown that this correction is really important. 

In § 2 general consideration concerning the CL equation for the s-wave scat- 
tering will be obtained which is associated with the renormalized modified propagator 
and 7; vertex function. Following the consideration in §2 the “modified Born 
terms’ in CL equations including the pion correction will be calculated up to fourth 
order in the coupling constant (which is different from the ordinary fourth order 
perturbation calculation). The order of magnitude of the experimental s-wave cross 
section is obtained with gy?=15, but the phase shifts 0, and 6, are both negative. 


Pseudoscalar Coupling and S-Wave Pion-Nucleon and Kaon-Nucleon 383 


§5 deals with the 7-7 production near the threshold energy in the same method 
as in the z-N scattering and shows that the matrix elements of the production are 
not damped by the cancellations in this case. The charge ratio of the production 
gives a large value than the experimental one 1.78+0.13. We shall show in §6 
that the low energy K-N and z-Y* scattering in the case of ps-coupling the s-wave 
amplitude will be predominant. The last section will be devoted to a summary and 
discussions concerning some remaining problems. 


§ 2. General considerations 


At first, we shall begin with physical considerations and preparations for dealing 
with the s-wave scattering. We take as the interaction Hamiltonian 


: aoa ash: 
H,= (4z) P79) >) ¢ (2) Pste P(X) bx (2)ax (2-1) 
¢=1 


where J) is the unrenormalized and unrationalized coupling constant. ¢(x) and 
é,(x). are field operators for the nucleon and the pion, respectively, and 7, is the 
a-the component of the isospin operators. According to Low”, the transition am- 
plitude** T,,(q) satisfies the following equation, 


iy (1) Dj (7) aie she (2) dG (1) ei ; (2-2) 
6 Hy te E,—EH, +, 


1 (Q=— 2 
where p and g represent the initial and the final states and 7, the intermediate 
state, wp=(p'+H")"” (#: meson mass) and E,=\/ p?+M’*. In this case, we 
should take, for the state 7, the scattering states |N, n(N, N), mz) consisting of 
one nucleon, 7-nucleon pairs and m pions and the states |N, mz) consisting of one 
nucleon and m pions. The former may be treated as the modified Born term V 
in the equation. Among the latter, the state |N, z) is related to the scattering 
amplitude and the states |N, mz) for m=2 are disregarded (if they are not omitted, 
they should be included also in V). This means that the scattering is approximated 
by the repetition of the modified Born terms. Since the energy level of the 
|N, N, N » state is higher than that of the |N, 27) state, justification for this ap- 
proximation may be open to question. 

We put, in the static approximation, for the state |N, 7), 


Tp OP hy); (2-3) 


(Wp Wy) U2 fo1,3 


with 
P,=4tjt,> Py =O, 4 Ty Tas (2-4) 


* Y means A and >) 


*& Here T’s are used instead of Low’s notations (Na,7q|0 (p) |Np> which give the transition 


amplitudes in the static limit. 
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where the P,’s are the projection operators for the eigenstates of the total iso-spin, 
and zr, and <, represent the iso-spins for the initial and the final nucleon. Then 


Eq. (2-2) is rewritten as 


h;(w) = V;(w) + : \{ |hz (wy) |? 4 SA ny Melon} put(p) den, (2-5) 


Wg—O—1é Op +o 


with 
eat Pe 
An =4( Y ip 


where w(p) is a form factor. 

While, in the case of p-wave scattering, it is a good approximation to take the 
Born term for V(w), it will not be sufficient to take only the Born term in the 
s-wave scattering. The reason is that the nucleon pairs appear in the interior region 
of the nucleon and the coupling constant g is quite large (g?=15), so the effect of 
the pion exchange among the virtual nucleons and anti-nucleons may be important. 

Let us denote, by V,(w) and V,(w), the modified Born terms corresponding 
to the graphs (A) and (B) in Fig. 1. We divide them into the even part and 
the odd part with respect to the iso-spin. The crossing theorem allow to write 
down V,(w) and V,(w) as 


Valo) =9" [Oy Ge(w) +4[72, 7] 90.(@) J, 


~ (2-6) 
Valo) =9 [9,;0.(— a) Fre, Ty] ¢.(—w) ] > 
(A) (B) 
Fig. 1 The graphs for the modified Born terms V4(w) ond V g(a). 
and in the eigenstates of the iso-spin, thay are reduced to 
Vi(o) =9 [ge (w) + ¢e(—w) —2¢,(w) +2¢,(—«) ], 
(2-7) 


Vi(o) =9'[¢-(o) +9.(—o) +¢,(w) —¢,(—«) J. 


If w=0 in Eq. (2-7), V:=V; as shown by Gell-Mann et al. ; the split of two 
phase shifts is due to the w/M correction of ¢,.(w). The TD approximation which 
does not satisfy the crossing theorem is not reliable also with respect to this point. 


By expanding ¢, and ¢, in terms of w and leaving the first and the second terms, 
we have ; 
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Pe,5(w) == @y.4+ 8 oi8 w/t, C 8) 
then Eq. (2-7) becomes 

Vi(w) =29? (a.— 28, w/f), 

V3(w) =29" (a, +8, w/P). 
As seen from Eq. (2-7), only the first term @, of the iso-spin even part ¢, and 
the second term #, of the iso-spin odd part ¢, contribute to the low energy scattering, 
so we can get sufficiently small scattering amplitude, only if a, is small enough, 


though a, is large. It will be shown in §4 that in fact a, becomes small if the 
pion correction is taken into account in V(w) 


(2-7a) 


The higher order effects due to the repeated scattering will not be important 
as expected from the small experimental values of phase shifts. It will, however, 
be necessary to estimate the effect precisely. Following the CL effective range 
approximation, we put 


(u/k) tand,=9" (a, +87 0/4) /Re 91(o), (2-9) 

with 3 
g1(w) =Vi(o)/hi(@), (2-10) 
where V;(w) =a;+87:0/p, Reg;(w) in Eq. (2-9) represents the effect of the re- — 
peated scattering. As the cross section of the s-wave scattering may be almost 


constant for energy variation, it will be allowed to approximate A;(w) in the integral 
in Eq. (2:5) by V,;(w=H), and we have (a, f: real) 


cee eure (| plete 
Re gi (w) 1 m(a,+f, w/t) \ Op— 
+ 5) Ay, ee EE) | pot (p) de. (2-11) 
7 Upto 


After Substituting the experimental phase shifts into Eq. (2-9) and cutting off the 
integral in Eq. (2-11) at 7p, the values in Table I are obtained for @, and /,. 
The last row shows the values obtained by ignoring the repeated scattering. These 
results show that the effect of the rescattering is not large and V,(w)’s themselves 
must be much smaller than the values of the lowest order perturbation theory. 


Table L. The effect of the rescattering. The last row shows the values obtained 
by disregarding the rescattering effect. 


er AS | Bo } Rem ay fp | Rees @ 
é€ 
"0.01 aig? ~0.01 2/g? 0.4 1.25 
0.01/g? —0.045/g? 1 1 


Tk a a a a EET ITT 
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§ 3. Effective coupling constant for y,; interaction 


In this section, we shall estimate the effective coupling constant taking into 
account the renormalized modified propagator and the 7, vertex function. The renor- 


malized nucleon propagator is 
2 =! 
Sto(p)=(14+=Lf(p)) Sep). (3-1) 


For the lowest self-energy type, f(p) becomes 


(2—1)7,pytiM O(p) |, 2Mez’ =a) 4 
ale spt Regt nee esas 


with 

é(p) = (1-2) #@+2M*+2(1—2) f° 
Since f(p)~1 for the nucleon in the negative energy state and Eq. (3-1) is written 
in the low energy limit as 


: at 397° Nea . 
Sto(p) =Sr(p)(1+ 22), (3-1a) 


the nucleon pairs are suppressed” by the radiative correction. On the other hand, 
the renormalized vertex function, 


Vse(p', pb) =t7rstal1 + Y (p, pI, (3-3) 
enhances the effect of nucleon pairs. The lowest order perturbation calculation gives 
Y(p, p)~+9°/42 (putting the external pion mass #=0), then 

Vso(p, p) =t7sta(1 +-9°/42). (3-3a) 


As g is large, Isc cancels the effect of the pair-suppression due to Syc as pointed 
out by KR.® 

Eqs. (3-la) and (3-3a) give the effective coupling constant for the ps-coupling 
at the zero energy 


Ge =P (1 +9?/47)?/ (1+392/47) = 16, (3-4) 


where we have used g?=15 obtained from £*?=0.08 by the equivalence theorem. 

This value gives only an order of magnitude, because Eqs. (3-1la) and (3-3a) 
are obtained from the lowest order perturbation expansion. In what follows, there- 
fore, we shall use gé;=15, disregarding the effect of radiative corrections in non- 
zero energies, and simply write g’ instead of g2). 


§ 4. Calculation of modified Born term Vv 


As discussed in § 2, we shall show that the iso-spin even part a, will become 
small by calculating the modified Born term up to 4th order of gy. This situation 
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is supported also by the following fact. In the effective s-wave Hamiltonian obtained 
by Akiba and Sawada,” the ¢ and the ¢* terms of the iso-spin even parts have the 
opposite signs and these terms cancel each other if the cut-off parameter is chosen 
appropriately. 

For w~p, the 2nd order V{?(w) is 


VP(o)=- (0,;—4 cae t1@/ (2M+ 0). (4-1) 


After the renormalization of propagators and vertices, only the graphs shown in 
Fig. 2 remain in the fourth order. (i) ~ (iv) correspond to p-wave pion corrections 
and (v)~(ix) to s-wave ones. The graph (ix) should, however, be excluded from 
V{*(w), for it is already included in the integration term in Eq. (2- 5) as the 
repetition of the 2nd order because its intermediate state is |N, 7) state. This 
graph gives the largest contribution in the 4th order perturbation terms, as easily 
seen from its energy denominator. Excluding this graph, V.(w) becomes smaller 
than that of the perturbation calculation’ This situation is typical for the CL 
formalism. 
Since the modified Born terms are strongly damped by the cancellation of the 
2nd order and 4th order terms, we should take into account the recoil effect of 
nucleons in the fourth order calculation. Then we have 


hi DM 


(ii) (iii) : (iv) 


NN ee 


(v) (vi) (vii) (viii) (ix) 


Fig. 2 The 4th order graphs contributing to V4 (w) or Vaz (w) ; but the 
last graph (ix) should be excluded from V4 (w). The mark x denotes the 
vertex of the external pion. 


Vo) = (304+ -[F oN) > ea) (4-2) 


with 
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I Es \ k® vu," (k!) do! (4-3a) 
DO Sse Foy 2, (E’ + M) (E! +0! — M)?(3E’ +0/— M+) 
3) k® vu," (k’) do! 
he is OLEH | 2E! (EB! + M) (2E! +a) (LE! +0!— M) (3E!+0!—M+o) 
(4-3b) 
1(w) =—| nee ; (4-3c) 
‘ 2E! (FE! + M) (2E' +a0)?(3E/+0/—M +0) 
se ee (E! + M) k! v2 (k') do! (43d) 
Ab ole i | 2E! (2E! —w) (3E! +0! +M—a) (E’+0+M) 
one j (El + M)k! 0,2 (R’) do! . (4-3e) 
‘ QE! (E! +e! + M)?(3E! +0! +M—o) 
Tavs j (E! + M) Rk’ v2(k) do! . (4-38) 
2! (2E'!—w)? (3! +0’ + M—o) 


where v,(k) and v,(k) denote the form factors for the p-wave and the s-wave 
pions and E’/=(M?+”)'?, From Eqs. (2-6), (4:1) and (4-2) 
7 39° 
e ae 42 
Peer) 2M+o T 
i 
2M+wo 


SI h(o); 
(4-4) 


2 8 
0,(w) = te Di tn (w). 


Numerically integrating Eqs. (4-3a~f) and retaining up to the terms linear in a, 
we get 


3 
i) a |(a- 2 )- 39 (0.067+-0.015-".) , 
2M 2M. a \ Le 


(4-5) 


eet ( 0) gf ( 0) )| 
. = 1— 0.067 + 0.015 — } |. 
hen Al 2M i. Us pL 


In the above calculations, the cut-off parameters have been chosen at 6/4 and 84 
respectively for the p-wave and the s-wave and we have used g?=15. Eqs. (2-8) 
and (4-5) give 


a= —0.003 and #,=—0.0005. (4-6) 


The value of a, in Eq. (4-6) is almost equal to the value in Table I. But the 
value of 8, is so small that both 0, and 0; are negative. This result is sensitive 
to the cut-off parameter, since the very small quantities remain after the cancellation 
of the main terms are treated here. It is to be noticed, however, that if the cut- 
off parameters for the s-wave and the p-wave are varied in parallel, that is, if the 
s-wave cut-off value is kept about 2 larger than the p-wave one e.g., 54 and 7p, 


/ 
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the result is almost independent of the cut-off parameters. This reason comes from 
the fact that each term in Eqs. (4,a~c) has an opposite sign to the corresponding 
term in Eqs. (4-3d~f). 

As for the energy dependence of the phase shifts, both 0, and 0, deviate slightly 
from linear variation and have tendency of splitting larger than the linear one. 
This consequence agrees qualitatively with the one obtained by the dispersion 
relation.” 

Despite the large coupling constant g, it has been shown that as far as the 
magnitude of the cross section is conserned, the consistent result is obtained. It 
may not be surprising that the sign of the phase shifts is not explained, because 
the terms of higher order than the 6th and the effect of the kaon and |N, 7) states 
are neglected. As the 6th order and 8th order terms have the opposite signs to 
each other, their contribution may be small*, though it is difficult to calculate their 
values, and may not alter the qualitative consequence. It may, therefore, be possi- 
ble to explain low energy phenomena connected with nucleon pairs in the frame of 
the present field theory, if the higher order and the kaon effects are taken into 
account correctly. : 


§5. Photo-pion productions near the threshold energy 


We shall discuss 7-7 productions near the threshold energy following the same 
method. Modified Born terms have two parts: the iso-spin vector part V(@) and 
the iso-spin scalar part U(w). We have 


T(p)~—— 2 v8 V (oy), 


1/2 
ee (5-1) 
TOD) A= EU (ary) 
(Wp qo) 
Analogously to § 4, we put 
Valo) = 2] dud,(o) +3 Le 1H) i: 
(5-2) 


Va (w) 1) 8,6.(—e) —— (73, 7,4] o o) | 


where the minus sign of V, comes from the expectation value of 7;-matrix : 
(us Tsu XU yu.) ee a, yu_) Cm Tots)» 


us are nucleon spinors belonging to positive and negative energy States. In the 


eigenstates with respect to the iso-spin, we define 


the time between creation and annihilation of 


* In addition, by the uncertainty principle, 
ore mesons are exchanged among nucleons and 


nucleon pairs will not be so long that two or m' 


antinucleons. 
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Vi(@) = [6.(o) —¢,.(—w) — 24,(w) —24,(—«) ]=eg (—2a, +, =); (5-3a) 


Vs(o) = £2 [6,(0) —$,(—«) +45(w) +8,(—0) =e9 (0,48, 2), (5- 3b) 
Similarly, for the iso-spin scalar part which has only J=4 state, we have 


Uw) =F [6,(0) 4-0) =e9 B=. (5-4) 


2 


Now let us calculate V,(w) and U,(w) up to the 4th order. We have for 
the electromagnetic interaction Hamiltonian 


Ham =— (Art) Pie | B(x) T* 7, h(a) Ay (x) de— (Az) Me | { Gs (a) Vb (2) 


— by (x) Von (x) ) A (x) — (72 (x) 6; (2) 
—n, (2) (2) Ad(a)} dnt 7°l (62(2) +62 @) A a) de (5-5) 


In this case, each t; in Fig. 2 is replaced by (1+73)/2 and the graphs in Fig. 3 

are added corresponding to the pion current. Near the threshold energy, the 

graph (i) in Fig. 3 is negligible and the graph (ii) should be omitted by the same 

reason stated for the graph (ix) in Fig. 2. Thus, the graph (iii) alone is con- 

sidered which contributes only to the iso-spin even part ¢, of the iso-spin vector. 
By putting q@~wo~l (q is the incident photon enery), 


ni di al = 39° 9 
#.(0) =— Fa no), 
1 Sf 8 
( = = ate ye ’ ° 
#0) = Srp Bh a) (5-6) 


d, (w) SS 6, (w) > 


‘ 
kd \ 
SK ray 
(i) (ii) (iii) 
Fig. 3 The dotted line denotes the photon and the wavy 


line the pion. The graph (i) is negligible and the graph (ii) 
should be excluded from V4“ (). 


with 
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Ji(o) =— : | | (2E'— M) kv, (R’) do! 
6 J E?(E’+M) (E!+0'—M)?(3E!+0!—M+oe) ” 
J2(w) =J3(w) = — : | (2E’— M) kv," (Rk!) de! 
6 J E?(E’+M) (2E! +0) (E’+0!—M) (3E/+o0!—M+e) : 
era Ree tie (2E!— M)k’*v,2(k!) du! | 
6 J E?(B’+ M) (2E’ +0)? (3E'+0'—M+o) 
Iulo) =Jo(o) =— | RG See Cae a 
6 E” (2E!—w) 8E’+o0'+M—o) (B’+0/+M) 
Tig7e sl (E’+ M) (2E'+M)k'v, (k’) do! 
6 B?(E’+0!+M)?BE' +o! +M—a) ” 
ea On MVE oder 
, 6) B?(2E’—w)?(3E' +o! +M—a) * 
t 3 ) 2 
Tite 1 | kB vu, (k') du! ; (5-7) 
2) Ea! (E’+o'+M) (2E’—e@) (E! +0! + M—o) : 


In performing the angular integral in (5-7), we have disregarded the angular de- 
pendence in the denominators. From Eqs. (5-6) and (5-7) we have 


ee oy 
$.(0) = 47 (2.06 + 0.065 : 4 


(5-8) 


b;() = ee 


(0.621 0.1252) 
2M p- 


As seen from Eq. (5-8) the strong damping does not occur, in the case of the 
y-% production contrary to the case of the s-wave scattering. 

Next we shall obtain the production ratio for the charge states at the threshold 
energy. ‘Transition amplitudes are denoted by their final states, and are given by 


Pee) =V2 (T,— T,—3T;), 


Te pyaVe (Ts T1487), 
6-9) 
T (mp) = OTs+ T,+3T,); 


T (an) == OT + TERT Ie 


where TJ, and T; stand for the transition amplitudes for the I=} and § states of 
ector part and 7, for that of the iso-spin scalar part. As the very 


the iso-spin v 
low energy pions are produced in the final states, the final state interactions may 


be negligible. Therefore, we have 
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) 


T (np) =V2e9 (2.+8.2-) ; 


T (nt n)=V/2e9 (a.—8. 


w 
L 


(5-10) 
Tp) =e9 (8.48), 
T (x°n) =e9 (B.—Bs) “i 
The charge ratio of productions at w=/ is given by 
o(2” p) /o(a* n) =2.27. (5-11) 


The experimental value is 1.87+0.13 In calculating Eq. (5-7), if the smaller 
cut-off parameters are chosen (e. g. 54 and 7p for the p- and s-waves), the value 
near 2 may be obtained. This ratio increases with the photon energy. It will be 
interesting to point out that in this approximation o(7°p) <o(z°n) near the threshold. 
Though its experimental test is difficult, this result will be useful to check our ap- 
proximation. Furthermore, it should be noticed that the cross section of 2° pro- 
duction rises with w?(w’—y’)'” in spite of the s-wave property of emitted pions, 
because the z° production amplitude is proportional to w as seen from Egs. (5-10). 

‘KR proved that the vertex function of the electromagnetic interaction cancels 
exactly the damping factor coming from the modified propagator in Eq. (3-1) at 
the low energy limit. Then the effective coupling constant for the ps-coupling, in 
the case of the 7-2 productions, becomes 


Irn = G9. (1 +97/42). (5-12) 


The coupling constant g’=14 is obtained from Eq. (5-12) and the experimental 
value of o(z*n), and is consistent with the result of Eq. (3-4). 


§ 6. Kaon-nucleon and pion-hyperon scatterings 


In the first place, the K-N scattering will be discussed. Experimental data™ 
show that up to 200 Mev for the kaon kinetic energy the s-wave amplitude is pre- 
dominant and the scattering potential for the J=1 state is repulsive, its amplitude 
being larger than that for the 7=0 state. The (YNK) interaction, therefore, is 
likely to be the ps-coupling. The interaction Hamiltonian is, provided that the 
parities of A and + are same, 


H=(4n)""ign | G(2)1a)p (2) x(a) de 


“H (47)"" igs | Did (2) 1st: Pue(L)bx(x) dx+h.c. 235 
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The modified Born terms can be written as 
Vw) =¢9,(w) +7r™ -7 ©, (w). (6-2) 


The other graph obtained from crossing theorem does not exist in this case. By 
dividing into the eigenstates for J=0 and 1, we have 


Vo (w) = hi Qs; (w) en 3¢, (w) ’ 
Vi (w) =¢,(w) +¢,(w). 


When V(w) is calculated, the correction by kaons can be safely disregarded because 


of the smaller coupling constants gg~gg~1. If we neglect the mass difference 
between A and 3’, we have 


(6-3) 


Jn” 392 Bh 
Ds (w) — - = ate Se. HR : 
ss My+My—o wt n=l (w) 
(6-4) 
¢,(w) =— 9s Int 2g sn I, (a) 
My+My—o 3 =o 2 


where w is the incident kaon energy and J,/(w)’s are the integrals similar to Eqs. 
(4-3). Because of the large kaon mass, we avoid the series expansion in w/ M. 
At w=™Mx 


Vo (mx) =0.30 (9. — 392) +0.24 (Ya +92), 


(6-5) 
Vi (mx) = —0.30(9.° +98) +0.08 (9.7 +593) - 


The first terms represent the contributions from the 2nd order, and the second 
terms those from the 4th order. Also in this case the pion corrections for baryon 
pairs do not alter the magnitude of the Born terms very much, therefore, the s-wave 
amplitude is predominant in the low energy K-N scattering. As it is not obvious 
whether the scattering potential of the =O state is repulsive or attractive, the 
relation between J, and gy is not determined from Eq. (6-5). However, from the 
experimental fact that the /=1 state dominates over the /=0 state, though the 
former state is diminished by re-scatterings, we may conclude that 


Gn ~wl1.2g93. (6-6) 


Lastly, we are interested in the 7-Y scattering in comparison with the 2-N 
scattering. If the global symmetry” exists with respect to observable masses of 
A and 3’ and physical interactions with pions, the s-wave amplitude of the 7-Y 
scattering may be small as the x-N scattering. It is, however, unlikely that the 
global symmetry holds for the observable quantities (even if their mass difference 
may be disregarded, two coupling constants with pions will not be same). Then 
it is anticipated that the s-wave amplitude will be appreciably large in the case of 
the low energy 7-Y scattering, since the extreme damping by the cancellation will 


not occur. 


394 R. Sugano 


This prediction will be tested by analysing the behaviour of the final state pion 
which is produced with the K absorption by the nucleon. The pion energies in 
this case are 100~180 MeV. From our point of view, the s-wave amplitude will 
be large even in this energy region and if otherwise, the p-wave amplitude will be 


predominant there. 


§ 7. Summary and discussions 


We summarize here the results of the preceding sections: 

(1) For the modified Born terms we have a,=/,=—0.017/g’. As the effect 
of re-scatterings, Reg,=0.4 and Reg,;=1.25 are obtained semi-phenomenologically 
from the phase shifts with use of the effective range approximation. The effect of 
rescatterings is not important. 

(2) The effective ps-coupling constant is Y;=16 in the lowest order corrections 
and the coupling constant g’~15 is obtained both cases of the z-N scattering and 
the 7-7 production. 

(3) Of the s-wave amplitudes of the 2-N scattering, the iso-spin odd part is 
damped by the cancellation of the matrix element of the crossed graph with that 
of the uncrossed graph. The iso-spin even part is damped by the cancellation of 
the 2nd order with the 4th order of the modified Born terms. In other phenomena, 
e. g., the 7-7 production, the K-N and the z-Y scattering, those cancellations do 
not occur. 

(4) The magnitude of the experimental cross section is obtained with g?=15, 
but the signs of the phase shifts are both negative. The cut-off parameters should 
be chosen at 54 and 7 for the p-wave and the s-wave pions by considering both 
the s-wave scattering and the 7:7 production. 

(5) As for the production ratio of the charge states, we have o (zp) /o(z*n) 
=2.27 and o(mp) <o(7n). 

(6) In the low energy K-N and 7z-Y scatterings for the ps-coupling, the 
s-wave amplitudes are predominant contrary to the case of z-N scatterings. From 
K-N scatterings we get g2~1.2¢%. 

The above results have been derived in the approximation retaining up to the 
Ath order terms in the coupling constant. The 6th order and the 8th order terms 
have the opposite signs and, therefore, will not give large contributions. However, 
as we discuss very small quantities remaining after the cancellation of main terms 
ni the z-N scattering, the higher order terms cannot be completely disregarded. 
Moreover, these higher terms contain the effect of 7-7 scattering through the nucleon 
loops. We have no precise knowledge at present as to the these effects. The split 
of the phase shifts 0; and 0; will occur by correctly taking into account those higher 
order effects. (The cut-off parameters may be different from the values chosen in 
(4) in order to make the 6th and 8th order effect small and it may be difficult to 
retain the consistency with the 7-7 production.) 


=I) + 
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Our approximation will be good as the first approximation in the case of the 
threshold 7-z production and the low energy K-N scattering; therefore it may be 
useful to analyse these phenomena more precisely in order to check our approxi- 
mation. In addition, it will be interesting to know whether the s-wave amplitude 
of the z-Y scattering is large. 

The author would like to express his sincere thanks to Dr. Y. Nogami, Dr. 
A. Komatsuzawa and Dr. M. Iida for their helpful discussions. His thanks are also 


due to Prof. H. Yukawa, Prof. T. Inoue and Prof. Y. Munakata for their valuable 
discussions. 
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Using a cut-off version of the Hamiltonian of d’Espagnat and Prentki for the strong 
interactions and assuming the baryons form a mass degenerate system in the absence of 
interaction, it is shown that the observed baryon mass spectrum is consistent with values of 
the coupling constants suggested by the dynamical processes, such as z meson-nucleon and 
K+ meson-nucleon scattering. The z meson-baryon interaction has been taken to be of the 
(o-7) type and that of the K meson-baryon interaction to be of the 7, type, and the 
Rayleigh-Ritz method using a simple one-meson trial wave function is used to calculate the 
masses. 


§ 1. Introduction 


The calculation of the self energies of elementary particles, arising through 
their mutual interaction, has generally been regarded as a hazardous and 
unrewarding pursuit, as high order terms in any perturbation scheme might be ex- 
pected to be of importance. Recently, however, there have been indications that 
self energies calculated from low order perturbation theory may give, in certain 
cases, reasonable and meaningful results. For example, Gell-Mann” has shown that 
if the baryons form a mass degenerate system in the absence of strong interactions, 
then for a scheme of global symmetry in which all the baryon-meson coupling 
constants are identical, the relation 4(M,+3My) =4(My+ Mz), between the mas- 
ses of the baryons, is found in lowest order perturbation theory. This relation is 
in fact satisfied to within 0.3 7 meson mass units*, by the observed masses. In 
another connection Salam and Tiomno” have examined an interesting empirical 
_ relation between the mass of the proton and that of the electron and the z-nucleon 
and electric coupling constants. They show that it may be possible to understand 
this relation by using perturbation theory to calculate the proton and electron mas- 
ses, assuming a common bare mass for both particles. 

The masses of the baryons in the global symmetry scheme of Gell-Mann 
have formed the subject of studies by Kleitman®- and Katsumori®. Kleitman in- 
vestigated a certain class of Lagrangians due to Schwinger”, for which the baryons 
are mass degenerate in absence of interaction and for which the z-meson inter- 


* The mass of the z meson is used as the unit of mass throughout. 
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actions preserve the symmetry among the baryons-—the mass splitting thus being 
attributed to the presence of the K meson field. Using fourth order perturbation 
theory with a suitable cut-off he found that no agreement with the observed masses 
could be obtained, if the K-baryon interaction was scalar, but that for a 7; inter- 
action agreement could be found if g%/g2~1. This coupling constant relation ap- 
plies to the unrenormalised coupling constants, and he suggested that renormalis- 
ation might account for the observed large difference in magnitude between the 7 
and K meson coupling constants. The second order perturbation calculations of 
Katsumori® and later of Katsumori and Shimoura® have shown that in the global 
symmetry scheme agreement may still be obtained with the observed masses for a 
coupling scheme in which the relative parity of the nucleon and = hyperon is odd. 
In this case, in contrast to that investigated by Kleitman, the required A-baryon 
coupling constant (assumed to be of the same value gx for all the baryons) turns 
out to be of a reasonable value gy~1, in harmony with the requirement of K* —N 
scattering. 

The fact that mass differences of the correct order may be obtained in low 
order perturbation theory applied to conventional Hamiltonians, with a common 
cut-off for all interactions, and using coupling constants of the correct order to 
explain scattering processes, is too striking to be dismissed as a coincidence, and 
gives confidence in future investigations. In this paper, initially no assumptions as 
to the equality of any of the coupling constants are made, but the limitations placed 
on these constants by the requirement that, within a certain calculation scheme, 
the observed masses must be obtained, is investigated. The usual charge inde- 
pendent Hamiltonian of d’Espagnat and Prentki’ is used, all the baryons being 
assumed to have the same relative parity, and a common momentum cut-off K,, is 
applied. The Rayleigh-Ritz method is used to find the baryon masses, using a 
trial function of the one meson or one meson-one pair variety. A 7 meson-baryon 
interaction of the («-Yy) type is taken (it being considered that the S wave 7 
meson nucleon scattering provides evidence for the effective supression of pairs in 
the = meson interactons), and the K-meson baryon interaction is of the 7; type, 


recoil is included.* 


§ 2. The mass equations 


Denoting the state vectors of the bare particle states by |N>,|Nz>,|N2NK>, 
etc., with amplitudes C(k)-:-, the one meson trial functions for the real baryons 


are 


he =Z5*| |N> +ak{Cr(h) \Nz> +C¥(k)|2K> 


* A short account of the results for a scalar K meson baryon interaction has already 
been published®). 
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4+C¥(k)| AK > +C¥(k) | NENK > +Ci’(k) | NANK> | 
|A> =250"| \A ~ +|dk {CA(k)|22> +CA(k)|NK> +C}(k)|SK> 
+CA(k) |ANAK > +C# (k) | AE AK > 7 
irs =23" | Sie a [ak (CP) |S > +CB(k)|At> 


+C2(k)|NK>+C2(k)|EK> +C2(k)|2NIK> +CF(k)|FE3 ‘R>y| 


cs 


> Zat"| |= > + |dke(C¥ (k) [nz > +CF(k) | AK > 


+C#(k) |SK>+C8(k)| Z2AK> +CF(k)| S22K> >} (1) 


jak symbolizes integration and summation over all variables and Z x" is a normali- 


sation factor determined so that (N|N)=1, Z,, Zy, Ze being defined similarly. 
The amplitudes C; are found by inserting the expressions” into I, where 
I=(B|H—€|B), 


HT being the Hamiltonian of d’Espagnat and Prentki” and € is the eigenvalue, 
(the mass of the baryon B), and requiring that 0J=0 for independent variations 
of the C,;. Using the amplitudes thus determined and denoting z meson coupling 
constants by f (o-¥Y interaction) and K meson coupling constants by gy (7; inter- 
action), it is found that* 


€=M +4 F,(&) +h Fe (&), = 1, 2, 3, 4 (2) 


where MM, is the common bare mass of the baryons and 6, /, / are given by 


i &% Ai fi 


il My 3h? vx 3P yet Pya 

2 My Oia Nee 2(gvatg?za) 

3 My OF St An 2(fyut+ 92s) ) 
4 Ms 3f? 2x 3Pant+ Pan 


* The vacuum subtraction has been performed by standard means. 10 
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The F,(€;) and F,x(&;) are the contributions to the masses from the z and K 
interactions, respectively. 


gay wi Ne Sain i 

FeO seal, Unies) En py BOTY AFF), B= (ME FB) 

mises ffs EA iced euaratiol tiles ue (4) 
27J0 WEL(E—W—E) (€—-W-—E—2M,) 


W/ (2) =) UFR) 
where 4 is the K meson mass. 


To connect the unrenormalised coupling constants /;, 9; with the renormalised 
constants f;, g:, the Watson-Lepore ‘definition is employed, so that for example 


= —1t,., <N@IH'**@IN(-4)) 
‘ (N (0) |H'x* (2) |N(—) > age y 6) 
Jva=Ltzso LUCE SO Eee) Inn (b) 


(N(0) | H’K* (k) |A(—) ) 


and so on.* In calculating (5), the expressions (1) are used together with the 
variationally determined C; so that the coupling constants 9;,f; are consistent with 
the mass equations (2). 


§ 3. Determination of coupling constants 


Using the observed masses of the baryons, My=6.75 M,=8.02, My=8.58 
and M-=9.50, with b=3.55, in equations (2), (3) and (4) four relations are 
obtained between eight unrenormalised coupling constants fi, J: An additional 
equation is provided by 5(a) using the known value of fxs f3,=0.08, so that for 
given M, and K,,, three more relations are needed before the unrenormalised (and 
hence the remaining renormalised) coupling constants can be found. These further 
relations were obtained by the introduction of parameters 2, ¥, 2, such. that 


Gyva—29nx, YJra—VIzx FT hn = 2 cas (6) 


The parameters x, y, 2 may be given any value, but if it is now required that 
solutions of the equation system (2), (Sa) and (6) must be real (which is neces- 
sary for H to be Hermitian), the values that 2, y, z and M, may take turn out 
to be severely restricted. These acceptable real solutions may then be used to 
calculate the renormalised gya, Jyx; which are known, within limits, from studies of 


K*—W scattering. 
Following this calculation scheme, numerical solutions were obtained for two 


* The relations depend on the relative signs of the coupling constants in this work they 


are all taken to be positive. 
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values of K, (6.6 and 7.8). and for a range of M,, 9(1)20 and for ranges of 
the parameters 2, y, z. From each acceptable solution in addition to Ywa, xz the 
values of fax, toe were computed. Table I illustrates a typical result for ci Rae 
at M,=12 and x=y=)/3 and a range of zx. (This choice of x leads to a small 
amount of scattering in the 7’=O0 state for K*—WN collisions” in harmony with 
observation. y=. is suggested by symmetry considerations), Table II illustrates 
corresponding results at K,,=6.6 for M,=11. 

Having obtained sets of results in this way specific interaction schemes, sug- 
gested by symmetry or other considerations, may be examined. A solution cannot 
be found for the case 2=y=1, thus ruling out complete symmetry between the 
K-baryon coupling constants. On the other hand, it is possible (unlike the scalar 
case®) to find a solution for the global symmetry scheme (71/3, y=0.5, z=1) 
and fz, =fixn fen =fen=0.13. The predicted values of fx, and fz, are 0.065 
and 0.066, not perhaps too small to be in disagreement with hyperfragment data ; 
but the computed 9xy, 92, of 1.28 and 0.43 are rather small, the calculations of 
Ceolin and Taffara® for scattering suggesting that Jxy==4, Jyy=1.3. This work 


on scattering employed a similar cut-off Hamiltonian and a similar Tamm-Dancoff 
wave-function, so that the coupling constants obtained in both cases should be 
consistent. 

Among the schemes investigated, one is particularly satisfying. If r=y=,/3 
and K,,=7.8, a solution is found that gives agreement with K* = N scattering 
Ixy =3.8, J2y=1.1 and shows symmetry between the N K and = K constants. 


Iua—Jea—IJa 
Ixnx—Jes—Ix 
2E Motes 
In=V3 Is 


In addition the predicted values of f,,, fsx are fin= f2.=0.08 ; fix=} pe 
values consistent with / binding energies and the non-existence of bound +’ systems. 
It should perhaps be noted that the requirement 92,=4 and x= 1/3 determines 
the system completely if MJ, K,,, y are specified, but in practice real solutions are 
not found for this case unless y is close to ,/3. Although in theory MM, is not 
completely determined, it is found that in practice a solution with g2y—4 and 
L=y=//3 can only be obtained for one value of M, (for a given US 

The results are insensitive to the value of K,,, in the sense that at pM SSS 
the same coupling constants may ke obtained as at K,,—7. 8, but at a smaller 
value of M). Cees of the results show that they depend roughly on the 


single parameter (= =) Pater than on the two parameters K,,, My. This depend- 


ence is exact in Pennant theory”. 


§ 4. Conclusion 


Taken in conjunction with the previous work using perturbation theory,®””® the 


ae 
+ 
’ 
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present work provides strong evidence that the d’Espagnat and Prentki strong 
interaction Hamiltonian, with coupling constants of a magnitude consistent with 
the dynamical processes, is capable of describing the mass splitting of the baryon 
system, and that perturbation or simple variational methods are adequate calcul- 
ational tools, in the present stage when coupling constants are imperfectly known. 
At the moment only the renormalised z meson-nucleon constant can be taken as 
reasonably well knoyn, so that this leaves seven further renormalised constants, 
together with (M/,/K,,) to be limited or determined from equations (2) and (5). 
However, the equations turn out to be so stringent in their limitations that 
knowing only two more renormalised constants (for example, Jay, Ju), It seems 
likely that all the other constants can be predicted, including, of course, the 
relatively inaccessible = couplings. 


Table I. Unrenormalised and renormalised coupling constants for K,,=7.8, M,=12, z=y=V/3. 
The first two columns represent unphysical solutions 


z 1.0 1.5 2.0 2.4 2.8 3.2 5.0 
| 
fairs 21 ig? 18 | a7 Hy, 16 15 
eae 04 09 | 15 22 28 35 70 
Paes 04 | 04 | 04 04 04 03 03 
beh aise L ae al 04 10 16 8 55 
Wy 5 tI 236 | 206 18.4 17.1 16.1 15.2 12.7 
ene Re 2) ae at Ws 5.7 5.7 5.1 4.2 
ma —26.7 =13.6 1.8 15.7 30.6 46.3 119.1 
Pen | —89 —46 6 5.2 10.2 155 39.7 
Pian | 2 Be | 06 07 08 19 13 
P a = 03 03 04 05 12 
ap ax 
Pan 4 = 3.9 3.8 3.8 3.9 4.4 
are aS os pet el Ll 1.0 1.0 Ll 


Table Il. Unrenormalised and renormalised coupling constants for Ke = 6.6, i, =I ey — ye 
The first column represents an unphysical solution. 


z ie 2.0 2.8 3.0 
an 16 16 16 16 
Of Ree .09 16 .29 32 
fsx .04 .04 .04 .04 
PPsn .017 .007 18 21 
gyn 8.9 8.3 Wey, 7.6 
Z2yx 3.0 2.8 | 2.6 2 
gan =A eth 30.2 36.2 
as —1A4 2.6 10.0 Tort 

as 10 
Wen = .07 .09 is 
fra = .03 04 iy 
PNA = 2.6 2.4 : 
Py= at 8 Lh ‘ 
a ean ee 
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In the framework of quantum field theory, it is attempted to investigate whether the hydro- 
dynamical description is applicable to the meson cloud produced in extremely high energy 
collision of nucleons as considered in Landau’s theory of the multiple production of particles. 
The applicability conditions of the hydrodynamical model consist of local equilibrium and 
conditions for the possibilities of defining the local system in the meson cloud, which are 
prepared by the methods based on quantum statistical mechanics of irreversible processes. 
These conditions are examined by comparison of the correlation lengths and the relaxation 
times of the meson fluid with a characteristic length and time, in which the thermodynamical 
parameters, the temperature for example, of the fluid decrease or increase by an appreciable 
amount on a macroscopic scale. From such examinations, it may be concluded that the 
hydrodynamical model holds almost everywhere except in the front part of the cloud after 
the whole cloud spreads over a region whose size is the order of the correlation length. It 
is, however, emphasized that the interactions in the initial cloud directly after collision and 
in the front part of the expanding cloud can never be described by any statistical law or 
hydrodynamics. The fact that the front particles are never in any thermal equilibrium 
suggests that they remember some features of initial high energy interactions in the very 
small cloud. In other words, it is inferred that the distributions (for example, K/z ratio and 
the momentum or angular distribution) of the front particles may inform us about the 
interactions at very small distances. On the other hand the influences of initial interactions 
on the remaining cloud are only taken into account through the initial boundary conditions 
for the hydrodynamical equation. In addition to the above discussions, it is pointed out that 
the assumption of the perfect fluid used by Landau is not so good; it turns out that one 
can expect an increment of the number of particles through the final interactions. Finally 
it is discussed whether these characteristics may be consistent with the recent experiments. 


Sal. Introduction 


The statistical laws in thermal equilibrium or the hydrodynamical equations are 
often used in theories of the multiple production of particles in nucleon-nucleon ‘col- 
lisions. Such theories are to be grounded in the statistical mechanics of irreversible 
processes as presented in the previous paper”. Following its prescriptions, it should 
be confirmed that interactions in the system relax most disturbances and revive 
thermal equilibrium in a reasonably short time. Furthermore, in the hydrodyna- 


404 C. Iso, K. Mori and M. Namtki 


mical model, one must define a small cell which may be regarded as a point in 
the continuous meson fluid in question. In every such cell, it must be shown that 
good relaxation phenomena occur, in other words, local equilibrium holds. 

A few years ago Blokhintsev” pointed out by discussions using the uncertainty 
principle that the momentum density could not be defined, in a small cell, com- 
patible with the hydrodynamical description of the meson cloud. We however, 
think that such a small cell is not an isolated system as treated in Blokhintsev’s 
criticism, but must be considered to have furious interactions with the surrounding 
cloud of high density and high temperature. Following statistical mechanics, it is 
natural that one should determine the smallest size of the above-mentioned cells by 
the longest of the various correlation lengths in the presence of interactions with 
the surrounding cells and self-interactions. Otherwise, the physical quantities in a 
cell change with some correlation to surrounding cells, so that an individual cell 
can not be considered as a local system in the fluid. If the correlation lengths are 
much smaller than the linear dimensions of the cloud, it becomes possible to define 
many local systems in the cloud and, consequently, to use the notion of the mass 
flow or the local velocity formulated in I. Local equilibrium can be expected for 
systems with sufficiently short relaxation times. Strictly speaking, the correlation 
length and the relaxation times should be compared with the characteristic length 
and time, in which the thermodynamical parameters, the temperature for example, 
of the meson fluid vary by an appreciable amount on a macroscopic scale. Moreover, 
in order to examine the assumption of the perfect fluid used by Landau, we must 
show the smallness of the transport coefficients, for example, the heat conductivity, 
the coefficients of shear and bulk viscosities, of the meson fluid. This can be per- 
formed by estimating quantities like the Reynolds number. As will be seen later, 
the transport coefficients can also be used as a measure of fluctuations of the trans- 
ported quantities associated with them. 

To summarize the above arguments, we must examine the following three 
applicability conditions of Landau’s model: (i) the correlation lengths of the cloud 
must be much smaller than the linear dimensions of the system and the characteristic 
length for a macroscopic change of the temperature, (ii) the relaxation time of the 
clould must be much shorter than the characteristic time for a macroscopic change 
of the temperature, and (iii) the transport coefficients must be small. Furthermore 
Landau has assumed 3p=€ for the equation of state of the meson fluid. Then 
the applicability conditions of Landau’s model should be supplemented by examining 
such an equation of state. It is the purpose of the present paper to perform 
these examinations. 

‘In Appendix A it is shown that the correlation lengths are as small as (1 Gods) 
in the meson fluid with temperature T.* Since T decreases from a high initial 
value to a low final one, this guarantees in part the validity of defining a small 


* The units #=c=k (Boltzmann constant) =1 are used through the present note. 


+o oak We Le 


Applicability Conditions of the Hydrodynamical Model 405 


cell in the meson fluid after the size of the system has exceeded the correlation 
lengths. The exceptional case occurs in the earlier stage of expansion where the 
Lorentz contraction brings about too flat an initial shape of the cloud, whose 
thickness (~(1/T?)) is smaller than the correlation length (~(1/T)). This can 
be easily seen without detailed calculations. Most of the remaining discussions in 
this note will be devoted to estimations of the relaxation times and transport 
coefficients and to examination of the conditions mentioned above. 

In § 2, by replacing the Heisenberg equation of the meson field with a Langevin- 
like equation, we formulate the semi-phenomenological interaction Hamiltonian re- 
presenting the furious interactions in the meson cloud. The fluctuation-dissipation 
theorem is used to characterize the interaction Hamiltonian. In § 3, the temperature 
dependences of the various transport coefficients, and the relaxation times associated 
with them, are determined. In § 4 we discuss whether the temperature dependences 
of the relaxation times and examination of other conditions permit us to use a 
hydrodynamical description of the meson cloud consistent with the space-time varia- 
tions in temperature obtained from Landau’s model. In § 5, discussions are 
presented of the information to be obtained from extremely high energy phenomena 
and the consistency of the results in this paper with some recent experiments. 
Appendix A is concerned with the estimation of the correlation length and the 
validity of defining the mass flow or the local velocity. In Appendix B, the method 
of the Green’s function of one meson in a medium is presented. In Appendix C 
the detailed calculation of the relaxation times and the transport coefficients is 


explained. 


§2. Fluctuation-dissipation theorem and interaction Hamiltonian 


We now consider an appropriate interaction Hamiltonian to represent furious 
interactions in a meson cloud of high density and high temperature. In the per- 
turbation theory with an elementary interaction (such as /¢‘, for example), the 
calculations to the lowest order are only justified for a dilute meson gas. Con- 
sequently, it is of convenience for practical calculations to derive a semi-phenomeno- 
logical Hamiltonian from the exact one, for the purpose of treating furious inter- 
actions in a compact form. We shall make use of the fluctuation-dissipation theorem 
on the analogy to the theory of the Brownian motion. 

The interacting meson field* é obeys the operator equation 


(Cl—m’)¢=F (2-1) 
in the Heisenberg representation, 772 being the meson mass. Here F consists of 
the absorption and creation operators of one and more mesons, nucleon pairs and 


other particles. From ‘analogous discussions of the vacuum field theory, it may be 
expected that the operator é or F can be divided into two parts, one representing 


* For simplicity we deal exclusively with the neutral field. 
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asymptotically one clothed meson in the medium of the meson cloud and the other 
corresponding to the remaining part. We may denote the one clothed meson part by 
//-é and the remaining part by f, respectively, where // is a c-number operator. 
Naturally, in the asymptotic sense the operator f is only associated with two and 
more mesons and other particles, and the difference of the numbers of creation 
operators and annihilation operators is more than 1. The field equation (241); is 


rewritten as 


(O—m?— /1) ¢=f. (2-2) 


The c-number operator // can be connected with the Green function, for one clothed 
meson in the medium of the meson cloud, defined by 


GOs ex’, £9 =CT OL OCG) > 
=T,.{eT d€x, £) d(x’, t’))}, (2-3) 


where / is the density matrix of the system and T stands for Wick’s chronological 
operator. From (2-2 and (2-3), we easily find that the Green function G 
satisfies the equation 


(Q—m’?— //)G=1, (2-4) 


because of T,.{¢T(df)}=0. Here the symbol 1 means the delta function 0(x—x’) 
x 0(t—t'). The c-number function G or // is to be calculated from the exact Hamil- 
tonian including the elementary interactions. The real part of // is nothing but 
the effective increment of meson mass, while its imaginary part implies the dis- 
sipation of one clothed meson in probability. 

Since the effects of f in the exact equation are expected to become random on 
a rough time scale, neglecting the interval of order (the correlation length/the light 
velocity) because it contains furious changes in the meson cloud of high density and 
high temperature, one may replace the definite operator f by a fluctuating external 
source (or sink) function f which represents the random interaction between the 
cloud and the large surrounding heat bath or the cloud itself. The equation (2-2) 
with such a random f is considered to be analogous to the Langevin equation in 
the theory of Brownian motion. That is to say, such a Langevin-like equation should 
be regarded as an asymptotic one valid only when one disregards the fine interactions 
during each time interval whose width is the correlation time (S)/1), ¢o being the 
correlation length and 1 the light velocity. The fluctuating source / has a statistical 
character given by the fluctuation-dissipation theorem. The equation of form (2-2) 
with the external source f can be derived from the interaction Hamiltonian 


=|, d(a)d*x (2-5) 


in the Schrédinger representation. This takes the place of the Hamiltonian repre- 
senting the fluctuating interactions between the local system and the surrounding 
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fluid, or the fluctuating self-interactions. Thus the power (or the dissipation of 
energy per unit time) due to the action of f becomes 


| (Fx, 1) 70S. Te (2-6) 


This fact permits us to regard 0¢/dt and ( as the thermodynamical flow and deriving 
force, respectively. Hence the ratio of the Fourier transform of f to that of 06/dt 
can be treated as the “impedance” of the system, so that the fluctuation-dissipation 
theorem® can be described as follows ; 


(F(k, w) F*(k’, w’)) =coth wt (nbd ped Oe VOC) wale 


where // is the Fourier transform of /7 and Fi (ky@), that, of if (%,-2)5 


Cr = 1 (( —tkea + tot 3 

pies w) Baceral € f(x, t) d x dt. 
This theorem holds as far as f can be regarded as a random function, i.e., the 
oscillations in the interval ¢<, can be disregarded. Hence the theorem (2-7) must 
be used in the frequency range |w|< (1/*o). In other words, the right-hand side of 
(2-7) must be multiplied by a cut-off factor for the range |w|>(1/.). Since 
&~(1/T) as seen in Appendix A, the frequency range of (2-7) becomes the 
interval from (—T) to (+T), so that we can always approximate the factor 
coth(|w|/2T) by (2T/|w|). Thus one gets 
sls 


2 ] 0(k—k’)0(w—o’), (2-8) 


Cf (k, w) f* (k',0')) = 7 
wo 
in which we have put ¢=Im TI;,.. On the other hand, we are only concerned 
with free mesons in the range |w|<m, so that ¢~0 for jw|<m. 

In the present formalism based on (2-7) or (2-8), the parameter ¢ is only a 
phenomenological one unless we calculate it by means of the Green function within 
the framework of the exact Hamiltonian. Of course, we know the way to obtain 
the parameter ¢ from the exact Hamiltonian. Although it is very difficult to cal- 
culate ¢ exactly, it may be of some significance to obtain ¢ from the exact Hamil- 
tonian by conventional perturbation. theory. ‘Thus we get the rough formula (see 
Appendix B) 

C= On 97 T* (ps-coupling) 
; (2-9) 
=~ (g,/m)?T* (pv-coupling) 


to the lowest order of the coupling constant (g,0r J,) for the meson-nucleon system. 
Here we have used the approximation Tsm and M, M being the nucleon mass. At 
first sight one may distinguish the types of elementary interaction by the 7-depen- 
dence of ¢ or the autocorrelation function (ff*). Nevertheless, such a difference 
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might be washed out due to the damping effect that may multiply £ by a factor 
of the form [1+A(y,/m)?T?|* which brings the T-dependence of ¢ in the case of 
the pv-coupling to that in the case of the ps-coupling for high temperatures. 
Moreover, we may get the real part of // of order T’, so that the meson wave 
would propagate with effective mass ~ 7’. 

It is true that the theory is relatively simple if one calculates the various 
quantities by making use of the interaction Hamiltonian (2-5), but it may be more 
convenient to formulate the theory by introducing an effective Hamiltonian in paral- 
lelism to the familiar form /¢' of elementary interaction. For this purpose we 
replace f in (2-5) by 2¢¢*)6%, where (#°)~4zT?(T>m) is a density-like quantity 
of the meson fluid and 7 represents the fluctuating potential. If we normalize the 
autocorrelation function of % as follows; 


(Lk, w)1* (k’, wo!) )=0(k—k’) 0 (w—’), (2-10) 
then the dimensionless quantity (47°) becomes 
UT)? CT -1/32R", (2-11)* 


(AT”’) is nothing but the (dimensionless) effective coupling constant of interactions 
between the meson field and the heat bath (i.e. the meson fluid as a medium). 
It is noted that (4T”) is a slowly varying function, as In (T'/m), of T, but (4T”) 
vanishes for T<<m. The interaction Hamiltonian has then the form 


=| AGP @)Ll, OaPx (2-12) 


in the Schrédinger representation. 


§ 3. Relaxation phenomena in the meson cloud 


We have shown in the first section that one can take a small cell, whose size 
is (1/T) at least, as a local system of the meson cloud in question. We now talk 
about the relaxation phenomena in a small cell in its rest coordinate system, in 
which one can use the non-covariant expression obtained in I for the various quan- 
tities. It is of practical convenience to calculate the various transport coefficients 
and the relaxation times associated with them in a large system (having the volume 
V) in which all thermodynamical parameters, i.e., temperature, pressure and so 
on, are everywhere just the same slowly varying functions with the same constant 
gradients as those in the local system at a given point. In what follows, it is 
assumed that 7'>m. 

The heat conductivity « is defined by Fourier’s law 


* We have replaced the factor (1/m) in the right-hand side of (2-8) by (/T) without an 
appreciable change of order, because such a factor appears in the integrals of form { do* e~w/T... 
o 


in the calculation of various quantities. 


= 
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1 
Dt ae (3-1) 


where q is the heat flow. In the previous paper I we have obtained the formula 


w= \K(x—x/)d*s’, (3-2) 
V 
where 
Ka fy, woes 1 f f / 
(x— x)= \ {n(', 0), nO 2) } ode. (3:3) 
ry 
Here the operator 7,(x, ¢) is a component of the momentum density operator 
gels) = 8 (w, YEE PM Ge (w, 2) (3-4) | 
21 —21 


and the symbol ¢{A, B}), stands for 
({A, B})>o=T,{4(AB+ BA) }—vacuum term, 


where is the density matrix in thermal equilibrium with temperature T. ‘Phe 
operator (1/,/ 2 )¢are the plus and minus frequency parts of ¢. As is easily 
shown, the function K is a function of the difference x—-’, so that the quantity 
« is independent of x. Hence we rewrite (3-2) as 


1 
VT 


os 


\1P:0), P:O} rode, (3-5) 
0 
where D is a component of the total momentum operator 


Dit) =| gu, 1) dx 
cs 
of the meson cloud. Since the integrand of (3-5) is the response function for an 
unit pulse, its damping time is nothing but the relaxation time for disturbing the 
temperature, i.e., the relaxation time associated with the heat conduction. 
Concerning the shear and bulk viscosities, we have the well-known phenomeno- 


logical equation 

tin= Ps Oixn— Mol Vita tP eui) —20n (9 -U) |— Ho Pin (VY) (3-6) 
among the stress ¢;,, the static pressure P,, and the deformation velocity* V jz, 
where 7) and 7) are ‘the coefficients of shear and bulk viscosities, respectively. 


The formulas for 7) and 7) are given by 


co 


iL 
t= gy) 72), I y(t) })odt, (3-7) 


* u, is the local velocity. 
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G@y— oF “Al A (0), Iu (t)} Yo dt, (3 -8) 


where the operator 


F ult) = | Tul.) dx (3-9) 
y 
is a component of the total stress tensor operator. Here 7; is connected with the 
meson field as follows ; 


Ti Got == 007 ald) 


Pile Vila grey, 4). (3-10) 
21 21 

We shall show details of the calculation of « exclusively and write only the 
results for 75) and 7). Following the perturbation theory, the integrand of (3-5) 
can be developed in the series 


ty ty-1 


(40:,(0), DOU R= > —o"| dt, dt: \ dtn 


Xie (Oy, [[--([P.(), 26: (t:)], Hy (tr) J,--], (a oye (3-11) 


where 36, (z) is the interaction Hamiltonian in the interaction representation. Taking 
the randomness of #6;(t) into account, the series (3-11) can be easily summed up 
and becomes the simple expression* 


(P10), PO = CPO) Poexr{—| de e-e)FW)}, (3-12) 
where 


ad) ({[D1(0), 261’) ], [261(0), D1 (0) }}0- + (8-18) 


1 

([P1(0) Po 
Strictly speaking, the exponent of (3-12) must be supplemented with the infinite 
series consisting of higher order terms with respect to the even powers of J). 
However, one may expect the effects of these terms to be some modification of the 
_ effective coupling constant like, for example, the damping effects. 

In terms of the Fourier transform 4(w) of F(t’), the time-integral in the 
exponent of (3-12) can be rewritten as 


re \ dw F (ew) 4 (a, t), (3-14) 
in which 
do, t) Rae: le’ —1+i0t] (3-15) 


(iw)? 
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F (w) {[D1(0), 26: (w)],[26,(0), Ds) }}yo. (8-16) 


Pipi I 
~ (D1) Po 


Here #6,;(w) is the Fourier transform of 36,(t’). Let us define a characteristic 
time o of the interaction by 


poy eae (LP1), 26,00) Po 

qt. 2 ir r ([P1(0) Fo 
Since the time o characterizes the initial behavior of (3:14), we can proceed to 
evaluation of the integral (3-14) in the following way. If o4w>1 for the spectral 


width Jw of #(w), then one gets the asymptotic formula J(w, t)~7t0(w) because 
the integral (3-14) contains a number of oscillations and, consequently, 


(3-17) 


e 


\ dock (a Ata. t) = Ge F (0)) : 
In this case the Lorentzian type of relaxation occurs in the relaxation time 
wa =il 
-=(,/4.F@) (3-18) 


Inversely, if s4w<1, then we have 


ess 2 
a dw F (w) 4d (wu, t) Ts F (0) een 
because J(w, t)~t?/2. Hence this is just the Gaussian type of relaxation, whose 
relaxation time is nothing but the characteristic time o of the interaction defined 
Beira 17) 

After some calculations (see Appendix C) one gets the formula for the 7- 
dependence of o and < as follows ; 


sis 718 1 
a PAUL DS) ele 
(3-19) 
_— 1 - . 1 = 
Eye aCe Bs ia 


where we have used the interaction Hamiltonian (2-12) and the fluctuation-dis- 
sipation theorem (2-10) and (2-11). The spectral width dw is of order (1/0) ~T 
as is expected from the spectral intensity of the autocorrelation function (see discus- 


sions given under (2-7)). Thus we have 
ED ie EEO one (3-20) 
Vv 10 
This is used as a criterion to judge whether the relaxation phenomena is Lorentzian 


or Gaussian, according as 7dw>1 or <1. Because of (7/,/ 10) ~1, this criterion 
depends critically on the numerical value of the effective coupling constant (4T”). 
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If (4T?) <1, that is, we are concerned with the case of weak coupling ; then the 
relaxation is Lorentzian and the relaxation time is naturally <. In this case there 


holds the relation 


Soy 


. 


If (AT?) 1 in the case of strong coupling, we have the Gaussian type of relaxation 
and the relaxation time « <&,._ In this case, however, the effective coupling constant 
iT? would be reduced to a value of order 1 due to the strong damping effect. 
This is very plausible. In fact, if o were much smaller than ¢,, the different regions 
with a size of order o would attain thermal equilibrium independently of each other 
in local system. This is inconsistent with the notion of the correlation length. 
Thus we may as well consider « to be of order ¢, due to the strong damping effect 
on the effective coupling constant (4 7”): 

Although the calculations which lead to the formula (2-9) are very rough, 
one may estimate order of magnitude by using (2-9) with a value of g, or 4, 
consistent with one obtained from the low energy meson physics. Thus it is reason- 
able to put the T-dependence of the relaxation time 7) (7 or o) in the form 


/T, a being of order 1. (3-21) 


This value of t) means that the mechanism of relaxation depends critically on the 
numerical values of a (that is, (A4T?)~? or (4T”)~) and is perhaps intermediate 
between Lorentzian and Gaussian. At the end of § 2, we have remarked that -the 
effective coupling constant (47°) will tend to zero as JT approaches to m. Thus, 
the Lorentzian type of relaxation occurs for Tm, as expected in dilute meson 
gases. Futher it is noted that (4T”)” may depend on T as In(T/m). 

For the relaxation times associated with the shear viscosity, we have the 


formulas 
i 7 i : 
/ aR aT : es (Gaussian) , 
(3-22) 
eS Sieh: : = " (Lorentzian). 
The relaxation times associated with the bulk viscosity are given by the formulas 
ce 7 1 : 
ol yan GT) a (Gaussian) , 
: (3-23) 
aN~ = Py rig: (Lorentzian) . 
Ne SER a Lah 


As is easily understood, one may use (3-21) as the common formula for the re- 
laxation times in the above three cases. 

Now we can readily evaluate the time-integral in the formula for the heat 
conductivity « as follows; 
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Be OP (3-24) 
VT ; 7 
for either type (Gaussian or Lorentzian).* Here we have used the expression 


(POM = TV (A-17) 


(see Appendix C). Similarly we get the formulas 
ae 
DVL 


i. icnasus, waa 
ave L730) Foete= oes 


9 
Per: “Tis (0) ote a fas 
(3-25) 


OEE 


Gw) =e 


for the coefficients of shear and bulk viscosities, respectively. These expressions 
for the transport coefficients show that their values can also be used as a measure 
of magnitude of fluctuations of the related quantities. 


§ 4. Discussions on applicability conditions of Landau’s model 


Now we examine the applicability conditions of Landau’s model presented in § 1. 
They are to be satisfied by the temperature of the meson cloud in question. Here 
we first formulate these conditions in the form of inequalities among the several 
quantities, such as the linear dimensions d of the system, the characteristic length 
a and time ¢ for the macroscopic changes of T’, the Reynolds number R, the 
correlation length £, the relaxation time <) and so on. We shall use the so-— 
lutions” obtained by Landau and others as the functions representing the dependences 
of Ton space and time. It is noted that such solutions contain a single space 
variable and a time variable. 

The characteristic length x) and time 7% are defined by the relations 


ie AE ee a is (4-1a) 
Be bh 
1 if! 

Serer INT A (4-1b) 
cme 


respectively. Here we have used the abbreviations 


B= Op, U, Le D= Una 


where U,,= (u/V 1=2’, i/V 1—1).and V p= (7, Lie) ate the local four velocity - 
and the four vector of differentiation, respectively, u being the local velocity.: Because 
of the projection character of 4,, onto the space-like direction, J,,’, means the — 


ao foo} 
* Note that \ e-t/todt=t) and \ e~ nt? /4t0°dt=t, 
0 0 
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differential operator with respect to the space variable x’ in the local rest system, 
while D is the invariant differential operator with respect to the time variable ¢’ in 
the local rest system. Thus we can rewrite (4-la) and (4-1b) as follows ; 


1 1 1 pe ar] ‘ 

ee S| —=- a = ; (4-1la’) 
Aaa Pao ome igh of ne Mo A Ot 

Teas I 1 i st, ; 
ae ae a pst 4-1b 

io lye Cah ope Oe! Sst 


in terms of the coordinate variables x and ¢ in the center-of-mass system. 

To examine the assumption of the perfect fluid, we must obtain the Reynolds 
number R for viscosity and the number K for heat conduction analogous to R. 
For this purpose let us divide the energy-momentum density tensor T,, into the 
perfect fluid part and the part due to irreversible processes as follows ; 

Leelee hae (4-2) 

where 
T= psO w+ (ps + €) U,U,, WES 
LY =U,qg40,9q,.—Piv 


Here &, g, and P,, are the invariant energy density, the heat flow and the viscous 
stress tensor, respectively. The part 7\\ is moreover decomposed in the way 


Waal ber ide oh Se (4-4) 


where 7,{? and 7, correspond to the heat conduction and the viscosity, respectively, 
as follows; 


Ty = Olgas Se SP. (4-5) 


Here we can use the phenomenological equations 
bs Lie 
u=—r| 2 dP. T+DU,| (4-6) 


Py =Nw) aN V7. i) 
7s) Cees Ca Us +P 5 U,) 440s U,) | (4-7) 
for g, and P,,. However, it is possible to discard the shear viscosity in P,, because 


the quantities 7,U, and 7,U, vanish in the one-dimensional motion of the fluid in 


Landau’s model. By making use of the above tensors, we can define the invariant 
R and K by the following ratio: 


— 4yT iP _ E (4-8 
pT 87m oUd 
7 Hiiied ORS! é 


ie, (uy Tys” bie) ‘ eV (A/T) dP, T+DU,/ GC!) 


al tee, Me 


Applicability Conditions of the Hydrodynamical Model 415 


Here it is noted that 4,,7? =3p,=€=U,T,® U, due to the equation of state, 3p,;=6. 

We interpret briefly the behaviors of the solutions” of the hydrodynamical 
equation for T in Landau’s model. The space-time distribution of 7 consists of the 
simple wave occupying the front part and the remaining wave occupying the back 
region, which is called the non-trivial region. In the non-trivial region, the depen- 
dence of T’ on x and ¢ is well described by the approximate solution 


(=~ 3 LoS a(S )-vl IS) 


and 


(4-9) 
ie 
———— 
where J is the initial thickness of the cloud given by 
Ao 5) ie (4-10) * 


T, being the initial temperature of the system assumed by Fermi and Landau. In- 
stead of x and ¢, it is more convenient to use the variables T and a defined by 
the equations 


A 7h, 
(4-11) 
tn al 
d 4d cae : 


\ 
The variable a runs over the ‘interval from a=1 to a~0 (but 40), according as 
the point restricted to the surface T=const. passes through the non-trivial region 
from its central part to its front part. In the region of the simple wave, we have 
the exact solutions 


D (2 ae ee | 


T, \titxe W341 
and ! (4-12) 
t+Y/32x 
a= + + 
V3t+z 


Here it is convenient to introduce the variables T and 8, defined by 


iz =( Ji a 


B-1 , 


A(/3—1) \T 
t—-<£ thao \6_( T\ 200 (4:13) 
VED! =(5-) Beh 


* In what follows, we shall use the unit m=1. 
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where f varies from S=7—4)/ 3 to 8=—© according as the point restricted to 
the surface T’=const. moves from the back boundary of the simple wave region 


to the wave front. 
Now we can formulate the conditions (i), (ii) and (iii) presented in $1 in 


the following inequalities : 


(eo) d>&é, and Ly ap, (4-14a) 
(ii) to> To, (4-14b) 
Gi) R>1 and K>1. (4: 14c) 


These conditions will be examined in the following subsections. 


4-1. Definition of the local system 


In this subsection we discuss the conditions (4-14a) for the possibility of defining 
a local system. As is discussed in § 1, the first condition of (4-14a) becomes most 
serious in the initial cloud directly after collision because of its flatness due to 
Lorentz contraction. Using ¢,=(a’/T) obtained in Appendix A, (4-14a) becomes 


die AI Nay fs ip (4-15) 
For several values of a’ (which is of order 1), (4-15) becomes the following 
inequalities 
| 1,22. 5-r gy 24 Bev eit 21, 
Deo). [OK Lye LOU Bev * 16a! =O), (4-16) 
T)<10 or Ey, <1000 Bev if a’=0.25. 


At any rate it is clear that (4-16) is not satisfied at extremely high energies. 
Thus it is hardly acceptable to regard the initial cloud produced in extremely high 
energy collisions as a sort of fluid. On the other hand, the assumption that the 
initial cloud is in thermal equilibrium as a whole is, of course, not self-consistent 


_ because of finiteness (< light velocity) of the transmission velocity of disturbances. 


The features as a fluid will appear only after its thickness exceeds the correlation 
length ¢>~(a'/T). In the initial period before some fluid features appear in the 
cloud, the interactions in the cloud are governed by another law apart from hydro- 
dynamics. The results of such interactions are to be taken into account as the 
initial boundary conditions for the hydrodynamical equation to describe the subsequent 
expansion of the cloud. In other words the initial boundary conditions ought to 
be accepted as partial reflection of high energy interactions in the initial cloud. 
The total energy F of a local system with volume V is 


6.49 
Qn? 


i 


ay Ong 


while the mean square deviation is 


oF 
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28 


19) OE DMN sa a 


Thus we get the fractional fluctuation 


dE _4ry3 T 32 Yue. 
E 6.49 


For V=(A/T)*, the condition, JE/E<1, of small fluctuation becomes 


Ary/3 \3? 
AS 2 at 
i 6.49 ) 


This is automatically satisfied by the local system whose size is much larger than 
€,. The condition JE/E<1 is nothing but that considered by Blokhintsev. 

In the course of expansion, (4-15) will be satisfied as the system spreads. 
There we must examine the additional condition, that is, the second of (4-14a). 
From (4-1a’), (4:9), (4:11), (4-12) and (4-13), one can easily obtain the charac- 
teristic length x, for the macroscopic change of 7’ as follows ; 


Lee 3(a+1) 
D= LS Ves ( =) 2a+a-Ve) (non-trivial region), (4-17a) 
Be els io be 
5 ( tT; \resi ; ; 
a ee sy eel ay simple wave region). (4-17b) 
Tey (simp gion) | 


Thus we get the condition, 2 >), in the forms 


wea 14+44+2Va 
ty 15a ( Be) ace Vay >1 (non-trivial region), (4+ 18a) 
Fo (L-=2) a’ To af 


a( V3 +1)+(V3 — 3 : 
=. ( To ‘i ee oe (simple wave region). (4-18b) 
ato 


2 i 


We first discuss the condition (4-18a) in the non-trivial region. The upper limit 
T, of temperature allowed by (3-18a) is expressed by 


Sa 2a+a—-Va 
(L:) =f 15a [oes (4-19). 
Ts | (l—a)a’'T) 


The power in the right-hand side of (4-19) is always a positive number less than 
1, so that 7, increases with increasing T, (increasing incident energy). In fact, 
(4-19) becomes, for several values of a, 


L,/1o= 0 for es 
=[51.96/a'T, |" for a=, 
T,/T.=[ /a'T>] a> | (4-20) 
T/ Tee Ora doh for ah 
Pf Te=15.62/a' Te” for a=. 
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From this we can see that 7 decreases as the observation point moves from the 
central part (@=1) to the front (w~0) in the non-trivial region. But, even at 
the front (#0), one can always find a value of T smaller than T,,-)* This tact 
may guarantee the validity, in the non-trivial region, of the hydrodynamical description 
applied to the expansion of the meson cloud produced in extremely high energy 
collisions. . 

The condition 2)>€) becomes more severe in the simple wave region. Since 
the power of (J,/7’) in the right-hand side of (4-18b) is not always positive, we 
must write (4-18b) as 

( 2 jas aaa -1) > we for 7-=4j/ 33S PS 224 y 3 ; 
aT ¥3 | 


( 5 )>1 for B=—24+V3, > (4-21) 


(Fp REDE < a for pia UAE ocak 
where all the powers are positive. Although we may find a value of T allowed 
by the first condition of (4:21) for the range (7—4)/ 3 >8>—2+)/ 3), one 
never finds T satisfying the last condition of (4-21) for the range (S<—2+ ,/ 3), 
for very high values of 7>. Consequently, it is concluded that the hydrodynamical 
description of the meson cloud breaks down in the neighbourhood of the wave 
front. 


4-2. Local equilibrium 
Here we examine the condition t;>7) (4:14b) for local equilibrium. The ex- 


amination is quite similar to discussions given in the preceding subsection for the 
condition 2)>¢». The characteristic time f) defined by (4-1b’) is given by the 


formula 
Xen 15a Le \ oe noe : 
= CUE NOT ( r 2a+a-Va) (non-trivial region), (4-22a) 
DEAS ( is yee Geol 
Te \p simple wave region). (4-22b) 
Thus the condition (4-14b) becomes 
ty Naf Taree eee ee 
Si ae: we OTT: ) non-trivial region), (4-23a) 
Vo gH (V3 +198+(V8 -1) : , 
Tar (=) 1-38 (simple wave region). (4-23b) 


As is easily seen, the temperature dependence of (¢,/t)) is just the same as that of 
I/€o, that is, 
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a= (2 \i Ise RCRD: 
She Tyee a (non-trivial region), (4-24a) * 


= oS V3 (simple wave region). (4-24b) * 
=0 


This means that the condition #37) can hardly be satisfied in the same region in 
which the hydrodynamical description has already broken down due to the condition 
X)>€o. Since the physical content of the condition %>7 is that particles in a local 
system are in local equilibrium, the front particles free from the condition f)>7o 
are, of course, not in thermal equilibrium. Consequently, it is concluded that the 
front particles remember the high energy initial interactions in a very small region‘ 
and that the distributions of the front particles give us some knowledge about in- 
teractions at very small distances. 

To illustrate the a-dependence of the condition f)>7» in the nontrivial region, 
it is convenient to define the upper limit T,/ of T allowed from (4-23) by 


/ 7 — aita—Va) 
Ai =i 15a oe A (4-25) 


an <S (4//a—a—l)aT, 


For several values of @, one gets 
Tato ay) for -a=1, 
Tif Te= bi eT) for iced 
ie (pee alan. Lorna 5 
TNT y= (225 /alg) A) 10Lka—= = 


(4-26) 


Although the @ dependence of Ty’ is inverse to that of T, (see (4:20)), the validity 
of the hydrodynamical description is not altered in the non-trivial region. 

The Table I contains the values of (T;//T>) in the non-trivial region for a=1, 
0.5 and for T,=10~100. In the simple wave region, one gets, for reasonable 
values of a, the upper limits of temperature : 


Table. I 
Bik Pe ts ads 1/9 1/4 
0 = 
1012 ev 10 0.87 1 ll Sal al Dl 
104 ev 25 0.55 0.54 0.91 0.78 0.87 >1 
1015 ev 50 0.34 0.34 0.50 0.55 0.55 0.91 
1016 ev 100 0.27 0.22 0.27 0.34 0.34 0.50 


ee eee a eS 


* Note that (t9/€o) = (a/a’) =1. 
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if a=1, T=866 for B=7—4/3, 
T,=8.66 for B=—2+V3, 
if a=0.5, T=17.32 for B=7—473, 
Ty=17.32 for B=—2+V3, 
4-3. Assumption of the perfect fluid 
It is the purpose of this subsection to examine the assumption of the perfect 
fluid used by Landau. To do this, we must estimate the Reynolds number R and 


the number K defined by (4-8) and (4-9), respectively. 
By using the formulas” 


oe 4-27 

ze (4-27) 

for the invariant energy density € and (3-25) for 7), one easily obtains the 

formula 

+04+2Va 

Ra: (2) aave-155 (4-28) * 
ates 


for the Reynolds number in the non-trivial region. For several values of a, (4-28) 
becomes 


2 
Fock 3.38 ea foceos Die 
Bg A NIE: 
pete ba ie aed! . 
revi Gone Se 
| (4-29) 
anes Rae: for a=} 
ONT: iP 
o.05 Womee hae 
im aT, cS hE: | 
The formula (4-28) is closely related with the ratio (t,/t)) as follows; 
4y/a—a—l1 t 
R=10.14{ a J 3 
15a ea: 4:30) 


where the coefficient of (¢)/t)) varies from 0.5 to 0.2 as a decreases from 1 to 3. 
In the simple wave region we have the formula 


R=0.45 ( to (4-31) 


m0, 


for the Reynolds number. In every region the condition RS1 is somewhat more 


* It is to be noted that this formula is obtained under the assumption T>>m. 
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severe than the condition (¢o/z)) >1. In fact, we obtain the value R=1~10, in 

the non-trivial region, for the values T)~100 and (T)/T)~10. In the simple 

wave region, R becomes smaller than in the non-trivial region. Thus we may 

infer that the assumption of the perfect fluid is not so good as supposed by Landau. 
In the non-trivial region, it is easily proved that 


DLs Us 
Hence one gets the formula 
K=€2)/K=2.43 (€o/To) (x55); (4-32) 
where (4-la), (3:24) and (4-27) have been used. Apart from the factor ($o/70) 
of order 1, the examination of the condition K>1 1s almost that of the condition 
(2/S)) >1. Although we may have somewhat larger values of K than R, it is 


hardly ‘acceptable to neglect the irreversible process due to heat conduction. In the 
simple wave region, we can show that the heat flow vanishes, that is, 


P4 
ees (= Aya T+DU,) 20: 


This means that the motion of the fluid is adiabatic. Thus we obtain an infinite 
K, but it is, of course, impossible to regard the meson cloud as a perfect fluid due 
to the smallness of R. 


4-4. Production of entropy 

In the preceding subsection, we have obtained rather small values for R and 
K, so that entropy must be produced by the final interactions described by the 
hydrodynamical equation. Such a production of entropy results in an increment of 
the number of particles produced in the final interactions. Here we shall calculate 
only the production of entropy in the non-trivial region. 

Now the thermodynamical equation of the entropy balance is expressed in the 


form 
; F: 
VeSeo =] E (= Jah ot DU,) +7 VU « Us) ‘ (4-33) 


where 5S,” is the entropy density four-current produced in irreversible processes. 
Denoting the total produced entropy by Sire, we get 


ee \\ (7,56) d°x dt 
ss \\ (PSS?) da dt. (4-32)* 


Dividing +j,, into the heat part S{f? and the viscosity part +\°?, and transforming 


* Note that \ Bx = Jk zn dx». in the one-dimensional motion of the fluid and m=1. 
m 
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the integration variable 2 and ¢ to another pair of variables T and a, we have the 


integrals 


Z Tbe aie > 9(x, 2) 
mea {| Cae ars DU,) =i: a da, 4-33a 
Jie Bre rsis Eee salsa 


y= \\ Fain) a de (4-33b) 
Bee OCT a 


where 9(x, t)/0(T, a) is the Jacobian of the transformation from (2, ¢) to (T, @) 
and is given by 


Ck @ emma) oP aie ral L RS sont. ( =| 
HOME e a aleg 6 nh ee hy c es a Pal rome 
RT a) eT ha eee OMT 120 


The intervals of the integrations are the range from 1 to a,(~0) for @ and the 
range from the initial value T; to the final one 7, for JT. We can use aj~/)= 
7—4)/ 3 =0.072 to a good approximation, because the equations defining a and 
approach each other in the front region as time goes on. T;=1 will be used as 
an extrapolation, while the upper limit* TY,’ of temperature, allowed by the con- 
dition >, will be identified with T;. (Here we disregard the slight dependence 
of T;/on a.) 


In the non-trivial region, we have the formulas 


2 
(2 i baa gee DU,) Se 


(4-35) 


3(a+1) 
(tty es ae) a 
4a\7, 


Substituting (3-24), (3-25), (4-34), (4-35) and (4-17a) into (4-33a) and (4-33b), 
one obtains 


<3 Li4e7,7 ( ih i oer 
Se * (+) (2)"] 3 
7 Te ‘ +In ca > (4 36a) 
Agta OE doa ( Ih: ){ ( ae ) | 
irr -{ BAP (2 et: ‘ 
>> “ qT.) | +In T. (4-36b) 


It is important that, roughly speaking, the entropy produced in irreversible processes 
is proportional to T;’, or T,’ for constant (T;/T)). Because the total entropy given 
by Fermi or Landau is proportional to Ty, it is possible that ’,,,. exceeds the original 
entropy of the fluid part of the meson cloud. The entropy production means that 
the initial energy of the fluid part dissipates into new degrees of freedom, in other 
words, into new produced particles. Consequently we may expect an increment in 
the number of particles due to the final interactions. 


* The choice T;=T/ is not significant unless T,/<T», When T,/>T)., one should use Tg aside. 
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4-5. Equation of state 


One of the most important assumptions used by Landau is that the equation» 
of state can be put in the form 


Sp=é. (4-37) 


As has been shown in I, the form of the equation holds exactly only when par- 
ticles in meson cloud interact with each other through the first kind of interactions, 
i. e., interactions having dimensionless coupling constants. The second kind* of 
interactions does not necessarily lead to the equation 3p=6€, but, in general, to the 
equation 


Bp=E+4ACS), (4-38) 


where 42 is the interaction Hamiltonian apart from a numerical factor. Here, 
suppose that 4 is the coupling constant with the dimension [L’]. Then the ad- 
ditional term 4(=) becomes 

2) &iT' X (the power series of (47’)) for /=even, 

AX ot = (4-39) 

ERT” x (the power series of (?T”)) for /=odd 

at extremely high temperatures, from the view-point of perturbation theory. At 
first sight we feel as if the violation of the equation 3p=€ is serious. However, 
there is a possibility that the effects of the above power series may appear as 
damping effects. It is very plausible, though it is difficult to derive a definite con- 
clusion from the exact calculations. If so, (4-39) may be reduced to 


Sen a3 for /=even, 
1+BC0T') 
Hee Peet (4-40) 
fee Minded, 
122 RA) 


where A, A’, B and B’ are numerical factors of the order 1. The interaction part 
of € would have the same dependence on T. Thus, since 2(2) attains the same 
T-dependence as 6, that is, 
AC BY OCE 
at extremely high temperatures, the equation of state (4-38) has the form 
3p=(14C)E (4-41) 


* In I the authors talked as if there were always essential differences between derivative 
coupling and non-derivative coupling in the second kind of interactions. This is not necessarily so, 
because such differences would vanish at extremely high energies. The differences appear in the 


case of moderate temperatures and moderate densities. 
Furthermore it may be noted that the additional term in (4-38) vanishes exactly in the 


case of pv-coupling of the nucleon-neutral meson system. This is a direct result due to the 


equivalence theorem. 
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Here C is a constant factor of the order 1. Consequently, this modification of the 
equation of state would result in some changes of the discussions about the hydro- 
dynamical motion of the fluid, for example, the change of the sound velocity and 
the different power law of € from JT”. 


§ 5. Concluding remarks 


In the last section, we have investigated the consistency of Landau’s model 
applied to the meson cloud which is produced in high energy nucleon-nucleon col- 
lision, with the applicability conditions derived from the statistical mechanics of 
irreversible processes. The results obtained are summarized in the following way: 
(i) The interactions in the initial cloud can not be described by any hydrodynamical 
equation. The interactions are, in part, reflected in the initial boundary condition 
for the subsequent hydrodynamical expansion. (Such a boundary condition might 
be different from that assumed by Landau.) (ii) After the cloud spreads over a 
region whose size is the order of the correlation length, the hydrodynamical des- 
cription of the cloud is valid almost everywhere except in the front part of the 
cloud. Here it must be emphasized that the front particles are never in thermal 
equilibrium and consequently they remember the initial interactions in the very 
small region. The front particles would be subject to quite different distribution 
laws from those of the fluid particles, which are given by hydrodynamics or statistical 
mechanics. (ili) The assumption of the perfect fluid is not so good as expected by 
Landau, so that the number of particles increases as a result of the irreversible 
motion in the fluid part of the cloud. (iv) The equation of state, 3p=€, holds 
exactly if the interactions are the first kind (having dimensionless coupling constant), 


while it is necessary to modify this equation as 3p=const.x€ for the second kind 
of interactions. 


Although the above analysis is based on the solutions obtained by using Landau’s 
assumption, the above conclusions can be applied to interpret the qualitative behavior 
of the meson clouds in question. Consequently, we are inclined to imagine the 
situation for the multiple production of particles in such a way that the produced 
particles will be clearly divided into two parts, one of which is the very high energy 
particles occupying the front part and the other of which is the fluid particles. 
These two parts will also be separated from each other in the experimental data, 
because there must be clear-cut differences between the two parts in the distributions 
of the particle number (for example, K-7 ratio), of the momentum and of other 
quantities. Particularly, the existence of irreversible processes results in the slowing- 
down of the speed and the increment of the number of the fluid particles. In other 
words, the irreversible processes strengthen the tendency to separate the above 
two parts from each other. 

It seems that such considerations are consistent with the recent experiments” 
of cosmic ray performed by the Japanese group and the Bristol group. In these 
experimental data one can find that the energy spectrum of the y-ray number 
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obtained from high energy jets (~10" e.v.) falls rapidly down and is cut off at 
the energies 10"e. v.~10"e.v.. The 7-rays in question are produced in the decay 
of neutral pions, so that the energy spectrum of neutral pions has perhaps the same 
form as that of the 7-rays. Thus, it may be plausible to regard these neutral pions 
as the fluid particles in our imagination mentioned above. It seems that similar 
evidence is found in the observation of muons in cosmic rays. The gradient of the 
number-energy curve changes critically from a large value to a somewhat small 
value at a definite energy. The muons with energies below this critical value may 
be the fluid particles, while the muons with energies higher than the critical value 
may be considered to be the front particles. Although the experimental evidence 
is not yet established, our considerations may play a role in suggesting how to 
analyse the extremely high energy phenomena. The group of particles with higher 
energies would inform us about the interactions at very short distances. 
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Appendix A. Correlation length and mass flow 


There are correlation lengths associated with the various quantities, such as 
the momentum density, the stress density and so on. As an example, we shall 
obtain the correlation length associated with the momentum density. This correlation 
length is defined by the width of the non-vanishing region of the function 


& (xx!) =CU (x, 0), n(x’, 0)})o ene 


where g;(x, 0) is a component of the momentum density operator (3-4). Here 
é(x, 0) is expressed by the following Fourier transform ; 


It ak iTe-ae —thea 
Bes ce (2/ B+m)? Cage Ri det 2 dea ae 


where a;, and arf are the well-known annihilation and creation operators. Substi- 
tuting (A-2) into (A-1) and using 
(ak apr =m (k—k’), 
Ca, ai, ) = (mm +1) 0 (k—F’), 


the function $ (x, x’) is written as a sum of products of the following functions 


(A-3) 


or their derivatives : 


= (mm +h) oO, 


A(x—x’) = 


1 i ak 
(22)? J/R+m Pas 


B(x—x/) = : [atk +mt Gutsy es”, 
(27)? 
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1 
ee (A-5) 

Hence consists of products of two integrals involving 7, and products of an 
integral containing 7, in its integrand and an 7,-independent integral. The product 
of two integrals without 7, is cancelled out by the vacuum term. When 7’>m, 
the spatial variation of ‘“Y is mainly determined by the integral containing ,, which 
vanishes unless |x—x’|<(1/T). This means that the correlation length is the 
order of (1/7). Thus we shall write the correlation length *, in the form 


€=a'/T, a being of the order 1. (A-6) 


It is easily found that the correlation lengths associated with the other quantities 
are of the same order §). 

As is mentioned in §1 and § 2, the hydrodynamical description is to be con- 
sidered as the asymptotic form in which each region of the order ¢) is regarded 
as a point in the fluid. Thus, we can treat the local system, whose size is of the 
order §,, as if it moves like a mass point. This fact permits us to define a meaningful 
mass flow. In fact, the criterion formulated in the footnote on page 599 in I is 
satisfied in our case, because the right-hand side of this equation is proportional to 
the delta function 0° (x—.’), when x and x’ are space-like, as far as each interval 
of the order ¢, is regarded as a point. Hence the mass flow has a definite mean- 
ing, so that the local velocity can be constructed from the mass flow as in I. 


Appendix B. Green’s function of one meson in a medium 


Here we shall discuss briefly the Green’s function of one meson in a medium. 
The Green’s function G(2, x’) of one meson is defined by 


G(a, x!) =T,{eT G(2), d(x’))} (A-7) 


in a medium represented by the density matrix p. The function G contains the 
one meson propagator in vacuum as a contribution of the vacuum term of p. If we 
introduce artificially an external source J(x) of mesons into the Hamiltonian, 4(2z) 
obeys the field equation 


(A—m’) $6 (x) =J (x) +19, 9 (2) rs (2) (A-8) 
for the ps-coupling system of meson and nucleon. With the help of J (x), the 
function G(x, x’) can also be defined by 


Gia, x’) =lim— 7 4% 4 
Ce ee lim Oy (A-9) 


Thus the function G(2, x’) obeys the equation 
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(O—m’*) G(2, x’) =0(x—2’) + limig, tr isi (2, 7')), 


7) 
OJ (x) 
where tr stands for the trace with respect to Dirac’s indices and K(z, x’) is the 

one nucleon Green’s function in a medium defined by 


K(x, x') =T,{o(TY (x) $(2))}. (A-10) 


K contains also the one nucleon propagator in vacuum. If we assume the existence 
of the inverse function K~!(x, x’) of K(x, x’), the last term can be rewritten as 


lim7zg, 


) / ss / / fs A 
lim aay OK 2)) =| MC 2G", waa" 


where 
M(x, alt) =—igte \7sK(@, TE, 45 2 KG a)d%d'7). (A110) 
Here I°;(€, 7; 2’) is the vertex part in a medium and is defined by 


ee a) Hh ee 
Ps, 73-2") en a) 


The c-number operator (A-11) is nothing but //, which appeared in (2-4). 

As has been seen in the above formulation, the calculation of // can be con- 
ducted in a way quite similar to the vacuum field theory. Of course, /T contains 
the vacuum self-energy of one meson, to be ascribed to renormalization. However, 
JI has additional terms which correspond to the effective mass in a medium and 
to the imaginary part representing dissipation. The calculations in perturbation 
theory lead to the value (2-9) to the lowest order. In the case of pv-coupling, 
we can formulate the theory as mentioned here. 


(A-12) 


Appendix C. Relaxation times and transport coefficients 


Here we shall interpret in detail the calculations of the relaxation times and 
the transport coefficients. For example, we calculate the heat conductivity and the 
relaxation times associated with it. 

The heat conductivity « is obtained from the formula 


aay t! 2 f 
aren rs ([D1(0) Pot, (A-13) 


where the relaxation time t)(z or 7) is defined by 


ie egez —(P1(0), 261 (0) Po (Gaussian) , (A-14) 


eee (D1 (0) Frye 


BOL; 
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Ra ie 4 [P:), 1; (0), [261(0), P:(0)]} Pe (Lorentzian) . (A-15) 
e 2 (Di; (0) Yo 


Here 26 1(w) is the Fourier transform of 26,(1). From the definition (2-12) and 
one under (3-5), we get 


3 
D100) =| CE lanan* + an" alba, (A- 16a) 
9) 2 ak da? k! 
1) Of A 
wy (Gnu ada 2en V/ 2Eeae 
X Lax Qi L*(k+K’, ow) + a;,* Qe 1* (— kk’, w) 
+ ay, yes * 1* (k—k!, w) + y* yy 1* (k'—k, w)], (A -16b) 
zi Osi oh se, 
1) an)® MN BE: Bex! 
X [ae Ger hh Ed) Pag” GN kA-k Sy Fen) 
+ ap Ops * 1k! —kk, i) — Ex) + an* Qe A(k—E', €:—Exs) ), (A-16c) 


where &.=)/f?+m?. In what follows, we use the approximation T>m. 
The mean square deviation [D1 (0) Po is easily obatined in the form 


” 3 (P10) Pye == T" V, (A-17) 
. where the relation [0(k) ],2.=(V/(2z)*) has been used. After some calculations, 
‘we get 
. — (P10), 4610) Pye GT? TV. (A-18) 


Thus we obtain the Gaussian relaxation time 


c= a . 1 
WESKEY GY Gt) ented bay 


(A-19) 
Similar calculations lead to 
(PO), 4%: 0)1120), PiO)To~/ 2 PET roy, (a-20) 


Kr so that one gets 
meal cney ole 
(AT) pea 


The heat conductivity « is easily obtained from (A-13) and (A-19) or (A-21). 


The calculations of 7.) and 7) are quite similar to the above. We write only 
the mean square deviations of the stress, that is, 


(A-21) 
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(EARO) Ce T®V, ) 
5a 
(A+22) 
(Tu (0) =a af i Wu 


Here it is noted that the quantity 7,,(0) is the fluctuating part of the stress. 
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A Note on the Electromagnetic Response of Superconductors 
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Based on the general formalism developed previously by the present author, it is shown 
how diamagnetism, longitudinal, and transverse conductivities of a superconductor are related 
with each other. In this way one can see the interrelation existing among recent works of 
Mattis and Bardeen, of Blatt and Matsubara, and of Tinkham and Ferrell. It is found that 
the infinite static conductivity still remains to be an unsolved problem. 


§ 1. Introduction 


Applying Kubo’s formalism”, the present author? has obtained a general 
expression for the linear response of the system of conduction electrons exposed to 
a space and time dependent electromagnetic disturbance. We assume that at the 
remote past the system is field-free and in thermal equilibrium represented by 
the statistical operator U,=exp(—$H)/Tr(exp(—8A)). Note that H is the 
Hamiltonian of the field-firee system. The field is then switched on and _ there 
appears an electric current in the system. The latter is obtained by applying first 
order perturbation theory to the electromagnetic disturbance. When Fourier analyzed 


with respect to space coordinates, the average current density was given in the 
form 


2 
TG Nese (— 228,405 p(k, 0) ) Av, t) 


ct 


+e'| __ dt! S,,(k, tt) E,(k, t+). (1-1 


In terms of the current operator j of the field-free system and its Heisenberg rep- 
resentation, the kernel is expressed as 


Lite f 
Suv (ky 2) =<), dA Tr Up (Gah thay: (1-2) 


For simplicity we assume that the field-free system is isotropic so that 


Spo (let) =So(b, Dy + Sa(k, 2) Aub, (1-3) 


-* On leave of absence from Physical Institute, Nagoya University, Nagoya. 
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The vector potential in (1-1) can be replaced by the magnetic field with use of 
the Buckingham identity” 


Sy (R, 0) + S2(k, 0) =ne?/mc* (1-4) 
which results from (1-2). We thus obtain 
J, (k, t) =—cS2(k, 0) ((1/k*) ik X B(k, t))y 


| al dt'S yy (k, t—t') Ek, t’). (1-5) 


In the previous paper”, the author regarded the first term of (1:5) as the 
magnetic and the second term as the electric parts of the current. As pointed out 
recently by Blatt and Matsubara“, there is an ambiguity in interpreting (1-5) in 
such a manner, though any final conclusion of physical significance should not 
depend upon our particular interpretation. The ambiguity arises from the fact that 
the transverse part of the electric field is connected with the magnetic field by 
the Maxwell equation. For instance, remembering Kubo’s initial condition that 
fields vanish at t=—©o, we may express (1-5) entirely in terms of the electric 
field by making use of 


B(k,t) = = el dt! ikXx E(k, 1’). (1-6) 


As we shall see below, the transverse conductivity is defined precisely in this way. 
Blatt and Matsubara have, however, proceeded another way and arrived at the 


decomposition 

Jk, t) =J,(k, t) +ickX M(k, 2). (1-7) 
Here the electric part is given as 

J.(k,)=| di $(k, tt) E(k 1) (1-8) 
with 

d(k, t) =c?(So(k, t) +52 (K, ¢)) (1-9) 


and the magnetic moment as 


M(k, t) =| dt! OSE IRE BUR, t/). (1-10) 


As Blatt and Matsubara have already noticed, the decomposition (1-7) is not 
very adequate in the case of a superconductor. In the present note, we shall discuss 
this point in more detail. In connexion with this, we shall show how the long- 
itudinal and transverse conductivities are defined in the present formalism. 


§ 2. The longitudinal conductivity and diamagnetism 


' Let us first take a purely longitudinal field. We thus assume 
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E(k, t) =—ik@(k) exp (at—iwt), B=0, 


where the factor e“, a—>-+0 is attached to satisfy Kubo’s initial condition at t= 
—oo, then (1-5) gives 


J(k, t) =0,(k, w) E(k, ¢) (2-1) 
where the longitudinal conductivity is defined by 
CMY =|" as Pan ile eae (2-2) 
0 
From (1-4) and (1-9), the Fourier inversion of (2-2) leads to the sum rule 
o 2 
2 Vda KR o:(b «) = (2-3) 
Jo m 


and also to the Kramers-Kronig dispersion relation. 
Second, if we apply equilibrium statistical mechanics to the system in a steady 
magnetic field, we find the diamagnetic current 


ne 
Jy (le) = (= 228, +eS yy (le, 0) Av) (2-4) 
me 
which is equivalent to the moment 


M(k) =— (1/k’) S:(k, 0) B(k). (2-5) 


In the case of a free Fermi gas of electrons, we have the well-known Landau 
diamagnetism, 


53020) a2 ( kr Jeo, (2-6) 


mc? \12z? 


where k, is the wave number at the Fermi surface. On the other hand, the 
superconductor is characterized by 


2: 
Suche Os me (Eoamiall) 
37 ne” Cin 
4é\k mc Cee 


where ¢, is the coherence length. 


Our time dependent formalism should, of course, lead to the same result 
(2-4) when we assume the adiabatic switching on of the magnetic field 


B(k, t) =B(k)e%, E(k, t) =—(a@/c)ikXB(k, t). (2-8) 


Let us first examine the decomposition of Blatt and Matsubara, (1:7). The 
magnetic part (1-10) gives (2:5) if 


lim S; (k, t) =0 (2-9) 
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as can be seen by inserting (2-8) into- (1-10). The electric pare of ‘(1 7)=ire 
proportional to 


lim a “de ée~ O(Rst). 
0 


a>+0 


This vanishes for normal metals, but does not in the case of a superconductor 
where we have an infinite longitudinal conductivity in the static limit. In other 
words, the electric part of Blatt and Matsubara does make a contribution to the 
current in the superconductor placed in a steady magnetic field for a long time. 
This is why their decomposition is not very adequate in discussing superconductors. 

Let us therefore go back to the original expression (1-1) and insert (2-8) 
directly in this expression. Since the first term is already in the form of (2-4), 
we need only to assume that the second term vanishes, Le., om 


\ae Sa eeGhite: (2-10) 
0 > 3 


Note that the condition is satisfied even in the case of the free Fermi gas of 
electrons as far as k40. 

From the definition of the longitudinal conductivity (2-2) with (1-9), we 
have now to attribute the infinite longitudinal conductivity in the static limit to a 
divergent behaviour of S,(k,t) at t=©o ; 

lim \ ae e-“Sy(R, t) = 00. (2-11) 


a>+0 


This is in contrast to the condition of Blatt and Matsubara (2-9). 


§ 3. The transverse conductivity 


In connexion with the integral (2-10), we shall discuss the transverse con- 
ductivity, which appears in the analysis of infra-red absorption data. In defining 
this quantity, we follow what is usually done by experimentalists. Making use of 
(1-6), they express the transverse electromagnetic wave in terms of the electric 


field alone and write the current in the form 
Ik, t) =o, (k, w) E(k, t) ; (3-1) 


which is the definition of the transverse conductivity. 
In our formalism, inserting (1-6) into (1-5) and remembering that we are 


dealing with the transverse field, we obtain 
I(k, )=\_ de’ $ (bt 1) E(k, 1). (3-2) 
Here the response function ¢ is given by 
(Rk, t) =c? (So (Rk, t) +S2(R, 9)). (3-3) 


In particular, if we take 
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E(k, t) =E(k) exp (at—iot), k*E=0, 
(3:2) reduces to (3-1) with 
Wecbegs =|" aoc, fb) en aero (3-4) 
0 


Again, from (1-4), the Fourier inversion leads to the sum rule 


2 de er Ua) See (3-5) 
Jo m 

and also to the Kramers-Kronig dispersion relation. The analysis of infra-red 
absorption data made by Tinkham and Ferrell” is based just on these two properties 
of the transverse conductivity. They have pointed out that the sum rule is related 
with the penetration law of the steady magnetic field. As shown below, this is 
rather trivial in our formalism. 

Inserting (3-3) into (3-4), we obtain 


o,,(k, w) =o (k, w) +0°S2(k, 0) (70 (w) +=). (3-6) 

Here P indicates to take the principal part of an integral over w, and 
o (k, w)=e\" PSE ocr ar teat), (3-7) 

If we take this o{? alone, then we do have the sum rule deficiency as 


2\" do K of (k, w) 
== Syke 0) = _AS,(b, 0). (3.8) 


It is to be noticed that the deficiency is just equal to the coefficient of the diamagnetic 
moment (2-5). For instance, o/? of the free Fermi gas of electrons has been calcu- 
lated by Lindhard®. Inserting his result into the left-hand side of (3-8), we can 
explicitly confirm that the deficiency in this case indeed corresponds to the Landau 
diamagnetism (2-6). 

As discussed by Tinkham and Ferrell, the deficiency in the case of a super- 
conductor is obtained empirically from infra-red absorption data. Because of the 
existence of an energy gap, a certain area under the o® v.s. w curve is removed 
in a superconductor. For k large, the sum rule deficiency was found to be 


S2(k, 0) =3/2 (ne?/ me’) (w,/vok) (3-9) 


whre vw, is the electron velocity at the Fermi surface and w, an effective energy 
gap. Comparing (3-9) with the Pippard limit in (2- che we find the coherence 
length €)= (2/2) (w/w,). 

From the theoretical point of view, it is to be noticed that S,(k,0) in (3-8) 
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is the kernel which appears in the theory of the Meissner effect when the trans- 
verse of the vector potential is adopted. More generally, let us take a time de- 
pendent vector potential in the transverse gauge. 


Inserting 


into (1-1), we obtain 
2 
J(k, t) =— "A (k, t) 
mec 


—e\ de PSE Em) Ach, ). (3-11) 


Assuming 
A(k, t) =A(k)exp (at—iot), 


we have 
2 foe) 
Jk, t) = —( ne +e| dt en stivt OSo(k, t) JAG, t). 
mc ) Ot 
In the static limit w—0, remembering (2-10), we obtain 


Why ee (22 —cs, (k, 0) )A@) 


as mentioned above. 
The transverse conductivity in this scheme is given as 


2 [o) 
1 (7 +{ dt exp (—at+iwt) 9) (3-12) 
m 0 Ot 


o1,.(k, w) = 
a1 

which is equivalent to our previous expression (3-6) with (3-7), as far as the 
theory is gauge invariant. The calculation of (3-12) for a superconductor has 
been carried out by Mattis and Bardeen”, and the result is in good agreement 


with infra-red absorption data. 


§ 4. Conclusions 


On the basis of the general expression (1-1), we have seen how diamagnetism, 
longitudinal and transverse conductivities are generally related with each other. In 
this way we have also seen the present status of the theory of the electromagnetic 
response of a superconductor. So far we have found no satisfactory theory of the 
infinite longitudianl conductivity (2-11). This should be distinguished from the 
delta singularity in the transverse conductivity (3-6). The latter singularity appears 
even in connexion with the Landau diamagnetims of the normal Fermi gas, as 
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mentioned before. 
The problem of the infinite conductivity is rather complicated, because we have 


to prove (2-11) in the presence of random impurities and also the problem is 
concerned with the gauge invariance of the theory. 

The kind hospitality of Professor H. Yukawa, who invited the author to his 
Institute, is gratefully acknowledged.. The author is also much indebted to Pro- 
fessor T. Matsubara for many valuable advices. 


References 


1) R. Kubo, J. Phys. Soc., Japan 12 (1957), 570. 

2) S. Nakajima, Proc. Phys. Soc. A69 (1956), 441. 

3) M. J. Buckingham, Nuovo Cim. 5 (1957), 1763. 

4) J. M. Blatt and T. Matsubara, Prog. Theor. Phys. 21 (1959), 696. 

5) M. Tinkham and R. A. Ferrell, Phys. Rev. L. 2 (1959), 331. 

6) J. Lindhard, Kgl. Danske Videnskab Sclskav., Mat-fys. Medd. 28 (1954), No. 8. 
7) D.C. Mattis and J. Bardeen, Phys. Rev. 111 (1958), 412. 


437 


Progress of Theoretical Physics, Vol. 22, No: 3, September. 1959 


Polaron State at a Finite Temperature 


‘ Yukio OSAKA 


Department of Physics, Tohoku University, Sendai 
(Received June 25, 1959) 


We extend the treatment of Feynman for the polaron problem at 0°K to the case ata 
finite temperature. A variational principle is applied to the free energy of polaron state. 


§ 1. Introduction 


A slow electron in a polar crystal interacts strongly with the longitudinal 
optical modes of lattice vibrations, and behaves itself as a quasi-particle which is 
the so-called “polaron”. The properties of a polaron have been investigated by 
various authors, but do not yet seem to be made perfectly clear. Of all problems 
concerning a polaron, its self-energy and mobility are fundamentally important. 

To compute the self-energy of polaron, Feynman’s” method seems to be most 
excellent, as it was shown by Shultz” that Feynman’s method gives lower self- 
energy than any other methods which have been. ever published. In the present 
paper we shall reform the Feynman’s treatment so as to be applicable to the case 
of finite temperatures, that is, Feynman’s variational principle of the self-energy of 
polaron is replaced by the variation of the free energy. Numerical calculation is 
carried out for a certain value of coupling constant and its result is compared with 
that obtained by Fulton” and by Yokota.” 


§ 2. Static property of polaron state at finite temperatures 


In this paper our units are chosen just as electron mass, Planck constant and 
optical phonon energy are unities. We shall consider the density matrix of the 
system which consists of one electron and longitudinal lattice vibrations, and average 
the part of the lattice vibrations by path-integral method. Such a calculation is 
made by Abe® and the action of the polaron at finite temperatures is given by 


B 
a 1 ‘ 2 —3/2 
s2—+| ke@yat2"ely 


0 


B 
H \[IXO-X@ et" aeds 


0 


2 =5 \\ | X(t) —X (5) |tet"'deds| ; | (1) 


where B=1/kT and @ is the coupling constant between an electron and _ lattice 


438 Y. Osaka 


vibrations. The above relation is derived more simply by the path-integral method 
in Appendix.* Reflecting upon Eq. (1) we make a choice of trial action So at 
finite temperatures as follows. 


8 


\JIxX@-xo!* 


Be 


e&—1 


een (X(p)tae—— | 


i |X(t) —X(s) [Perl"-*! dt ds : (2) 


0 


Ke @!!$! dt ds+ 


ee’ —] 


which is a natural extension of Feynman’s trial action at 0°K. Here w and C are 


variational parameters, respectively. The density matrix of the polaron is given by 


8 X’ 
o(X, X75) =lexp(S) DXO fF (3) 


-«_ 
Xs 
where DX(t) ? denotes the path integration under the boundary conditions 
X 
X(0)=X and X(f)=X’. 
The free energy F is expressed by the partition function Z as 


ade | 0X Kak. 


—-o 


Bishi at 
p 


If the calculation of density matrix is performed by the same procedure as Feyn- 
man did, we obtain 


P= 


p(X, X's B) >exp((S—Sy)x x1) ps,(X, X's B), (4a) 
where 
B ra 
(S—Sy)x.a1= | (S—S) exp (Ss) DX (0) 1 /0m(X "5 8) 
6 XY 
ps,(X, X's 8) = | exp(S.) DXO . (4b) 


Thus we get the variational principle that the trial free energy which is obtained 
from the quantity on the right-hand side of Eq. (4a) should be minimized with 
respect to the parameters w and C. This is a natural extension of Feynman’s 
variation principle at 0°K. 


* This derivation was communicated by Dr. T. Yokota. 
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We shall now calculate the right side of Eq. (4a), 


P(X, X’; 8) =s,(X, X’; #) exp(S—Sp)x,x7- (5) 


The equation of motion determined by the action Sy is 


- 8 
X(t) =2C | | (XX) 7" .ds + iti ea (X(t) —X(s)) ev" "\dsh 


4C e 
=== x) -2¢ ee eee $e ein X(s)ds. (6a) 


By the solution of Eq. (6a) under conditions X() =X’ and X(0) =X, the density 
matrix p,,(X, X’;) is represented as follows. 


ps,(X, X’; 8) =exp(—4(X(f) -X(9) —X(0)-X(0))), (6b) 


where we adopted such an approximation that the integration over all paths is 
replaced by one path contributing predominantly to the density matrix of Eq. (4b). 
Let us now consider the system with the Lagrangian L/ 


'=4(°+MR—«(r—R)’), (7) 


where M has a dimension of mass and « has a dimension of force constant. If 
the density matrix p’ of the Lagrangian L’ is calculated by the path-integral method 
and is integrated with respect to the coordinate R, we obtain 


o(r,r’; P= (2 sinh a y ‘\exp| - seats )ae 


ig 
M eu enw lt 8| vise 
send ‘ile eu —] , a ity 


SIA NOC! ds|Dr (0), (8) 


where w'=)/«/M. From the action of the above equation the equation of motion 


for r(t) is derived. 


8 

” Mo” ee a i! ans 

r (t) =«r (t) — 5 \ oe! e De Whe br (s)ds. (9a) 
0 


Using the solution of this equation under the boundary conditions r(8) =r’ and 
r(0) =r, we obtain 
o'(r, r’; 8) =exp(—4 (r (8) - -r (8) —r (0) -r(0))), (9b) 


where numerical factor (2 sinh 8w!/2)~* is omitted because this is not important. 
If we put w/= and Mo=4C, Eq. (9a) is identical to Eq. (6a) and if we 
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further put r’=X’ and r=X, Eq. (9b) is the same as Eq. (6b). Therefore, we 
can use the solution of Eq. (9a) to calculate p,,(X, X’; 8) in Eq. (4b) instead of 
the solution of Eq. (6a), that is, the path integral of action Sy is replaced by the 
path integral of Lagrangian L’. ho 

When we calculate (S—S,)x,x, in Eq. (4b), the first term —\3 (X)*dt of Egs. 
(1) and (2) are cancelled out with each other. Therefore the symbols (S)x,x, 
and (S))x,x, are used to denote averages of the second terms in Eqs. (1) and (2), 
respectively. In order to calculate (.S)y,x;, it is necessary to evaluate (|X,—X.|~") x, x7 
which is represented by the relation 


IX,—X,|*= | dK Btp GKE CX), (10a) 


caieh 
el Ee 
as follows. 


(exp (iK- (X.—X,)) )x.ar=| | exp(Ss) exp( | f@ -X@ dr) 


XY 
x DX(t)) ees X’; 8), 
Xi 
f@ =1K (0 (t—t) —0(t—c)). (10b) 


Since (Sj)x,x, is obtained by ((X,—X,))x,x,, (So)x,x, is derived from the expan- 
sion.in power series of K of Eq. (10b). As is mentioned above, the path-integral 
of the action S, can be replaced with that of the Lagrangian L’. Under the similar 
circumstances the path-integral of Eq. (10b) is replaced with that of the following 
Lagrangian, 


ie : 4 ; MR? 5 (r—R)?4f (0) -r. 
Now let us introduce new variables, 
q=r—R, Q=MR+r/M+1 (11) 


then the Lagrangian L is written as 


L= 2 (M+) G+ 2 (M/M+1) gg + (M/M+)fO-q+O-FO. 


If the constant v is defined by the relation, 
v=K(M+1)/M=4C/o+o%, 
the equations of motion for q and Q become 
q=4q-f(t), (13a) 
Q=—f@/(M+)). (13b) 


The solution of Eq. (13a) under the boundary conditions q(0)=q,, and q(8) =4q, is 
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q(t) = (q: sinh» (8 —2) + q, sinh») /sinh vf 
+iK sinhvt (sinhy($—r) —sinhy(S—c)) /y sinhyf 
sinhy(t—7t)—sinhy(t—o) t>7 
—iK/»4 —sinhy(t—o) wate (14) 
0 t<o. 


In the case «>t, the last term in the right-hand side of Eq. (14) must be replaced. 
by 


sinhy(t—t) —sinhy(t—c) t>o 
sinh» (t—T) T<t<o 
0 Aa er 
Under the conditions Q@(0) =Q,, and Q(?) =Q., the solution of Eq. (13b) is 


Q(t) =Qi+ { (Q:.—Q:) —iKo* (7-2) /*}/8 


nace] 


where the symbol ie | denotes | "4 een Using these solutions, we obtain 


{exp (7K - (X,— Xs) ) )cera1.@202: 5) 
=exp(—M(q®) 4A) — 40) -4(0))/2M+V) 


ee 
T3(M+1) | 2 


0 


8 
; M+ 
LAG) -q (dt) exp(— 


8 


x (Q()-0(8) - 00) 0) +5 FO -OOdt). 8) 


In order to connect the variables in the Lagrangian L with that in the action a; 
we replace the variables Q,, q and Q2, q2 in the above equation with m, R, and 
r,, R, by the use of Eq. (11) and then integrate Eq. (15) with respect to variable 
R,, under the condition R,=R,. Using Egs. (15), (10a), and the fact that 
(exp 1K - (X,—X,)) becomes unity in the case of K tending to 0, we obtain 


8 
dK re e 
— 9-3/2 me =|t—al 
(See 2 , a| On*K? \ dz do( e—1 2 


SESE est ay) exp(—K| 2C {1—er"r—o 
e’—1 |. Po 


+ (1-coth-*. 8) (cosh y|z—o| ~1| 
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+2 |ro|a—|s21/8) |) 


2 


B 
e* ja 2 
eS Sp) - 
=r Pay Te 
P ef —1 J 


| os —#/A) + (%—’)/v{l1—e”* 
+ (1 —coth om 3) (cosh yt — 1) Fels 


=(S)y x- (16) 


The last relation of the above equation is valid, since <S),» is not dependent on 
the boundary condition. (S,),, is derived from the expansion in power series of 
K of Eq. (16). 


i pe 44 5 v aah wo ey )B 335i 
= ESy a 3CB/y | 2/08 + (?—o’) coth Bre ae * 2(v—w) 
e toy ( y) | 
ae Dbl ee aS Ld th—— 
x (1 coth ; 8) + Say + coth— p 
= 3C8 (coth = p- 2 )== (Sax. (17) 
vo- 2 vB 


As (So), is independent of r, the last relation is valid. Since (S)yx and (S))xx 


are not dependent on X, we shall omit their suffices. The diagonal part of Eq. 
(5) becomes 


P(X, X; 8) =ps,(X, X; 8) exp((S—Sp)). (18) 
The trial free energy F,,. is given by 
Fy, = — (log Zs, + (S—So))/B, 


where Zs, is the partition function derived from the density matrix ps,(X,, Xi; 2) 
and is easily derived from (S)) in the following manner. From the definitions of 
log Z,, and (So), it is valid that 


0 log Zs,/8C=(S,)/C. : (19) 


When C=0, Zs, is the partition function of free electron which is (278)-*”?. If 
Eq. (19) is integrated by C under this condition, we obtain 


(6) 
lon Za _+- log (208) + \ dC 80. 


0 


Transforming the variable C in the integral into » by the use of the relation 
Y=4C/w+o*, we obtain 
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3 Saat 
logZy=——5 log(2n8) ——5-B| (coth 5-2-5) de 
at . inh (vy /2) 8 
et ee sas ee sinh (2). 
5 los a8) + og (—”. PNT OTST in 


If the variational parameters C and w are determined in such a way that the value 

of the free energy F,, is minimum, then the average energy of polaron state is 

given by 

_ DlogZs. _ 84S) 4 84S? 
ap 0p ap 


Therefore, the expression for the self-energy part of average energy E, at a finite 


E= (21) 


temperature is given by 
E,= E—3/28, (22) 


where the last term is the energy of free electron. When f tends td ©9, the free 
energy — (1/f) (log Zs, +¢S)—(So)), becomes identical to Feynman’s expression 
for self energy. 

The calculation of E is straightforwards, but some notices are needed. An 
example is given below. Pay your attention to the following expression, which 


appears in the evaluation of 9¢S)/9/. 


e®—1 wit i? 


dp ot OF ace es), 
where 


j@;D=20- (2/8) a {re + (1-coth » 2) (coshve—1)}. 


Differentiation of the upper limit of the integral seems to lead to divergency of the 
expression, because of j(8, 8) =0. But this divergence is apparent. This fact is 
understood in the following manner. If we use j(8;7)=9(8 ;8—t) and transform 
the variable into y’=t, we obtain 

8 B/2 

face "t@s oy = [dele bee IGS OT" 

0 0 

Vg/2 ; 
=? \ y dy (gure stat”) [j (2 : Ata. 


9 


From this equation, we obtain 
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V5/2 


3 . 2 
0 2 —(p—y2 : 2\ 1-3/2 ce) (8 > y’) 
ag | ee UG: a) oe ae J ote? He PGB; AT ap 


tem i(As Ap Fyre (8; »*) dy. 


This expression evidently has no divergent terms. Furthermore, it can be easily 


shown by elementary calculations that 


lim| 8-5 ea {Jae e “Lies ) 14 |>o. 


The following can also be shown by using Eqs. (16), (17), and the relation just: 


\ 


given above, though the calculation is somewhat tedious. 


lim £() =lim F,,(), 
Boo B00 


which should hold as mentioned before. 


§3. Results and discussion 
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Fig. 1 


We carried out the calculations of the average-energy and the effective mass in 
the region of low temperatures for the special case of a=3, 
our result with the results by Fulton’ and Yokota”. 
in the analytic form, for small a, as follows. 


In Fig. 1, we compare 
Their results are expressed. 
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Fulton; —F,/ho=(n+1)a, m*/m=1+ (7+1)a@/6. 


a a 

V 27+1 6(27-+1)*?- 

The temperature dependence of the energy is contrary to each other. In the present 
calculation, the effective mass of polaron has been determined by the. formula 
m*/m=v?/w*. Fulton’s calculation for excited states is equivalent to Gurari’s” 
variational calculation for the self-energy at 0°K. His treatment neglects the entropy 
part in the free energy of polaron. Yokota calculated the free energy of polaron 
state by the use of the Hartree approximation. Variational parameter appearing in his 
calculation were determined in such a way that the free energy is minimum. The 
present results for temperature dependence of the average energy and the effective 
mass agree qualitatively with the results obtained by Yokota. The temperature 
dependences may be qualitatively understood as follows. At finite temperatures, 
there is more gain in entropy when phonon is free from electron that it crowds 
together around the electron. This effect leads to a decrease of the average energy 
and the effective mass. The qualitative difference between our results and that 
obtained by Fulton is due to that Fulton neglected the effect of entropy in polaron 
state. More detailed numerical value will be given elsewhere including the case 
for other coupling constant. 

The author is indebted to Prof. A. Morita and Prof. C. Horie for their valuable 
discussions. He is also indebted to Dr. T. Yokota for informing the derivation in 
the appendix and valuable comments. This study was financially supported by the 
Scientific Research Fund of the Ministry of Education. 


Yokota; —E)/hw= > m*/m=1-+ 


Appendix 


We derive the expression of free energy F by the use of path-integral method. 
This derivation is equal to that carried out by Dr. T. Yokota, to whom the present 
author is indebted. 

We consider the system having the following Hamiltonian, 


H= PY2m +4 pr ho, (by. 6.5% +6,,* oS) = Si iT(b.,* eter wh by. be) , 


era Te = Tre B >» (how/2) re bu* + bu* bw) 
8 8 ‘ 
X Exp.) \- \ P?/2m-ds+>) iT | (bike Prt eis bs eee) ds} : 
0 0 
-where the symbol exp,;,) means exp (A(A+B)) =exp(AA) exp, o( fae B(p) “! If we | 
apply the path-integration to the electronic system, we get 


8 


8 { { 

t UNO - —1W:Ts w 

era Tree sen iar 2 \ eXPc+) (- ae ds+ os iT. (bit escF'y ees 
(lattice) 0 0 


= Bees ‘T,— how e) ds) Dr), 
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where TYvauicey Means that trace with respect to lattice system must be taken. 
Taking care of non-commutability of variables b,,* and 6,, we obtain 


6 6 
4 e FS (Ror/2) (22w ama exp (> but |r (9s) exp ( be | (3) ds) 


A rauitce) 


B 6 8 
x exp(— | oh wi reds+ 3\ds| ds'rw(7u" S)), 
0 0 
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Boasts Ae. —iw-rt+hows + (s mE Uae ae tts 
Tw (s) ip e > lw 
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$ StL haat Candee 
=exp (Ny. bee Ibe [2 sinh PAO, a i? PRED SK: 
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. B 
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ae 
+3} Get Ihe! | ds | ds" rele GY) 
0 


0 
13 s 
Sohn rea ds| ds! Fu (5) Trg G")) 
w 0 0 


Using this result and omitting the part for a free energy of phonon, we can easily 
derive Eq. (1) for the polaron. 
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On the Collective Energy Loss 
Mechanism of Electrons Passing 


through Solids 


Mitsuo Watabe 


Institute of Physics, College of 
General Education, University 
of Tokyo, Tokyo 


April 28, 1959 


It is well known that a fast electron 
passing through a solid can excite a 
plasma oscillation and loses its energy. 
This collective loss mechanism has been 
analysed by several authors.” Here we 
propose another approach to this problem 
in the limiting case of a dense electron 
gas; that is, we make use of the results 
of the high-density-limit theory of Sawa- 
da et al” to calculate the transition 
probability of an incident fast electron 
being scattered by exciting the electron 
gas from its ground state Y% to the 
one-plasmon_ state L(g), which, fol- 
lowing Sawada, may be written asA; Vo 
with the operator A, defined as follows : 


AEN, [De + Dae 


P<P yp P>P ip 
|p+9|>P yp IP+9\ <P 7 
a,” a 
‘p pta (1) 


Shien hy 


where 


iw: the plasmon energy determined 
by the dispersion relation, 


ES=p’/2m, m being the electron 
mass, 


a», a; ; the annihilation and creation 


operators of the solid electrons, 
pr: Fermi momentum, 


and 


(aie reste 53) 


P>P yp 
lp+9|>P p> Iw+91<P y> 
- (ho —E,.,+E,")~. (2) 


Using these formulae we can calculate 
the transition probability in question. If 
we denote our initial and final state 
respectively by ¥; and ¥, and the Cou- 
lomb interaction between the fast elect- 
ron and the electrons in the gas by 
Hm, the transition matrix element can 
be expressed as 


(¥;| Hint| £;) 
Anh? 2 ~ He 
= Tt Pal Aa titel 
4 Ae = + 
ee (PolLAg, ap+0%]-| Po), 


(3) 


since A,/j=0. We have here neglected 
the exchange effect between the incident 
electron and the electrons in the solid. 
Making use of the dispersion relation 
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and approximating that 


liftor! p= pz; 


+ ? af 
(Polay ap| Po) alana notte” 


we get from (3) 
(2,| Aial T;) = N, . (A) 


Now (4) is found to be of the following 
form suitable for comparison with the 
results of the other methods : 


one hw, 


| (P| Fal Pe) [= V¢ 


), © 


where V is the normalization volume, 
W,= (42 Ne?/mV)"”, N being the total 
number of electrons in the solid, and 


Cel 
N 
Ss h* ow, (ho— p-q/m) 
rp | (hw—p-q/m)?— (q?/2m)*P 
(6) 
The same result was obtained by 
Ferrel” in the classical limit using the 
time-dependent self-consistent field me- 
thod. This result (5) is different from 
that of the Bohm-Pines theory by factor 
G. In the B-P theory 


x 


ees 1 forges g}; 

0 for g>q, 
where g, is the critical momentum of 
the plasmons, while our G~' drops from 
1 to 0 rapidly but continuously as q 
approaches to qg,. It is to be noted that 
the damping factor G is essential to 
explain the experimental fact that the 
scattering angle of the electron beam 
has a certain critical value.” 

The author would like to express his 
sincere gratitude to Prof. H. Kanazawa 
for his kind introduction to this field. 
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Pion Production in Pion-Nucleon 
Collision with Assumption of 
Strong Pion-Pion Interaction 


Daisuke Ito, Miwae Yamazaki, 
Tetsuro Kobayashi and Kenju Mori 


Department of Physics, Tokyo 
University of Education, Tokyo 


May 28, 1959 


For the theoretical explanation of a 
pion-production in pion-nucleon collisions, 
several models have been proposed. 
These are the statistical model by Fermi, 
the strong pion-pion interaction model 
by Kovacs and others”, the isobaric 
model by Sternheimer and Lindenbaum,” 
etc. However, the explanation of the 
experimental results does not yet seem 
to be satisfactory all over the observed 
phenomena. 

In 1956, we took up the strong pion- 
pion interaction model and analyzed the 
pion production experiment at 1.4 Bev. 
At that time, this interaction was only 
hypothetical, and no evidence of it had 
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been given. As the existence of this 
interaction has recently been remarked, 
we report here the results of the pre- 
vious analysis. 

It was pointed out by Ito and Minami” 
that the strong pion-pion interaction 
model by Kovacs is a favourable one in 
that it has the following two natures 
(1) large 
angle deflection of nucleons is improbable, 


required from experiments : 


and (2) ithe matrix elements are not 
strongly dependent to the direction of 
emitted pions. Assuming the simlest 
type of pion-pion interaction, we examined 
to what extent it could explain the ex- 
perimental results. 


Using the Hamiltonian 


H= iggy sta $ba+4 (babu) 
and perturbational calculation for the 
process of Fig. 1, we obtained the 
following results for the incident pion 
at 1.4 Bev. 

a) Angular and Momentum Distri- 
bution of Emitted Particles. 

Angular distributions of nucleons and 
pions are shown in Fig. 2, in comparison 
with the experimental results by Eisberg 
et al.” Fig. 3 shows the angular cor- 
relation between two pions in comparison 
with the experimental results by Walker 
et al.”. Momentum distributions of 
nucleons and pions are given in Fig. 5, 
and momentum-angular correlation of 
emitted pions is given in Fig. 4, with 
the experimental results by Eisberg et al. 
In Fig. 4, curve i(i=1, 2, ---) is given 
by the relation F(k, 6) =(i/10) Prax 
where F(k, 0) =d’o/dk-dcos@.  Finax 
occurs at @~0, k~4.3 pe/c. 

b) Branching Ratio. 

For the branching ratio 


eo (PTR ae ey 


o(pt+a- > ptnx +7) 


the Kovacs model gives R=8, which is 
too large compared with the experimental 
value, R.x,~1. This descrepancy is an 
unfavourable point in the Kovacs model, 
but it is to be noticed that the recent 
experiments show a rather high value 
of Re tor exampie, Ker se ick 1.85. 
Bev (by Whitten and Block”) and R.x,~ 
2.5 at 800 Mev (by McCormick and 
Baggett”). 

c) Contributions from 
Partial Waves. 

In Fig. 6 these contributions are com- 
pared with the results of the pheno- 
menological analysis by Ito and Minami”. 
In the Kovacs model, the P-wave con- 
tribution is quite dominant and it leads 


Separate 


to the difficulty in explaining the magni- 
tude of total cross section. 

We have only tried the simplest type 
of pion-pion interaction, therefore we 
cannot conclude anything definite about 
the evidence of strong pion-pion inter- 
But it may be noticed that the 
kinematical side in one pion production 
process is explained considerably by this 
model, and we may expect to obtain 
more desirable results by more advanced 
treatment of this type of interaction 
which, for example, takes into account 
the effect of meson clouds arround 
the nucleon. 
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Branching Ratios for the K~ 
Capture from Hydrogen 
at Low Energy 


Ken Kawarabayashi 


Department of Physics, University 
of Tokyo, Tokyo. 


June 22, 1959 


Data on K~-proton interactions are 
now available in some detail from the 
bubble chamber experiments.” For K~ 
capture at rest from hydrogen, the data 
has increased but being still compatible 
with the branching ratios 4: 2: 2: 4 
fonathew nie ee hla réaction 
ratios. 

Several attempts” have so far been 
made to explain the behaviour of the 
above ratios and it turned out that the 
hypothesis of the global symmetry was 
incompatible with the above ratios under 
the assumption that the K meson-baryon 
coupling is weak and +’ —A mass 
difference can be neglected. 

In this letter, the author points out 
that rather natural explanation of the 
branching ratios for the K~+p>2*° 


+z*° may be possible for appropriate 
magnitude of the pion-baryon coupling 
constansts, at the same time the reason 
why the global symmetry hypothesis is 
not compatible with the above reaction 
rations is made clear. It will be noticed 
that this conclusion is insensitive to the 
S'—A° mass difference and also to the 
magnitude of the K-meson baryon coup- 
ling constants. 

To see this, we first direct our at- 
tentions to the reactions at zero energy. 
It is known from the phenomenological 
analysis” that the phase difference be- 
tween the reaction amplitudes M,(T=1) 
and M,(T'=0) is shown to be about + 70° 
in order to fit the ratios for K”~+p— 
y+°477° reactions. We assume in the 
following that K meson is pseudoscalar, 
relative parity of hyperon and nucleon 
is even and the capture occurs from the 
We can prove the following 
relation under the assumption of the 


s-state. 


smallness of the channel for ¥+7—> 


A +7. 
Phase of the Reaction Amplitude 
20, yr Onn “3G) 
where 0,,-y and 0,,,, mean the real parts 
of the phase shifts for K~N and +z 
scattering, respectively. Then, the above 
phase difference is entirely [due to the 


final s-wave »'—7z scattering phase shift, 


(en On (THT) 6s. (T=0) 70h as 


Oxy =Oat zero energy. This large phase 
~ difference cannot be explained if we assume 


the global symmetry. In fact, then, 


Ox_(T=1) —¢z,(T=0) : 
~ 1/3 Ova (T=3/2) —O vs (T=1/2)) 
) | Sigal “eed 


which is shown to be about —7°, using 


% = bs 
et ae 
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Orear’s s-wave pion nucleon scattering 
formula. On the other hand, if we 
abandon the hypothesis of the global 
symmetry, it can be shown that the 
phase difference in general becomes 
several times larger than the corre- 
sponding s-wave pion nucleon phase 
shift difference. 

The Hamiltonian for the s-wave pion 
»'-hyperon interaction can be written as 


follows. (~0(4/M):M baryon mass) 


2 Se) 
H= 2 (8. 0y) (o- 
2M (Fy: Pz) (¢-¢) 


Tt 2 2 WT 
+—— (Gga—Jzz)"xu° D.-g). (3 
OM (Jon (Ys-¢) (Fz-¢) ) 


In contrast with the s-wave pion 
nucleon interaction, this Hamiltonian 
gives rise to the splitting between 
Os, (T=1) and oy,,(T=0) in the lowest 
order expansion if 93,49», which 
means that the splitting between 0, and 
0, can be roughly speaking, M/p (yp is 
the pion mass) times larger than the 
corresponding s-wave pion nucleon phase 
splitting. In fact, perturbation or Tamm- 
Dancoff treatment yields the correct 
order of magnitude of the phase dif- 
ference for the appropriate magnitude of 
the coupling constant (|93,/47+9yy/42| 
~3~10). It is to be noticed that to 
the lowest order in #4/M, the reaction 
+2 5/°+7 does not occur. 

After the large phase difference is 
obtained, it is an easy matter to repro- 
duce the observed branching ratios for 
Ko +po2"4+77. Finally, we com- 
ment on the K~ capture in flight. In 
this case, the ratio 3'~/2'*, based on 
the bubble chamber data, seems to in- 
crease rapidly to 7 at about 100 Mey 
and then levels off to a value about 


unity. However, the emulsion data of 
comparable statistics do not support this 
rapid variation of the + ~/+* ratio. 
So, one may simply assume that the 
ratio 3/3 * smoothly changes to a 
value about unity, though we cannot of 
course draw any definite conclusion on 
this point from the data so far presented. 

Then, the phase difference mentioned 
above must change to a value about 90° 
in order to fit the »~/+* ratio if the 
magnitudes of the matrix elements 
M, and M, do not vanish. The change 
of this phase difference (~20°) is mainly 
induced by 0,—, phase shift difference 
because the final state pion energy 
changes little in this energy range. 
Rough estimate can be made by the 
zero range approximation developed by 
D. Jackson et al. with solution A. and 
B,.. The result turns out to be about 
+ 30° at 20 Mev which fairly well agrees 
with our expectation. 

Details will be published in this 
journal. 

The author wishes to express his 
sincere thanks to Dr. H. Miyazawa for 
his kind guidance and encouragement. 
He is also indebted: to the Yomiuri- 
Yukawa Fellowship for financial aid. 
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On a Variation Principle for 
Calculating the Electrical 
Conductivity 


Huzio Nakano 


Department of General Education, 
Nagoya University, Nagoya 


June 24, 1959 


We have recently proposed a new 
method of calculating the conductivity 
and given the formula for the electrical 
conductivity.” Several authors have tried 
to develope and generalize the method 
so that it affords different kinds of 
kinetic coefficient.” We suggest here to 
formulate the problem in the variation 
principle. An expression, which is a 
functional of the state functions relating 
to the density matrix of the system, is 
optimized with regard to those state 
functions. The equation of the condition 
that the expression should be extremum 
is equivalent to the Schrédinger equation 
of the system in the presence of the 
electric field with appropriate boundary 
conditions, and the extremum value is 
just a component of the electrical codu- 
ctivity tensor. In case that the problem 
can be described in terms of one-body 
picture, e. g., as in the one of the 
system having the impurity atoms as the 
scattering centers of electrons, it is more 
practical to express the variation princi- 
ple in terms of the one-body picture. 
A. perturbation approximation of this 
case is equivalent to the Kohler-Sondhei- 
mer principle of variation.” 

We consider the system described by 
the Hamiltonian H. For the sake of 
simplicity we assume the charge carriers 


are of one kind with charge e. In pre- 
sence of the electric field the part expres- 
sing the electrostatic potential of charge 
carriers is added to the Hamiltonian, 
which is written as 


N 
el, £,=ely >} Lay W=2y, Bee 
n=1 


we mean by 2,, the »-component of the 
coordinate of the m-th carrier, /, that 
of the applied electric field. 

The Schrédinger equation for the 
density matrix of the system, 


5°O —[H, p@]+[eBn, oO), @) 


is investigated in the linear approxi- 
mation in regard to the field and in the 
following we shall assume two kinds of 
boundary conditions: the one is 


Ee) = Eye" v O30) (2a) 
and 

lim (4) =e, (2a') 
the other is 

Ei) Eyer. ee (2b) 
and 

lim p(t) =e, (2b’) 
where po represents the canonical distri- 
bution. 

In order to derive the solution, putting 


p(t) =pot FM e™, (3) 
and substituting this into (2), we get 
4isF“=[H, F]+[eE,x,, pc], (4) 
respectively for (2a, a’) and (2b, b’). 

Putting 


FY =Eype| die@ Pe", (6) 


0 
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we have the variation principle that the 
expression, 


Give) =| da T(E poet? (sv 


o—. > 


+7[H, PO) egeu) 


DA Db d Ope td wei pete, 


—NAT LES pee * Je}. (6) 
should be extremum in regard to the 
state functions: Y*> and ¥%~, where J 7 
and J, are the #- add v-components of 
the current density operator and / is 
the inverse of the absolute temperature 
times the Boltzmann constant. The 
extremum condition that the functional 
derivatives of o,,() in respect to %~ 
and ¥‘*? do vanish reduces to precisely 
to Eq. (4). When the solutions of Eq. 
(4) are substituted into (6), we: obtain 
the formula for the electrical conductivity, 
8 


ie jae | aa Tips tdee+iD\ » (2) 


0 


in the limit s—0. 

In the case where it is possible to 
express the problem in the one-body 
picture, the expression (6) is reduced 
to the form, 


ow ($) = lim | deen, {fIY © 
0 


—$e (2), SA +i fh, WT}, . 
HPs? O— A —), jy] 
pale AE) a (== 8) fad eens) 


where the operators written in small 
letters and tr(.-::-- ) represent the oper- 


ators. and the trace in the one-body 
picture. These one-body operators are 
related to the operators in (6) as 


H=->3 (m\hin) az an, 
Jy) Clase) Badan (9a) 
POS) (m| Gy |2)anan, (98) 


(m\f.in) =T, (oat, an): (9c) 


And, further, ¢*(t) are the Heisenberg 
operators, 


gh) (t) =e" CS Sat ema 


Use is made of the second quantization 
scheme, that is a* and a, represent the 
creation and annihilation operators for 
the state 2 in the one-body problem of 
the charge carrier. The variation pro- 
blem is formulated so that the functional, 
Ouv(¥), of the operators $0 and gf? 
should be extremum in regard to these 
operators. The extremum value is ex- 


pressed as 


2 alta 
Cuv=——— im lim 
E50 s>0 


at| at! 
0 


ot, 8 


Ke Oe Sats (z) cyst): Fut JA : 
(10) 


This is the formula for the electrical 
conductivity in terms of one-body picture. 


* 


1) H. Nakano, Busseiron Kenkyu 84 (1955), 
25 (in Japanese), Prog. Theor. Phys. 15 
(1956), -77; ibid. 17 (1957), 145. 

2) M. Lax, Phys. Rev. 100 (1955), 1808; ibid. 
109 (1958), 1921. 

H. Mori, Journ. Phys. Soc. Jap. 11 (1956), 
1029, 

R. Kubo, ibid. 12 (1957), 570. 

R. Kubo, M. Yokota and S. Nakajima, ibid. 
12 (1957), 1203. 


ye © 


Letters to the. Editor 455 


W. Kohn and J. M. Luttinger, Phys. Rev. 
108 (1957), 590. 

D. A. Greenwood, Proc. Roy. Soc. 71 (1958), 
585. 


3) A.H. Wilson, The Theory of Metals, Chapt. 
X, 300 (1953). 


A Proposed Model for the 
Explanation of the 
Urbach Rule 


Yutaka Toyozawa 


Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


June 29, 1959 


The role of electron-lattice interaction 
in the fundamental optical absorption in 
insulator has been discussed by many 
authors. In the case of band-to-band 
transition, it causes a temperature de- 
pendent shift of the absorption edge”. 
The line shape of the exciton absorption 
band in the central portion was discussed 
using the method of generating function.” 
In both cases, the electron-lattice inter- 
action also causes indirect transition by 
making the electron system violate the 
momentum selection rule.” Most of the 
experimental results on the fundamental 
absorption of insulators can be explained 
qualitatively by means of these theories, 
with one very remarkable exception. 

That is the so-called Urbach rule”, 
according to which the absorption coef- 
ficient A in the long wave-length part 
of the fundamental absorption decays 
exponentially with the decrease of photon 
energy hv: 


A(v) ocexp{—a(hy—hyv)/«T}, () 


where T' is the absolute temperature and 
o« is a dimensionless constant of the 
order of unity. This rule is valid for 
many ionic crystals (silver-halides*””, 
alkali halides®, cadmium-sulfides”, thal- 
liumchloride®, etc.) for the range of A 
as wide as several decades, and for 
moderate and higher temperatures. 

Dexter” proposed an explanation by 
making use of the deformation potential. 
His idea consists in that the energy of 
the excited states changes by 0E= — Ed, 
while the probability distribution of the 
local dilation 4 is given by exp(—4’/ 
CxT) with an appropriate elastic con- 
stant C. As the result A is given by 
fir, T)exp{— (hy —hv)?/EyCrT } where 
fv) is a factor originating from the 
energy band width. By a suitable choice 
of parameters, he obtained a curve which 
resembles to (1) in a certain range of 
A. However, it seems difficult to fit it 
to (1) through the whole range especial- - 
ly in cases of KI and KBr where Cs 
is valid while A varies as large as 10°~° 
times. 

By an extension of Dexter’s idea, we 
obtained a satisfactory explanation for 
the whole range. As we are concerned 
with the tail part of the absorption band, 
the important contribution comes from 
those parts of the crystal which deforms 
markedly, so that it is necessary to add 
a quadratic term to the energy change : 


Ohh, 4+8&, a. (2) 


A similar term was taken by Koshino” 
in discussing the temperature dependence 
of mobilities in semiconductors. If we 
take into account only the second term 
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(E,, being assumed negative), and follow 
Dexter’s procedure, we obtain the ab- 
sorption constant 


exp{— (hy—hv) /|E,|«T} 


multiplied by a factor with slow v-depen- 
dence, and the values of |F,| determined 
by comparison with experimental data 
are several eV, which seem to be reason- 
able values. 

However, we encounter a new difficul- 
ty. The width of the central part of 
the excition absorption band is due to 
the linear term £4, and |&,| can be 
estimated to be several eV from the 
observed widths.” 
is not negligible to the quadratic even 
for the tail part where —OE=h(y—v) 
~0.5eV (%: the absorption peak). 

Consequently, it is necessary to assume 


Then the linear term 


that the mode of lattice vibration re- 
sponsible for the tail part is different 
from that mode which contributes to the 
width of the central portion, the latter 
being probably the longitudinal acoustical 
Then 
we have two possibilites for the former 
modes. The first is the transverse 
acoustical mode which is expected to 


mode as was discussed in (I). 


have usually rather small linear term of 
the exciton-lattice interaction. In fact 
it vanishes exactly in the continuum ap- 
proximation for cubic crystals. More- 
over, there is some reason to believe 
that the quadratic term is rather large 
in case of alkali- and silver-halides, be- 
cause in these crystals a positive hole 
has strong tendency of forming a mole- 
cular binding between a pair of neigh- 
bouring halide ions, and lattice deform- 
ation makes pairs of halide ions with 
certain relative direction to draw nearer 


to each other. 

The second possibility is the longi- 
tudinal optical mode, which is expected 
to have relatively small linear terms of 
excition-lattice interaction if the effective 
masses of an electron and a hole are 
not very different, because the exciton 
is electrically neutral. As was noted in 
(1), however, this interaction has large 
matrix elements between different exciton 
energy bands. In other words, the 
polarization wave P(r) of ionic lattice 
causes electric field F(r), which in turn 
polarizes the excition, the energy change 
of the latter being given by DE= —aF?/2 
oc— P”. 
in the hydrogen-like 1s state, and making 
use of the fact that polarizability of the 
hydrogen atom is given by a@g= (9/2) 


Assuming that the exciton is 


-ay, we get the quadratic exciton-lattice 
interaction : 


XA Di pe +b,5* eo") 7 (3) 


/ and m are the exciton reduced mass 
and the true electron mass, respectively, 
« and x are static and optical dielectric 
constants, Aw the phonon energy and V 
the total volume. 

We now make use of the general 
formula presented in (I) and note that 
the generating function for small values 
of ¢ is important in determining the 
absorption coefficient at the tail part. 
In this limit, with H,; given by (3), 
each term U,, of the expansion (I, 3-15) 
can be calculated by collecting all possible 
graphs, with the result : 


Letters to the Editor 457 


an h 
A(») dv= eae 1/2 
oly 


(5) is normalized to unity, and B is 
given by 


B(T) =18n (ee) 


3 
x (sean) [ve pe oth) 


(6) 
and is proportional to T at high tem- 
peratures. (5) practically fits the ex- 
perimental formula (1) in the whole 


range of y in which (1) was ascertained 
by experiments, because the first factor 
of (5) has a much slower v-dependence. 
In order to get the values «=0.79 
(determined by Martienssen” from his 
data) both for KBr and KI, from Eq. 
(6) with known values of %, *, @ and 
v) (the volume of a unit cell), we have 
to take 4/m=0.64 and 0.63, respective- 
ly, which are reasonable values. How- 
ever, Martienssen’s data on KBr at the 
lowest temperature (T=20°K) shows 
that (1) is valid with T replaced by 
-T,~60°K, while according to our theory 
T,=120°K for longitudinal optical mode 
(see (6)) and T,~50°K for transverse 
acoustic modes (averaged over propa- 
gation direction). It seems that in 
alkalihalides, the linear interaction be- 
tween an exciton and optical phonons is 
appreciable due to the large difference 
in effective masses, preventing quadratic 
term from contributing to the tail part, 
and transverse acoustic mode plays the 


main réle. 

Although there still remains some diffi- 
culty in the general derivation of the rule, 
especially concerning the effect of width 
of the exciton energy band (or of the 
electron-and hole-bands, in the case of band- 
to band transition), it seems to be rather | 
well established that the quadratic in- 
teraction of the exciton (or, the electron 
and the hole) with those modes of 
lattice vibrations which do not make 
appreciable contributions to the main 
part of the exciton (or band-to-band) 
absorption plays an essential réle in 
causing the tail part described by 
Urbach’s rule. The detail of this work 
will soon be reported in this journal. 

The writer wishes to express his 
gratitude to Professor T. Muto for im- 
portant remarks, especially on the low 
He is also indeb- 
ted to Professor D. L. Dexter, Professor 
F. Urbach and their collaborators for 


valuable discussions on this problem. 


temperature behavior. 
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Angular Distributions of (“*N, @) 
Reactions 


Tetsuo Kammuri* 
and 
Ryuzo Nakashima** 


* Department of Physics, Osaka 
University, Osaka 
** Nuclear Data Project, National 
Research Council, Washington 
DCs USS: A, 


July 6, 1959 


Recently, in the 28 MeV “N_ bom- 
bardment of “Al and “O, differential 
cross sections for the emission of protons 
and alpha particles with various energies 
were measured by Zucker et al.”” over 
the angular range between 0° and 100°. 
According to them, protons are emitted 
isotropically while the angular distri- 
butions of alpha particles show definite 
forward peaks and something like di- 
ffraction minima for high energy groups. 
This fact cannot be explained simply 
by the compound nucleus formation 
process and it suggests the occurrence of 
some direct reactions. After the analogy 
of the stripping process, we consider in 
this note that a part of the nitrogen 
nucleus, B, is captured, and the rest, 
alpha particle escapes. 

To treat process (a+B") +target—> 
a+ (B+target) in the Born approxi- 
mation, we make the following assum- 
ptions. First, adopting the alpha particle 
model for “N, we suppose that only the 
states in which the alpha particle and 
“B in the “N nucleus are separated 
beyond some extent, say a, contribute 


to the process, and further, for con- 
venience sake, the relative angular mo- 
mentum between “B and alpha particle 
in “N is assumed to be zero. Second, 
we consider that the reaction is caused 
by the interaction between “B and the 
target nucleus when the former comes 
into contact with the surface of the 
latter. Finally, as the excitation energy 
E of the residual nucleus in the experi- 
ment is high, the cross sections obtained 
by assigning definite fmal states must 
be summed over all the final states in 
the appropriate energy interval between 
E and E+dE. For the case in which 
the final nucleus is in a so highly ex- 
cited state that it can disintegrate into 
initial nucleus emitting ”B, these sum- 
mations have been worked out by Bhatia 
et al.;° we borrow their result and 
suppose it to be valid even for about 
10 MeV of: the residual 
nucleus. 

Then, the differential cross section of 


excitation 


the alpha particles emitted in @ direction 
and energy interval FE, and E,+dE&,, is 
simply proportional to 

| - \2 

| | RO) jor) tart. 
with 

[i — k,—- k,M;/My, 


where k;, k; is the momentum vector 
of the incident “N and outgoing alpha 
particle, and M,, My are the mass of 
*B and “N respectively. R(7) describes 
the radial part of the wave function of 
relative motion of the alpha particle and 
“B in “N, jo is the spherical bessel 
function of order zero. 

The above considerations were applied 
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‘15 


Differential Cross Section (arbitrary units) 


0 
0 10 20 30 40 50 60 70 80 % 100° 


Ooo. 
Fig. 1. Angular distribution of alpha particles 
from the reaction %O(14N, a)26Al*. The 
residual excitation energy is 8 MeV. 
Solid line: experimental; dashed line: 
compound nucleus process (assumed) ; 
dot-dashed line: direct+compound 
nucleus process. 
to the typical case of “O(N, «)”*Al* 
with 26 MeV “N and the residual ex- 
citation energy of 8 MeV.” This is 
shown in Fig. 1. Here we have sub- 
tracted an isotropic part from the ex- 
perimental angular distribution as due to 
the compound nucleus process, and com- 
pared the rest with the calculation 
normalized at zero degree. Parameter 
a is taken as 5.3X10-* cm, which cor- 
responds to the sum of the radius of 
alpha particles and 0B when we take 
m=1.4X10-% cm. The forward peak 
may have resulted from the assumption 
of zero relative angular momentum be- 
tween the alpha particle and wB >but 
in order to say which value of the 
relative angular momentum is best, it 


will be necessary to collect more data 
and clarify the choice of other para- 
meters. 

We should like to thank Professor S. 
Takagi and Mr. S. Yamasaki for their 
valuable discussions and careful reading 
of the manuscript. 
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Energy Levels of Zr” 


V. K. Thankappan 
and Y. R. Waghmare 


Physical Research Laboratory, 
Ahmedabad 9, India 


July 11, 1959 


Ford’s prediction,” based on simple 
shell model considerations, of a 0* level 
as the first excited state of Zr,” was 
soon experimentaly confirmed.” Recently 
Lazar et al.) have measured the low- 
lying energy levels of Zr,” and found 
them to be in agreement with the 
qualitative conjectures of Ford. How- 
ever, they report that a quantitative 
calculation by Lane” based on a short- 
range interaction between the nucleons, 
gives poor agreement with the experi- 
mentally observed splitting of the GHA 
configuration. We have calculated the 
level-scheme for a more realistic shell 
model, by taking a finite range for the 
nuclear interaction, and obtained con- 


460 Letters to the Editor 


siderably better agreement with the 
experimental results. 

Following the two-nucleon model as 
suggested by Ford,” we consider the 
low levels of Zr” to arise from the 
interactions of the last two protons in 
the configurations (p1)2)*, J=0; (Yoj2)”, 
J=0, 2, 4, 6, 8; and (Dip on), J=4, 5. 
From the data on Y™ we take the 
separation energy of the single particle 
levels to be 1.0 Mev.” We assume 
harmonic oscillator wave functions for 
the nucleons, and a central two-body 
internucleon potential of the gaussian 
shape viz., (a+bo,:0,)exp(—r’?/7™) 
where a and b are parameters giving 
the exchange character of the potential, 
and are determined by comparison with 
the experimental data; 7) denotes the 
range of the interaction and only enters 
the calculations in the combination, 4= 
ro/1, where r, determines the range fo 
the nucleon wave-function.” 

The energy levels are calculated for 
A=0, 0.5, and 1.0, and a and 6b are 
determined by fitting the experimental 
energy separations of the 2*, 4* and 


Table I. Calculated and experimental 
energy levels 


| Calculated energy | Experi- 
Configu- 7 in Mev. mental 


ration —— ———|, enérgy 
A=0 | A=0.5} A=1.0' (Mev.) 


(Pi/2)? 0* (0) 0 0 0 
4" - ? 
(Pil2 99/2) 2.50) 3.39] 2.24 
a” SANS 283 Oil adie 2.32 


(9o/2)? 4* 2.53| 3.60) 2.93 3.08 


6* levels except for 2=0. In this last 
case only one parameter is needed, and 
this is fixed by fitting the experimental 
separation of 2* and 6* levels. Table 
I lists the excitation energies of the 
levels relative to the ground state 0°. 

We note that the separation of the 
two 0* levels and the splitting of the 
levels of (992)? configuration are quite 
sensitive to the range parameter 4. It 
is clear that a satisfactory agreement 
with the experimental results can be 
obtained only for a rather large value 
of 2 viz. 41.0. The energy values 
reported in Table I do not include the 
effect of the repulsion of the 0* levels. 
A rough estimate shows this to be small, 
giving a shift of ~0.1 Mev. in each of 
the two 0+ levels, for 4=1.0. This, 
however, further improves the agreement 
between the predicted and the observed 
values; in particular, the discrepancy 
between the predicted and the observed 
separation of the 0* levels is now re- 
duced to 0.38 Mev. We believe that 
in view of the simplicity of the model, 
the agreement between theory and ex- 
periment is quite satisfactory. 

The values of the parameters a and 
b for A=1.0 are found to be —17.5 Mev 
and 3.8 Mev respectively. It may be 
noted that the large value of the range 
and the relative strengths of the spin- 
independent and spin-dependent _ inter- 
actions are in qualitative agreement with 
the results obtained for nuclei near 
A=40,” 

We finally remark that while this 
model provides reasonably good agree- 
ment for a splitting of the energy levels 
within a given configuration, the rela- 
tive separations of the levels of different 
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configurations is not so well given. 
However, the calculation predicts the 
separation of the levels of the configu- 
ration (P1j2 Yo) to be ~0.5 Mey., and 
this would place the as yet unobserved 
4~ level at about 2.8 Mev., ie. very 
close to the 4* level. 


Acknowledgement : 


We are greatly indebted to Dr. S. P. 
Pandya for suggesting the problem and 
for discussions during the course of the 
work. This work was supported by a 
research grant from the University 
Grants Commission, India, and Ministry 
of Education, Government of India. 


1) K. W. Ford, Phys. Rev. 98 (1955), 1516. 

2) Johnson, Johnson and Langer, Phys. Rev. 
98 (1955), 1517. 

3) N. H. Lazar et al., Phys. Rev. 110 (1958), 
bie 

4) The exact value is 0.913 Mev. as reported 
in Nuclear Level Schemes, compiled by K. 
Way et al., U.S.A.E.C. Report TID-5300 
(1955). 

5) I. Talmi, Helv. Phy. Acta, 25 (1952), 185. 

6) J. B. French and B. J. Raz, Phys. Rev. 104 
(1956), 1411. 


Determination of Velocity 
Distribution of Electrons from 
Observed Spectral Distribution of 
Bremsstrahlung* 


Mahendra Singh Sodha, Charles E. 
Stewart, and Robert F. Tooper 


Physics Division, 
Armour Research Foundation, 
Chicago, Illinois 


June 15, 1959 


The cross-section of collision between 


FQ) =A In| 


a positive ion of charge Ze and an e- 
lectron of energy 2, emitting a photon 


of energy y=hAv in the process, is given 
by? 


P(x, y)d(y/x) 
=(A"/y)In{(/x+VvV 2—y)/V yt? 
xf-d(y/2) (1) 
Al'=8Z'e/3hime, 


where 


m is the mass of electron and f a 
factor, introduced by Sommerfeld” to 
take into account the nonvalidity of Born 
approximation. To keep the mathe- 
matics simple, in what follows we shall 
assume Born approximation to be valid 
and hence f=1. 

The spectral distribution of brems- 
strahlung per unit volume is given by 


F(y)dy=7,dy | y P(x, y) 
ray 
v" 
x —n(v) vdv (2) 
x 


where F(y) dy is the energy of brems- 
strahlung photons per unit volume per 
unit time between the energies y and 
y+dy, q, is the number of ions per 
unit volume and v’n(v) dv is the number 
of electrons per unit volume having _ 
velocities between v and v+duv. 
Combining Eqs. (1) and (2) and 
remembering x= (1/2)mv’, we obtain 


Pe Bui 
" Bale N(x) dx 
y dos 


(3) 


* Work sponsored by Rome Air Development 
Center. 
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where 
A= 324.67 ,/ 3nm-c 
N(z) =n(v) =n(V/2x/m) (3A) 
and 2(v)=N(mv’/2). (3B) 
Eq. (3) may be solved by a method 


similar to that used by Montroll’ for 
an analogous problem. The result is 


+0 . 
tu 


NG@) = (2A) | ee 
x yO) dy (4) 


where 
I(u) = je In {/e aye al Cane dz ; 
0 


Another method of solution is based on 
the assumption that N(x)—0 as 2-00 
and N(x) is finite for z=0. Further, 
it is assumed that F(y) is differentiable. 
Hence, upon differentiating (3) with 
respect to y, we get 


co 


—2F') =| 2 NG) ae. ©) 


With the substitutions c=1/t and y=1/u 
we may bring (5) to the form 


G soe 


flu =| (6) 


where 
f(@) =—207°P Fa’) 
GE) te NG a 


Since (6) is an integral equation of the 
Abel type”, we immediately have that 


f (u) 
Coes TOMEGE | Sede Se 


In our original notation, the solution is 


given by 
Nip beac leo Pale 


(8) 


Eqs. (3) and (8) can be used to de- 
termine N(2z) from F(y). 

As pointed out earlier this treatment 
holds only when Born approximation is 
valid and hence should be used, only in 
regions of validity of Born’s approxima- 
tion. This limitation can be easily 
overcome by using Sommerfeld’s” cross- 
section for bremsstrahlung, which, how- 
ever, entails more laborious mathematics. 

F(y) cannot be experimentally de- 
termined for all values of y but ex- 
trapolation methods can be used with 
ample justification at some temperatures 
because F(y)— constant at low values 
of y and F(y)-—0 at high values of y. 
The total number of ions per unit volume 
7, can be measured by standard methods 
since the number of electrons per unit 
volume 7_=Zy7,. Starting from an ex- 
perimental value for 7_ one can determine 
the velocity distribution, which in turn 
Hence the 
method of successive approximation may 
be used to get more and more accurate 
velocity distribution and 7_. 


gives 7 _ by integration. 


F'(y) refers to emission per unit volume 
per unit time neglecting self absorption. 
However, the coefficient of absorption is 


related to F(y) by Kirchoff’s Law... 


Be Wa eas yg ae 2 
x(y) NE ae 


ql exp wie TY 
(Planck’s Function). (9) 


ye 
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The net emission per unit area of 
surface per unit time ¢#(y) can be ex- 
pressed in terms of F(y) and Z(y) if 
the geometry of the radiating plasma is 
known. For a plasma enclosed between 
two parallel infinite planes at a distance / 
Allen and Hindmarsh” have shown that 


$0(9) =B(y)| 1-exp(— 22? ) 


A} ( 4) 


(10) 


where 


It can be shown that 


Chan) a when Lol, 
Ar 


and ity) LF) when KO) 21. 
2 An 


Hence to get information about (y) 
and subsequently electron distribution one 
should work with plasmas of smaller 
dimensions (provided the radiation is of 
sufficient measurable intensity). 

It may be repeated that the velocity 
distribution is given by v'N (mv?/2) dv 
from which the energy distribution can 
also be derived. 

The authors are grateful to Dracl. 
Reiffel and Dr. J. Brophy for kind en- 
couragement during the investigation. 
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Diamagnetism of a Dense 
Electron Gas 


Hideo Kanazawa 


Institute of Physics, College of 
General Education, University of 
Tokyo, Tokyo 


and 
Noboru Matsudaira 


Department of Physics, Hosei 
University, Tokyo 


June 30, 1959 


G. Wentzel” has investigated the 
effect of the Coulomb interaction on the 
electronic diamagnetic susceptibility, with 
use of the reduced Hamiltonian which 
is equivalent to the pair theory of Sawada 
et al2 He obtained the result that the 
usual diamagnetic susceptibility of free 
electron gas (Landau diamagnetism) 1s 
unaffected by the Coulomb interaction. 
His argument is based on the fact that 
the interaction Hamiltonian H,, expressed 
in terms of pair operators, is unaffected 
by the unitary transformation which eli- 
minates the magnetic interaction fs be 

Wentzel’s argument is, however, not 
rigorous because he takes only that part 
as the magnetic interaction H’, which 


creates or annihilates electron-hole pairs. 
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(a) (b) (c) 
(e) (f) (g) 
Fig. 2 


Other parts, which scatter electrons or 
holes, do affect the total energy of free 
electron system. 

Write the Hamiltonian and the energy 
of the system : 


H=H,+H,+H'+H" 
H(A) =£,(A) + Bex (A) + Eos (A) 
=E(0) + 4E(A) 


where A means vector potential, H’ and 
H” are magnetic interaction of first and 
second order with respect to A, and 
4E(A) is the increase of energy by the 
magnetic field. 

According to Gell-Mann and Brueck- 
ner”, to the high density limit the cor- 
relation energy E45,.(0) can be calculated 
by summing the terms which are repres- 
ented graphically by Fig. 1. Effect of 
H!’ is shown in Fig. 2 and the contri- 
bution from H” to the energy is only 
its diagonal part. In Fig. 2 the dotted 
line and the wavy line represent H, and 
H’ respectively. 

Contribution from each graphs in Fig. 
2 to the total energy E(A) can be 
calculated by an elementary perturbation 


(d) 


method, at least to the first 
few terms. We write them 
E,, Ey, etc. E, gives, with the 
contribution from H’’, Landau 
diamagnetism. Contributions 
from the graphs of type (b), 
(c), are that. part which was 
calculated by Wentzel and they 


really vanish, as is easily seen. 


<0 As an example we consider 


“0~ Te 


graph (b). We obtain (A=1) 
) F,=4(e/mc)* 3} V(k) 
x DU(+#/2)A@)] 
x[(p'+k/2) A(—2)] 


0 0 0 0 
Nn+rk— Mp M Np +k Nor 0 
Oe ee eae 


pi+k 


where A(k) and V(k) are Fourier 
components of vector potential and 
Coulomb potential, €2=p°/2m and nj is 
the occupation number of the electron of 
momentum /p in the Fermi sphere. 

E,, E,,--- are those parts which was 
dropped in Wentzel’s calculation. Ex- 
amining EF, and E,, we get the result 


AE... (A) = F.x (A) — E,x (0) 
he e! 3 


Do Aaa Hg) 


167°C? “7 «p=1 


x [2 —e qa as i 
= q 


Susceptibility ¥% is related to JE(A) 
by the relation 


4E(A) =— (x/2) > > Az (q) As(—4) 


X[9a8q°— Ga9p|-[1—0(q’) }. 


Thus we can conclude from the above 
result that the susceptibility diverges in 
the simple perturbational calculation. 


‘ie ol 
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Just as in the case of correlation energy” 
or electronic specific heat*) of the dense 
electron gas, we get a finite result if we 
treat the effect of H, exactly. We are 
performing such a calculation at present, 
utilizing the method of Green’s function. 
Detailed discussion will be presented in 
near future. 


1) G. Wentzel, Phys. Rev. 108 (1957), 1593. 

2) K. Sawada, Phys. Rev. 106 (1957), 372; 
K. Sawada, K. A. Brueckner, N. Fukuda 
and R. Brout, Phys. Rev. 108 (1957), 507. 

3) M. Gell-Mann and K. A. Brueckner, Phys. 
Rev. 106 (1957), 364. 

4) M. Gell-Mann, Phys. Rev. 106 (1957), 369. 


Effects of Potential Well Parameters 
on the Polarization of Elastically 
Sceattered Protons 


Keiichi Nishimura 


Department of Physics, 
Rutgers University, New Brunswick, 
New Jersey, U.S.A. 


July 7, 1959 


Polarization experiments with high 
energy nucleons are usually analysed by 
the use of an optical model potential of 


the form 
Vea Vi0+ V,(hi/pc)?*1/r-dp/dr-a-l. 


The complex well depths Ve and Vs, 
together with the parameters characteriz- 
ing p, the radial dependence of the 


potential, are called well parameters. 
In a recent paper” Sternheimer studied 


the effects of V,, (the imaginary part 
of Vs) on the calculated polarization of 
150 Mev. protons elastically scattered by 
emulsion nuclei (Ag and Br). He fixed 
the values of all the other well parameters 
so that the best fit to the experimental | 
results is obtained and, by varying Vs; 
he calculated three polarization curves 
by the WKB method. Among the con- 
clusions he obtained are: 

(i) Prax» the maximum polarization 
inside the first diffraction peak, increases 
as |V,| increases. 

(ii) Prax appears at a larger scattering 
angle as | Vx;| increases. 

Gii) The dip of the polarization curve 


‘at the first diffraction minimum becomes 


narrower and deeper as | Vs;| increases. 

Previous to this, the present author 
developed an approximate expression for 
polarization with use of the distorted 
wave Born approximation.” The purpose 
of this note is to check Sternheimer’s 
conclusions by this method which, 
although inferior to the WKB method 
in accuracy, can handle the problem 
more easily. To this end, the pairs of 
curves corresponding to the following 


\ 


well parameters were compared. 

Pair (i): Target carbon, 
V.=— (0+10i)Mev, Vsre=1 Mev, 
V~=—0.5 and —1 Mev. 

Pair (ii): Target carbon, 
Ve= — (0+107) Mev, Vsn=1.5 Mev, 
Vi=—0.5 and —1 Mey. .-+ 

Pair (iii): Target carbon, 
Ve= — (04127) Mev, Vse= 0.75 Mev, 
V.;= —0.33 and —0,.42 Mev. 

Pair (iv): Target calcium, 
Ve=— (0+127) Mev, Vsx= 0.75 Mev, 
Vs7=—0.33 and —0.42 Mev. 
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Pair (v): Target calcium, 
V_=— (0+127) Mev, Vsp-=0.84 Mev, 
Vs5;=—0.33 and —0.42 Mev. 
All the well parameters used here satisfy 
the condition 


VoR/hv <1 


mentioned in ref. 2). They are also 
roughly in agreement with the estimates 
of Riesenfeld and Watson.” Note that 
for each member of the above pairs V¢ 
and Vx» are the same and thus we can 
study how the effects of Vs, on Prax 
change as the other well parameters are 
altered. 

From (iii) we learn that P,,,, increases 
as |V,,| increases but for (i), (ii), (iv) 
and (v) Pyax is found to decrease as 
|Vs7| increases, which is contrary to 
Sternheimer’s conclusion. As to the 
depth and width of the dip of the curve, 
hardly any significant changes are ob- 
served. 

As already mentioned in ref. 2), the 
shape of the polarization curve depends 
on the well parameters in such a com- 
plicated manner that it is not possible 
to find any simple relation between P,,.x 
and V,,;, or any other parameter. Thus 
we agree with Sternheimer in saying 
that all the well parameters must be 
changed if we are fitting experimental 
results. 


1) RK. M. Sternheimer, Phys. Rev. 112 (1958), 
1785. 

2) K. Nishimura, Phys. Rev. 110 (1958), 1166. 

3) W. B. Riesenfeld and K. M. Watson, Phys: 
Rev. 102 (1956), 1157. 


Green Function Method 
in Quantum-Statistics 


Hideo Kanazawa and Mitsuo Watabe 


Institute of Physics, 
College of General Education, 
University of Tokyo 


July 17, 1959 


In this short note we propose a simple 
method for computing the grand parti- 
tion function which is a slightly refined 
one of Matsubara’s method.” Matsubara 
showed that the theorem, which is 
analogous to Wick’s theorem in quantum 
field theory, is also valid in quantum 
statistics so that one can use the field 
theoretical techniques for the computa- 
tion of the quantum statistical averages.” 

On the basis of his consideration we 
can easily derive the following integral 
equation : 


Gh (12; 34) =—Gl (1, 3)GP"(2, 4) 
+6G}" (1, 4) Gh" (2, 3) 
+ | Ge], 5) GP (2, 6) 7 (56 : 78) 
x GO" (18> 34) dasdasdredz.- 


where 7(=1, 2,---) stands for the four- 
dimensional coordinate 2;=(x;, t;), where 
t; is the variable corresponding to the 
inverse temperature, d2x;=dx,dt;, 0= 
+1 or ~—1 according to whether the 
particle field in question obeys Bose or 
Fermi statistics, and the ranges of integ- 
rations are (0, ) for ¢; and the whole 
space for x;- G2?" (1---27 5 1/---n’) charac- 
terized by the parameters B= (kT) 
and #4, the chemical potential, is the 
quantum statistical analogue to the Green 


—_.,*, 
She 
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function of 72 particles in quantum field 
theory and is defined as 


GS" (1---23 +n’) =<TiP (1) 
--gh(n) GA") -F (nS (B)}Yo/ SB) Yo. 
where 


(--°\==Tr e SUTo- BN)... 


[Tr entree), 
4 

D(8)==P exp & | H,(¢) dt) E 
0 


Hi, (t) =exp| (Ho—#N) t| 
x<exp| — (H)—pN)¢], 

b (2) — eto-eN)t ih (x) e' Flop) 

do (x) = ei to- un yt p ¥ (x) e-em, 


p(x), 
its hermite conjugate. We have assumed 
that the total Hamiltonian H can be 
written as H,+H,, H, and H, being 


the free and interaction respectively. 


(x) are the field operator and 


Further we will assume the “interaction 
is the two-body one, that is, 


H.=3\\e @e @)e@—*) 
X f(x!) f (x) dx dx’. 
[*(56 ;78) is also the quantum Ssta- 
tistical counterpart of the so-called ir- 


reducible 4-vertex part in quantum field 
theory. 

Using G3", the grand partition func- 
tion 2 =Tre**-*™ can be given as 
follows : 

B 


log = =log=0—" 5 


f dg 
ee 
0 


x \\ dx dx! v(x—x’) 
X lim Gi" (xt), ¥/ ty 5 Xt2, X’ te), 


foot +0 


Piece beater te vans 9 is the 


coupling constant. Taking account of 


the periodicity of G};* we may also write 


try 


/Ee=ex| ~6 2 


che [a dy 
0 
Xx \| dx dx! v(x—x') 


x GP" (xB, x!8; x0, x'0) | 


Thus the problem of the computation 
of = is reduced to that of the determi- 
nation of /”” suitable for the system 
in question and of the solution of the 
integral equation for G}’". 

In the case of the electron gas, we 
can easily get the result of Montroll and 
Ward” if we take the following approxi- 
mations : 


Gi" (x, 2) > GC (a, 2) 

=< (Ti¢(2)f(2')}o, 
Gi¥ > GE GEE, 
['*" (56 ; 78) 38 (5—7) 

x 8 (6—8) (5, 6), 


where ('"" is determined by the follow- 
ing integral equation, 


P®"(1, 2)=v(1, 2 
+ Jv, 96M, NGL, 8) 
MeL) oY (Ae) Arad cas 

v(1, 2) =v (x,—%) 0 (4,—-h). 


Further, if we do not take the second 


approximation and solve the integral 
A 


equation by the binary collision approxi- 
mation, we get the result which corres- 
ponds, in the classical limit, to the result 
of Abe, the so-called 


approximation.” 


‘< water-melon ” 


TS ly Aes, oF. S 
es ph beet, 
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Fradkin, JETP 36 (1959), 1286, T. Matsu- 


Details of the above discussion and 
other results will be given in a forth- 


Errata 
Molecular Processes induced by ~~ Mesons in Hydrogen Bubble Chamber. II 
Yukio MIZUNO, Takeo IZUYAMA and Mikio SHIMIZU 
Prog. Theor. Phys. 21 (1959), 479. 


Following corrections should be made: 


p. 479, 7th line from the bottom—“ >(44 ev)” should be replaced by “ >44 ev)”. 

Our previous correction, 7.e. 

(44 ey) —>(—44 ev) which have appeared on this journal (22 (1959), 312) should be neglected. 
p. 479, Table I—The reaction rate for ®;->®p by Auger’s process should be 105 sec™! instead 
of 104 secu}. 


T—Net Diagram for Fusion Researches 


M. IMOTO, G. TOMINAGA and S. FUJII 
Prog. Theor. Phys. 21 (1959), 939 (L) 


originally should read 
P. 939 right 5 from and ¢ the reduced time r=N¢ and the reduced time r=N¢ 
the bottom 
P. 941 left 3 from narrower wider 
the bottom 
P. 941 reference!) Prog. Theor. Phys. 21 (195), . Prog. Theor. Phys. 21 (1959), 758. 
No. 758 


The S—A Relative Parity and the K—N Reaction 


Yukihisa NOGAMI 
Prog. Theor. Phys. 22 (1959), 25 
The Eq. (2-12) should read 


F,=3.0, F,/=0.4, Re F.=6.0, Re F’=1.2. (2-12) 


=a’ = ie 
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2 °*'P State of Helium Atom 


Gentaro ARAKI, Koichi MANO* and Masao OHTA 
Department of Nuclear Engineering, Kyoto University, Yosida, Kyoto 


(Received May 27, 1959) 


The fairly accurate eigenfunctions of 2 3P and 2 !P states of the He atom are determined 
by the variation method so as to assume the simplest analytical form. The polarization of 
the s-orbital is taken into account, and the configuration interaction is examined. The non- 
relativistic energy eigenvalues are Ejnev (23P) = —2.132 612 64 and Etneo(2tP) = —2.123 198 66 
atomic units which include both the normal and specific mass correction. These theoretical 
values are in fairly good agreement with the observed values Fops(28P) =—2.132 968 6+7 
X107-7 and Eyps(21P) = —2.123 637 347%X10-" atomic units. 


Introduction 
me of the 
F ies publishers regret two weeks’ delay in publication of 1 for the 
bis 22, No. 5 which are to appear on 25th November. yaper is to 
hey also would like to inform that Vol. 22, No. 6 are fect of the 
now in due course. t only the 


1 itself but 


also some insight into the structuré Of wave tunctions or more cumprcx- many-body 


systems. 

In the previous paper A” six functions were examined. Three of these functions 
had a cusp in their radial part. Strictly speaking, such a function does not belong 
to the domain of the kinetic energy (operator), and a special caution was necessary 
for employing it as a wave function. A correction term arises from the cusp. 
Such a correction was not fully taken into account but only partly in A. In the 
present paper the calculation is repeated fully taking into account the cusp correction, 
and the new parameter values are re-determined. The polarization of the s-orbital 
is taken into account. This effect can be interpreted as the configuration interaction 
as was discussed in A. The non-relativistic energy eigenvalues are calculated taking 
into account the effect of the nuclear motion. 


§ 1. Basic wave functions 


We shall consider the deepest *P and ’*P states of the He atom. If we neglect 
the kinetic energy of the nucleus, the non-relativistic Hamiltonian is given by 


* Permanent address: Air Force Cambridge Research Center, Bedford, Massachusetts 
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Hos (44+4) > 2 =, (1-1) 
2 fat T9 T12 
where all quantities are measured in atomic units. The effect of the nuclear motion 
will be considered in the last section. 

Our first task is to obtain the eigenfunctions of H., according to the variation 
principle. We assume a linear combination of basic functions as the variation 
function. We seek for the simplest analytical eigenfunction. This restricts the 
basic functions in a few number. In order to recover the deprived freedom due 
to this restriction we vary the effective charges contained in the basic functions as 
well as the coefficients of the linear combination. It must be better to vary all 
effective charges and coefficients independently and simultaneously, but this is ex- 
tremely difficult for us having no electronic machine. Thus we should content 
ourselves with a substitute device. The motivation and the meaning of the device 
will be accounted for in the third section, and only the method and result of de- 
termining the basic functions are described in this section. 

We assume the normalized wave function of the starting approximation in 
the following form : 


fy=27(1 +P) F(«, #37%> Tats (wy, 2) (1 2) 


where P denotes the operator which exchanges the coordinates of two electrons. 
1—P corresponds to the triplet state, and 1+P to the singlet state. Z,, is the 
normalized two-electron angular function of the P state corresponding to the sp- 
configuration : 


As (or, 2) = Yo (a1) Yr (ws) qd i 3) 


where Y;_(w) is the normalized one-electron spherical surface harmonic corresponding 
to the azimuthal quantum number / and the orbital magnetic quantum number m, 
and w stands for the spherical surface coordinates @ and gy. As the energy 
eigenvalue is independent of the orbital magnetic quantum number M, of the total 
system we consider the case of MM,=0. The normalized radial function is of the 
hydrogen type: 


F(t, #3 1, 12) =Nare Ore (1-4) 
where N, is the normalization constant : 
Neue, 2) = (21)? (Qu) (21 41) 18 3 (1-5) 


Z;=« and Z,=2/ are the inner and outer effective charges respectively. They are 
determined by minimizing the expectation value of H.. If the variation parameters 
« and #¢ are transformed into 4 and 2, according to the equations «=Az) and u=/(1— ©) 
the simultaneous equations for 4 and 2 can be easily solved in any desired accuracy. 
The explicit form, as the function of 4 and 2, of the expectation value of H, will 
be given in the second section. The determined values of « and / are shown in 
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Table 1. We see that the value of the inner effective charge is a little smaller than 
2 for the triplet and a little greater than 2 for the singlet while the value of the 
outer effective charge is a little greater than unity for the triplet and a little smaller 
than unity for the singlet. Such a phenomenon is generally seen in the hydrogen- 
like orbital of the Zs n/ configuration (J=n—1) of the two-electron atom.2 If we 
denote the effective charge by the primed and unprimed symbols respectively for 
the singlet and the triplet they can be written in the form: 


L727 —0; Za=Z—-1+0, (1-6a) 
Zl=Z40¢ Zl=Z—1—8,'. (1-6b) 


The notable characteristic of the deviation 0 can be summarized in the following 
way. The deviation satisfies the inequalities : 


O20 20,2157 00 07 21) (1-7) 
The sum of the inner and outer effective charges is given by 
Z;+Z,=2Z—14+ (0,—9;), Zi! +Z,/ =2Z—1— (0,'—0/') (1-8) 
and the deviation of these sums from 2Z—1 satisfies the inequalities : 


Table 1 Parameter values of wave functions 


3p 1p 

1.991 185 792 2.003 024 271 
L 0.544 574 887 8 0.482 362 881 4 
My 1.335 750 000 0.807 500 000 
Le 1.975 000 000 1.437 000 000 
Ps 0.921 250 000 1.119 000 000 
N, 0.934 071 888 0.982 971 341 
N3 0.974 574 903 0.957 776 963 
ao 0.990 273 307 1.000 566 493 
ay 0.023 487 573 6 —0.007 028 260 02 
ay 0.013 873 997 3 —0.000 406 779 024 
as —0.016 443 103 5 —0.018 107 143 9 

LL 
eo oe POM eds (1-9) 


For the outer effective charge, 1—0, or 1+0, may be interpreted as representing 
the screening by the s-electron but it is the over-screening in the latter case. The 
same interpretation can be applied to 0, but is not the case for 0;. The numerical 
values of 0;, 0,, 0; and 0, are shown in Table 2.* 

In order to improve the accuracy of the eigenfunction we further consider two 
more functions of the sp-type and the third function of the pd-type: 


* These values are calculated from the inner and outer effective charges which were determined 
by Ishizu?. 
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Table 2 Deviation of effective charge 
LL SS SS SS_——$—- 
Is2p 3P Is2p 1P Is3d 3D Is3d 1D 


N 
Be 
6 
B 


3; 3, CPTI Ode bi bq 3,/ Bq! 


He I | 0.0088 | 0.0891 0.0030 | 0.0353 | 0.0000 | 0.0008 | 0.0000 | 0.0005 


2 
3 La 0.0206 0.1632 | 0.0064 0.0596 0.0001 0.0033 | 0.0001 0.0015 
4 Be III} 0.0273 0.1979 | 0.0082 0.0700 0.0003 | 0.0050 _ 0.0002 | 0.0025 
ts) B IV 0.0313 0.2172 0.0091 0.0749 0.0004 | 0.0065 | 0.0002 | 0.0031 
6 (CPN 0.0338 0.2294 0.0098 0.0776 0.0007 0.0074 | 0.0003 0.0036 
Han NOV. 0.0357 0.2378 | 0.0101 0.0791 0.0006 | 0.0085 — 0.0003 0.0041 
SaleO Wil! 0/0370 0.2437. | 0.0102 0.0803 | 0.0007 0.0092 | 0.0003 | 0.0040 
9 F VIII} 0.0382 0.2483 0.0103 0.0807 0.0008 0.0098 | 0.0003 0.0042 
10 | Ne IX} 0.0390 0.2520 | 0.0106 0.0812 0.0007 | 0.0099 | 0.0003 0.0048 
Tt Na X 0.0396 0.2551 0.0103 0.0817 0.0010 0.0106 0.0003 0.0046 
12 | MgXI 0.0402 0.2572 0.0106 0.0819 0.0007 | 0.0110 0.0002 0.0049 
py = 2783 (1¥P) G(k, VOSS 79,74) Log (a1, W2) (i 10) 
fo=2-* (1 FP) F(K, fa; 11, 72) Z sp (1, W2) Ca 
fs=2-? (1 FP)G(k, 33 71, 72) Zya(1, 2) (1-12) 


where F(x, 4}; 7, rT.) is given by (1-4). The other normalized radial function is 
defined by 


Gk, L > 71> ro) = Ne Ure te (1 ‘ 13) 


where r. is the smaller one of 7, and r, and the normalization constant N, is 
given by 


Neo (ke, #) = (2)? (24) "7141 N(x, 2) $7 (1-14) 
[N(x #) P=1—yo{1+529+ (25/2) xo + (35/2) x0°} (1-15) 
LHK(K+P)* yo=1—4y. (1-16) 


Zpa is the two-electron angular function of the P state corresponding to the pd- 
configuration : ; 


Za (15 Wz) = (10) 7 [2 Vig (a1) Yoo (ws) — 17-3. Yen) Yo 5 (og) 
aia Keeton (1-17) 


The parameters /4, /, and /#, are determined in the following wy, 
We consider the linear combination a)¢-+a,¢, and minimize the expectation 
value of H., by varying a and a,. The minimum expectation value is then given by > 
FE, = Hy — 4E, (1-18) 
where 


se. | 
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4E, = (847°)? —€ (1-19) 
E= {Hy — 2c Ha t+ (2e¢t—1) Hw} {2 (1 ci) } (1-20) 
T= (Hei = Cor Hem) A — eh)? (1-21) 
Fy= ($5, Ho Px) (1-22) 
Cie= ($5, Px)- (1-23) 


We determine the value of 4, by minimizing the value of E,, for the fixed values 
of « and 4. The values of the parameters 4, and y; are determined in the same 
way. Their numerical values together with those of N,= N(x, ',) and N;=N(c«, ps) 
are shown in Table 1. The reason why we determine the parameter values in 
such a way will be accounted for in the third section. The values of the effective 
charge for ¢, and ¢, are different from those in A because the cusp correction is 
fully taken into account in the present paper. The cusp correction will be discussed 
in the next section. 


§2. Matrix elements of the Hamiltonian 


The radial function G(«, #; ™, 72) has a cusp at 1=7.. Strictly speaking, 
such a function does not belong to the domain of the kinetic energy as an Hermitian 
operator. In order to avoid the difficulty we modify the radial function in the 
immediate vicinity of the cusp so that the derivative becomes continuous and dif- 
ferentiable. The modified function belongs to the domain of the kinetic energy, 
and we can apply all theorems of quantum mechanics to the evaluation of physical 
quantities expressed in terms of the above mentioned wave function. 

We can choose the vicinity of the cusp as small as we wish. This is practic- 
ally equivalent to considering the limit as the length of the vicinity approaches to 
zero, that is, to modifying the definition of the matrix element of the Laplacian J 
in the following way. For the sake of simplicity we consider the one-dimensional 
case. If v(x) is continuous and ¢(x) has a cusp we define the Hermitian inner 
product of g and 4¢ by 


(9, 4p) =lim | g* (a) dpe(x) da (2-1) 
s>0 
where $e_(2) is the modified function, and € is the length of the vicinity of the 


cusp. ‘We intentionally retain the notation 4 in order to show the general form 
in the three dimensional case. If the cusp of #(x) is at x=a we have 


Pas =|¢ * (x) dis (x) dx+¢*(a){$"(a+0)—y"(a—0)} (2-2) 


where the prime represents the derivative. The second term is a correction arising 
from the cusp at r=a, and it is proportional to the saltus of the derivative of 
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(x) at the cusp. We shall refer to such a term as the cusp correction. The 
finiteness of the cusp correction in (2-2) means that #/(a) is inversely proportional 
to € for the sufficiently small value of €. It follows that the cusp correction of 
|| 4¢||? in the modified definition is infinite. Therefore || 4¢||? is infinite even if dp 
is quadratically integrable. Consequently, ¢ does not belong to the domain of the 
kinetic energy in the mathematical meaning.*” For the practical purpose we need 
not consider the mathematical limit but the sufficiently small €. Thus we need 
not mind about the norm of 4¢. 

We denote the matrix element of the Hamiltonian with respect to the basic 
functions given in the first section as follows : 


Hy= (%:, H.¢;) (2-3) 


where the Hermitian inner product is defined by (2-1). The modified definition 
guarantees the Hermiticity of 4 and # in the following meaning : 


(Pe, 4) = — 0, V5) = (4a, 4). (2-4) 


This is because of taking into account the cusp correction. The matrix (H;,;) is 
consequently Hermitian. We can evaluate H;; for j=0,2 according to the ordinary 
definition of the Hermitian inner product and H,, for 7=0,2 and j=1,3 can be 
obtained by equating it with Hj, while in other cases the matrix element includes 
the cusp correction. For example, we have 


Fn= |i Het d(x, a) + | (G(x, fy37, 7) Pdr (2-5) 
Ls 0 


where the argument of the d-sign indicates the integration variables. The second 
integral is the cusp correction. 

As will be seen later we should separately evaluate the kinetic and potential 
energy parts of H;; for the scaling procedure. We denote the kinetic and potential 
parts respectively by Hf and Hf: 


Hy =HE+Hp. (2-6) 

The non-diagonal elements are given by 
b= — (C10/2) (P+?) +e +2] % (2-7a) 
Ag=—2 (To +I10) + Jw * Kio (2-7b) 
C= 2° /3 Nyt ee! (py) 7A [1 —E4 (1+ 8, +592-+57,°) ] (2-7e) 
Tp=2° 1/3 Nz" x0! (mp4) Az *[1—E4{1 + (8/3) m+ (10/3) 72F] (2-7d) 
10 = 27/3 Nyt xo! (Hp)? 47 *[1 — mit {1 + (8/3) €, + (10/3) 6,7} ] (2-7e) 
Tip 2 /3.Ny) ~ 0? (op)? Ar [1 —E9 (1439, +592 + 57°) ] (2-7f) 


Ky =8(37/3 Me) (4+ 14)? (en)? [1 — 3 14+32,+627+102,)] (2-7g) 
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Flap = (€29/2) (4? + Hef) (2-8a) 
AR = — Cm {20 + (4+ ps) /2} + Jo F Koy (2-8b) 
Cag = 2° (ffta) l(t fly) ~® (2-8c) 
Tag= (C20/4) (4+ 2) [1— yo! (1 +222) ] (2-8d) 
Ky= (2° Kxy'/3) (1114) "(A+ dg) [1 +5 (A/42) + (4/42) 7] (2-8e) 
MeO Nie Jay ris (2-9a) 
In= - ae a [1—y,°(1+32,+62,'+102;°) ] (2-9b) 
Ky =2°y/6 1! (p1pt)!(Ng dg) 2 (A445) ~* (2-9c) 
Vee of tae Pe yee (2-10a) 
595 } j 
eae 


Ss) ve )| (2-10c) 


at — 
ey est 


J 2,(2ic)° 2° (ph Hs) : 06 
K,;=—! 3) ___V1+7y,+ (10 
3 AN, Ns (t4 + bs) (Ar + 4s)" a yi ; 


where the minus of the double signs corresponds to the triplet, the plus to the 
singlet, and 


A=K+p Ap=K+P; i=I1, 2,3 
y=K/A aj=2n/(A+4)  j=1, 2,3 
£7=2k/ (A, +43) Ve= 1-2 =e 25 3; 4 (2-11) 


E=A/A+A) m=1—s; 
N,=N(k, Ls) is 3h 


The normalization constant N(«, /) is defined by (1:15) and cy is the overlap 
integral defined by (1-23). Jy and K,, are respectively the direct and exchange 
integrals of the Coulomb interaction between electrons. Fi, and Hz, can be obtained 


from H,) and Hy respectively by replacing + with /. 
The diagonal elements Hw and H,, can be obtained from Hy by replacing /2 
with » and p with / respectively. The remaining diagonal elements are given by 


Hk= (A,/.Ni)?Si (4/41) — (1? + f°) /2 . (2-12a) 
Hp= (A/N2)[Ui(«/4) F Wie/A) J (2-12b) 
S, (x) = 2? + (2/3) (1—2x)*— (1—2)*{ (2/3) + 2x4 (7/2) x" 

+ (25/6).2°—52"} (2-12c) 
U,(2) =—(14+2)/2+ (—=z)*{ (1/2) +32+ (25/3) 22+ (25/2) 2°} (2-12d) 
W, (x) =30x°(1—x)’ (2-12e) 
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H&= (A,/Ns)?'Ss(«/43) — (+ Ps’) /2 (2-13a) 
H&= (13/No’) [Us («/4s) F Wa(«/As) J (2-13b) 
S3(x) =S,(x) + (1—2x)*— (1—2)°(1+32+52* +52") (2-13c) 
U;(z) =U, (x) +27 2*(1—z)*(8—72) 

| +282°(1—2x) ~*[log 271— Sea —2)4] (2-13d) 
W; (2) =Cx*(1—=)’ 
C=6+9X2" (log 2— 3) 2-8) =20.634 807 02. (2-13e) 


The numerical values of these elements and overlap integrals are shown in Tables 

3,4 and 5, and the numerical values of N,; and N; are shown in Table 1. In order 

to facilitate the solution of the secular equation we transform the set of basic 

functions into an orthonormal set by the Gram-Schmidt method.*” We denote the 
3 orthonormal functions by %,(k=0, 1, 2, 3), and the matrix element with respect to 
rid them by 


Table 3 The kinetic part of the matrix elements of the Hamiltonian in atomic units 


et ij Hij* @P) | Hij* GP) 
‘g | 00 2.130 691 33 2.122 390 09 
a 11 2.587 143 52 2.204 701 15 
a 22 3.932 722 93 | 3.038 537 61 
33 2.948 778 15 3.391 326 07 
01 0.070 398 620 6 0.006 382 806 74 
02 0.952°810 727 1.156 098 74 
12 1.199 541 97 0.340 322 029 


Fiqg* = Hy3* = Aa3*=0 


SS 


Table 4 The matrix elements of the Hamiltonian in atomic units 


—_—e_e_eee 


aj Hig; @P) Hi; GP) 
00 —2.130 691 33 —2.122 390 09 
1 —0.235 494 532 —0.189 875 303 
22 —1.302 246 82 —1.652 745 67 
33 0.468 439 887 0.867 328 720 
01 —0.399 116 229 —0.152 357 278 
02 —0.827 816 805 —1.038 796 04 
03 0.041 428 709 2 0.054 935 496 0 
12 0.718 527 443 —0.378 366 002 
13 0.035 232 567 4 0.105 804 954 
23 0.066 353 780 1 0.166 442 092 

: $A eee 
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Table 5 The overlap integrals 


A477 


rr 


zy Cz37 @P) cig CR) 

01 0.163 282 412 0.079 087 124 1 - 
02 0.378 072 770 0.491 406 778 

12 0.552 248 592 0.278 786 343 


Table 6 The matrix elements of the Hamiltonian in atomic units with respect 
to the orthonormal basic functions 
[ee eee —— 


aj his @P) hij GP) 

00 —2.130 691 33 —2.122 390 09 

et —0.166 400 307 —0.180 178 349 

22 —0.743 663 324 —1.438 848 36 

33 0.468 439 887 0.867 328 720 

01 —0.051 908 453 8 0.015 545 142 4 

02 0.004 543 071 11 0.000 501 170 904 

03 0.041 428 709 2 0.054 935 496 0 

12 —0.626 089 935 —0.312 318 946 

13 0.028 855 243 4 0.101 779 066 

23 0.046 539 169 1 0.137 333 973 
hy=(%;, Ha Xz). (2-14) 


These elements can be represented in terms of Hj, and cy. Their numerical values 
are shown in Table 6. 


§ 3. Variation procedure 


The wave function ¢, of the starting approximation represents the deepest state 
among the hydrogen type sp-configuration. All states of the same configuration 
can lower the energy expectation value when they are linearly combined with ¢. 
A complete way to improve the radial function is to expand the one-electron radial 
function in the infinite series of the complete set of functions given by e””” (for 
s-function) or re~"*” (for p-function) (m=1, 2,3,-:-). The sum of terms for 
n=2, 3, 4, --- in the series represents the correction to the starting approximation. 
It is practically impossible to take into account a considerable number of terms. 
Therefore we search for a single function which can effectively be used as a substitute 
for the correction series. The simplest way for this purpose is to add a function 
of the same type but with a different effective charge to the starting approximation. 
Then the radial behaviour of the new variation function becomes somewhat different 
from the starting approximation, namely, the concavity or convexity of the radial 
function is different inside and outside its maximum point from that of the single 
exponential function. It has been well known that such a modification improves 
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the radial function.” The wave function ¢, represents the correction term Os the 
porbital in this kind. In order to select the most effective gp. we determine the 
effective charge /. of ¢, by minimizing the energy expectation value for the linear 
combination of ¢ and ¢. The correction for the s-orbital of the same kind was 
found to have only a very small effect as was shown in A. Therefore we discard 
it in the present calculation. 

Another way to improve the hydrogen-like wave functions of the sp-configuration 
is to take into account the polarization of the s-orbital caused by the p-orbital.” 
This modification can be taken into account by introducing the factor in the s-orbital 
as follows :” 


1+ 33 up(r1, 73) Py (cos 42) (3-1) 
n=1 


where 4, is the angle between x, and x,. The most important term of this series 
is the one containing P, (cos4,,)= cos03. If higher degree terms are omitted 
the correction factor reduces to 1+, cos 0;, and the wave function of the total 
system consists of two terms. The first belongs to the sp-configuration and the 
second represents the polarization correction. The correction contains cos 41:Z sp (@1, @2) 
as its angular part where Z,,(w,, w2) is defined by (1-3). This angular part can 
be decomposed in two parts as follows: 


COS ys Z sp (1, 2) =4 [Zep (2, 01) +1/2Z par, 2) | (3-2) 


where Z,.(@:, @2) is defined by (1-17). Therefore the polarization correction is 
the superposition of sp-and pd-configurations. The radial part of the correction is 
given by a product of (7%, 72) and F(x, #3; 1%, 72) which is defined by (1-4). 
We find by the numerical calculation ‘that this radial part can be approximately 
represented by G(x, #'; 1, r2), which is defined by (1-13), if an appropriate 
value of #/ is assumed. For this reason the wave functions ¢, and ¢, are introduced 
to take into account the polarization effect. The method of determining 4, and / 
is devised to select the most effective ¢, and ¢, as in the case of ¢». It may be 
considered that the effective charge for ¢, can be determined in another way, namely 
by minimizing the expectation value (¢;, H.;) independently of ¢. However, if 
this procedure gives the better value the former method must determine the same 
value because the coefficient of ¢) in the former method must automatically vanish 
in such a case. In fact we find by the numerical calculation that the function ¢, 
determined by minimizing (¢'3, H.¢3) is less effective in order to lower. the energy 
expectation value when it is linearly combined with ¢y. 

We next consider the linear combination of the basic functions and minimize 
the expectation value of H,, by varying its coefficients. The solution of the secular 
and simultaneous equations for the minimum expectation value of H, and for the 
coefficients, respectively, can be facilitated by introducing an orthonormal set and 
the secular matrix of H,, with respect to this set in every case of assuming two, 
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three and four basic functions in the same way as was done in the end of the 
preceding section. 

To assume a linear combination of ¢, ¢, and ¢, may be considered as a device 
to improve the radial part of the sp-configuration instead of taking into account 
the higher states of the same configuration because the radial form of the lowest 
basic function is arbitrary. If we denote this normalized linear combination by sp 
the normalized linear combination of the four basic functions is written as 


8 3 
$= ap Pe= Dd) Ones 
k=0 k=0 


=p Pop t+ Apabpa P| = 1 (3-3) 


where ¢,, is written in place of 4; to manifest its configuration. 

The minimum expectation values of H, for various linear combinations are 
shown in Table 7, where JE denotes the depression of them from (ho, HsGo) se it 
is to be noted that the minimum expectation value for {¢o, ¢1} and {%o, ¢1, #2} is 
lower than that for {¢, ¢;} in the case of *P. This means that the improvement 
in the radial function of the sp-configuration is more effective than the interaction 
of ¢% with the pd-configuration. On the contrary, the configuration interaction is 
more effective in the case of ‘P. If we further compare the expectation value for 
{dy, ¢} with that for {%o, ¢s} we see that the former is higher than the latter, 
that is, the configuration interaction is more effective in this case. These phenomena 
show that the quantitative effect of the configuration mixing is strongly dependent 
on the functional form of the radial part and different for the different states, that 
is, the mere configuration interaction has no definite quantitative meaning. 

The approximate analytical expression of 7(7, 72) of (3-1) was obtained by 
Bethe®”. He calculated the correction due to this term to the energy expectation 
value and obtained —2.1320 (*P) atomic units of the expectation value of H. by 
omitting certain terms. The evaluation was carefully repeated by Mano et al.” by 
taking into account all terms, and the expectation value of —2.131 153 2 was 
obtained. The result shows that the influence of the omitted terms cannot be 
neglected even in the accuracy of five figures. This value is surpassed by the 
expectation value for {¢o, ¢} which is far simpler than the Bethe function and 
does not include the polarization effect. As was discussed in the beginning of this 
section, ¢, and ¢#, can be considered as the polarization terms. In this meaning, it 
is important to take into account the polarization effect though it has no definite 
significance more than the configuration interaction does. 

The numerical values, corresponding to the minimum root of the fourth degree 
secular equation, of the coefficients of the linear combination of ¢o, ¢1, 4. and ¢s 
are shown in Table 1. We finally minimize the expectation value of H. by the 
) Using the numerical values of a, we have the values 


Hylleraas scaling procedure.” 
of the kinetic and potential parts of the expectation of H., as follows (in atomic 


units) : 
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BPs S13) a,a, Ht=2.122 663 30 (P), 2.124 987 81 ('P) 
é=0 j=0 (3-4) 


k?= S1 30,4, HR= — 4.255 548 95 (@P), —4.248 483 44 ('P). 


From these values we have 
0=h*+ f?/2=—0.005 111 176 CP), 0.000 746 095 ('P). (3-5) 


Hence the virial theorem is not satisfied and we can lower the expectation value 
of H,, by scaling. The minimum expectation value is then given by 


CAs Yecai= (Hos — O/B” (3-6) 


where (H,,), is the minimum root of the fourth-degree secular equation. The 
numerical values of (H.,)scai are shown in the last line of Table 7. We see that 
the triplet level is better improved than the singlet as is usually observed. 


Table 7 The minimum expectation values of Hw in atomic units 
(Ho) denotes the minimum expectation value of Hw with respect to the linear combinations 
of the basic functions shown in the first column. 4E denotes the depression of (Ho) 
from (¢%9, Ho ¢o). 


3p ip 
basic function Cilo> AE Antes AE 
Yo —2.130 691 33 —2.122 390 09 
Yo v1 —2.132 062 11 0.001 370 78 —2.122 514 50 0.000 124 41 
Lo Po =2131 277 21 0.000 585 88 c= PAO OUND a ee 0.000 037 18 
Yo v3 —2.131 351 52 0.000 660 18 == 2.123, 399' 18), =| 0.001 009 09 
Yor Yi» Ye —2.132 182 91 0.001 491 58 —2.122 528 72 0.000 138 63 
Lo, Pir Pos bg —2.132 885 65 0.002 194 32 —2.123 495 63 0.001 105 54 
scaling —2.132 897 96 0.002 206 63 —2.123 495 89 0.001 105 80 


eB AE a ie a Le SEL es Toe Re Ae 
§4. The effect of the nuclear motion 


In this section we shall consider the effect of the nuclear motion. When we 
take into account the motion of the nucleus the non-relativistic Hamiltonian of the 
helium atom is given by 


1 i Z 2 1 
Hye eS ee (GRO ae GeO iene zm 4- 
: 2M 2 (4 af ri re Si 


Ti2 
where M is the mass of the nucleus, 4” and d\(i=1,2) denote the Laplacian of 


the nucleus and the electrons respectively, and all quantities are measured in atomic 
units. If we introduce the centre-of-mass and relative coordinates we have 


1 i 2 2 1 1 
Tyee A dy 2iB eslipag 
“4 2M, : 2m ( P ») Ty 12 ¥ T12 M ' ; c = 


~~ 
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where M, and m are the ‘total and reduced mass 
M,=M+2 m?*=1+M", (4-3) 


4, is the Laplacian of the centre of mass, and 4; and V;(i=1,2) are the Laplacian 


and the nabla of the relative coordinates. The internal energy of the atom is 
given by 


H=Hy+4,/ (2M). 4) 
If we measure the length in m times atomic units we have 
H=H,— (1+ M)71H..—M(14+M) P10 5 (4-5) 


where H,, is given by the same expression as (1-1), only difference between them 
being in the unit of length. The expectation value of this Hamiltonian is given by 


(H)=(H.)— (1+ M)* (Ha) -M(1 + M) 7192). (4-6) 


The term with the factor (1+M)~ is usually referred to as the normal mass 
correction and the last term as the specific mass correction. 
We denote the matrix element of 7,-V. by 


Mye= (5, V1-V ade) (4-7) 


where the definition of the Hermitian inner product is the same as before. Every 
element consists of the direct and exchange integrals. The matrix (M,) is 
Hermitian. The direct integrals of Mo, Mu, Mo, Mu, Mi, Mo, and Mss all vanish, 
and only their exchange parts survive. On the contrary, the exchange integrals 
yanish and the direct integrals survive ‘nthe case of My, My, and. My. The 
specific mass correction which comes from 


3 
Cz V2 yee a p> ay Mit 2 (aa Mo + aa Mn+ a4. M,:) (4- 8) 
is referred to as the exchange mass correction and that which comes from 


PV 2) air= 2 (a Mo+ a M,3+ a2 M23) a3 (4-9) 


is referred to as the polarization mass correction, because the former consists of 

exchange terms only and the latter can be considered as arising from the polariza- 

tion of the s-orbital as was mentioned in the third section. The expectation value 

of V,-7, is given by the sum of these two parts: 
VV =U VP aac t ViV 2) 0x: (4-10) 

The angular integrals of the non-vanishing matrix elements can be calculated 
according to the standard method. They are given by 

ok ee 0 2 

(je (2, Wy) VV Zep (O15 2) d (a1, 2) = we ( at (4-11) 

1 


0 1, 12 


Vie Se 1 
\\ZaCon, W2)VV2Zp(r> 2) d(or, ay Boh O75 ( Ors at i) (2:12) 
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1 a 1 fe) 3 
|| ZisCons 1) 1V2Zya(or1, 2) A (a1, O2) = 15 ( ( OT, - ): 


Or 71 T9 
(4-13) 
The radial integration can be easily carried out in the elementary way. The non- 
diagonal elements are given by 


Ma= + (4/7/38) (¢/M) (Mp2) 9? (44+ 4) [3 (H+ A) {1 1. +8.2,/3 + 102,773) } 


—4{1—y,°(1+102,/3 +52,") } J (4-14) 
Moa + 2° .9* (ppa) "Aa * 
Mos (2°/1/6) («H4/Na) (H4Hs)°? (4+ Bs) [1 ys? (1 +10203/3 +525’) ] (4-15) 


Vege 2 V2 (ts Hs)? lees 24 . : P 
me 9) 1 {1 —E4(14-47,4+942 414984147 
RSC ONIN LCi EAIG AL ea ee en ae 


+ (5/3) (t4/A) Fane (1 +65,+2142) — (5/3) (¢/As) go (1 +65, +218) 
— E22 {2 (e/A,) (1 +5yi+1592+-35y2) + (2/3) (1+59.+157y2)} +358 7°| 
(4-16) 
where 4,, x;, y; and N; are given by (2-11), and 
Ey=A,/ (A +43) y= 1—Fu. (4-17) 


The plus of the double signs corresponds to the triplet and the minus to the 
singlet. M!,, and M,; can be obtained from M,, and M); respectively by replacing 
fe with 4. The diagonal elements MM, and M, can be obtained from M, by 
replacing #, with 4 and “ with / respectively. The remaining diagonal elements 
are given by 


Mu= + (2/9) («/N1)* (#¢/A)* (44/41) °{348 — 1207 («/4) +975 («/4,)7} (4-18) 
Mos= + (1/9) («/N3)* («/4s) * (45/45) °{74 + 390 («/As) } . (4-19) 


The numerical values of (72), its exchange and polarization parts and My 
are shown in Table 8. The mass correction for ‘He is numerically evaluated by 
making use of these numerical values where /=7294.18 atomic units for ‘He is 
adopted,” and the result is shown in Table 9. We see that the magnitude of 
the exchange mass correction is large as compared with the polarization correction 
but the latter is by no means negligible. The calculated energy eigenvalues are 
compared with the observed values* in the same table where E denotes the 
eigenvalue of the non-relativistic internal energy including the mass correction for 
“He and it is assumed that” 1 atomic unit is equal to 219 474.618cm—. We see 
that the agreement is improved as compared with the previous calculation™ and 


* The observed values are derived from the observed value of ‘Het ls 2S1/, in Moore’s table?) 
and the observed values of 2S1/,—3P, and 2S1/,—1P, measured by Herzberg"), 


‘wh 
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Table 8 The matrix’elements and the expectation values of 7;-:f, in atomic units 


jk M;x GP) Mjx CP) 
00 0.056 125 580 4 —0.037 010 763 6 
11 —0.056 789 039 6 0.011 109 793 8 
22 0.983 082 492 —0.644 767 025 
33 0.109 312 427 —0.157 907 943 
01 0.056 060 062 4 —0.122 059 030 
02 0.234 895 882 ~0.154 477 571 
03 0.379 620 830 0.264 855 336 
12 0.172 587 048 —0.084 718 951 9 
13 0.087 755 053 2 —0.047 715 136 1 
23 1.084 696 08 1.128 132 16 
<PiPodex 0.064 401 303 5 —0.035 262 078 9 
(P1Po>air —0.012 925 548 6 —0.009 592 507 01 
<V1Ps> 0.051 475 754 9 —0.044 854 585 9 
OOO 


the present wave function is more accurate than the function in A. The further 
improvement may be obtained by adding another function of pd-configuration with the 
hydrogen-like radial part. In order to improve the singlet level the radial function 
with (m—7r2)?r5' may be effective where r, denotes the larger one of ~ and 12. 

Finally we calculate the specific isotope shift of the level. We denote the 
specific shift by 


(oP), =— @M(1+°M) ?—*M(14+4*M) *} VP 2) (4-20) 


where *M and ‘M are the nuclear mass of “He and ‘He respectively. If we adopt 
the value *M=5495.79 atomic units” we have 


(6°P) ,= — 506.510 mK (theor), (0'P) ,=441.359 mK (theor) 


Table 9 The mass corrections and the energy eigenvalues for *He in atomic units 


3p ip 

mass correction 
normal 0.000 292 370 7 0.000 291 081 9 
exchange —0.000 008 826 712 0.000 004 832 949 
polarization 0.000 001 771 549 | 0.000 001 314 729 
specific —0.000 007 055 162 0.000 006 147 678 
total 0.000 285. 32 | 0.000 297 23 

<Ho> 2.132 897 *96 =2.123 495 89 

Beate —2.132 612 64 —2.123 198 66 

Eovs —2.132 968 6 (=7)* 123 26373 (aay) 


* the error in the last figure 
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(mK=10-*cm71). The observed values" are 


(OP) ,= —642 +5 mK (obs), (O'P) ,=461+ 5 mK (obs). 


We see that the agreement between theoretical and observed values was better in 
the previous calculation” which was carried out by making use of the parameters 
4 in A. The true reason of this discrepancy is not known. It may partly be due 
to the inaccuracy of the observed values. It may be quite possible, however, that 
the accuracy of the wave function is somewhat different for the energy and for 


10) 
11) 
12) 


13) 
14) 


15) 


Wi the specific mass correction. 
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It is shown that the high energy limits in quantum field theory can be determined starting 
from Bogoliubov’s and Symanzik’s dispersion relations if the Boson propagator and pion- 
nucleon forward scattering amplitude have no zero on their complex energy planes. A 
possibility excluding zeros is discussed using Nambu’s method in perturbation theory. 


§ 1. Introduction and summary 


The recent development of quantum field theory based on the causality principle 
has brought a success in achieving the formalism independent of detailed structure 
of interactions, the canonical formalism and perturbational treatments. The dispersion 
relations derived from the postulate that the theory is local made us possible to 
compare the theory and the experiment, and gave a clue to check the justification 
of the present quantum field theory based on the point model. For example, for 
pion-nucleon forward scattering, comparison of theory and experiment has been 
tried to use the dispersion relations derived by Goldberger et al.” and several dis- 
cussions have been made on this problem.” However, the concrete forms of dispersion 
relations should depend on the assumption how field quantities behave at high 
energies. Dispersion relations derived by Goldberger et al. have been constructed 


upon a presupposition that \ Or (w) /w*-dw< co, where o(@) is the pion-nucleon 


total cross section. Thus, in order to compare theory with experiment definitely, 
using dispersion relations, it is necessary to establish the behavior of field quantities 
at high energy. The dispersion relations found by Bogoliuboy et al.” and Symanzik* 
start from looser assumptions on the behavior of field quantities at high energy 
than those so far. Therefore, we must start our arguments from the dispersion 
relations given by Bogoliubov et al. and Symanzik. On the other hand, the incon- 
sistency problem of the present quantum field theory discussed by Lee, Landau and 
others,” is intimately connected with the assumption on the high energy limit of 
the field quantities, and as this limit has not so far been established, we cannot 
rely upon their conclusions.” Namely, we can say that the problem of high energy 
limit in quantum field theory plays a central role both in the realistic problem of 
eriment and in the academic problem of consistency of 


comparing theory with exp ncy 
the discussion to determine the high energy limit in 


theory. For the present, 
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quantum field theory has been carried on by Kallén” (using the Born approximation 
for Boson propagator), Symanzik® (“tangent approximation” for pion-nucleon total 
cross section), and Arnowitt and Feldman’ (only for lower limit of the pion-nucleon 
total cross section), though they seem to remain only tentative ones. Under these 
circumstances, we wish to propose a method to determine the high energy limit 
starting the argument from the dispersion relations of Bogoliuboy et al. and Symanzik. 
The method is based upon an assumption of uniqueness of the “solutions” of 
the dispersion relations. The problem of manifold of solutions of the Low-type 
equation was pointed out firstly by Castellijo et al.’” and thereafter many authors’, 
and this remains as a very mathematical, academic one. Nevertheless, it is still 
unsolved whether or not propagation functions and forward scattering amplitudes 
have their zeros on the complex energy plane, and in the present author’s opinion 
it will perhaps be difficult to exclude zeros so far as we do not introduce dynamics 
into the theory in some way. For the present, it does not become clear what 
physical requirements are equivalent to the possibility of excluding zeros, but if one 
resorts to the perturbation expansion it will be possible. 

It will be shown in § 4 that there is no zero in propagation function at any 
order of perturbation expansions applying Nambu’s recent investigation’ using 
parameteric representation of Feynman diagrams. For pion-nucleon scattering we 
could not draw any conclusion. Anyhow, the limitation on the high energy behavior 
will be obtained for the Boson propagator in § 2, for pion-nucleon total cross section 
in §3 provided that these quantities have no zero on the complex energy planes. 
Particularly it may be worthwhile to notice that we obtained the same conclusion with 
Symanzik® for pion-nucleon total cross section. 


§2. Zeros of Boson propagator and determination 
of its high energy limit 


_ The form of Boson propagator 4;(k) is given by Bogoliubov, Medvedev and 
Polivanov® as follows : 


aa Seer . (n) 2 2) j-2 2 n— i a” (2°) an 
mth m3 pa C3 (m +k y% = (in +k) 1 (me? — }?) mel (+f) ) (1) 


(8m)2 


45? (k) = 


where C$” is a real_unknown constant and the index (mn) specifies 4 (k) cannot 
increase faster than (—k’)""* as —k’->co. The reason of writing as C *® is that 
in general C; depends on (m). The same is true for o™(/), the imaginary part 
of 4(k), and m means the Boson mass. 

4; in Kallén-Lehmann’s theory™ is a theory assuming m=1 in Eq. (1). Now, 
according to Lehmann, Symanzik and Zimmermann,” writing the vacuum expectation 
value of product of Boson field operator A(x) as 


(2, A(x) A(y) 2) = | de (2-8) FE 9) I Gy) dé dn (2) 


rn 
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and by such a way introducing a positive definite function F(—’), the formula 
given by LSZ [LSZ, Eq. (7)] remains valid even though 4;() is given by Eq. (1) : 


oro (—R) =| 4 (BP) PFO (—P). (3) 


Substituting Eq. (1) into (3), and changing the notations ; 


2 Poa \ 
e= — k’, ee Leo 82? o™ (x) = (t), 
8” 
1 FM (Kk?) 
: fe Rt) (4) 
Qn 87? © 


Eq. (3) will then become as follows: 


et) =k ©) {rn oe (e)* +|1 + S1CP(—8m) 141)? 
a eel j=2 


p(t") dt! i | 


+(t+ yee | parncan ied (5) 


Solving &“?(t) from Eq. (5), we obtain 


z(t) 
1 
eek. Im lim — : - = nes 
TT e>0 1 pe (t’) dt!’ 


ee ESCO (Bm E41) 4+ Ct)" | 
0 


pilin (/ +1)" 71-0 +i) 


Now, since p(t) does not increase faster than t”~? as t>00, k™ (¢) given in 
Eqs. (3), (4) cannot decrease faster than ¢7°"~”. Namely, &(¢) will decrease 
like ¢-"- when p(t) imcreases as tf’? as too, that is, the stronger p” (2) 
increases as t—>©o, the stronger k™(t) decreases. Therefore, the following integral 
is convergent if 73: 


~ En) 
(= Lioon 
) t+1 


In other words, for n==3 the following equation holds, 


oo 1, (n) 1 dt . 
ee eee S 
t+1 271 a Pe, a ; Se eo de. | 

[1+ Sram D+ CD" | Greta 
(6) 
Integral path C in the right-hand side of the above equation is shown in Fig. 
1. Thus, the only contribution of the integral is from the poles in the internal 
region of this contour. Hence, if 4;(t) has no zero in the complex ¢-plane, we 


have 
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( R(t) dt 
¥ Pap 


for Yeo: (7) 


However, since k(t) is positively definite, err 

Eq. (7) shows that the cases 73 should ~ OU 

be excluded from our theory, that is, p” (¢)*”; 

should not increase as ¢ or more strongly at 

too. In other words, in the expression of 

the Boson propagator given by Bogoliubov 

et al., it is sufficient to take n=3. Fig. 1. Integral contour C in Eq. (6)- 


§ 3. The high energy limit of total cross section 
for pion-nucleon scattering 


In this section we start from the expression for pion-nucleon forward scattering 
amplitude given by Symanzik (Eq. (15) of ref. 4) ; 


n 2 
T= R (4M?20?; (2) — STR (4M 2; 12) IT poeta 
peal 


2 
Axzy oy aC 


+ S)ReT@ I‘ oon 
call * MEV ww? 

a / (2M) hy T w—oy 
(H4/4M*) — @? v=1_ (44/4M?) — 0? 


af, 


PY n “ / / (n) 
+ re IT (w?— 7) P ~ ow! dw — Im is 4 (8) 
vel 7 wo” — (w+) i (o?= 03) 


where R”(4Mo’; #”) is an unknown real function which increases more slowly 
than w” as |w|—0co, w is the pion energy in the laboratory system, M, yp are 
nucleon and pion mass respectively, w,(>) real parameter, and o;,.(w)= —- 
M~*(a?—p?)~'? Im T,, is the total cross section. 

Now, writing all the real terms except for the integral term in the right-hand 
side of Eq. (8) as P™(w), Eq. (8) becomes 


T= Pm (wv) += I (w?—o,?) pi w! do! Im TS (9) 
yv=1 


je “c\2 0 E 
Jo (w+78€) IT (w?— 2) 
v=1 
Here, it has been assumed J’? could not increase faster than w*” as |w|—>0o. 
Following LSZ, constructing the analogous function k™(w) as follows, 
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AWS Soe = ean 
() yan Tn? (10) 
we obtain from Eq. (9) 
k(w) = ImT™ 


bo 


ow! do! Tore Ses 


[ee (wv) ieee ii (w?— 0,7) P ( | +um Tr 
v=1 


T er n 
Pace Cay = 2) 
v=1 
This function is positively definite because Im 7%”—0 for forward scattering. 
Now, the next integral will be convergent if n=1: 
k™ (ow) dw< oo. 


be 


Therefore, taking the integral path C in 


the complex z-plane as shown in Fig. 2, and Cc 

taking into account that k“ (w) is an odd function 

of real w, the following equation is valid, 

i ‘ beiads 
je (wo) do= —Fe TO tore 1 LL) 

Be e 

Hence, the integral of the righ-hand side of : 
Eq. (11) will vanish provided that T% has 


no zero in the complex z-plane. But the inte- 
grand in the left-hand side is a positively definite 
function ; thus, it should be concluded that the 
cases n=1 are excluded from the theory. Namely, the forward scattering amplitude 
T., should increase more slowly than at \w|—> co, in other words, it is sufficient 


Fig. 2. Integral contour in Eq. (11) 


to take n=1 in the additive denominator /7(w”—«,) in the left-hand side integral 
v=1 


an khq. (8). 
Therefore, the total cross section o,,(w) obviously has the following feature : 


w 


[re do< oom (12) 
py 


This is identical with the conclusion that was obtained by Symanzik® using the 
“tangent approximation ”. 
§ 4. Exclusion of zeros from Boson propagator in perturbation theory 


Writing S}*(&) for the proper self-energy part of Boson, 4;(k) is defined by 
the following well-known integral equation 
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Ay! () = Ap (k) + 4p (BY S* (R) Ay! ()- (13) 
From this we rewrite 
4 (k) = (R? +m’) + S)* (2) 
= (kh? +m?) + (2+ m?) dy(k) >1* (hk) 4r(k) (FR? +m’). (14) 
Thus, the existence of zeros in 4;(k) corresponds to the existence of the singularities 
in the proper self-energy part >)*(k). However, 4,>)*4, in the right-hand side 
of Eq. (14) is just the radiative correction of 4,, therefore we can apply Nambu’s 


Theorems” to this function. By Nambu’s theorem in any order of perturbation 


expansion 


Atay S's (PAAR ee (15) 


ak’ +m —ié © 
0 
On the other hand, a parametric representation of 4,(k) is, apart from the numerical 


factors, 


¢ O(1— a) day 
) a, k?+m’?—1é - 


4,(k) = 


Therefore, a following relation must hold for a real number g (ref. 12) Theorem 5) : 
ag = aq. (16) 
Since a)=1, we get 
aot (17) 
Finding out the singularities of J,5\*4, from Eq. (15) 
—RP=m/a=m’. (18) 


By the stability conditions on vacuum and one-particle state and by the pseudoscalar 
character of pion, Eq. (18) actually becomes to 


—k = (3m)*. (19) 


Hence in the complex k*-plane with a cut from (3m)? to +00, 4/71(k) is analytic 
in any order of perturbation expansion, namely, 4;(k) has no zero on this plane. 

The same argument as above cannot be applied to scattering amplitude, because 
it does not satisfy a closed integral equation as Eq. (13). Therefore, we cannot at 
present get any reason for excluding zeros from the complex energy plane for the 
pion-nucleon forward scattering amplitude. 
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A practical formalism is developed for treating nucleon-nucleon scattering in momentum 
space. The non-adiabatic One-Pion-Exchange-Potential is used as an example. 


$1. Introduction 


One way of obtaining the non-adiabatic predictions of the pion theory of nuclear 
forces would be to solve that theory in momentum space. The purpose of this note 
is to write down a practical formalism for such solution of nucleon-nucleon scattering. 
We will first obtain the equations for the momentum-space scattering amplitudes, 
then show the relation of these amplitudes to the usual phase shifts. Finally, as 
an example, we will treat the second-order (“one pion exchange’”’) potential. 


§2. Seattering amplitude equations 


The basic equation for this work is the momentum- 
space two-nucleon Schrédinger equation 


P _— 
(2E,—2E,) $(p) = | ds V(s, p) (6) (1) “ 
with s and p as shown in Figure 1. The quantity H,=4 
is the initial energy of either nucleon in the center-of-mass 
system, and E,=4H). a aS 


(a) uncoupled states** 

In order to obtain a one-dimensional equation in place 
of the three-dimensional equation (1), we expand the wave Fig. 1 
function and potential in the spin-angle functions YA Qe 


é(p) = > 9.(p) Yi (2p) 


a 


Vi(s, p) == d2,d2, Y*(2,) V(s, p) Y,(Q,) (2) 


* Now at the Pennsylvania State University, University Park, Pennsylvania, U. S. A. 
e* 7S =) and S=i59 st 
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In case* V(s,p)=V(s,—p), the above equation for V, reduces to the simpler 
expression 


+1 


Vata) =2n| dx{V(s, p, x) P,(x)] (2") 


where P,(x) is a Legendre polynomial and x=(p:s)/(|p||s|). In either case, the 
Schrédinger equation becomes one dimensional : 


CE. 2E,)n(p)=|stdsVils pats). 3) 


The scattering solution can be written” 


qu (p) =9 (2E,—2E,) +e 


nag |S BV PI. 
= 


oe 
An equation for a non-singular amplitude can be obtained by defining an /;(p) by” 
1 
=0(2K,—2E,) + P———— J 4 
Ip) (2E, ) 3B, 26, (4) 
The equation for f,(p) is seen to be 


filpy= (stds Vi(s, p)g(s), 


but since 


1 
9. (s) =0 (2E,—2E,) + Por —op 


and 0(2E,—2E,) = (E;,/2k)0(k—s), we can rewrite the equation for f;(p) as 


(stds Vilss p)fi 
Ne ae ee a (5) 


0 


fi.n(p) is the Born approximation amplitude and is given by 


RE; 


; 6 
VCR, p) (6) 


fiz(p)= 


(b) coupled states 
For the S=1, J=J+1 states of the two-nucleon system we must decompose 


the wave function and potential slightly differently : 
6(p) =97-1(p) Yp1(2,) +9741 (Pp) Yoa1 (28 


Vins, p) =| d2,d2, Y* (2p) V(s, p) Yu (2;)- (7) 


* This case corresponds to a local potential in coordinate space: V(r,r’) =V(r)d(r—r’) 
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Substitution of these into the Schrédinger equation yields the one dimensional 


(2E,—2Ey) u(p) = >3\ s*ds Vis, P)Iu(s), 
or in matrix form 
(2E,—2E,) 9(p) = | 'dsV(s, pgs). 


As before, we write the scattering solution 


oo 


y 1 ( 7G = 
9(p) =8(2E,—2Ky) + Poe oe | s*dsV(s, p)9(s). 
2E,—2E, 


To obtain equations for non-singular amplitudes, we write the two independent 
solutions in the form 


Q it 
) a?) pee” Be 
0(2E,—2E,) +P 2E,—2E, u(p) 


(p) = (8) 


? 


J» (p) a 1 
0(2E,—2E,) ge oy Aeaey We (p) 


The equations for the amplitudes uw and w are then 


Ke (p) 
ws ( p) 
Substitution for g,(s) then yields 


)=|sasvo, P)G(s) : A=1, 2. 


oo 


uy(p) =n (p) + P| 


0 


sds 
2h 2k. [Vi-17-1 Gy Dp) uy (s) ie Vania hSs Pp) Wy Cs).ts (9) 


(stds 
wy (p) =war(p) + 2 OR oR. [ Vosiseats, P)u(s) + Vioss,741(5, p) wa(s) 1% 
where the Born approximation amplitudes are given by 


ip (p) = Vi5-1,7-1(R, Pp) > 


k 
Wiz (p) = Vesta-1(R, Pp), 


me) oe ne aber (a5 a0 


P. Signell 495 


Wap p) = Visersrealhy p)- (10) 


§ 3. Connexion of scattering amplitudes with phase shifts 
(a) uncoupled states 


The phase shift is defined by the asymptotic coordinate-space wave function 


é,(r) ~ sin (er— =.) +tand, cos (er 2 | ; 


a 


Transforming to momentum space in the neighborhood of the singularity” 
b,(p) ~ o(k—p) — 22" P_ 1 _+R(p), (11) 
cg k—p 


where R(p) is a function which is non-singular at k. Now equation (4) shows 
that in the neighborhood of the singularity our scattering amplitude can be written 


1 


1 p)~9(k—p) +P fi) +R). 
Comparing with (11), we can identify the phase shift 
tand,= —7f;(k). (12) 
In Born approximation, then, 
nec ee Via». (13) 


(b) coupled states 
We define the coupled scattering parameters in the representation” 


se | ér— ite | + 2,1 COs | er— 2 log al 


dy (7 ie 2 ; 

A Bae yes cos| ar UF UE | | 
Mra cos | kr— ind) zs} 

bo (r) ~ 5 


sin | er— rvs | + £741 COS E him Shek | 


a 


The x’s and y’s are related to the usual Blatt-Biedenharn” parameters by 


Xyz1= (cos’ €) tandyz1+ (sin? €) tan ;s1, aa 
yyrei= (sin €) (cos €) [tand,_,—tan?,,.| P 
Transformed to momentum space in the neighborhood of the singularity, ¢; and de 
become 
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d(k—p) — RE PET + RP) 


k 
b(p) ~ 1 
1 _SJ-1 p = -+R,(p) 
im k—p ? 
i Niek pA ae 
ra k—p 


sp) as Pont) 


Comparing to (8), when written in the neighborhood of the singularity, we 
can identify 


Ly1=—TUy(k), 


VYy1= +7H, (R), 


(15) 
N74 +7U,(k), 
Ly1= —TWy(k). 
In Born approximation, then 
ty-1 Be —_— Vo-1,7-1(k, k), 
TAN oe +e Vosa-1 (Reeds 
(16) 
Yereus = + ee V gcaprt Rock) 4 
Byus.n =~" Vigrraea (hy B)- 
§ 4. The one pion exchange potential (OPEP) 
We assume the PS(PS) interaction Hamiltonian: —p 
. 
H,=G\ dr §* (r) (i875) -$(r) H(r) Nee 
‘Then the one pion exchange potential corresponding A 
to Figure 2 can be written” i 
2, 
Vis, p) =—( G Fig. 2 
Ar 


x Lor) (Ey +M) — (61: p) (E.+M)][ (02:8) (Ey, +M) — (62: p) (E,+M)] ae 
87° BE, E,(E,+M) (E,+M)[w— (E,—E,)?] iQ 


r 
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where F,=(p'+M’)'? and w*=|s—p|*+y’. M is the nucleon mass and + is the 


pion mass. Upon performing the integrations of equations (2) and (7), for this 


potential, one finds 


*Vi(s, p) = —( G* ) [ (20-7) Q: (20) — 81.0] 
An Xia) eet OF ; 


5Vz(s, p) =—| GC [(2I +1) 7O,(a0) ~— IOs (0) — (J+ Y Or-1(%0)] 


An 21 bh, E,(2J +1) (18) 
3 =f-G" [Q,,( 2) —7Q7-1(2) | 
Vi-1 J—1 ? as 
rls, p) ( An ) on E,E.(2J +1) 


Vea (s, p) = ( & ) 
Ax 


Tidy Os ay) ee Oa 
wes Mere (2) + POTD Oras) -20,(20) | 
On EE, (2J+1) 
ts G [—Q,(2») +70 7.1(Xo) | 
Le ae > ~~, 
sass ) ie Dn BE B(2I+1). 6 


where 
_ pf +2(E,E,—M?) 
Xo a > 
2sp 


So ee tig DA) p(E,.+™M) 
‘26(E,+M) 2s5(E,+M) ° 


and the Q, are Legendre functions of the second kind. 


§ 5. Born Approximation for the OPEP 


To obtain the Born approximation parameters we evaluate the potentials* at 
s=p=k according to (13) and (16): 


tan’, p= SE) (ay 1) 1) — Oo]; 


tan*0,,.=— k(G?/4z) [ JQ711(%o) + (J+ 1)Q,-1(%o) — (25+ 1.05 (20). , 


4E,(2J +1) 
cae 6G ea een Cs 
Xy-1,B 4E, (2. +1) [Q,,(Xo) QO, Gant 
k(G?/4z) 


Xz+1,B— = Tia ES Soe aie —Q,(%)], 
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k(G*/42)V J(J +1 
NA Alera PR ee ) [O7+1( 20) +Q;-1(Xo) —20,,( 2x») } . 
Here x, has become (1+/2/2k) and 7 has become unity. When the above 
quantities are small, they are approximately equal to their corresponding R-matrix 
amplitudes divided by (27). Since this is usually true when the Born approximation 
is valid, the above agrees with the result obtained by Cziffra, et al.” 


§ 6. Discussion 


Solving the integral equations (5) and (9) for the amplitudes should be straight- 
forward but somewhat tedious unless an electronic computer is used. In any case, 
Dyson et al.” have discussed at length several methods they found practical for 
accurately solving very similar equations for pion-nucleon scattering. 

Without actually solving the equations, one can already see (section 5) that 
the long range component of the lowest-order velocity-dependent potential (other 
than the spin-orbit potential) is (JZ/,—1) times the static second order potential: 
When calculating in coordinate space, one can think of this as lowering the coupling 
constant as the scattering energy increases. The smallness of the velocity-dependent 
potential is seen in the factor being only~ (—.07) at 300 Mev. 

Chew” and others” have used cut-offs on the virtual meson momentum. When 
dealing with the non-adiabatic potential, such a cut-off makes the potential integrals 
diverge. Instead, one can use a cut-off on the nucleon momentum. 
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A “natural” frame of reference to derive the dispersion relation for the one additional 
pion production by pion-nucleon collision is introduced. It is a natural extension of what is 
introduced in the elastic pion-nucleon scattering. Thus, the retarded matrix element on our 
problem may be derived to be analytic on the upper half plane of the complex laboratory 
pion energy fixing the other independent four variables. We then derive the dispersion 
relation connecting the dispersive parts and the absorptive parts. We shall use this relation 
in future as the integral equation for the scattering matrix element. Finally, the absorptive 
parts are investigated. Numerical calculation is reserved for another occasion. 


§ 1. Introduction 


The static theory of Chew and Low has proved successful at low energies for 


0,2) Recently, several 


the pion-nucleon scattering and photopion production by nucleon. 
authors®)-® have applied this theory to the one additional pion production by 
pion-nucleon collision at moderate energies about 0.5 Bev, and have shown under 
some approximations that the total cross section and the charge ratios of the produced 
pions qualitatively agree with experiment. 

Generally speaking, for such high energy collision as to produce an additional 
pion, however, the static theory in which the recoil effect of the nucleon is assumed 
to be neglected may not be suitable since the momentum of the incident pion becomes 
comparable with the nucleon mass. Indeed, as far as one assumes the interaction 
of only the p-wave pion with the core, which is characteristic in the static theory, 
one cannot explain the observed large total cross section for collisions in the Bev 
energy range. However, the possibility to explain this might still be left if one 
takes into account the recoil effect of the nucleon, since due to this effect the spacial 
range of the interaction between the incident pion and the nucleon may be consi- 
derably spread out. On the other hand, many authors”~” have suggested the pos- 
sibility of the 7-7 direct interaction to explain such experimental evidences in the 
Bey energy range as the above mentioned large total cross section, the forward 
peak of the faster of the outgoing two pions and the backward peak of the recoil 
nucleon in the center of mass system. It does not seem to be evident, however, 


that the latter two evidences also might not be explained without the assumption 
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of the z-7 interaction, even if one takes into account the recoil of the nucleon. 
To investigate this, the dispersion-theoretic approach will be the most adequate. It 
will turn out to the relativistic extention of the static theory of Chew and Low, as 
it has been so in the elastic pion-nucleon scattering” and photopion production.” 
The dispersion relation of the inelastic scattering has already been investigated by 
Polkinghorne.” Recently, Screaton has extended the method introduced by Po- 
Ikinghorne in the relativistically invariant way.” Their method, however, seems 
us to be somewhat complicated owing to the use of the properties of the triple pion 
current operators, j,(x)’s, and the introduction of the auxiliary scalar variables. Here, 
we shall easily derive the dispersion relation in the more similar way to that in the 
two-body problem by investigating the scattering matrix element expressed by the use 
of the double Heisenberg operators, fixing the three 4-momenta of the particles 
among the five relevant to our problem. In § 2, we shall note the kinematical 
relations to derive the dispersion relation in the relativistically invariant way, for 
future reference. In § 3, we shall construct the natural frame of reference and 
thus derive that the retarded matrix element in our problem is analytic on the 
upper half plane of the complex laboratory pion energy fixing the other independent 
four variables. In § 4, we then derive the dispersion relation connecting the dispersive 
parts and absorptive parts. We intend to use this relation in future as the integral 
equation for the scattering matrix element. In §5, we shall carefully investigate 
the symmetrical properties between the various classes contributing to the absorptive 
part in order to simplify the future calculations, which will be still fairly complicated. 
Thus, we may have to use further approximations for the practical calculation so as 
to extract the characteristic feature in our problem. This point is reserved for 
another occasion. 


§ 2. Kinematical consideration 


We denote the 4-momenta of the incident pion and nucleon as g and #, and 
those of the outgoing two pions and the recoil nucleon as f', k* and p’ respectively. 
We then investigate the properties of the scattering matrix when the three 4-momenta 
among the five are fixed and the residual two 4-momenta are varied under the 
condition of the total energy-momentum conservation and under the mass-shell 
conditions : 


C= Cy (27 —/2, p=p'= —m’, (2 2 1) 


where we write the pion mass and nucleon mass as /¢ and m respectively.* For 
instance, we hereafter fix the three 4-momenta of the pions g,# and & and vary 
the two 4-momenta of the nucleons p and p’. For this case, it is convenient to 
write the scattering matrix by the standard procedure as follows : 


* We use the natural units c=1 and A=1 throughout. 
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CP’, kt, R|S|p, g)= (—2) (22) 40 (p+ +8 — p—@ (m/ pop)? 
x (8q 1 ky’) pty) (p’) Fu (p) ae (2 : 2) 


where the Feynman matrix element F is defined as 
F= (—12) (8qko ky)" | Cag asad Bi GF a ETOYS f(—2z/2)) De Ne ad = ae) 
Here, Heisenberg operator f is the nucleon source function defined by 


(7,0/9x, +m) (x) =f (xz), (2-4) 


u(p) is the wave function of the nucleon normalized as u(p)u(p) =1, T(f (2/2), 
f(—2z/2)) is the time ordered product of f(z/2) and f (—2/2) defined by Wick. 
In the physically meaningful states, it is proved as usual that the Feynman matrix 
element F may be replaced by the following retarded matrix element M°"” : 


MO? = (—1) (Bgoks bi)? | ERO|O (LF (E/2), F(—2/2) Ielaneorrrmdte, 

(2-95) 
where 4(z))=0 for 2<0 and =1 for z>0, and the bracket [ |, stands for the 
anticommutator of f(z/2) and f(—2z/2). 

We shall then derive the general form for the matrix element /°"”, which is 
the pseudoscalar function composed of p, p’, g, k' and k* and of 7,-matrices. From 
the total energy-momentum conservation, the four independent 4-momenta may be 
taken as 


P=(p'+p)/2, «=(p'—p)/2= (q-B—B)/2, R=(#—#)/2 and g. (26) 


As the following conditions are derived from (2-1), 


P?+r?+m=0, (2-7) 
(P. )=0; (2-8) 
(q:«) = (3/4) +R +e, (2-9) 
(q:k) =2(k-«), (2-10) 
gtP=0, (2-11) 


the five independent scalar products composed of P, «, k and gq may be chosen as 


follows : 
y==—(P-q)/m, (P-k), («-k), & and &’, (2-12) 
where the first term v is connected with the laboratory pion energy as 


w=y+ (3/7) / (4m) + (RP? +x*) /m. (2-13) 


ze spin indices and the isospin indices are also included in the symbols p, p’, q, 
Here, the spin i p 


and &?, for brevity. 
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Next, the independent pseudoscalar functions including y,-matrices are written as 
O.= rs, O:=1(i7q), = 77k) and = F[G-9, T*)V2, 14) 


taking into account the relations ( iyp+m)u(p) =0 and u(p’) (irp’ +m) =0. General 
form of the matrix element, thus, may be written as 


Me"=0, Mv, (PR), (ek), Be). ta-Ae) 


Here, each M,°" includes the isotopic spin variables, which are easily separated 
out, introducing the following four independent isospin functions 


Q, =1T, 9:4; 2=1TpO,22; O; = 17,29). and ents (2-16) 


where 7’s are Pauli’s matrices, 0 is Kronecker’s 0-function and & 42, Levi Civita’s 
symbol. The matrix elemet M“" thus turns out to the following form : 


Me™ =O, P, Mg” (v, (P:R), (eh), B, )- (2-17) 


§ 3. Construction of the natural frame of reference 


In this section, we shall derive that each M$" is analytic on the upper half 
plane of the complex », fixing the other variables (P-k), («-k), k° andx*. For 
this purpose, we shall construct the natural frame of reference in a similar manner 
to that of the elastic pion-nucleon scattering or the photopion production.’?~™” 

Now, since « is a spacelike 4-vector, one can always choose the special Lorentz 
frame in which «=0. In this way, if one takes the direction of « as z-axis, the 
z-components of the P,q,k are fixed by (2-8), (2-9) and («-k)= constant, 
respectively, as follows ; 


P=): (3-1) 
g.= (1/k) (84°/44+ 2 +47) (3-2) 
k,= (1/«) (Rk-«). (3-3) 


We may now rewrite (2-7), (2-10) and (2-11) introducing the projections P’, 
q', k’ of P,q,k on the x-y plane, and using (3-1), (3-2) and (3-3), as follows: 


P?P+?+n?=P,, (3-4) 
(q’-h’) + (Rik) (3°/4 +8 +4?) /1°— qnky=2(k-), (3-5) 
q? + 82/448 +2)?/1? + P= qi. (3-6) 
Also, the following equation must be satisfied : 
(P!-k’) — P,ky=(P-k) =constant. (3-7) 


If k”> ky, i.e. «7k? > (k-«)*, then one can always choose the special frame in which 


kj=0 and take the direction of k’ as y-axis. The y-components of P and q are 
fixed by (3-7) and (3-5) respectively : 
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Py= (P= (he) "Jy OR CRPR) ; (3-8) 

qy= (R’— (k-)?/K*) 7? (R-) /?- (— 3? /4—- FP +’). (3-9) 
We thus see the z-components of P and q are still unfixed by the mass shell 
conditions (2-7) —(2-11). So that one can vary P, arbitrarily and may choose q, 


as 0 so as to satisfy the relation (P-q)= constant. Hence, from (3-8) and 
(3-9), (P-q) is written as 


(P- q) = (eR («-k)”)* (— (3/4) PR +*) (P:R) (eR). (3-10) 
We thus arrive at the following relation for P and P)»=E in this Lorentz frame: 
P=// E?— M’e,+ (R— (k<k)?/0*) 7(P- ey, (3-11) 


where e, and e, are the unitvectors in the directions of z- and y-axis respectively, 
M? is written, by the use of (3-4), as 


M?= 1? +m? + (R?— («-k)?/K?) * (P- R)?. (3-12) 


Since P, does not depend on E, the E dependence of the matrix element M°"» is 
written as 


Meow ea ees -f (x, t)dxdy dz dt, (3-13) 


where f(x, ¢) (which is independent of E)=O0 except xx" and 240. Me™ 
thus has just the same form as in the natural frame in the elastic pion-nucleon 
scattering. The matrix element 1/°"? may be derived to be analytic on the upper 
half plane of the complex E and also v (which is linearly connected with E, see 
(2:12)) in the analogous way as in the elastic pion-nucleon scattering. 3 

The foregoing derivation* was, however, restricted by the condition : k’«’ > (k-«)?. 
In the case of hx?< (k-«)*, ie. k?<k,’, on the contrary, one can always choose 
the special frame in which 4/=0. In this, P, and q are completely fixed by (3-7) 
and (3-5) respectively. Therefore, in this case, the matrix element M“" may not 
be restricted by the micro-causality condition. 

In this section, we investigated the analytic property of the retarded matrix 
element when the 4-momenta of three pions were fixed. However, there are several 
ways to fix the three 4-momenta among the five. So it may be derived that the 
scattering matrix element is analytic with the different variable (which may be the 
linear combination of », (P-k), (k-«), Rk? and «’) for each way. It may then be 
possible to treat our scattering matrix element in the similar way as has been done 
by Mandelstam for the elastic pion-nucleon scattering.” 


§ 4. Dispersion relation 


We first define as usual the dispersive part and the absorptive part of the 


* Here, we gave only a heuristic derivation, the rigorous derivation will be fairly complicated 


owing to the large number of the independent variables. 


504 K. Ishida 


matrix element M°"? by the following equations : 


Dio = (—i/2) Bqpbat bd)? | (ERO™|E (2) LF /2), F—2/ Dele ae, 
(4-1) 


A= (1/2) (Bquke by? | BROMUS E/2), f(—2/D]. Mediz. (4-2) 
Then, D° and A®" as well as MM"? may be written in the invariant form : 
D™=0,0,De" (v, (P-R), («-k), BR, «), (4-3) 

AC =O, QO, Aj (v, (Pk), («-k), B «*). (4-4) 


Thus defined D9” and A", however, may not be real numbers, so we introduce 
instead the matrix element M" the more essential MM‘? and M‘” in which the 
final state (k'#?°"| of the matrix element MM" is replaced by the following : 

Ges eee = (CR pe + ¢k' |e (A- 5) 
and 


CR RO ats fronr)| a=d RO) /23, (4-6) 


respectively. 

For those matrices M‘*, the dispersive parts D‘*? and the absorptive parts A‘ 
are defined by replacing ('R°°"| in (4-1) and (4-2) by (A*R*|. And then 
the invariant forms for D‘)’ and A“ may be written as 


D®=0,Q;DH (vy, (P-k), («e-k), BP, ), (4-7) 
AMO; OVA WER) > eos kee (4-8) 
From the relation: (2°27! |=(RR*| +iCk'R|, it follows that 
M=SMO4iMO, DO ={DO+4iDOC, AC” = AM +474, 
Dy” =D +iDY and AY=ASP-+iAG?. (4-9) 


Thus introduced D‘* and A‘* will be proved to be all real numbers from the 
requirement of the time-reversal invariance in Appendix 1. We thus arrive at the 
dispersion relation for M‘*: 


DS? v, (Pb) = p| 4s PUD) 4 (4-10) 


pi—yp 


=100 


where we omit the fixed variables («-k), k and «* for brevity. From (4-9), the 
dispersion relations for MM" thus are written as 


ASS Oe (P: ky) 4 


pyi—yp 


DY, (P-#) == P| 


(4-11) 
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where it may be noted that D{;"? and Aj"? are generally complex numbers. Finally, 
A,;(%, (P-k)) and A,;(—»,—(P-k)) are connected by the following equations from 
the requirement of the charge conjugation invariance : 


Zins =v, i CP: R), (R-«), ap Kk) = + Aj; (», CES R)s (k-k), ae Ke’), (4-12) 
where the plus sign is to be taken for 4=1,2,3 and j=4, and for 4=4 and 
j=1, 2,3, otherwise the minus sign is to be taken. (4-12) will be proved in Ap- 
pendix 2. Using (4:12), (4-10) and (4-11) may be rewitten as 


Dut, @)) =| (AV CD) Aut, =P.) 


doa) 


(4-10), (4-11) and (4-13) may be used to calculate the dispersive parts when 
the absortive parts are known, as the latter might be more easily evaluated directly 
from (4-2) than the former. We then investigate the absorptive parts in the 
following section. 


§5. Investigation of the absorptive parts 


In this section, we will investigate the symmetric properties of the absosptive 
part, A‘. This will be divided into two parts, A$ and A{;’, which are connected 
with each other by the charge conjugation. A$? and AS;? will also be divided into 
four classes, i.e. a, b,c,d and a,, b,, c., d-, rerpectively, as will be illustrated in Fig. 
1. However, by the use of the properties of the scattering matrix element when 
the signs of the 4-momenta of pions are changed, we will show the simple sym- 
metric relations between a and d,b and c, respectively, (5-13-14), (and hence the 
similar relations for the conjugate classes). Thus, the absorptive part will be 
expressed by the only use of a and b (and these cojugate a, and /b,);° (S219) 

First, it may be stressed that the dispersion relations (4-10) for the matrix 
elements 1M‘ are the more essential than those (4-11) for the matrix element 
Me"), because the latter are consequent upon the former in which the reality of 
D‘® and A plays an important role. Now, the difference between M°™ and 
M“ is in the final states of two pions (2'2?°"| and (kK | defined by (4:5). 


These are connected by the relation 


CB pon) = SY Ck RO/28/ (1 +S) |n™» (n|, (5-1) 


since 


CR pecon| =(R! R20) So (5-2) 
Here, 2S/(1+S) equals just to 1—3iK in which the K matrix is defined by 


* Here, we choose the Heisenberg operators as to coincide with their interaction operators 


when time ¢ approaches —oo. In this choice the “in” state is equal to that of the Schroedinger 


representation. 


CO ery 
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Schwinger. So, if the pion-pion scattering phase shifts are known, (A'2°°")| may 
be evaluated by (5-1) from (A'A*?|, for such a low energy pion production as 
the elastic pion-pion scattering is dominant. Naturally, for the vanishing pion- pion 
interaction, ((/=(°"?|, We then restrict our consideration to the absorptive 
part A“? of the matrix element M“. A‘ are divided into two parts, 


Ai) =(—1/2) (Bqoko' bi)! | ERO DF —2/DiDew* diz G3) 
and 


Ag =(—1/2) (Bay ba B') "| (ERO F(—2/2) fl2/2) |nerPediz. (5-4) 


From Appendix 2, the invariant scalars Afy?; of the matrix element Aji? are seen 
to be related with those of AS*? as follows: 


Ati? (, (P:R), (R-«), By, 2) = + AL (—», — (PR), (Re); Be ),, (8-9) 


where signs + are to be taken as same as in (4-12). Therefore, we have only 
to investigate the matrix element A{*?, if the range of the variable » is unrestricted 
me.co ras vin, (4 713)% be 

We next expand the matrix element (k'2"*| f(z/2)-f(—z/2)|q> in AY?, 
(5-3), in the complete set of intermediate states 7 which are taken as the eigenstates 
of the total energy and momentum, 


Af) = (—1/2) (8qoRo' ko")? (277) * pt 8 (ptq—n) (BR | (0) \n) <n| FO) \Q) 
(5-6) 
where (h'k%*)| £(0) |72)<n| f (0) |g) may be taken as 
BCR RO] F(0) [ny Cn | FO) [qv + CE R™ [F(0) [n> Cn] (0) |ay} 
(5-7) 


in order to ensure formally the reality of the invariant scalars Ajj) in each order 


of m. The matrix elements of the single Heisenberg operators in the above then 


_ may be expressed by the scattering matrix elements, when all the intermediate 


particles interact with the nuclear matter. It may happen, however, that the inter- 
mediate states 7 include the one pion of the state k' or k’, the two pions of &! and 
q or k* and q and the three pions of &', k’ and q, respectvely. In these cases, there will 
be the additional “ delta type” contributions to the matrix elements (k'%**?| f(0) |72) 
and/or <n|f(0)|g) from the process that those pions move between initial and final 
states without the interaction with the nuclear matter. After the separation of these 


contributions from the ¢k'R“*?| £(0) |2)<n| fi (0)|¢), Af*? may be easily written as 
the sum of four terms, 


At? = (—1/2) (84qo Ro ho) !? (222) * 
X {CHRO FO) |x) Cal FO) 19) 9 (p+q—n) 
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+ > [<A f (0) 47) Cn, BF (0) |g) O(p'+k’—n) +k', exchange term| 
ie Da LCR" f (0) |, g> <n, RIF (0) |O)0(p—R—n) +k', k exchange term] 
+ S401 F(0) |x, a) <n, B, RIF) |0>9(p!—g—n)}. (5-8) 


Here, the particles in the intermediate states have to be understood as interacting 
always with the matter.. We hereafter denote these terms as a,b,c and d in order 
from the top in (5-8). We illustrate these graphically in Fig. 1, where the states 
of nucleon, pion and intermediate particles are represented by the fine, dotted and 


thick lines, respectively. Aff? may then be expressed by exchanging the lines of 
the nucleon p and p’ in Fig. 1. 


(a) (d) 


Fig, .1 


Now, first we consider the contribution ‘a, 
a= (1/2) (Bqy ho! Bd)" (2n)* S39 (pt g—m) ERO F (0) | Cal FO) (a). 
(5-9) 


This will be expressed as the sum of the contributions a’ from the states of the 
propermasses 71, ((p+q)*+n=0), 


a! = (= 2) 0 (pot) 9((p+a)*-+1tn’) D) (Bqoko' ko’) (2V (pq)? +My) 
x CRE RF (0) |n) Cn| f (0) |), (5-10) 


where n is the substate of the propermass m, and momentum n=p+q. may be 
written in the invariant form as 


a’ =O (pot) 0 ( (p+q)?+m,’) O, Q; an; (mn’s Ca k) ? (k ‘ kK) > R’, K’) ? (5: 11) 
where 0(potq)6((p+ 9)? +n) is also to be understood as the function of », (P-k), 


(k-«), BR, « and m;. In the similar way, the contribution to 6,c and d from the 
states of the propermass m, may be written as follows : 
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b'=0 (pi! + he’) O( (p! +8)? +n’) O; 07833, (tn (P7 ky ee), R?, x) +ex., 
c! =0 (po— hu’) 0 ( (p—k*)? +mrn’) Or Qje1j (ids (P:R) R2)s RB, x*) t+ex., (5-12) 
d!=0 (po! —q) 9 ((p!— 9g)? +n?) O.Q, dag (ns (P+k), (h-#), Be €), 

where ex. expresses the term given by exchanging the pion states k' and & in the 


original one. 
The following symmetric properties, however, will be proved, 


Gy, (n;,,, (2+), (kK), kk). = + a;(m,?, —(P-k), («-k), k’, «*), (5-13) 
Gxy 1s,» Chery, (R-k), [ee K’) =F by3(Mn’ | (P-k), (x-k), R’, kK’), (5-14) 
wher the minus sign is to be taken for 4=1,2,3 and 7=4 and for 4=4 and 


j=l, 2,3, otherwise the plus sign is to be taken. The proof is as follows. First, 
consider the original expression of d, the last term of (5-8), 


d= (—1/2) (8qoko! ko?) "? (22)* 31 8 (p’—q—n) (0| FO) |n, gy <n, B, B| FO) (0). 
(5-15) 
This may be easily rewritten as 
d= (—1/2) (Sauks' bi)?! (22) 339 (p'—g—n) (al f) [n> a1 F(O)|—B, —B) 
= tral (— 1/2) (8a ho! ho’) (27) * 31 0p! —g—n) (— Rk’, — Bf (0) 2) (| F(0) | 
=O) iar’ (5-16) 
where the pion states —k',—k’ and —gq are to be taken as those obtained by 
changing the signs of the 4-momenta &', k® and q in the original expression (5-15). 
The expression in the bracket | | of (5-16), however, is just the one obtained 
from the matrix element a, the first term in (5-8), by the transformation of 
4-momenta as p’>p, p>p', q>—q, k'>—' and k?->—k’. Using the above result, 
the contribution to d from the states of the propermass 7, may be written as 
a! =[7.9 po’ —G) 8 (Cp! — 9)? +n") O,'Q, aaj (mn, — (P:R), («-k), BP, D7), 
(5-17) 
where Ox are those obtained from O, by the transformation of the 4-momenta as 
k'>—k', P>—k’ and q>—q. As [7OxQ,7.]' = FO,Q; is easily verified, (5-13) 
is proved taking into account the reality of a,;. Similarly, (5-14) may be proved. 
We here write down the contributions to AS}, (5-4), from the states of the 
propermass ™,, by the use of (5-5), corresponding to a’, b’, c’, and d’, as follows: 
ae = + O(— po! +40) 9 ((p!—g)* + mn”) O,Q5 a3 (Mn, — (PR), (e-k), B, «), 
bo = + O(— pot ke’) 8 ((p—k’)* +m?) OQ; br; (?, — (P-R), (ek), B, «) +ex., 
Co = + O(— po! — hy’) 0 ((p' +R)? +m,?) O.Q5ca5(m,”,, — (P-k), (-k), R, «) +ex.; 
d!= + 8(— po—q)9((p +9)? +10n’) Or, Qj dij (m,’,, — (P-k), (ek), Be). 
(5-18) 
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Substituting (5-13) and (5-14) in (5-12) and (5-18), and combining a’, ai, b/ 
and 0), with dj, d’, c, and c’ respectively, we finally obtain the contributions to the 
absorptive part A‘* from the states of the propermass m,, A‘, in the closed form, 


ACS E (po tq) 9 ((p+g)* + Mn’) O,Qj 4a; (72, (PR), (ek), RP, #°) 
 €(— po +m) 9 (pb! —G)*+ mn) Or Q, an; (9Mn, + (P-k), Ce-k)y RB, &) 
+[E (po! + ho") 8 (p! +B’)? +n) Or Qyb5 (Min’, (P-R), (e-k), FB, #") +ex.] 
+ [€(— pot ko) ((p—*)? + mn’) O,Q5 ba; (mn, — (P-R), (ek), BR’, *) +ex.] 
(5-19) 


where signs + are, of course, to be taken according to the rule mentioned below 
(4-12). 

The values of the sign functions €’s in (5-19) may be evaluated in the natural 
frame introduced in §3. They generally depend upon the values of mnz,(P-k), RB, 
and «, and are fairly complicated. 

Now, we consider the one nucleon state in 7. It will give the 0-type contribu- 
tions to the absorptive part A‘? with respect to v. It will be clear that these 
contributions are expressed as the product of the elastic scattering matrix element 
and the pion-nucleon vertex with the renormalized coupling constant. The one 
nucleon state, however, cannot be realized physically, so it will be necessary 
to continue the scattering angle and energy in the unphysical domains. Next 
contributing intermediate states are the one nucleon and one pion. These contributions 
will be exressed by using the elastic pion-nucleon scattering matrix and the one 
additional pion production matrix. The dispersion relations, now, will turn out to 
the linear inhomogeneous equation to the one additional pion production matrix with 
the kernels of the elastic scattering matrix. Here also the continuation of the 
variables to the unphysical domain will naturally be necessary. 
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would like to thank Prof. Terasaki and Dr. Hosokawa for their continual encourage- 
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Appendix 1 


According to Liiders,” the time-reversal operation is defined as follows. 
Two time-reversed states Ty, and Ty, of the original atates ¢, and ¢, satisfy 
the relation, 
(T¢,|T $2) =< fal P2).™ (A-1) 
Hence, any complex number @ is transformed into its conjugate complex a*, 


TaTot=a,* (A-2) 
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Nucleon field operators ¢,(x) and ¢,(x) and pion field operators ¢j(x) and 7;(x) 
in the Schroedinger representation are transformed as 


TY,(x)T=ud,(x), T(x) T"=$, (x), 


; + ¢,° (x) for Z— 2, e 71 (x) for i=2, 
a ye ne 
T4, (x) T a —¢,' (x) for 7=1 and 3, La (x) T +-70,4 (x) foi#i=l sand 7) 
(A-3) 


where unitary matrix w is defined as 
UA, Te (A-4) 


Using (A-2) and (A-3), the pion state of momentum k and isospin index 7 is 
transformed as 


+|—k®) for i=2, 


TK) = (A-5 
HG? —|—k®)» for 7=1 and 3. 

Now, we define the interaction operator as 
O7; (x, t) ae ek)! (x) (FESS (A ‘ 6) 


Then, it follows that 
Ty (x, t) TOS ba 2), TH x,t) TPUEG, (20 
and 76,5 (x, t) T= +46, (x, —Z).. (A-7) 


Next we define the Heisenberg operator so as: to coincide with the interaction 
operator when ¢ approaches — co. 


O(«%, 0) =(UG, —co)}* Or, ty) UG, '— 0); (A-8) 


where the transformation function U(tZ, t’) is written as 


OER HP eM eter Vr aee at Mor (A-9) 
Hence, it follows that 
TUG OT SU (att); (A-10) 
espesially, 
TST t=TU(o, =o) f7=U(— oo, 0) = St (A-11) 


We thus obtain the transformation rule for the Heisenberg operators ¢, ¢ and ¢, 


TP (x, TO =u(S$(%, —) St), Th (x,t) T= (SP (x, —2) Stu 


and 
T(x, t) T= + (Sd(«, —2) St). (A-12) 
The “out” state |a°)=S'|a) is transformed as 


Tla™) = $|Ta™), (A-13) 


——— .". 
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Here, we shall verify the reality of A‘ and D‘* in (4-8) and (4-7). Using: 
(A-1), (A-12) and (A-13) the conjugate complex of A“? is written as 


AH* = (—1/2) (Bq ho! By | (TR, TR |St S[uf (2/2, — 20/2), 


f(=2/2, + 2/2) ueSt|Tq e**?* d*z 
Using (A-5), this is rewritten as 


AM* = + u{(—1/2) (8qo Ro’ ko’) va (Ry ke [ f (2/2), f (—2/2) |. lane tr? dxbu-}, 
(A-15) 


where ki=(—k' k,)), k2=(—Kk’ hy), Gr=(—, ) and Pp=(—P, Po), and signs 
+ arise from (A-5). The expression in the bracket { } is just the one obtained 
from the original A‘ by the transformation: k'->k7, k’>kr, qr and P+P,. 
Rewriting the both sides of (A-15) in the invariant form, according to (4-8), 
and comparing the both sides in this form, we easily see the reality of “AS. 
Similarly, the reality of D\# may be verified. 


Appendix 2 


The charge conjugation is defined, as is well-known, as 


fl (zy =f), 


f' (az) =cf (2), (A-16) 
r i +;(x) for i=1, 3, 
Be —¢,(z) for i=2, 


where unitary matrix c satisfies the relations 
ctne= art tae (A-17) 


where 7j, c’ are the transposed matrices of 7, and c respectively. Now, we 
decompose the absorptive part A into A, and A, as (5-4) and (5-5). Ay is 
rewritten from the charge conjugation invariance as follows : 


(Asn) ap = (1/2) (Baquba Bs)" Cok ck? (°F (—2/2) ar F (2/2) eDalegne * d'e, 
(A-18) 


where ck', ck’ and cq are the charge conjugate of &, k and q respectively. In 
the matrix form, it turns out to 


Ayf= 4 077{ (—1/2) (8qo ho’ bo’) cal CRB F (2/2) f(—2/2) |Qne?*diz}ci  (A-19) 


where signs + arise from (A-16). The expression in the above bracket pee es 
just the one obtained from the original A;, (5-3), by the transformation PAP 
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or p>—p’ and p!>—p. Writing the both sides of (A-18) in the invariant form, 
using (4-4) or (4-8), and comparing the both sides in this form, we easily arrive 
at (5:5). (4-12) may be obtained in consequence Of Bria): 
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The characteristic peaks in the energy spectra of high energy (,p’) scattering 
accompanied by residual excitation of 20 Mev, experimentally observed by Tyren and Maris, 
are analyzed in terms of the Coulomb excitation. It is shown that in the Born approximation 
the cross section for this process can be directly connected with the absorption cross section 
of electric dipole y-rays, without referring to any special nuclear model. Using the known 
photonuclear cross sections, (p, fp’) energy spectra are calculated and are compared with 
experiment. Shapes of the energy spectra are reasonably well reproduced by the calculation. 
Also the absolute magnitude of the calculated cross sections are in agreement with the 
observed ones as far as the order of magnitude is concerned. On closer examination, 
however, it seems that the former may be smaller than the latter by a factor of 2 to 4. 
Several discussions are given. 


§ 1. Introduction 


In a series of papers”, Tyren and Maris have recently reported the experiments 
on the inelastic scattering of high energy protons, in which the energy spectra of 
protons inelastically scattered in the forward direction have been measured for a 
number of nuclei, extending from deuteron up to Saw 

One of the most conspicuous features of the observed energy spectra is the presence 
‘of a large and broad resonance-like peak at the proton energy which corresponds to 
the excitation energy of about 20 Mev of the residual nucleus. The peak has been 
actually observed for almost all the nuclei investigated, except for the lightest ones. 
Furthermore, the appearance of the peak is confined to the forward scattering 
direction of which the scattering angles are smaller than about 20°. Examples of 
such energy spectra are shown in Pigs 1. 

From the properties of the peak mentioned above it is tempting to assume 
that it has some interrelation with the well-known giant resonance observed in the 
photonuclear reaction. In fact, Tyren and Maris” assumed that the incident proton 
exerts the Coulomb force to the bulk of proton charge of the target nucleus and 
gives rise to the dipole oscillation of the latter which is responsible for the well- 


known giant resonance of electric dipole 7-ray absorption. Assuming the Goldhaber- 


Teller model for the latter process and the uniform distribution of the proton charge 
aoe the spherical nucleus, Tyren and Maris have calculated the angular distribution 
of inelastically scattered protons in the case of C™” target nucleus, which shows 
very sharply forward peaked angular distribution, having the maximum at 0° with 
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(mb/ster.-Mev) 


@o/AQ0E., 


0 10 20 0 10 20 
E.. (Mev) 


Fig. 1 Typical examples of energy spectra of inelastically 
Scattered protons in the (pf, p’) reaction at 180 Mev incident 
energy observed in the forward scattering angles after Tyren 
and Maris. The differential cross sections for N, Al and Fe are 
plotted as functions of excitation energy of the residual nucleus. 
The scattering angles are shown in each section of the Figure. 


a half width of about 3° for the choice of the nuclear radius, R=1.2 107" AUS cm. 
The absolute magnitude of the cross section has been found to be about 1.5 
mb/ster.- Mev at 3° which is of the order of magnitude of the experimentally 
observed ones. After examining several possible mechanisms for the reaction, they 
have reached the conclusion that the Coulomb excitation described above is the most 
probable, main process for the “ giant resonance peak” around 20 MeV of residual 
excitation in the (p, p’) reaction under consideration. 

In view of the above situations it seems worth while to investigate the high 
energy Coulomb excitation process further ‘in detail. Ta particular, it’ is desirable 
to obtain the’ cross section of the’ process without referring to a specific nuclear 
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model such as the one adopted by Tyren and Maris, so that the result can be free 
from ambiguity which may arise from the assumed nuclear model. 

In the present paper the cross section for high energy Coulomb excitation is 
obtained by means of the Born approximation in such a way that no special as- 
sumption with regard to the nuclear states concerned is made in deriving the cross 
section formula.” In fact; it is shown to be directly proportional to the cross section 
for absorption of electric dipole photons by the target nucleus, so that it is possible 
to evaluate the cross section for the high energy Coulomb excitation using available 
photonuclear cross section data. 

An attempt will be made at the direct comparison of the experimentally observed 
(p, p’) energy spectra of Tyren and Maris with the calculated ones for high energy 
Coulomb excitation using available photonuclear cross section data. The cross. section 
for the photon absorption is estimated using o(7, p) and o(y, 7), 1.e., the cross 
sections for the emission of particles after the absorption of the photon. 

Through such comparison it is found that for most of target nuclei investigated 
the shapes of the energy spectra are reasonably well reproduced by the calculation. 
The existence of the “giant resonance peaks” in the (p, p’) energy spectra are 
accounted for as a reflection of the well-known giant resonance peaks in the photon 
absorption cross sections, as is expected. The calculated angular distribution of 
scattered protons is sharply peaked forward, having the maximum at 0°, which is 
in qualitative agreement with experiment. However, the former seems to be a little 
sharper than the latter, which fact has already been noted by Tyren and Maris. 

The absolute magnitude of the calculated cross sections are all in agreement 
with. the experimental ones as far as the order of magnitude is concerned, with 
the single exception of Ne which has the (p, p’) cross section about ten times as 
large as the calculated ones. A closer examination, however, reveals that the calculated 
cross sections are always a factor of 2 to 4 smaller than the observed ones. On ac- 
count of the crudeness inthe present calculations and of the experimental error included 
in the absolute magnitude of the relevant cross sections, it ig not quite clear whether 
the discrepancy mentioned above should really be taken seriously or not. It might, 
however, be possible that the discrepancy has some significance, since it is not 
restricted to any particular nuclei but is quite common to almost all the nuclei 
investigated, If so, the discrepancy would have to be attributed to. the failure either 
of the Coulomb excitation hypothesis or of the Born approximation in the present 
calculation. The Born approximation may not be sufficiently valid since, for example, 
the incident as well as the scattered protons are under the influence of average 
nuclear potential of the target nucleus. It turns out, however, that the main 
contribution to the Coulomb excitation cross section comes from those protons which 
pass outside the nucleus. It is, therefore, expected that the effect of the distorting 
nuclear potential will not be very large, since it -effects the cross section only 
indirectly. Crude estimation of such effect will be indicated in a later paragraph. 

In § 2, the cross’ section formula is derived for the high energy Coulomb 
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excitation process, by means of the Born approximation. 

In § 3, the cross sections for the Coulomb excitation are calculated for various 
target nuclei using available photonuclear cross section data. 

In § 4, several discussions and the concluding remarks are given. 


§ 2. The derivation of the cross section for (p, p’) reaction 


Since the energy of the incident proton is high, we shall, as a first step, 
assume that the Born approximation is valid for the calculation of the cross section. 
Discussion on the validity of the Born approximation shall be carried out in the 
last section. 

Let the wave functions of the incident proton and the target nucleus be e 
and ¥(€), respectively, where k; and r are the wave number and the coordinate 
vectors of the incident proton and ¢ represents the aggregate of the coordinates of 


thea 


the nucleons in the target nucleus. 

The Born approximation to the cross section for excitation of the nucleus to 
an excited state ¥,(¢) by the Coulomb force of the proton which is scattered with 
the final wave number vector k, is given by 


( wal we 1 Ri 
OQ /m Anhtk, 


where m is the mass of the incident proton and r, the coordinate of the a-th 


(Wee 4592 nee P 
\Ve Vint YS) <__etht dr dB (1) 


a=1 |r—ry 


proton in the nucleus. Making use of the relation 


\ ne 1 gin ar= at ett, (2) 
n= Tal q 
(1) may be written as 
Does enek (Ar)? re Ee os 2 
“>. n PFT! tq’ a Ps } 
( 02 ie An’ fi‘ k, q | = ée Pode (3) 


where q=k;—k,. 

For the energy and the scattering angle of the proton under consideration, q 
is of the order of 0.1X10"cm™ and the range of r which yields appreciable 
contribution to the integral is of the order of nuclear radius R which is a few 
times of 10-“cm. Therefore, we have gR<1, for the present case, which permits 
the expansion of e“” into power series of (q-r). Retaining only the second term 
of this expansion, it follows, 


( | eer Peon ATG) 4 
00 lm Ahk, gi 


Laps = By dels (4) 


where z, is the component of r, in the direction of q. 


It is now seen from (4) that the matrix element responsible for the process 
is just the one that causes the electric dipole transition of the nucleus. The 
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higher order terms in the expansion of e“” would yield the matrix elements 
responsible for the 7-transition of higher multipolarity, which will safely be neglected, 
especially for Y;,, which is situated near the giant resonance maximum. 

Now, the transition probability for the excitation of the nucleus from 0 to 1 
through the electric dipole absorption of 7-ray is given by” 


2 | Z 2 
p(0->n) = 408 ¢ Ex.|\ Bat 3 20 Poclél (5) 
G | a=1 


where E,, is the energy of the state Y, above the ground state. Substituting from 
(5) the electric dipole transition matrix element into (4) and, furthermore, summing 
(4) over the possible excited states 7 with the excitation energies between E,, and 
E,.+dE,,, we have energy spectrum of the emitted protons given by 


Oo = 1 e mc if! ei a Opi (Ten) 
OR. .08 © 2m fics Ee “Ez Bee (BL Ry 2 1 (Ey Byes 
(6) 
where E is the energy of the incident proton and o,,(F,,) the cross section for 
the excitation of nucleus by energy £,, through absorption of electric dipole j-ray. 
The energy of the emitted proton is given by 


E,=E—E,,. 


If E>E,, and 6<1, (6) may be simplified approximately : 
Dart el ay bene. 8 ltd 
Gn 00. 20. fe  E Ea 6 


“Ti, Con (Hex) (6a) 


(6) and (6a) give the cross section 0’°o/AE,,02 in terms of the photonuclear cross 
section o,,, Thus, we can calculate the cross section of the process under consi- 
deration from the known experimental data of o,,, without referring to any special 
model of nucleus. It should be noted that (6) and (6a) contain no adjustable 
parameter so that they would provide us with the means of making a rather critical 
test of the Coulomb excitation hypothesis, so far as the Born approximation is valid. 

0c /JE,,02 given by (6) and (6a) have all qualitative features observed by 
experiments as mentioned in the preceding paragraph. The peak at H,,=20 Mev 
is due to the giant resonance of o,,(E.,) which is common to all nuclei and, more- 
over, is larger in magnitude for heavier nuclei. The angular distribution is concen- 
trated very sharply in the forward direction because of the factor 1 (Ox TUS stead o 
clear that the broad peak in the high energy (Pp, p’) scattering under consideration 
is qualitatively explained by the assumption that it is due to the Coulomb excitation 
of the dipole giant resonance state of the nucleus. 


§ 3. Numerical calculation and comparison with experiment 


In order to evaluate (0’c/0H,,02) by (6) or (6a), a knowledge of o,, is 
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required. Unfortunately, however, there is practically no direct experimental data 
of the 7-absorption cross section but we have only individual reaction cross sections 
such as (7,7), (7, p), and so on. In terms of these cross sections o,, may be 


expressed 
Cpr=ol(7, p) tor, m+eo(7, mp) +. 


Now, there are considerable accumulation of data of o(7, 7)” while we have 
a few o(7, p). Very few data exist for o(7, mp), OF; 2B) 5. 0 Gs 27) a0 CIC, 
Unfortunately, o(7, p) is considerably larger than o(7, 2) for most of the nuclei 
in this region of mass numbers except for the heaviest ones investigated.” Therefore, 
in the case of o(y7, p) being not measured it is rather difficult to evaluate the 
absolute magnitude of 0°0/0E,,02 from (6a). We shall discuss this point later 
again. 

On the other hand, the shape of the energy spectra, i.e., relative value of the 
cross section may be obtained from o(7, 2) alone, since the excitation function of 

o,,(He,) would be approximately proportional to that of o(7, 7) except forts 
near the threshold of (7, 7) or E., higher than the thresholds of (7, 7p), (7, 27), 
(7, 2p), etc. The favorable situation is expected most likely to hold for E,, cor- 
responding to the giant resonance peak. 

Thus, as a first step, we shall evaluate the relative energy spectra of inelastically 
scattered protons, using the known o(7, m) data. Typical examples of the 
results of such calculations are shown in Fig. 2 in comparison with the energy 
spectra observed by Tyren and Maris. Rather flat back-ground in proton energy 
spectra is subtracted as is shown in Fig. 1. This subtraction procedure is rather 
arbitrary, but for most of nuclei the back-ground cross section is so flat (in many 
cases, almost constant) that the subtraction procedure will cause no serious ambiguity 
in the final results. C™ and N™ are exceptions, which will be discussed further in 
detail in the next paragraph. | 

Agreement between the calculated cross sections and the experimental ones is 
reasonable, allowing for the crude assumption underlying the calculation as well as 
the experimental uncertainty of the relevant cross sections, especially that of 
photonuclear cross sections. Generally speaking, agreement seems to be slightly 
better for heavier nuclei than for lighter ones. 

As is seen in Fig. 2, the observed width of the peak is larger than the 
calculated one. Inclusion of such processes as (7, p), (7, p), (7, 2p), (7, 2m) >: 
in o,, will considerably improve this situation. However, the origin of the discrepancy 
is not clear at present. 

Next, we shall go on to the discussion of the absolute iataeude of the cross 
sections, particularly at the top of the giant resonance peaks. 

As has already been mentioned, the experimental data of photonuclear cross 
sections other than o(y, 2) are very scanty. The excitation functions of the (7, p) 
reaction are measured only for a few nuclei for which o,, may be obtained by 


/ 


Re 


The Dipole Giant Resonance in the High Energy Proton Scattering 519 


y units) 


Arbitrar 


( 


#/AQ9E., 


E.. (Mev) '———> 


f the observed and calculated shapes of energy spectra 
of (p, p’) reaction for various target nuclei. The solid curves represent the 
observed proton energy spectra at the scattering angle indicated in each section 
of the Figure. The broken curves represent the results of the calculation by 
means of (6a) in the text and the observed (7,7) cross section data. The flat 
back-ground is arbitrarily subtracted from the original energy spectra in order 
to derive solid curves. For C and N, thick solid curves represent the original 
energy spectra and thin solid curves represent tentative division of the thick 
curves into contributions of two different peaks. 


Fig. 2 Comparison o 
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Table 1 Comparison of the calculated and observed absolute values of the cross sections 
at the top of the giant resonances. The first column represents the target nuclei, the 
second column represents the angle of observation. In the third column the first column 
represents the calculated value of the cross section using various methods indicated by 
a, b and c in the last column. The second of the third column is the observed cross 
section at the top of the resonance peak. For the implication of the symbols, a, b and 
c, see the text. 


mb 


Po ) | 

Nucleus g° O20E /max ster.-Mev 

cal. exp. | 
Cc 3.2 1.2 1.0 | a 
O 5.9, 0.23 1.0 c 
Ne 10.2 0.08 0.8 c 
Mg 7.0 0.34 0.9 | b 
Al 7.3 O:22 0.8 a 
Si 7.0 0.59 0.9 b 
S 9.5 0.24 le) b 
(Ch 5.0 ples 2.1 b 
Fe 10.0 0.27 c 
Ni 10.0 0.36 0.7 | ? 


summing o(7,”) and o(y, p). The calculated cross sections together with the 
observed peak height for some of these nuclei are listed in Table 1 marked as a. 
It is seen that the calculated cross sections are of the same order of magnitude as 
the observed ones, which fact supports the conclusion drawn by Tyren and Maris. 

However, it is at the same time observed that the calculated cross sections are 
about a factor of 2 to 3 smaller than the experimental ones, although the uncertainty 
in the absolute magnitude of the photonuclear cross sections used in the calculations 
is rather large. In order to see whether this tendency is peculiar to those nuclei 
investigated above or common to all nuclei the comparison should be extended also 
to other nuclei for which there are no experimental data of (7, p) excitation 
functions. 

Since, in this case, it is impossible to calculate o,, directly from the experimental 
data, we have to resort to more indirect method. Now, we shall assume that the 
ratio of o(7, m) to o(7, p) at the top of the giant resonance is approximately 
equal to that of the corresponding integrated cross sections. This assumption 
will be valid only in the case in which o(7, 2) is proportional to o(7, p). However, 
it will be at least approximately valid for those nuclei for which the width of the 
giant resonance peak of o(7, 7) is not greatly different from that of (7, p). 

Fortunately, the experimental data” for both integrated (7, 7) and (7, p) cross 
sections exist for nuclei of Mg™, Si, S* and Ca®, and may be used for calculation 


of the (p, p’) cross section under the assumption mentioned above. The results 
are listed in Table 2, marked as b. 
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For the cross sections in Table 1, marked as c, the following method of 
calculation has been adopted. First we shall assume that the ratio of o(7, p) to 
a(7, 2) is correctly given by the evaporation theory. Then, the branching ratio of 
(7,2) to (7, p), ie. F,/F,, is given by 


EO (€) Wy (Le, —Sp— €) dE 
F, 
Ss ) 
\ E On (€) Wn (Ee, —Sn— €) dé 
0 


where S,, and S,, W,, and W, and o,, and o,, are the separation energies, the level 
densities of residual nuclei and the compound nucleus formation cross sections for 
neutron and proton emissions, respectively. For even-even nuclei we may assume 


WE) = WC): 
W(E) is assumed to be of the form 
W(E)=CexpVaE, 


where C and a are constants. o,, and o,, are given by continuum theory.” 


Then, it is possible to adjust the quantity a for nuclei Mg”, Si¥, S” and Ca® 
so that the calculation yields correct experimental values of F,/F,. Along these 


procedure we find 
a=0.10A (Mev), (8) 


where A is the mass number of the nucleus. The above value of a is about factor 
4 smaller than the one determined from particle reaction data. This tendency has 
already been pointed out by Igo and Wegner."” 

Assuming, then, the formula (8) for all the nuclei investigated we have 
calculated F,/F, using (7). The examples of the calculated results are shown 
in Table 2. It should be noted that F,/F, calculated in this way shows good 
agreement with the experimental ones for nuclei C? and Ni® for which direct 
measurements of both (7, 2) and (7, p) excitation functions exist. Making use of 
the branching ratio F,/F, mentioned above, we estimate the (7, p) cross sections 
by means of the formula 

a F, 
oN, P= OMT 2) a2 


which leads to 
om=o(7 n) +o% p)=(1 +42) o(7, n). (9) 


The cross sections for (p, p’), at the top of the giant resonance, evaluated using 


(9), are tabulated in Table 1, marked as c. 
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Table 2. The branching ratio of the (7, p) and (7, ) reactions. The first column re- 
presents the target nuclei, the second column represents the branching ratio of (7, p) to 
(7, ) process calculated by the evaporation theory at the top of the giant resonance. 
For assumptions adopted in the calculation, see text. The last column represents the 
experimental branching ratio at the top of the giant resonance obtained either by direct 
measurement or by estimation from the integrated cross section. For detailed explanation, 


see text. 
Ee a casEaEEnESEEEET SESE SSS NSS Da a 


F, | Fy 
‘ Nucleus (42 ye | ( acy 
C 2.4 | 2.6 
O 2.0 | ~ 
Ne 2.8 | = 
Mg 6.4 | 2.8 
Si 4.2 3.9 
Ss 4.3 4.6 
Ca 6.1 6.8 
A Fe 0.1 — 
a Ni 0.7 | 1.1 


‘ ‘ | 


As seen in Table 1, a, b and c, the comparison of the absolute magnitudes of 
mae both calculated and observed cross sections shows that the discrepancy by a factor 
of 2 to 4 is common to all the nuclei investigated, with a single exception of Ne 
for which the observed cross section becomes ten times as large as the calculated 


Y one. 

‘ 

os § 4. Discussion 

, The analysis in the preceding paragraph has shown that the high energy 
a Coulomb excitation process may account for the general qualitative behavior of the 
“ giant resonance peak in the energy spectrum of (/, p’) reaction. It has been 
a found at the same time that the absolute magnitudes of the calculated cross sections 
be seem to be about 2 to 4 times smaller than the observed ones. On account of the 


various crude assumptions made in the calculation and of the experimental error in 
the relevant data, it might be dangerous to overemphasize the significance of such 
discrepancy. Since, however, the discrepancy of nearly equal order of magnitudes 
appears for all the nuclei investigated, it seems possible that it is not fortuitous and 
is inherent to the present calculation. 

Now, the Born approximation in the present calculation might be subject to 
doubt, since the effect of average nuclear potential on the incident and outgoing 
protons would not in general be negligible even at 185 Mev under consideration. 

The effect of such distorting potential will be large if the protons which pass 
through the interior of the nucleus have large contribution to the whole Coulomb 
excitation process. To estimate the relative importance of such process we calculate 
(00/02) 9, by (1) restricting the integral over r from R to oo instead of 0 to oo, and 


oii ti i 


The Dipole Giant Resonance in the High Energy Proton Scattering 523 


see the relative change of the resulting cross section. It is easy to see that 
(00/02) in'/ (90/92) on =|jo(GR) |? =~ 1—4%(gR)™. 


Assuming, for example, gR=0.5, we have 0.92 for this ratio. In other words, the 
protons passing through the interior of the nucleus contribute only 8% of the total 
Coulomb excitation cross section. Therefore, it is expected that the effect of the 
distorting potential will not be very large. 

The conclusion reached above has been confirmed also by the conventional 
perturbation treatment of the distorting potential. Taking the first order effect of 
distorting potential into account, the modification of the Born scattering amplitude 
due to the distorting potential has been estimated to be of the order of 10 % of 
the Born amplitude for the case of C” target nucleus and 0° scattering angle. 
The modification seems to be slightly larger for larger scattering angles. For the 
sake of analytic simplicity the complex distorting potential has been assumed to be 
of Yukawa shape. The potential parameters have been adjusted so that the forward 
scattering due to this potential is approximately the same as that due to the usual 
square well optical potential appropriate to this energy region. It seems likely, 
therefore, that the effect of the distorting potential would not drastically change the 
qualitative features of the calculated cross section. A more accurate calculation of 
the effect of the distorting potential is desirable for wider range of scattering angles 
for various target nuclei. Then, a more definite conclusion will be obtained as to 
the absolute magnitude of the cross section for the Coulomb excitation together 
with the origin of the discrepancy mentioned previously. Furthermore, the distorted 
Born calculation might account for the observed proton angular distribution satis- 
factorily which, as mentioned in the preceding section, is less sharply peaked forward 
than expected from the present Born approximation.** 

On the other hand, the possibility of the collective dipole excitation of the target 
nucleus may be important,” which is due to the c-spin dependent part of the 
nuclear force exerted by the incident proton. The angular distribution of emitted 
protons in such process is dipped at 0° and spreads out to larger angles than in 
the case of Coulomb excitation, on account of the short range of the nuclear force, 
and then such process cannot be the main process in this reaction because the 
observed proton angular distribution is sharply peaked forward. However, the 
inclusion of this process in the present analysis might improve the agreement 
between calculation and experiment, for the observed angular distribution is less 
sharply peaked than expected from the present calculation. 

Returning, now, to the discussion of the analysis of the experimental data using 


* Our thanks are due to Drs. M. Soga and K. Nakamura for suggesting the use of this 


equation. d ‘ : : 
i **k Also, the angular disribution would be slightly changed, if exp [iq:r] is expanded as 
> . 


SS Anitjrqr) Yim*(Go)+ Yrm(Qr)- 
Z 


Z=0 m=— 
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(6) and (6a), we should like to add a few supplementary remarks. 

For some of the nuclei two giant resonance peaks are seen in the (p, p’) 
energy spectrum instead of single one present in @py. Typical examples are See 
and N‘ as are seen in Fig. 2. The presence of such two peaks cannot be accounted 
for by the simple Coulomb excitation mechanism. It is clear in Fig. 2 that resonance 
peak of o,, is situated approximately at the excitation energy of one of these peaks. 
Therefore, it would be tempting to assume that only one of these two peaks lying 
at the approximate position of the giant resonance peak of o,,, is due to the Coulomb 
excitation mechanism under consideration. If we tentatively assume the above 
interpretation to be correct we shall be able to separate each of the observed cross 
section curves into two parts, as shown by thin curves in Fig. 2 for C and N. 
The shapes of the curves for different peaks are rather arbitrarily assumed ; for C 
the observed shape of the peak at the lower excitation energy is smoothly extrapolated 
towards the higher energy region, and for N the shape of the lower peak is assumed 
to be approximately symmetrical for the energies above and below the top of 
the peak. As is clearly seen in Fig. 2, the comparison with the calculation 
of the resulting curves belonging to the higher excitation peaks is greatly improved _ 
for both C and N. The possible mechanism responsible for the peaks at lower 
excitation energies is not yet clarified at present. In order to see what process 
might possibly be responsible for these peaks further study would be necessary. 

Rather a similar situation exists also for the case of Mg and Na, for which 
the giant resonance (p, p’) energy spectra seem to consist of more than one peak. 
In these cases, however, the unambiguous separation of the resonance curve into 
individual parts is more difficult than in cases of C and N. It seems, therefore, 
difficult to see whether the agreement between the calculated curve and the experi- 
mental one is improved by the similar procedure as in cases of C and N: 

Now, we shall make a little remark about the possibility of observing the 
giant resonance peak of Coulomb excitation under different condition from the one 
discussed so far. It is easy to see that the cross section for the Coulomb excitation 
is proportional to MZ?, where M and Z are the mass and the charge of the 
incident particle. If we use an a-particle as projectile, the cross section will become 
16 times larger, in comparison with that of proton. In this case, however, the 
effect of nuclear distortion and, in particular, absorption of a-particles in the target 
nucleus will be much stronger than in the present case, and the giant resonance 
peak might be marked by such disturbances. 

~On the other hand, the experiment using the electrons as projectile will be 
free from such back-ground, although the cross section will be 10~* times that for 
protons. 


Since direct measurement of o,, is usually very difficult in the 7-ray experiment, 
the o,, calculated from (6) using experimental energy spectrum of (/, p’) reaction 


might serve as a tool for estimating o,, Furthermore, integration of (6) over 
E., yields 


yh ae 
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Thus, the measurement of integrated cross section 00/02 of this process will 
give useful information on the harmonic mean energy, for the absorption of the 
electric dipole 7-rays. Then, using the dipole sum rule of Levinger and Bethe,” 


we have 
Some eu NMG | NZ Call } nf 2 
Eye nee ; a Se ~ zi} ) 
é hic E A 0 Piss N 3 00 
where N, Z and A are neutron, proton and mass number of the target nucleus, 
respectively, z; and z, are the z-components of the coordinate vectors of proton and 
neutron respectively, and (O), is the expectation value of operator O in the ground state. 


Thus, we see that the Coulomb dipole excitation process may provide a useful 
tool for investigating the photonuclear reaction in the neighbourhood of the dipole 


giant resonance. 

Before this method may be put into practice, however, further study, both 
experimental and theoretical, of “ giant resonance” peak in the inelastic scattering 
spectra will be highly desirable. 

The authors wish to express their hearty thanks to Professor T. Muto for his 
kind interest and encouragement throughout the work. They are much indebted 
to Professors M. Nogami and H. Morinaga, Drs. M. Soga and K. Nakamura for 
many helpful discussions and are very grateful to them. Their best thanks are 
also due to Drs. K. Mikumo, M. Sano, Y. Nishida, Y. Sakamoto and H. Ui for 
their kind interest and valuable comments. 
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In this paper we present a method for the inversion of specific heat data to find the 
vibrational frequency spectrum of a solid. Our results are given in terms of a power series 
in w, the frequency. In this series the coefficients depend on C,(T) and its derivatives at 
T=0. The series thus derived is valid only in an asymptotic sense, but represents an 
improvement over inversions by Montroll and Kroll which require a knowledge of functions 
formed from the data, and the evaluation of double integrals over these functions. A method 
for forming the successive values of C,(~)(0) from experimental data is also presented. 


One of the most frequently measured physical characteristics of a solid is the 
specific heat at constant volume C,(7'), where T is the temperature. The behavior 
of this function has quite accurately been predicted by various characterizations of a 


~ lattice of atoms which have harmonic interactions. If it is assumed that the specific 


heat can be attributed solely to harmonic effects, then it can be written as an integral 
over the vibrational frequency spectrum”? 


(8a)? 
sinh” B (@) 


CT) =k| g(w) dw (1) 
0 
where & is Boltzmann’s constant, S=h/(2kT), and g(w)dw is the number of 
frequencies in the interval (w,+dw) for dw small. Although the upper limit of 
this integral is written as co it is well known that there exists an upper limit , 
beyond which g(w) =0. One of the problems suggested by the representation of 
Eq. (1) is the inversion of the integral to find g(w) as a function of C,(T). So 
far there have been three more or less exact inversions of Eq. (1) by Montroll”, 


_ Stanley and Grayson-Smith®”, and Kroll*®. The inversions of Montroll and Kroll are 


given in the form of double integrals over functions defined in terms of the experi-_ 
mentally-observed specific heat. These formulations, because of the complicated 
mathematical representations, will probably not be of use in the foreseeable future. 
On the other hand, the work of Stanley and Grayson-Smith, which assumes a 
definite form for the frequency spectrum, does not contain any difficulties from 
the mathematical point of view, and does lead to a reasonably simple represen- 
tation of the frequency spectrum in terms of specific heat data. It is the purpose 
of this paper to derive another representation with the same mathematical simplicity 


| Agee fia 


On the Inversion of the Specific-Heat Function 627. 


as the result of Stanley and Grayson-Smith. While it is probable that the method 
herein presented will not be of immediate use because the present limits of experi- 
mental precision are not narrow enough, it is hoped that our theory may be of 
future value. 

A three-dimensional periodic lattice, according to the results of van Hove”, will 
generally have a continuous frequency spectrum with a discontinuous first deriva- 
tive. While special forms of the dispersion relation might lead to a singularity in 
the frequency spectrum, we will assume that this is not the case, and that the 
frequency spectrum is in fact continuous. Then, by the theorem of Weierstrass”, 
the frequency spectrum can be arbitrarily closely approximated by a polynomial, 
i.e., we have 


N 
g(w) ~ >) anw™ (2) 
n=0 


where we have taken advantage of the known properties of the frequency spectrum 
to expand g(w) in even powers of w. We then have 
(FS N we qrore 2n+2 
‘2 (@)) 
det AE eR I Ae 3 
k > a | orm sinh’ So (3) 


We will. solve for the coefficients a, in terms of C,(T). We therefore consider 
the integral 


Bor 
ee oP oh eee \ ant 
F,(8) = \ San*do sinh? Be ~do=h ay (4) 
This can be integrated by parts to yield 
’ Bor 
a+ F, (2) =— (Boz) *** ctnh Bory + (2n+2)| y™* ctnhy dy. (5) 


0 


We now expand the hyperbolic cotangent as follows 
ctnh y=1 +2>) Go | (6) 
and substitute into Eq. (5). This gives the result 
gn FB) = —2 Box)? de nhs 
Bor 


+ (4n+4)| yrrtt(e- 4 e+) dy. (7) 


0 


The integrals appearing in this expression can be decomposed to yield 
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(=| | J (8) 


The contribution from the interval (0, ©) can be written 


o 


y; © 
(4n+ 4) fom eth dy= ee (1+ = 37 sa ++) =A Boos (9) 
0 
where B, is the n’th Bernouilli number, as defined in the Smithsonian Tables”. 
We now concentrate our attention on the case of low temperatures, i.e., 
8~oo. Then the contribution from the integral over the interval (Sw;, ©) is just 


\ Ghee Ee dy<2 \ yntte™ dy (10) 
Bor, Bo 

where the inequality holds for 9 sufficiently large. Also, for / sufficiently large 
the majorizing integral behaves at worst like (fw ,)”*'e~*"2 which, for a fixed n, 
is negligible. Hence, in three dimensions we have the asymptotic expansion at low 
temperatures 


GAD) Saya Ba (PEE. (11) 


Thus, ‘at sufficiently low temperatures C,(T’)/k can be represented asymptotically 
by a power series in T. This implies that a, is given by 


2n+1 (2n+1) 
early 1 ( h ) Cro) (12) 
Ae ytd GSR ae OD 1 (2n+1)! 
or 
1 N 1 ( h lon (ChE, (0) aa 
Oy Nw se 2 5 3} 
I) hg Qk (nti)! ran 


where C{”(0) denotes the n’th derivative of C,(T) evaluated at T=0. It must be 
emphasized that this relation is asymptotic and hence probably will only give a 
good representation of the frequency spectrum at low frequencies. This is the final 
form of the representation of g(w) in terms of C,(T). 

Numerical representations of the first three coefficients a, are 


a= 6.505 X 10°-4%-G"" (0) sec* 
@5=3.4382X%10-*-G (0) sec’ (14) 
G=woljpe Le SC Y 40) sec 


If measurements of C,(T) are available at a set of points 0<7,<7,<T;-:- 
where the T’s are small then approximate values for C°"*»(0) are easily found in 
terms of them. We consider a representation of C°"*(0) in the form 


—aAY SS. 
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CE" (0) SAC, (T,) + AaC, (Ts) + ++ + Asai Cy (Tons) (15) 


and seek to determine the A’s. We expand each function C,(T) around T=0 
retaining 27+1 terms, 


CH 0) =A CPO) T+ CP 0) FE + +E (0) | 


(2n+1)! 
aioe Tne 
+ A, [es (0) T, + C (0) —2-4+ °° +C"*? (0 | 16 
2! Y (2n+1)! oD 
Shek. 


where we have assumed C,(0)=0. In order for this equation to be correct the 
A’s must satisfy 


T,A,+73A3+ ena = Ton+1 Aon+1=9 
Es A,+T? As+ “es © Tinea Aon +1=9 


: (17) 
TRA AT? Ast: +T inst Ams =0 
TROA TTS At + TRH Amia= @nt+1)!. 
The solution for A; can be written as 
A,= (2n+1)! D,/4 (18) 
where 4 is the determinant 
T, Ts 
Ee T? 
a= T: Tt setae (T,—T:) (19) 
by the properties of Vandermonde determinants. Similarly D; is given by 
eee ees 
pare eT, er Ta Tye TO) eae 


Ta i! d biwet 
where the prime indicates that terms containing 7; are to be omitted. Hence we 


find 


A ent! - (21) 
: Tl (TyAT,) MH (T;+Ts) 
k>j j>k 


This relation, Eqs. (13), (15) and (18) formally solve the problem of relating 


low temperature measurements of the specific heat to the low frequency behavior 


of the frequency spectrum. 
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The specialization of this method to fitting data to two-dimensional lattice 
models is straightforward. In this case it is known that in the vicinity of w=0 


the frequency spectrum is of the form 
g(o) = Shana", (22) 
n=0 


Then the integrals we must consider, and their form at low temperatures are 


given by 


Or 
Cie wrt 


as ee Pea Napireee eases 
Gi) te sinh? Bo — dow tae (2 fi aeaya ( 8 sa ae 


a if 


oy = (2n+1)! ¢(2n+1) (23) 


where the first few values of the zeta function which appear on the right side of 


this equation are given in the Smithsonian Tables. Thus, if we denote 


aie oe (2n+1)1¢(2n+1) (24) 


by C, we find that 9(w) is approximated by 


Au S C, et (0) 2n+1 
~ Spe ; 25 
9(o) k a (2a) L'G, i ee) 


The methods which are described in this note suffice to relate the low temper- 
ature behavior of the specific heat to the low frequency end of the frequency 
spectrum. It is probable that there is no good way of finding the behavior of 
g(w) over the entire range. One could, in theory at least, find the moments of 
the dynamical matrix from an expansion of the specific heat in powers” of J'~1. 
These moments could then be used in an application of Montroll’s moment-trace 
method”. However, for a three dimensional lattice one needs a prohibitively large 


number of moments for a detailed description of the frequency spectrum, hence the 
impracticability of the method. 
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To investigate the evolution of massive stars in the helium-burning stage, four sample 
models (M=15.6Me) consisting of the following four regions are constructed: (1) hydrogen- 
rich envelope, (2) radiative zone with varying hydrogen content, (3) radiative helium region, 
(4) convective helium core. The results show that these models lie in the Hertzsprung gap 
of the A and x Persei cluster and do not explain the existence of the red supergiants branch 
of this cluster. These models are also compared with those in which the rate of helium 
burning is slower by a factor of 10. ‘The comparison shows that the properties of models 
having the double energy-source are very sensitive to the rates of both the hydrogen- and 
helium-burning. 


§ 1. Introduction 


The photometric observations of the double cluster h and 7% Persei show the 
high-temperature stars which extend upward and to the right from the main-sequence 
in the H-R diagram.” This band is then interrupted by a wide Hertzsprung gap 
before it again appears as another sequence of low-temperature supergiants. It is 
quite tempting to interpret these observed features in terms of the theory of stellar 
structure and of its evolution. So far efforts have been concentrated on the con- 
struction of models for massive stars in their initial and early evolutionary phases.” 
General features of the stellar structure which came out of these studies are the 
models having three regions, 12.é., a) an outer radiative envelope where the initial 
chemical composition is maintained, b) a convective core where the amount of 
hydrogen is gradually decreased as a result of hydrogen-burning and efficient mixing, 
and c) an inhomogeneous sntermediate zone where the molecular weight 4 changes 


continuously between the values in regions a) and b). 
In the previous paper?*** of this series, the models of 15.6 Mg have been 


+ Partly supported by Research Program of the Research Institute of Fundamental Physics. 
* Temporary address: National Aeronautics and Space Administration, Washington, D.C., 
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*&* Now at. Mount Wilson and Palomar Observatories, Carnegie Institution of Washington, 
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constructed and its evolutionary sequence in the early phase has been discussed in 
detail. A problem which might be raised at this point is what will happen next 
in the stellar structure beyond the last stage of evolutionary sequence treated in 
Paper I. When hydrogen in the core is depleted so as not to be able to keep the 
energy production, the gravitational contraction of the core may begin and cause a 
heating in the core, while tne hydrogen-burning will shift to the shell surrounding 
the core. Consequently, the helium-burning will commence in the very core and 
the convection will occur because the energy generation of this process depends on 
a high power of the temperature.”~” The purpose of this paper is to discuss the 
stellar models of the same mass as in Paper I for such stage of evolution. 

Our models consist of the following four regions from surface to center: a) 
Outer radiative envelope, b) inhomogeneous intermediate radiative zone, c) radiative 


helium zone, and d) convective helium core. 


§ 2. Definitions and assumptions 


Subscripts: The subscripts used in this paper are the following: e for the outer 
radiative envelope, 1 for the interface between the inhomogeneous radiative zone 
and the radiative helium zone, 2 for the interface between the radiative helium 
zone and the convective core, and c for the center of star. 


Radiation pressure: The effect of radiation pressure is fully taken into account. 


Mixing: We have assumed no mixing in the envelope or between the envelope 
and the helium regions. Inside the convective helium core complete turbulent 
mixing keeps the composition homogeneous throughout. 


Mass ejection and outer convective zone: The possible mass ejection from the 
star, and the existence of the outer convection zone near the surface are neglected. 
Since the estimated time is relatively short (~10° years) to arrive at Model I 
from the beginning of gravitational contraction, we are partly justified in neglecting 
the effect of mass ejection. As to the outer convection zone, most of our models 
have higher effective temperatures than 6600°K, hence this convection zone is not 
supposed to play an important role as in the low-temperature stars. 


Opacity: The absorption coefficient is due to electron scattering only, 2.e., 
«=0.19(1+X)._ (1) 


For the models of 15.6 solar masses, this approximation is reasonably accurate 
except for the low-temperature stars in red-supergiant region. We have checked 
the validity of this approximation for our models after the computation (see Section 5). 


Energy generation: In our models energy generation takes place by the 3a-process 
in the core and by the CN-cycle in the shell just outside the helium zone. The 
formula for the former process is given by 
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64.1.3 1072 ¥°(T/1.5 X 10°), (2) 


where pe is density. The numerical values in this expression are taken from 
Salpeter’s work.” The rate for the CN cycle is 


Eqn 0.1410 pA Xn (T/4X% 10"); (3) 
where a new result of the off-resonant measurements for N“(, 7) is used. 


Chemical composition: The outer envelope retains the composition 
X,=0.90, Y.=0.08, Z,=0.02, Kya Za, (4) 


which are assumed in the initial model in Paper I. The variation of the hydrogen 
content in the intermediate zone for the subsequent models in Paper I can be 
reasonably well approximated by 


X=3.25q—0.448 for g,<q<0.415, (5) 


0.9 
0.8 
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0.6 
0.5 
0.4 
0.3 
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0.1 


a 
0.5 


0.09 0.1 0.2 0.3 0.4 0.6 0.7 0.8 0.9 1.0 


q=M(r)/M 


Fig. 1. The solid line shows the variation of hydrogen content from the 
center (left) to the surface, while the dashed line represents the g-X relation 
given by Sakashita et al. for the earlier evolutionary phases. The numbers at 
the interface between the envelope and the helium region denote the model 


numbers. 
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where g is the mass fraction M(r)/M and gq, denotes the value at the interface 
1. We have constructed the models for four different values of g,; here the model 
with a larger value of g, corresponds to an advanced stage of evolution. The value 
of X inside the interface 1 is zero as a result of the hydrogen-burning in the 
preceding stage (see Fig. 1). 

The composition indicated above may not represent the chemical composition 
of Population I stars such as those belonging to the h and 7 Persei cluster. Recently, 
Cameron® revised a table of the cosmical chemical composition compiled by Suess 
and Urey.” It gives 


X=0.61, Y=0.37, Z=0.02, Xy=0.001, (6) 
for which the mean molecular weight in the envelope becomes 
p,.= 0.664, (7a) 
instead of 
,=0.535, (7b) 


as is determined from the values shown in Eq. (4). The models having the larger 
fe (7a) will also be discussed in Section 9. 


Composition parameters: The chemical composition enters the basic equations 
through the mean molecular weight, the opacity, and the energy generation. <Ac- 
cordingly, we define the following two quantities : 


(ea 2X,+0.75 Y,+0.5Z, 
Le 2X+0.75 Y+0.5Z 
Sto fE nd 
fee Lanx, 


(8) 


These values are functions of g through Eq. (5) in the inhomogeneous region and 
change abruptly at the interface 1. 


§ 3. Basic equations 


Outer and Inhomogeneous Radiative Zone. 
In terms of the dimensionless variables,’” 


GM* 7_, 4M GM 


a4 M a = 
Ar R! Ps pas (r)=qM, r aie (9) 


the basic equations from the conditions of hydrostatic and thermal equilibrium are 
expressed as 


d d : 
MT es i pon atreng zP 1, dt. weg Gon (10) 


dx ax Fe Lom 


dt 
with B=1-—At/p, (11) 


Evolution of Massive Stars. II “B30 


where 
4 4 
ante (2d aa 
eS 3 eee at k " E: (13) 
Aac (4x)? tt, HG) M®’ 
and 
L = Lgnen a Beis ° (14) 
Then homology variable are 
3 
De OP Ye TS. Pe Sea eae (15) 
qt Xt Co sp 


Convective Helium Core. 
The equation of convective equilibrium in terms of the differential increments 
for P and p can be expressed in the form”? 
dP 32—248—36" dp (16) 


P 3(8—78) 


From the above equation and the equation of state, using Henrich’s notation,” we 
have the basic relations : 


P=P, ; Pe THT (17) 
where 
=e" yP (1 +-y), 
C=e"y, (18) 


A =e? yl? 


imeeg. (17) JT, re, and 9, are the values when y=y,, add y is defined by 


y=(1—6)/B. (19) 
Equation of the hydrostatic equilibrium is 
. Lesh ( » AZ )= 

gay ay ; 
where 

Z= ev yt (1 += y)s (21) 
and 7 is defined by 

raj ee Te evel yl, (22) 

EGEH Pe 
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Homology variables in the core are expressed by 


= vis dtl Sass Sapna ype (23) 
 dZ/dy’ yioeal WEME OE II do 


Radiative Helium Zone. 
Equations for the hydrostatic and thermal equilibrium conditions are trans- 


formed by Eqs. (17) and by the equation of state into 


dg es nat Aes dH Beossedl B, tel Pas Pages Soils) (24) 
dy 0 dy Ue dy 6°x 
and 1—f=6*/ 71. (25) 


The quantity g introduced here is proportional to M,, ze., 
M(r)=A*¢, (26) 
and is related to Henrich’s notation by 


2 AZ 


= : (27) 
g 7 ae 
In Eqs. (24) and (26), constants are given by 
Souk SA OAD, Be Tas, (eee )"( a ipa oH ie (28) 
4dac Rk 4 DR 3 k 
and 
1 nay eee mead 
*— 4 : 29 
¥ x AnG ) a H 2 Pe @%) 
Finally, homology variables are 
U=77 118/0¢,. V=5¢8/2770, n+1=596*/2C*/7. (30) 


§ 4. Construction of models 


The envelope solutions form a family of one free parameter C, when the mass 
and 4, of the models are fixed, i.e., MM=15.6 Mo and »,=0.535. We have utilized 
four solutions specified by log C=—2.70, —2.75, —2.80 and —2.85; their numerical 
integrations have been performed up to the point gq. We have constructed four 
models with q,=0.194, 0.221, 0.252 and 0.31, and these will later be designated 
as Models I to IV. 

The solutions of the basic equations in the convective core have a free parameter 
8, or y- Let us, for the moment, regard 7, as another disposable constant. Then, 
with 8, and 7 specified, the solutions in the helium region can be obtained from 
Eqs. (17) and (24). Here the value of C* in Eq. (28) is determined by the 
continuity condition of (9//1) (dII/d9) at 7=7, 
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Cx_[_. e(+4y) | 
| 1+8y+ (32/5) 5? ise oy) 


We have carried out the computations of core solutions for ye=0.1, 0.2 and 0.25, 
where Henrich’s tables have been utilized for y,=0.1 and 0.25. For each £,, 
several values of 7, are taken as the starting points of the integration in the 
radiative region. These integrations should be stopped at y=7, where 7 is fixed 


by the requirement that ¢g should take the assigned value yg, which is related to q 
by 


1 CA eR PN LL ae i 
(M/Mg) be 
Log V 
1.2 738) 
SL 2 =1.780 
pel Sa 
N 
ba 
Werle P7Oss x 
De ae RS at ~e 
1.0 b> os = SN 
9S 2.185 Bare f 
Syed 
0.9 40_.----~ ao 
50’ =. SAY 
7 SQ, 
SY 
0.8 *, 
0.7 
0.6 
0.5 
0.4 
0.3 
0.2 
01 
0.0 


= 1.2 =a) —0.8 —06° —04 =0:2 0.0 0.2 0.4 
Log U 
Fig. 2. Family of solutions for helium region in the U-V plane. 
Solutions are drawn for y,=0.10 (solid lines) and 0.20 (dashed lines) 
with various values of 7. 
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The U-V curves in the helium region are shown in Fig. 2. 


The condition of fitting between the solutions of envelope and of core are 


U,,./h: Le= Uye/ Pe ? Vie/h: Ler Vii Pei (33) 


With these conditions, ®, and 7 are fixed by interpolation for a given envelope 
parameter C, hence the mathematical characteristics are completely determined. 

Next we turn to the evaluation of physical parameters involved in our models. 
First we define the effective polytropic index 7, in the core solution by 


n,=3(8—78,) / (8—3P.—3Pe)- (34) 


Then the contribution to the total luminosity by the energy-generation in the core 
can be given by” 


Radiative helium region 


Vhs Jump of 


at interface 1 
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Fig. 3. Representation of Model I in the U-V plane. The open 
circle shows the point where the: hydrogen content begins to decrease. 7 


aves 
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Dowe= ete ¥4{ 24S VE)" ate T(J) (35) 
3n,+s 2Gu,H Hele Oi Pee 


wminere .€4 = 1-310; ,05—25.8, and J,=—1.5xX10° -are adopted.) From*Eq.4Go} 
and the equation of state at the center, we can determine JT, and p,, hence T; 
and p, by Eq. (17). Consequently, the contribution to the luminosity from the 
shell Lex can be computed by 


TE Re Et: oe ) fees tae ug eee 

Tom a XX Pe Ty! Vsel2+(s—2)/(H+1)u]—3 8 
where €é,=3.14X10", s=14.2 for T)>=4%X10" are used. However, this Ley is not 
necessarily equal to L—L.. for an arbitrarily given C, and actually it supplies the © 
last condition required to fix the value of C. This completes our scheme for the 
determination of the physical parameters of models. Fig. 3 illustrates the solution 
for Model I on the U-V plane. 


§ 5. Results and discussions 


In Table 1, we summarize the mathematical and physical characteristics of the 
models which are constructed by the procedures described in the preceding section. 
The Hertzsprung-Russell diagram in Fig. 4 shows the evolutionary tracks for the 
star in terms of the luminosity and the effective temperature. The results of our 
computations show the following features: 1) The temperature at the hydrogen- 
burning shell, T,, is approximately constant, 7.e., log T,=7.64. 2) The central tem- 
perature JT’, increases in order of the model numbers. This fact corresponds to the in- 
creases Of Lepre/Lsnen from 0.15 for Model I to 0.79 for Model IV. 3) Accompanied 
with increase of the whole mass of helium region, the mass of the inner convective core 
increases as well. 4) The reduced radius x,= r/R, which indicates the location of 
the hydrogen-burning shell, increases as the evolution proceeds ; this gives rise to 
the increase of the effective temperature. 5) The time necessary to evolve from 
one model to the next is nearly proportional to the variation in log 7, between 
these two successive models. The point plotted on the log T-log L/Le diagram 
moves toward the main-sequence with the roughly constant velocity d log T,/dt 
~0.03X10-* year“. 6) The time required to reach Model I since the beginning 
of the gravitational contraction is estimated as about 1.5 10° years. 

- Tn checking the validity of the assumption that the opacity is contributed only 
from electron scattering, we take the following procedure. Assuming that the 
stellar radius is 100 R,, we solve the equations for the envelope adopting Kramers’ 
opacity, instead of the electron scattering, with the starting values T=T, and 
p=" HGM/ kTR? at r=R. At the point where Kramer’s opacity becomes equal to 
the opacity by electron scattering, we switch the opacity from the former to the 
latter, thus continuing our numerical integrations until g reaches q, as before. The 
comparison of this new solution with that previously obtained only by electron 
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Fig. 4. The evolutionary track in the Hertzsprung-Russell diagram 
for the star with M=15.6 Mo at the helium-burning stage. The hatched 
band shows the observed locations for the double cluster h and x Persei. — 


scattering shows no substantial differences in our final results. For instance, the 
deviation of log T,, is —0.03, while log L has the same value for Model I. 

We did not take account of the effect of the conversion of He* to C” in our 
computations. A rough estimate indicates that the degree of depletion of the 
helium content in the core amounts to 0.1, 0.4, and 1.5 for Models II, III, and IV, 
respectively. Since the decrease of helium content in the core implies the increase 
of the ratio Lgnen/Leores it is supposed that the real models corresponding to the 
stages of Models III and IV must have lower effective temperature than those 
given in Table 1 and Fig. 4. After helium in the core diminishes, the star will 
have a configuration consisting of a core made of heavy-elements surrounded by 
the helium-burning shell as well as the hydrogen-burning shell in the outer region. 
Such a sequence of models will be studied in one of the forthcoming papers of this 
series. 

Since Salpeter’s values for the 3a process” can be in error by a factor of 
about 10, it may be of interest to construct the models by using the values of one 


tenth of his reaction rate. In this case, Models I, Il, and III in Table 1 should 
be replaced by Models I’, II’, and HI’ in Table 2. The following feature can be 


ite 
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Table 1. Mathematical and physical cha- 
racteristics of inhomogeneous models with 
double energy-source (M=15.6 Mo, “= 


0.533). 

Model I II Ill IV 
log C —2,814| —2.804| —2.791| —2.782 
log L/Le 4.74 4.75 4.77 | 4.78 
Lsnen/L 0.87 | 0.81 0.72 0.56 
log 2, PTT |r B64" | 2:45. 1.97 
log q —0.71 | —0.66 | —0.60 | —0.51 
log py 839 ([ oo Fee 7.05 | 5.31 
log ty 161 | 150 | 1.33 | 0.89 
B 0.69 0.69 0.70 | 0.71 
log ld, 0.28 | 0.24 0.19 0.11 
xy 0.18 0.27 0.37 | 0.56 
logU,. | —0.94 | —0.96 | —0.98 | —1.01 
log Vi. | 0.57 | 0.57 0.56 0.53 
(n+1) 36 4.0 4.0 3.9 3.9 
Be 0.89 0.87 0.85 0.81 
log I. —0.97 | —0.72 | —0.43 | +0.05 
log 6. —0.49 | —0.41 | —0.32 | —0.17 
logH, | —3.77 | —3.45 | —3.15 | —2.62 
log6, | —1.07 ; —1.00 | —0.92 | —0.79 

, log Te 8.22 | 823 | 824 | 8.25 
log pc 3.20. | - 3:15 3.09 3.01 
log T, 7.64 | 7.64 7.64 | 7.64 
log bye 0.76 0.74 | 0.69 0.62 
log ys 0.32 0.29 | 0.26 | 0.22 
log ge 0.29 | —0:21 “| =0.12 0.01 
Qo 0.081, 0.098; 0.120) 0.162 
log Ig —1.56 | —1.34 | —1.12 | —0.75 
log 0. —0.70 | —0.62 | —0.54 | —0.42 
Bo 0.94 | 0.93 0.91 0.89 
log U; 0.31 0.30 0.28 0.26 
log Vz 0.47 | 0.49 | 0.52 0.55 
log R/Ro | 2.25 2.15 1.98 1.54 
log T. 3.82 | 3.88 | 3.96 4.19 

life (105yr)| 0 22 5.0 12.5 


Table 2. Mathematical and physical cha- 
racteristics of models with reduced reaction 
rate for helium-burning and with larger 
He= 0.664. 


Model V IV IV’ Vv” 
log C —2.80 | —2.79 | —2.78 | —2.84 
logLiLo | 4.76 | 4.76 | 4.77 | ‘4.60 
Lenen(L * | _ 0:87) | \ 0.84) | 0.74] 5 90:8 
log 2, =3.60,| —3.04 | 3.70-1) =2.29 
logy | —0.71 | —0.66 |:—0.60 .| —0.71 
log pi 11.39 | 915 | 7.97.) 641 
log t, | 240 | 186) 156 | 1.15 
By | 0.68 | 069-| 071°) --0.71 
log; 0.28 | 0.24] 0.19 | 0.28 
G 018-1 0.27°,|" 20.87: Gas 
log Ure. dn) | 1003) | S106) oeme 
log Vie | 0.58] . 0.57. | 0,57") O54 
(nt Dre 3.9 3.8 3.8 3.9 
Bo | 0.89 | 0.87 | 0.85 | 0.90 
log Ie 0.97 | —0.72 | —0.43 | —0.99 
log 6, —0.49 | ~0.41 | 0.32 | —0.49 
log I, 23:87 | 2355. i398 oer 
log 6; —1.09 | —1.02.| +0.95 |°—1:01 
log TF, ) | 18.25 1. B26 | -"SaT 4 visiag 
tage SARE 3S hOB OREO es 0 
log T; 7.65 | 7.65 | 7.64 | 7.70 
log Pye 0.78 0.76 0.70 1.01 
logy 2 02 I O29 |) Poleeal ececan 
log v» —0.29 | —0.21 | —0.12 | —0.30 
qd 0.081, 0.098 0.120) 0,080 
log Iz —156 | —134 | 1.19 + =1.56 
log 65 0.70 | —0.62 | —0.54 | —0.70 
Bo 0.94 | 0.93 | 0.91 | 0.93 
log Us 0.31 | 0.30 | 0.28 | 0.32 
log Vs 0.47 | 0.49 | 0.52 | 0.48 
log R/Ro | 3.05 | 250 | 221 | 1.64 
log T, 352 | 3.70 | 3.85 |, 4.09 


a 


pointed out by comparison of these two sequences of models with and without 
primes. The reduced radius of the hydrogen-burning shell, 2,, now becomes smaller 
by factors 0.15, 0.40, and 0.56 for Models I’, II’, and III’ respectively than Models 
I, Il, and Ill. This gives rise to the increase of radius R by factors 6.3, 2.2, and 
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1.7 for these models and consequently to the decrease of effective temperature. It 
must be emphasized that the characteristics of models having the double energy- 
source as considered here are very sensitive to the values of reaction rates both in 
the core and in the shell, and particularly to their ratio. As is discussed by one 
of us (M.N.),' such a strong tendency will generally be revealed as an inherent 
property of the model with double energy-source. 

Finally, we consider the case in wich the larger value of mean molecular weight 
#!,=0.664 is adopted according to the argument given in Section 2. Then the mass 
of our models is reduced to M=10.1M, by Eq. (2) when the electron scattering 
in the only source of opacity. Although the shape of X-g curves shown in Fig. 1 
changes, the composition parameters given in Eg. (8) are invariant as functions of 
g. Then we can carry out the fitting in the same way without new numerical 
integrations for the hydrogen regions. Results are presented in Table 2 as Model 
I’, which has the same value of g, corresponding to Model I. In this case, we 
note that x, becomes larger than that of Model I, while the ratio of Lenen/Leore 
decreases due mainly to the smaller values of X and Xy. Accordingly, the model 
has a higher effective temperature and approaches the main sequence more compared 
with Model I. 


Since the present study does not treat the models in the stages of gravitational 
contraction, we cannot draw any definite conclusion about the contracting stars in 
their final stage, although their effective temperature is certainly lower than that of 
Model I. Whatever low temperature it has in this stage, it is difficult to explain 
the existence of the red supergiants branch of h and 7% Persei by these contracting 
stars, since the life is too short for this stage as indicated above. We conclude, 
therefore, that our models do not clarify the physical meaning of the Hertzsprung 
gap, and this is the reason why we need a further investigation on the models 
having double-shell source for energy generation as discussed above. 


The authors are grateful to the Mainichi Press by which this work has been 
partly supported. 
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Note added in proof: Recently, Eccles and Bodansky (Phys. Rev. 113 (1959), 608.) attempted to 
determine the probability that the 7.65 MeV state of C? decays to its lower states and found that it 
is less than 0.1%. This limit is an order of magnitude smaller than the best previous experimental 
limits from which Salpeter estimated the rate of helium-burning. Therefore, it is reasonable to 
assume a value lower than Salpeter’s one for this rate, as considered in § 5. 
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The assumption is made that the 7+P—r+P scattering amplitude can be analytically 
continued to the pole arising from exchange of a x° between P and 7. Experiment limits 
the possible size of the residue at the pole, thus providing a lower limit r26%10~! sec. on 
the z° lifetime. 


§ 1. Introduction 


Present experimental knowledge” limits the z° lifetime 7 to less than 10~™ sec. 
On the other hand, application of the uncertainty principle -JE=h to the experi- 
mental z° mass uncertainty JE~0.3 Mev” yields the lower limit 72210 sec. 
The purpose of this paper is to present an argument for TZ6X 107% sec. Perturba- 
tion theory” and a dispersion calculation’ suggest that t~6 107” sec., which 
remains well inside the suggested limits for vc. 

Several alternative proposals to limit s have been made. J. M. Cassels” has 
undertaken to raise the lower limit on t by examining the photon energy spectrum 
in (x7 Patom)—7°+ N->27+.N, where the z° separates from the field of N rather 
slowly. Also H. Primakoff®? has pointed out that the cross section for photopion 
production in complex nuclei contains, in addition to the usual A**-dependent terms, 
a Z’ term which represents 7° production in the nuclear Coulomb field and is related 
to m°->27. These proposals are less speculative than the present paper. Cassel’s 
method probably cannot do better than t210~* sec., but the method proposed by 
Primakoff may be the most sensitive available. The decay x—e+v»+7 provides 
another speculative approach, if one assumes conservation of the vector current in 
weak decay. Under this assumption the vector part of z>e+»-+y7 is proportional 
to the rate of 2°27". From the calculations of Vaks and Joffe”, one easily finds 
that the rates w for 7e+y and w, for vector 7>e+»-+y7 decay are in the ratio 


w(t—>e+y) a Tc 
Wy (7 —>e+v+4+7) 10-* sec. 


(1) 


(in the vector part photons are emitted from virtual nuclear particles, not the final 
electron, so the vector part has no infrared divergence). Thus experiments on 7-e 
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decay give a limit t210~" sec. at present.* The decay 7—+y»+7 is much less 
sensitive to te” and provides no new information on Tt. 


§ 2. Derivation of the limit 


Our argument is based on two assumptions made by several physicists” recently : 
(1) in principle scattering amplitudes can be analytically continued, as a function 
of momentum transfer, to poles which appear at unphysical 
scattering angles (2) in practice it is possible to dis- He 
tinguish sufficiently large pole terms from all other terms 
by an examination of scattering over a range of physical 
momentum transfers. We shall apply these assumptions, > 
without proof, to 7+ P—-7+P. Low” has pointed out r 
that in addition to the usual diagrams for 7+ P>7+P, Fig. 1 The diagram for 7 
which lead to the Thomson limit at low energies, there ahh edi Ciena oo ‘e 
: 2 ‘ a pole at g=m,?. : 
is one diagram (Figure 1) which possesses a pole at 
momentum transfer g?=m2 (center of mass scattering angle cos?=1+m,/2k’ where 
k is photon energy). The residue at the pole is proportional to the amplitude for 
the physical process z’>27.° From these facts and our first assumption it follows 
that the matrix element -( has the form 


P 
Pe +Q (2) 
Vr (g—m.,) 
where P and Q are analytic at ¢=m2, P arises from Figure 1, and Q arises 
from all other diagrams. In equation (2) we have ignored, as negligible for our 
purposes, the correction to the physical z° propagator z/ (27)'(q?—m2) arising from 
x decay. Then the differential cross section do/d2 has the form 


BO ae gaa he f @) Ava 
dQ t(¢—m,*)* Vv t(¢g—mn) . 

where A, B, and C are analytic at g=mz2, A represents the square of Figure 1, ri 
and B is an interference term. 

Before proceeding further it is comforting to see that as k-0, and the Thomson 
limit becomes precisely correct" independently of proton structure, the pole at 
cos @=1-+m2/2k goes away to infinity. We also note that small angle Compton i 
scattering is not complicated by Coulomb scattering, and that diffraction scattering 
is negligible below the pion production threshold. 

Now the precise value of A at the pole (which is easily computed from Figure 
1 in renormalized Born approximatation), and the Thomson limit for C are 


* The results of Fazzini, Fidecaro, Merrison, Paul and Tollestrup, Phys. Rev. Lett. 1 (1958), 
247 and Impeduglia, Plano, Prodell, Samios, Schwartz, and Steinberger, Phys. Rev. Lett. 1 (1958), 
249, provide some evidence that z-e decays occur with a discrete electron energy. 
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ee) : 
c= (4F-) a +cos’@) (5) 


where @=1/137 and g’~15.* If 71s correctly given by perturbation theory as 
7~6X10- sec., then the A and B terms (with gq’ dependence estimated by Born 
approximation) are each less than 2% of the total do/d@ for all physical angles 
and energies below resonance (kR~275 Mev). A and B are small mainly because 
the pseudoscalar z° coupling picks out P wave mesons which occur within the 
proton Compton wavelength with a factor~q’/4M,. As we decrease « from its 
perturbation value the A/z term dominates the B/{/z term, and we shall not con- 
sider B any further. 

Let us then consider, for a fixed center of mass energy, the extrapolated residue 
of the experimental quantity (¢—mz)* do/dQ at the pole. Since present experi- 
mental accuracy is not sufficient to distinguish the residue from zero, the theoretical 
residue A/t must be less than the experimental and extrapolational uncertainties, 
and this gives us the lower limit on ¢. For optimum results, the photon energy 
should be large enough to place the pole rather near the physical region, but small 
enough to minimize other mesonic corrections. The best choice may be k~10 
Mev. Existing data” at k~50 to 95 Mev and @~50° to 150° appears to agree 
with theory within 50%, without introducing the A term. With this degree of 
accuracy, we arrive at the limit t2610~"sec. This very imprecise limit could 
be improved by measurements of do/dQ over a range of angles at a_ well-defined, 
fixed k, but accuracy of order 0.5% would be required to raise the limit to the 
perturbation theory result, 7~6X10~™ sec. 

It may clarify matters to repeat that we have used the pole: (1) to justify 
the separation of Figure 1 from all other diagrams (2) to estimate Figure 1 in 
renormalized Born approximation, which is exactly correct at the pole. 
| Nambu™ has suggested a neutral vector meson ¢°, which might produce another 
pole similar to the one in Figure 1. But a spin one particle cannot decay into 


* In ordinary dispersion relations g? is determined from the residue of a pole at angle 9=0 
and an unphysical energy. In the present method g? occurs in the residue of a pole at a physical 
energy and unphysical angle. But in both methods, the covariants upon which g? depends are the 
same: m,” and M,?. So both methods should yield the same g?~15 (except for electromagnetic 
corrections which depend on the charge) if the assumptions of the theory are correct. The results 
of Taylor et al., Phys. Rev. 118 (1959), 689 are consistent with this expectation, and thus we feel 
it is reasonable to consider g? as known for our purposes. 

It is interesting to note that whereas a unique coupling constant applies to the “3 particle 
vertex” at the pole in our problem, the “4 particle vertex” at the pole in z+ mA Srtnt+ ral «Cs 
Goebel, Phys. Rev. Lett. 1 (1958), 337) has two degrees of freedom, which can be taken as the 
momentum transfer and total energy in z+z—-a+a. Thus the residue at the pole in 
t+ Pade ike #( could in principle give the z—z scattering cross section at all energies and angles. 
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two photons; therefore the residue of the pole at g’=m; vanishes independently 
of the ° coupling strength and one cannot obtain any information on the 6° 
from our line of reasoning. 

A neutral, spin zero, strangeness zero, strongly interacting X boson has also 
been proposed by various authors.’?"9* If the X boson is pseudoscalar the analysis 
of this paper is applicable with A and the perturbation theory value of 1/c each 
multiplied by (9./9)?(m./mx)*, and the position of the pole as a function of 


(cos@—1)? further removed from the physical region by a factor (m,/m,)*. Thus 
we might say that 


(m./Mx)* (9/9)*S100. 


In the case of scalar X bosons a more restrictive result is obtained because A 
is enhanced by the S to P wave ratio 4M,?/q? (about 200 at g’=mz). 
In perturbation theory®** the residue at the pole g’=m,” is a factor 


4 2 \4 4 4 
so oar le caer ens 
9N.g 7 Xm, 2S Ms 9 7\ Ms 
larger than the residue at g’=m’. In this case we might say that 
(25), 
i Pe 
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The spin-orbit coupling in heavy nuclei is investigated on the basis of strong tensor 
interaction between nucleons, characteristic of the pion theory of nuclear force. It is shown 
that the process which includes the exchange of the incident nucleon with those of the target 
nucleus deformed by itself is important in the low energy region, and that this process provides 
the spin-orbit coupling with a correct sign and reasonable magnitude. 


§ 1 Introduction 


The nuclear shell model proposed by Mayer and Jensen” succeeded in describing 
considerable parts of the static nature of nuclei. In this model, the existence of 
the spin-orbit coupling is essential in explaining the presence of the magic numbers. 
Further, experiments on the scattering of a nucleon from nuclei confirm the existence 
of the spin-orbit coupling between the incident nucleon and the target nucleus. 


The sign of this spin-orbit coupling is the same with and the magnitude of it is |. 


comparable to that of the shell model. 

Thus, it is an almost well established fact that there exists a term which can 
be expressed, at least approximately, as a spin-orbit potential in the interactions 
between a nucleon and nucleus. But it still has been open to question how this 
coupling term can be interpreted on the basis of a more fundamental theory. 

The effects which have been considered to give rise to the spin-orbit term 
are”: 1) the relativistic effect (Thomas term), 2) the spin-orbit force between two 
nucleons derived from meson theory (recoil effect), 3) the effect coming from the 
many-body force, and 4) the tensor force between nucleons. Of these, contributions 
to the spin-orbit term coming from effects 1) —3) are small and amount to about 
one tenth of the experimental value. Some attempts”~® have been made to describe 
the main part of the spin-orbit coupling in terms of tensor part of nucleon-nucleon 
interaction. But the results in some of them are unsatisfactory with respect to its 
magnitude and others give the sign for this coupling opposite to the experiment. 
Feingold” investigated the spin-orbit splitting of the energy levels of light nuclei, 


+ A part of this paper was read at the meeting on nuclear force held at Research Institute 


for Fundamental Physics, on March, 1959"). 
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considering the effect of tensor potential. The origin of the spin-orbit coupling, 
however, does not seem to be thoroughly investigated in his work. 

Now, the feature of the nuclear force acting between free nucleons has been 
clarified by the recent works of Japanese group”. According to them, the tensor 
force is strong and plays an important role. This feature originates from the one- 
pion-exchange potential with utterly stronger tensor part than the central one. In 
the triplet even state, especially, the nuclear force is represented almost completely 
by the one-pion-exchange potential when the distance r+ between two nucleons is 
larger than 0.7X«"', « being the reciprocal Compton wave length of pion. As to 
the inner region r<0.4X«"™ it is almost well established that the interaction between 
nucleons can be represented by a strong repulsive potential called the “hard core”. 

Recently, Nagata, Sawada, Sasakawa and Tamagaki® showed that these charac- 
teristic features of nuclear force, especially the strongness of tensor force, can explain 
the doublet splitting of the p-wave phase shifts of nucleon scattered from He*. 
Further, Terasawa” showed the doublet splitting of energy levels of He’, N® and 
O" can be explained by the similar nature of nuclear force. 

In these works it is to be noted that the so-called “target exchange term 
with the deformed target is more important in the low energy region than the 
induced polarization term and gives rise to the spin-orbit coupling which has the 
same sign as that derived experimentally. This term comes from the exchange of | 
the incident nucleon—the spin-orbit coupling of which with the nucleus is to be 
investigated—with a nucleon in the nucleus which has already been deformed by 
the tensor type interactions among the nucleons in it. On the other hand, the 
induced polarization term caused by the interaction between the incident nucleon 
and those in the target nucleus, has been calculated by many authors and gives 
rise to the spin-orbit coupling which may have in the low energy region the sign 
opposite to the experimental one provided the high momentum part of the potential 
is not suitably cut off.* 

Since the spin-orbit coupling term is proportional to the derivative of nuclear 
density, the nucleons near the nuclear surface may largely contribute to this coupling. 
Thus it can be easily conjectured that the target exchange term, in which these 
nucleons play a dominant role, is effective in the course of derivation of spin-orbit 
coupling. Now these nucleons may not be much influenced by the Pauli principle. 
Therefore, it would be a reasonable approximation to take the nucleon-nucleon 
interaction in free state as the two-body interaction in the nucleus in the course of 
calculation. 

In this note we shall treat the problem of the spin-orbit coupling gene- 
ralizing Nagata et al.’s treatment and clarify the origin of this coupling. It 
will be shown that the strongness of tensor part of the nuclear force in the region 
r>0.7X«™* is an important fact in explaining the sign and magnitude of the spin- 


2210) 
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* See, for instance, reference 6). 


By ae 


Note on the Spin-Orbit Coupling and Tensor Forces 591 


orbit coupling and, moreover, the cut-off in the higher momentum part in the tensor 


potential due to the hard core is also a favourable effect to the magnitude of spin- 
orbit coupling. 


In Section 2, the spin-orbit potential will be derived from the Schrédinger 


equation of many-body system. Antisymmetrization of the total system will be 
taken into account. In Section 3 processes which contribute to the problem will be 
described, and in Section 4 the results and the comparison with experiment will be 
given. 


§ 2. Construction of the spin-orbit potential 


First we shall derive the one-particle Schrédinger equation from the many-body 
equation. The Schrédinger equation of A+1 nucleons is 
H¥ (2, X15 °""5 L4) =EV(X, X15 °""5 L4)5 (2-1) 
A 
H= #5 Let oa Vy, 
4=0 t<j 
where x, denote the coordinates (including charge and spin) of the ith particle, 
T, is its kinetic energy and V,; is the interaction between i-th and j-th nucleon. 


Now we shall conveniently call the system composed of the particles 1,---,A 
‘target’, and denote the Hamiltonian of it as Je Rep 


A A 
H;= Ea T;t+4 >) Vy. 
4=1 4,j=1 


The wave function / can be developed by the set of eigenfunctions 9, of Hz which 
constitutes a complete ortho-normal set under suitable boundary conditions : 


A 
v= (A+1)°”? af > 9 (Pox) Pos Pa (0) Pa (1, pa 9 A); (2-2) 
H,9,=E, ®,, 
tee HOt. t=O), 
0 (Pui) = 


== stor<2%<0, 


where P,, is the operator which interchanges 0 andi. % is antisymmetrized with 
respect to x; and x, (@, j=1,°°:, A). Then the equation for ¢,(0) can be obtained 
as follows: 


(Ty—€2) $00) = 3 (Sos (0) $00) + [ Las (0, 1) g9(1) dar) (2-3) 
where 
San(0)=— JC, A) (SVu)% A, A)day-dea (2-4) 


Lup (0, y=4{\o.*d, aye) A) (Ty— €e + >} Vos) (0, 2, ne! A)day-dxa) 


€é,=E=—E,’. 


AN 


SEO 3: 


” 


by Ane as ape tel pc <a 
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Eq. (2-3) may be solved by iteration : 


(Ty 64) (0) = (Seal) = SY! Sen — Fo Sart) #40) 
6 


a,(1 


4 { {00(0, 5) — SY Sup 2 Lpa(0, 1) — Si Lap 0, YG SeD +} ga(1) dar 
as 

esas (2-5) 

where the operator 1/a,(0) denotes the integral operator 1 /(€,—To), the energy 


_ denominator being modified appropriately according to the boundary conditions 


imposed on ¢. >} means the sum over all possible 8 except a. This equation 
describes the motion of the 0-th nucleon when added to the target which is in the 
state a. The last line of Eq. (2-5) means the term which ultimately contributes 
to other channels. 

The first line of the right-hand side of Eq. (2-5) may be written as —Ve%e 
where v, satisfies the following integral equation : 


Ug —Saa— > Sas : 
8 


Usa > 


Daas Seg = Det Shige Paes 
a, 
If we did not antisymmetrize the whole system, only this term would appear and 
would usually be interpreted as one-particle potential. This potential contains the 
effect of polarization of the target nucleus in the intermediate state induced by the 
incident nucleon which is called “the induced polarization ”’. 
The second line of Eq. (2-5), on the other hand, comes from the antisym- 


‘metrization of the total system, and gives rise, in general, to a non-local potential 


working on ¢. Strictly speaking, however, we can extract a term which can be 
interpreted as a local potential working on gy. Let the 2nd line of Eq. (2-5) be 


\K.0, 1) ¢.(1) dz, (2-6) 
and let ~,(1) be 
; (1) =, (tr) X%a(1) bu(71) ; 


where ¢, % and ¢ are the charge, spin and space wave function respectively. Then 
if we define V to be 


Vat Yo Ket0: Ler dry dr,= Cho! | VO le), (2 5 7) 
we obtain, denoting the Fourier transform of ¢,(r1) as ¢.(k), 


jen 10 RK; (0, 1) by (r;) dr, ar,= \ Ke! | VS | ky) bx (ky) dk, > (2 : 8) 
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which is a usual form ofa potential acting on particle 0 in the momentum repre- 
sentation. 

As to the spin part, we can rewrite the terms including 7,(o,) into those 
operating on %,(a)) (See Appendix I). The same holds as to the charge state 
function. Thus we see Eq. (2-6) is equivalent to a potential operating on (0). 

This equivalent potential V{? contains the exchange term of the incident 
nucleon with one of the nucleons in the target nucleus which is represented by 
the wave function @,. In the state a, the nucleons in the target nucleus are cor- 
related with each other through the interactions between nucleons. As will be 
discussed in the next section, the “target exchange term with a deformed target ” 
is derived from this potential. 

Now from these potentials, vs and V%, we can bring out terms linear in o>. 
These terms can be gathered together and put in a form 


\ dr en tkol Korg 1 Oe (L- o>) (2-9) 
‘jane Or 


under some approximations as shown in Appendix II. There are several processes 
contributing to a, which will be discussed and calculated in the next section. 


§ 3. Concrete procedure of the calculation 


3-1. Representation of the contributing process 

Here, the target is considered as a closed shell, having a little deviation from 
spherical symmetry even in its ground state. Regarding the tensor part of the 
inter-nucleon force as perturbing interaction, we can obtain the ground state wave 
function of target % from the spherical symmetric state Mj” with the perturbation 
theoretical calculation. In order to derive the spin-orbit potential by means of the 
tensor part of the nuclear force, the perturbing interaction must be contained more 
than twice in the matrix element, because the matrix element of the tensor interac- 
tion vanishes, when averaged over 
the unperturbed target state. It is 
only of the lowest order—the second 
order—that is calculated here. Not 
only the interaction between the inci- 
dent nucleon and a nucleon within 
the nucleus, but also the one between 
nucleons within the target must be 
taken into account. Let us present 
several probable processes, which 
may contribute to the derivation of 


the spin-orbit coupling.. Process I Process II 
These processes are classified Fig. 1. Processes concerning with two-particle 

with the number of particles taking correlation. 

, P | See ne on 
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part in. Firstly, for two-particle correlation, two processes are concerned. These 
processes are visualized by the Bethe-Goldstone diagram. (Fig. 1) 

In process I, the intermediate state is formed by the interaction of the incident 
nucleon with the nucleon in the target—in this stage, the polarization of target 
may be induced in general because of the tensor interaction—and the final state 
may be set up with next interaction. Thus, this process is called the “ induced 
target polarization.” Process I is almost the same as I, except -for the interchange 
of the incident nucleon with a nucleon in the target in the intermediate stage, and 
this is a kind of “target exchange.” We shall call this process “induced target 
polarization”, too. We, therefore, use this nomenclature for the processes in which 
two nucleons are concerned, i.e., processes | and II. 

Next we consider the case in which three particles, containing the incident 
particle, are concerned. In this case two processes may be considered (Fig. 2). 
In both processes, two particles 
within the target jump by the 
mutual interaction of the tensor 
type—in this stage, the target 
polarizes by itself independently 
of the incident particle—and this 
intermediate state goes back to the 
ground state by the interaction of 
the incident particle with either 
of the nucleons which have jumped 


on. Since this intermediate state Pratese clit Brotes ly 
is included in the original state Fig. 2. Processes concerning with three-particle 
@,—not the unperturbed state 2 correlation. 
—in Eq. (2-4), processes above 
mentioned contain the exchange process of the incident nucleon with that in the deform- 
ed part of the target nucleus. We call these processes “ target exchange processes ” 
with the deformed target. The difference between III and IV lies in the fact that 
the exchange of two particles takes place or not in the course of the transition to the 
final state. Terms coming from these processes are included in the equivalent 
one-particle potential V{°. 

Other than above mentioned processes, there may be several 2nd order diagrams 
which evidently do not contribute to the spin-orbit coupling. 

We put the tensor potential as 


Vg=Syl, 7) v(re), 
where S;; is the tensor operator: S,=3(o.r) (o,r)/r?—(o.;), r=ri:—r;, and [ 
is an operator depending on +; and 7, Consider the case where the target nucleus 


is in its ground state (ie., put a=0 in the equations of the preceding section) 


Taking the plane wave approximation for 9 above mentioned, we can write a in 
Eq. (2-9) as follows, 
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IV 
a= >) as; a=Ca,L,, (3-1) 
t= 
where 


Ce! 
iA ht “omy ake Oke 


(3-2) 


In the above expression, k, and &, are the local Fermi momentum and the mementum 
of the incident nucleon. a’,’s are the constants depending on the exchange character 
of Vy. If we take it as 4(ri7,), we get ai=ain=4, An=Ay=3. This exchange 
character is the same as that of one-pion-exchange potential. It would be natural 
to take it for our purpose. The subscripts attached to L refer to each of pro- 
cesses I, II, III and IV. 

L;’s are given as follows, 


a 4. kv(q—k) [ w(lq—k) f ' 
5 || disdq Pog | Bm i (3-3a) 
a gO lak) (kjk) q?— (koq) (kq) | w+) 

oA at rs eae cg ote re 
+[(koq) (kq) — (kok) q? +? (hog) — (kok) (eq) J 
Le as gh) (3-3b) 
“Ta+hl  alqthl lq+hF } 
xs ky: (ky —k;) - w (|ko— ky|) il a3 
Ln=\\ dkeda, (qj=k,) Ua—k) | He Tel } C20 
ou w (|ko— kyl) ee py ho oo =) ) ee ley) 
Lay= || dhe dh, [Ko — k,l? {| 2 CaN Sie aeeeg nate NS 
; 12 oF) 
|Fey— es? 


+| (he (Keg— Fy) ) (Heo — fee)? — (Keo (Ito — Bee)) (Bro — et) - (lhe) | 


ata a ela Se) (3-34) 
\ky—k,] 8|Ko—Ke| eo — Fed 


where 
wo (B) =| v(r) jalkr) Pdr. (3-4) 


Gatm) is othe spherical Bessel function of the second order. k,) is the momentum 
vector of the incident nucleon and k; and ky, are those of nucleons in the target. 
k and q are defined as 


k=ky—ky; ae 


24=40— > 
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where q, and q; are momenta of the nucleon 0 and j in the intermediate stage 
ey respectively. In the above equations the regions of integrations must be limited 


because of the Pauli principle. ‘They are given as 


i SR eas (3-6a) 
i, Gos Gr Res (3-6b) 
: and so 
lqt4K|>k,, (3-6c) 
where 
K=k,+k;. 


Detailed calculation of L, will be given in Appendix III with process III as an 
example. Calculations of processes I and II have been given by Jancovici (see 
reference 6) in a special case where kyp=k,. L; and Lin are reduced to a single 
integral, and can be written in rather simple forms as follows. 


oo 


7a (anyrk: | 0, (2) [w(2) Pde, (3-7) 
0 
(eothe p) ky 
Lin= (27)* kf \ Py (x) w(x) P dz, (3:8) 
(kok plky 
where 
aC belie in Eq. (3-7), 
: f 
and (3-9) 
og ai leh ee aeR), 
ke 


The explicit form of @(2) will be given in Appendix IV. Here we write the 
expression of it in the case ky=ky } 


pe Fa ar teat Nel er CASS 
O(a ey 1 (p— 
i (2) : : seeeyr) + a (2+ 2x)" (a—4) In2 
1 (- a oak 3 ab} | . 
ake 5 x ; We +62+13) Fae eso 
Shee ue 
(2) == (@—2)"(a+4) in(-=—1) (3-10) 
+ (e+2)*(@—4)In(-4 41) +4 a (s- 2 i ke 
24 DP 4 2 
a | 
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g | 2Qx } a+ a eee )—#| 22-2) 
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aaa 0 2\2 We sae 4 
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oye! {(“ 1+2 =~ a — 1 ie. fey ah 
4 WEE 4 22 
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3 ( )? In am for'w 2. (o21y 
where 
A=ho/ ky. 


Ly and Lyy cannot, in general, be reduced into single integrals, and cannot be written 


in such simple forms as L; and Li. 


§ 4. Detailed discussions for results of the calculation 


In order to estimate the value of a, we assume some appropriate forms for 


v(r). That is, 


or 


vy (r) =V,(1+ 3 


Kr 


(4-1a) 
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a 


SE San Oe erae = = (4-1b) 
ar 
Then, wy(k) and w%?(k) are obtained from Eq. (3-4) as follows, 
wu (k) = Vesa” (4-2a) 
and 
wi B) = Var (4-2b) 


W (B+)? 
where, « is the reciprocal Compton wave length of pion. w(k) is shown graphically 
in Fig. 3. Here we take V)=0.08 c?=13 Mev in accordance with the one-pion- 
exchange potential suggested by meson theory in region r21/«. yp is the mass of 
pion. wv? is the potential which is essentially the same as vy in the region r=0.7 «* 
and does not have the singularity appearing in vy in the region of small r. D(x) 
and Q(x) are plotted in Fig. 4. 

a’s corresponding to processes I and HI are calculated with use of these 
potentials. In Table 1 we show the values of a’s when ky is nearly equal to ky 
(We took &,=1.09 X10" cm™, ie., kp=1.5 K.) 

The numerical value of a depends on the shape and magnitude of v(r). 
Especially, process I is influenced even in its sign, because Y;(x) of I has rather 
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Fig. 3. Bessel transforms of v’s. 
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Fig. 4. @1(x) and @m1(x) for kp=ky and ky=2ky. 


sharp dip at k=2k, and the overlapping integral with [w (a) violently varies 
depending on the cutting-off of the high momentum part of v(r). In the case of 
III, however, the overlapping does not vary so remarkably, due to the nature of 
positive definiteness of Di (zx). 

As can be seen from the graph of @u(x), the parts of w(z), which contribute 
to a1, correspond to the region k<2k,, that is, r> 1/(8«) in configuration space. 
And, as to process I, the large negative contribution comes from the region k21.5 ky, 
ie, rS1/(2«), if we use vy(r) literally in this case. But the potentials used in 
our calculation should not be extended to such an inner region. High momentum 
part of the potential may be cut off for some reason—the hard core or many 
particle correlations due to the Pauli principle or something like this. Thus vf? 
may be a reasonable potential in such asense. So the magnitude of a derived by 
Jancovici is reinvestigated here. In evaluating a in Table I for the case of vy, we 
cut off wy(k) for k>2k, In the region 1/e>r>1/(2«), there are some am- 
biguities concerning the shape and magnitude of v(r), but we suppose that those 
in the region r>1/« would not be essentially altered from those adopted here even 
if we take into account the many-particle correlation with the Pauli-principle. Thus 
we can conclude that our processes play important roles concerning the spin- 
orbit coupling and give the correct sign and the reasonable order of magnitude. 

As already mentioned, ar and ayy can neither be written in simple forms nor 
be easily evaluated if we use the general shape of potential. Here we take, for 
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the sake of easiness of integration, the following potential, 
Cty Ve Rp Toe aes (4-3) 
The parameters in Eq. (4:3) are determined by the condition that it reproduces 
the low momentum part of the one-pion-exchange potential, namely 
igi bal Mey, a2=O1 kf’. : (4- 4) 
The numerical results in this case are written in Table 1. Although we cannot 
unambiguously see how they depend on the shape of v(r), we may plausibly 


conclude from the values shown in Table 1 that both aj, and ay are, in general, 


small compared with a; and ay; in the low energy region. 


Table 1. Values of a; (Mev: (107% cm)5) at 4A=1 


UM —46. 


several tens Mev- (107! cm)® 


7 


| 
Potential at | ail | aii | aly Experimental value of a= >) a 
| 
vy) | 


Experimentally, the magnitude of a is not so definite. Assuming the nuclear 
wave function as uniform, we obtain the doublet splitting of energy level by spin- 
orbit coupling Eq. (2-9), as follows, 


(dE) ~ a: (9/87) e-5(21-+1) A>”. (4-5) 


From the above equation, we can get the empirical values of a with use of 
<(4E) measured by the experiment for various nuclei. The values of a determined 
_ by the above procedure have large fluctuations from nucleus to nucleus since the 
actual nuclei hardly have the doublet splitting of pure single particle level structure. 
The order of magnitude of a thus obtained is about 40~90 Mev-(107*% cm)°*. 

In high energy nucleon scattering from nuclei, the spin-orbit coupling term of 
the one-particle potential plays also important roles, especially in reproducing the 
polarization phenomena.” In this case the magnitude of a has the same order as 
above,—that is, one adopted in the shell model. We should, however, pay attention 
to the difference of the mechanism of spin-orbit coupling in low energy and high 
energy. Process HII which is dominant in the low energy region gives only small 
contribution in the high energy region. For one thing, the expression of ayy ex- 
plicitly contains the factor ky”, and for another, M1 itself becomes small for large 
ky as indicated in Fig. 4. In fact, for ko=2k,, au; becomes 27 Mev: (10-"cm)® 
for vy and 1 Mey- (10-% cm)* for v? respectively, which shows that this process — 
is less important in the high energy region than in the low energy region. 

On the other hand, a;, which comes from the induced polarization term, does 
not become so small even when the factor kj? is taken into account. This is also 
seen from Fig. 4. 
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Thus, in the high energy case, process I mainly contributes to the spin-orbit 
coupling and gives the correct sign and reasonable order of a, as justified by the 
argument in ref. 12). Moreover, as Riesenfeld and Watson” showed, if we ap- 
propriately take the nucleon-nucleon interaction into account we can reproduce the 
spin-orbit coupling in the very high energy region by the induced polarization term. 

Summarizing the results, we may conclude that, at least in the low energy 
region, the origin of spin-orbit coupling may be understood qualitatively on the 
basis of strong tensor interaction between nucleons and that the effect of exchange 
of the incident nucleon with those of the target nucleus deformed by itself plays 
an important role in explaining this coupling. Even if we took into account higher 
order effects our conclusion would not require any drastic alteration. 
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Appendix I. Spin dependence of processes III and IV. 


The spin dependent factor of processes III and IV can be written in the form 


Mis i 3(oik) (ok) _ 
M=—, Sp. [Ye (1) Zo,* (2) + Yas" (1) Lor (2)] . 103) 
X [ae (1) Zs, (2) +e (2) 051) I} 
x {Doc (1) tof" (2) +a 2) to (2) SERED — oes) 


X [Xe; (0) Yo, (2) +e; (0) Zee(2)]%-(1) 5 


e the tensor operator vanishes when operated on the spin singlet state. Sp. 


sine 
In these expres- 


means the sum over all possible spin states of a;, a, 8; and ;. 


sions, the final term can be written as 
(Le, (0) %uj(2) +X; (0) Za(2) )%e(1) =3 1 +0901) (Nag (1) Xa;(2) +a; (1) Xa: (2) ) 
X%a(0)}. 


Performing the spin operator calculation and taking the trace, we finally obtain 


kk’)? , . (kk’ 
\ M=9 {1+ oe ee kk” oy[k’ Xk]} Z5(0). 


Thus we find the term linear in o as 


_I-/ 
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operating on the spin function of the 0-th nucleon. 


Appendix II. Derivation of Eq. (2-9) in the second order perturbation. 


In K,(0, 1) the term which is of second order in tensor potential is, for ex- 
ample, of the type 
A A 
a®(1---A)|$ >) Vel BA) PP --- A) | 3 V (07) |a°(02--- A) > 
als gale = 
Boo Ee —E;,’ 
where a’, 8° are the unperturbed state of the target nucleus, and E%, E? being their 


energies. The unperturbed state is assumed to be represented by the Slater 


determinant 


> 


Pa; (21) Day’ (24) | 


| 


Pa, (Zi)*" Qu, (4) 
Inserting this expression for a and /", \K (0, 1)¢,(1) dx, becomes 


2 a | [p"a,* (21) ¢'a,;* ra) Pa;* (21) ¢°o,* (x2) | Vial Gs (21) Qa, (22) 


ag ag B 


TA "x; (21) ¢'s (22) ] AX, dz, 


AGUS ae VO, 1) Ga (0) Pu (21) drs 
= 8 | [ete (21) "a5" (2X2) — Pa,* (21) ¢"o,* (2). Viz Los, (x) "5; (Xa) 
a5 a5 BG BG 


iA ¢"s; (2) 25% (22) ] dxy AX, 


al! 
Ea; +€aj;—€s;—€s,; | [p'es* (1) Yns* (2) — 9'n;* (21) pPns* (x2) ] 


X Vor [Pas (Xo) Px; (La) —a;( 2) P04 (22) | Pe (%1) day dx, 4 


/ 


where &’s are the energies of the single particle states. From these, we first 
pick out the spin dependent term as described in Appendix I, and then take 
the plane wave approximation for the states @,, 8°, 8, and 2. Then we calculate 
(kp! | V|ky) defined in Eq. (2-7). The potential V,, is taken as 


Vas Suv 4 “eur (ear) —o,0} (7) 


An 
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jeu dk | 3 (a, Held) — 0.0%) ‘ | ialerv(r?) pci. 
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where j, is the spherical Bessel function of order 2. After performing the integra- 
tion explicitly, we have 


(k| V|Ikg) =const - 973) | Ae Chy0 Cae lee ett fe) 
as 


oo[k! Xk] (k-k’) 1 
x . o, (ky!) -w(k k'), 
RR? ith} ke ake Ug) Sek ee) 
where 
k=k,—k, 
k=k,—k; 
k'=k/—k;—ky)+k;> for III, or for IV, 
k'=k, —ky 
ks=k,+kj;— ko 


and w(k) defined in Eq. (3-4). 

‘Now we use the procedure used by Jancovici; namely, we first perform the 
state sum. This cannot be done easily without restriction. Here we shall assume 
that the state sum can be obtained for 4% 4, without appreciably changing the 
value of other factors. This assumption may be valid when the nucleon is incident 
with high energy. When the energy of the incident nucleon is low, this assumption 
may not be a good one. But, since the states contributing to this sum may be 
restricted to those which are near the Fermi surface, this approximation may not 
appreciably alter the situation in our case. 


Thus 35} 4% (k) ¢.,(k’) may be approximated as 
7 


iL t(kh-ki)r! 3 -83 
yee k ce, k/ = | ( a Seay di & 
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where p is the density of nucleus and k, is the Fermi momentum. Then 
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Putting g=k;—k; and taking the term linear in g, we can rewrite the above ex- 
pression as 
Cleo! | Ve? | eo) = const - | de! pr") 9 (le! — Trot ge?" ov g Xho] L 
= \ dr- e7t(ho! Kor ; ees. oe. é (o> : [r x ko]) 
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ihn Fl OS Ds 
Thus we obtain Eq. (2-9). 


Appendix III. Calculation of L for process III. 


In the plane wave approximation the term we have to calculate is 


ko: (ko— ks) | coll SBOee 
pa ppeki— ke |ky.—k,| 1° 


where k,=k;+k;—k. The domain of integration is restricted by the condition 
ke, ky<k;, |k;+h;—ko| > k;. 


Now the energy denominator is —2(k)—k;)(ko—k,;). Taking k)>—k, and k; 
the integral variables, we have an integral 


iran om \\ dk; dk; > 


(ko: q) : w* (q) da a 
eae ees 


the domain of integration being 


p<ky, |p—4q| >. 
This integral is evaluated straightforwardly and becomes to Eq. (3-8). 


Appendix IV. Explicit form of @,(x) 


D;(x) == + 


(#—1)" In (2-41) (AS —1)? In (2 +1) 
teres j 2 Sr a Dee 
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+ AE +2041) 48R6— (6-22) 16 + (8—2) (14+-2)} In(a +4641) 
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It is shown that p-p single and double scattering up to 150 Mev can be reproduced by 
a potential with the “one-pion-exchange tail” in its outer part, without assuming any 
seriously energy-dependent interactions and spin-orbit coupling potentials. The intermediate 
part of the potential has all features that are characteristic of the two-pion-exchange potential. 
Qualitative reasoning of this potential is given together with the results of calculation. 


$1. Introduction and summary 


The pion theory of nuclear forces has been verified by analysis of all low 
energy two-nucleon phenomena below about 20 Mev”, taking properly into 
accout the reliability of the theory in accordance with the Taketani theory”. Outer 
parts of the forces have been shown to be given by the static pion-theoretical 
potential correctly (x21.5)** or almost correctly (1.522=0.7). The effective pion- 
nucleon coupling constant has been determined as 92/4zhc=0.080+ 0.010. 

Comparing with phenomenological potentials usually used, the pion-theoretical 
static potential has the following characteristics : 

(i) Outside x21, the central potential is weak, while the tensor potential is very 
strong. The latter is almost correctly given by the outer part of the one-pion- 
exchange potential. 

(ii) Inside x$1.5, the two-pion-exchange central potential becomes strong. There- 


§ Present address; Department of Physics, Hokkaido University, Sapporo. 
§§ x is the inter-nucleon distance in the unit of the pion Compton wave length hilpc = 1/k. 
Notations are the same as those used in Ref. 1. 
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fore the shape of the potential is not simple. It has two ranges and is not always 
monotonic. 

(iii) The spin-orbit coupling potential has the range 1/2« and is negligibly small 
around the pion range.* Its depth is of the order of (4/M)- (92/47)*, # and M 
being the pion and nucleon mass respectively. 

As the kinetic energy of the two-nucleon system increases, it would become 
inadequate to describe the nuclear forces in terms of the static potential. Some 
interactions that are possibly energy-dependent would have to be added to the 
“potential”, or the potential itself has to be gradually modified. The features of 
such modifying interactions are of interest, since they are related to the properties 
of the pion cloud and also possibly to the nature of the nucleon core. But at 
present, we scarcely know either field-theoretically or phenomenologically whether 
the modifying interactions are weak or strong, or how we should reasonably choose 
the energy-dependent parameters of the interactions. 

We could expect, however, that when the energy is not very high (say, below 
a few hundred Mey), the characteristics of the pion-theoretical static potential (i) ~ (iii) 
mentioned above are still important. Actually our previous results of a kind of 
phase shift analysis at 90 and 150 Mev gave a set of phase shifts that is consistent 
with a strong tensor force (positive in the odd state and negative in the even state 
as the one-pion-exchange potential) .” 

Since among the above characteristics, (i) ~ (iii), the most important one (i) 
is well reproduced by the one-pion-exchange potential, we will analyse the proton- 


proton scattering at 95 and 150 Mev using potentials with “ the one-pion-exchange 


tail”. Namely : 


(1) We assume the one-pion-exchange potential with g2/4zfc=0.08 in the outer | 


region r>1~1.5. 

(ii) We take arbitrary (possibly energy-dependent) potentials in the intermediate 
region r~1. 

(iii) We also investigate effects of inner interactions assuming them phenome- 
nologically for x<0.7. In most of the low energy phenomena, the phenomenological 
inner interactions do not play any important roles. But in the high energy region 
in which we are concerned, the effects are no longer negligible. 

Thus we use the potential 


Vile j= VP (a), (the one-pion-exchange potential) for r=, 


= VootSi Vor for co >x—0.7, 
= V'oet Sia Vor for 0.72 2=2%, (1) 
pee heel for. %=> 2. 


In the triplet odd state 


* See Table 4. 
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VC) = 73) (y2/4nhe) ic 1 SAN + (3/x) + (3/2’) | Jer*/a, 


and in the singlet even state 
V® (x) = —(92/4thc) poe" / 2, 


with g?/47fc=0.08. Voo, Voc, Vor and Vin are constants. In the triplet odd 
state x=1.0 or 0.7, since the two-pion-exchange potential is rather weak in the 
region x= 1.0, especially in the tensor potential, as can be seen in Fig. 7. In the 
singlet even state x =1.5 or 1.0, since the two-pion-exchange potential is appreciable 
even outside x~1.0, as can be seen in Fig. 10. Of course the tensor potential 
SizsVor and S,,Vop is absent in this state. 

In § 2, the triplet odd potential is investigated by analysing experimental data 
at 95 Mey. In order to bring out essential features of nuclear forces, we try to 
fully clarify relations between phase shifts and potential features and between the 
data and the phase shifts, so that our paper may not be mere accumulations of 
cumbersome tables and figures. Such discussions are made in § 2-2 and, making 
use of the results, qualitative reasoning for the proposed potentials is given in 
- §2-3. In §3, the triplet odd potential is discussed independently at 150 Mev. In 
§ 4 discussions in § 2 and § 3 are summarized. 

It is found that all the data up to 150 Mev can be reproduced with either of 
two proposed potentials Eq. (2—I, 13-I) and Eq. (2-II, 13-II) with the one-pion- 
exchange tail. These potentials retain all the features that are characteristic of the 
two-pion-exchange potential: a moderately strong tensor potential (i.e., the one- 
pion-exchange tensor potential is suppressed by the two-pion-exchange one) and a 
deep, attractive central potential around the pion range. We feel it rather surprising 
that no positive evidence is found on the energy-dependence of nuclear forces. 

In §5 the singlet even potential is investigated, showing no_ positive 
evidence on the energy-dependence. In §6 some comments are made. Especially, 
hasty introduction of strong spin-orbit coupling forces is criticized since it has no 
sound basis not only from the pion-theoretical view-point but from semi-phenome- 
nological ones. 


§2. Triplet odd potential, discussions at 95 Mev 
2-1. Proposal of the potential 


Our potentials which reproduce all 90 Mev single and double scattering data 
are as follows: 


(1) ee 1k, 45= 0.32 
Voc= — 20 Mev, V'oc= —100 Mev, (224) 
Vor= V7? (a=1), Vit =O: 
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(IT) weezy. 

Voc — 20 Mey, 

Vor= ie eS Vy (a 1) : 
CID) eV=1.0; 


Voc= jh — 20 Mev, 
Vor= hag as VP (a= 1) ‘ 
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= OsaAs 
Vije= 100 Mev, (2-11) 
a= 0:30: 
(2-IT]) 


Vi (x2=1) denotes the value of the one-pion-exchange tensor potential at the pion 
range, namely, Vy7(and/or Vor) = V¥?(x=1) means the straight cut-off at r=1. 


VP (z=1) ~10 Mev. 


Phase shifts and mixing parameters due to these potentials are summarized in 
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Fig. 1. p-p angular distribution at 95 Mev. 
Theoretical curves are due to potentials 


(2-1) and (2-II). 
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Fig. 2. p-p polarization cross section at 95 
Mey. Theoretical curve is due to potential 


(2-1). 


Table 1. Phase shifts at 95 Mev 
sa 5 Vis DA ie feta’ ah Rae ol Go (phenomeno- 
potential phase shifts 367° (p=a,6,r) (Rad.) logically 
goal _____| determined) _ 
8qT 39,8 399% 8957 € f(€) 185 
Eq. (2—]) 0.560 —0.170 0.129 —0.012 — 0.438 0.483 0.27 
Eq. (2—ID 0.572 —0.181 0.120 —0.014 —0.469 0.428 0.27 
Eq. (2—IID) 0.53 —0.20 0.10 —0.02 —0.52 0.34 0.10 4 
Eq. (10) O61 3) 0.88 0.10 —0.02 | —0.55 0.25 
Eq: (G2) 0.48 —0.09 0.16 — 0.006 —0.30 0.72 0.30 


on 


Other phase shifts 
1§,=0.09, 363° = — 0.028, 
19,=0.006, 


* See Eq. (7) and its explanation. 


39,8 = —0.005, 90;%=0.001 39,7 =0.000, 


36,*=0.012, %3,7=—0.006, €,=—0.708 


€,=—0.744 
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Table 1. Comparison with data is made in Figs. 1 and 2. Phase shifts with the 
higher angular momenta shown in Table 1 are taken consistently with the one-pion- 
exchange tail. They are scarcely dependent on the inner interactions. Singlet S- 
wave phase shifts ‘d) are chosen phenomenologically and discussed in § 5. 
Preliminary discussions necessary for qualitative reasoning why the above 
potentials (2-I, II, II) can reproduce the data are made in the next subsection 
§ 2-2. On the basis of these discussions the following points are argued in § 2-3: 
(i) A strong positive “ intermediate” tensor potential makes the (total) cross 
section « too large. In the present paper, an “ intermediate” potential means the 
part of the potential around the pion range. 
(ii) For cases in which the intermediate tensor potential is weak or negative : 
(a) If the intermediate central potential is very strongly attractive, a large forward 
peak appears in the angular distribution do (@)/dQ. 
(b) If the intermediate central potential is weak or repulsive, the polarization 
cross section P(0)do(@) /d2 becomes vanishingly small or even negative. 
(iii) Therefore, the intermediate tensor potential should be moderately strong. If 
its strength is described by the depth of a constant potential, it is almost equal to 
Viera 1),. 
(iv) Under the condition (iii), an attractive intermediate central potential is neces- 
sary. Otherwise, Pdo/d appears too small. The order of magnitude of the strength 
are of several ten Mev as given in Eqs. (2-I, IJ, III). 


2-2. Preliminaries necessary to qualitative reasoning of the potential 


(a) Signs and order of the P-phase shifts 


Matrix elements of the tensor operator are given in Table 2. Since the one- 
pion-exchange tensor potential is much stronger than the other forces, it is expected 


that 


oo 0.5 °0,' = 0land a," = 0, (3) 


where °0° is the Blatt-Biedenharn triplet phase shift with the total angular momentum 


Jh and p=a, P and 7. 


Table 2. Matrix elements of the non-central operators 


3Po —4 =9 . 
as 2 sail 
8P» — (2/5) +1 
8P, — (8/5) ed 


Non-diagonal element of S,, between 3P,—3F, is (6/5) 7/6. 


. 
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(b) Correlations among *0%,°0.. and €, in the presence of a positive tersor 
potential 
Assume that only a positive tensor potential V,(x) is present in the triplet 
odd state. Then the radial parts of the wave function with J=2, u(x) for P- 
wave and w(x) for F-wave, obey a pair of coupled differential equations : 
te 
faa 


Oe ee), 
+k ze 5 Up (x) | (x) | zB Up (2) fea), 
(4) 


aa 
where Up(x) =(M/fh*r’) Vr(x)=0. 

The right-hand sides of Eqs. (4) are due to the non-diagonal terms of the tensor 
potential. They are rewritten for convenience’ sake as if they were due to central 
potentials. We call them non-diagonal potentials. In most cases, these non-diagonal 
potentials are decisively important as can be seen below, not only because their ' 
coefficients (6/5) V 6 are large, but also because either the ratio |«(2)/w(x)| or its 
inverse becomes very large. The sign of the non-diagonal potentials depends on 


d* 2_ 12 8 ) Ao 8 ie u( 2) 
| +k arn 5 U,(x) bre (x) = sy 6 Un a) Be wa), 


the relative sign of w(x) to w(x) inside the force range. Outside the force range, 


an eigenwave whose phase shift is denoted as 0 behaves as 


w (2) *ssine -sin(ka— (32/2) +0) _ 


=— tan€. 
u(x) cos€ - sin (kx— (7/2) +0) 
where € is the mixing parameter. Therefore we generally have: 
signs of « and w for x<1 non-diagonal potentials 
fa tN) same repulsive 
O>e>—7/2 different attractive 


(see Fig. 3 and note that the relative sign of w(x) to w(x) inside the force range 


Fig. 3. Schematic shapes of u(x) and w(x) for the mixing parameter € 
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is opposite to that in the asymptotic behaviour.) On the contrary, the diagonal 
terms of the tensor potential in the left-hand side of Eqs. (4) are always attractive. 

Assume that we have an eigenwave solution of which 0>0. For this eigenwave 
solution, the total (diagonal plus non-diagonal) potential for w(x) must be by far 
stronger than that for w(x) so that w(x) and u(x) may be shifted by the same 
amount 6, since the centrifugal potential for w(x) is 6 times stronger than that 
for u(x). But the diagonal (attractive) potential for w(x) is not stronger enough 
than that for w(x). So, in general, only when the non-diagonal potentials con- 
tibute more attractively to w(x) than to w(x), an eigenwave solution with d>0 is 
obtained. Thus we usually have 


for’ (U/W ya, 16 0 and 0>0, (5) 


where (u/w)ay means the averaged effect inside the force range. 

There is one more independent eigenwave solution of Eqs. (4) whose phase 
shift and mixing parameter are denoted respectively by 0’ and «’. After the well- 
known Wronskian condition, 


tan.<=—‘cot <’, (5’) 
Crm oe (7/2) 6 20. 


In this case, w(x), and w(x) have the same sign inside the force range and the 
non-diagonal potentials become repulsive. These non-diagonal potentials must con- 
tribute more repulsively to w(x) than to w(x) for the eigenwave solution*. 
These non-diagonal repulsive potentials compete with the attractive diagonal poten- 
tials. In most cases in our actual calculations, the former surpasses the latter, so 
a negative 0’ is obtained. At any rate, the absolute value of 0’ can not be large. 
Thus we usually have 


e’>0, (u/w)ay>1 and ’S0. (57) 


Summarizing the above results, (5), (5’) and (5’’), we say that in the presence 
of a positive tensor potential, the usual eigenwave solution is such that** 


6='0,°>0, d’=*0,7 <0, 0> ee! > —2/2. (6) 


Next we will examine correlations between these parameters. Assume that €, 
increases somewhat by some reason or other (for example, effects due to non- 
tensor forces, variation of the tensor force, etc.). Then the non-diagonal attractive 
potential for w(x) of the a-wave becomes stronger since (w/w), increases. 


* Owing to the centrifugal potentials, the u-wave amplitude is usually larger than the w-wave 
amplitude inside the force range. ; 

** We identify 6 and 6’ as the a- and y-wave phase shifts respectively. However, even if 
we identify differently, i. e., 0=%0,7, 6/=%0,% and €’=€,, all our results are the same, since expressions 
for ds/d@2 and P are symmetric with respect to the interchanges 6<>d’ and €<>€’. Physical identi- 
fication should be made so that 39,*—>P-wave phase shift as V 7-0. 


Two-Nucleon Potential with the “ One-Pion-Exchange Tail” 573 


(See Fig. 3.) This is the necessary condition for °0.* to increase and actually °0, 
increases more or less. At the same time, €’ increases according to Eq. (5’), then 
the non-diagonal repulsive contribution to w(2) of the 7-wave decreases and so *0," 
increases. Thus, °0,%, °0.. and €, increase and decrease together. One example 
showing these tendencies is given in Fig. 4, where the depth of the intermediate 
central potential is chosen as the variable parameter. Although the above discus- 
sions are rather crude, correlations among °0;%, °0.. and €, summarized in Eq. (6) 
and shown in Fig. 4 are found in all of our actual calculations using the potential 
(1) with the one-pion-exchange tail. The values themselves of these parameters are 
dependent on the details of the potential and cannot be easily estimated. 

Therefore the problem to be investigated in the present paper is the following : 


= St SS 
—100 Voc= Voc (Mev) 


0.5 


Fig. 4. One example showing the typical correlations among 

39%, 367, and €,. At 90 Mev, with x0=1.0, xp=0.3 and Vor= 

V’or=0, 38, 93, and €, are plotted against Voc=V’oc-' (Some 

discussions about this potential is made below Eq. (12).) 
Using the one-pion-exchange tail, giving the above correlations among *°0;%, °d," and €, 
(Eq. (6) and Fig. 4), and assuming suitable intermediate potentials determining 
the actual values of ‘the parameters, can we reproduce all experimental data or not ? 


(c) P(0)do(0)/dQ, o and do/dQ in the presence of a positive tensor potential 


In the preceding discussions we see that a positive tensor potential gives 
rise to relations (3) and (6) and the correlations as shown in Fig. 4. Making 
use of these results, main terms of P(0)do(@)/d2, « and do(@)/dQ2 are given 
and their features are discussed below. 
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Polarization cross section P(@)do(@)/d2 
P(8) do (0) /dQ~ (6/Re) (és) {[0r|2e] + [27107] 
+ (8/2) [18|20]+ (3/2) [2r|18]— (6/2) [2e|27]}*, (7) 
where [Jp|J/o']=sin *0% sin *0% sin (°05—*0f,), 
and f(€.) = (5/2)/6 )sin 2(€.—€0), €=— (1/2) tan™* 2)/6.- 


All five terms in the parentheses contribute additively after Eqs. (3) and (6). 
So Pdo/d@Q depends very sensitively on ¢€, through the sinusoidal function f(€s), 
and, in consequence, on the details of the forces as discussed in (b). Especially, 
since f(€,) has its zero point at €,=€)=—0.685, it is impossible to have the 
correct sign of Pdo/d@ if €,<6€.** Actually many sets of parameters of the po- 
tential (1) were excluded in our calculation because they could not give €)> €. 


Total cross section o 


o~ (2n/Rx)| (sin 9,)"+5( sin 72s)" 


+ ( sin °0,7)?+3( sin °0,°)?+5( sin °0,") + (8) 

Angular distribution do(@)/dQ 

do (0) /d2~ (1/k*«*)| ByPo( cos 6) + B,P,( cos 4) |, (9) 
where 

By= (R*?/27) o, 

B=210 (405|705) a> Dros (€2) (Jal J"0’) 

Pp. Ip? 
and (Jo| Jo’) =sin *0% sin 70%, cos (70,,?—0,f’). 


bpp (€2) are non-negative functions of €, and each of main terms contributes to B, 
as below : ; 


sign and magnitude of b,,7,,(Joe|J’p’) at 


J. J! sign of (Jo|J’0’) €~ Ey €s==0) 

LS Le + + = a= (a constant) 

Oy 2a + 0 x “fe 

Or 27 ay 4, A __ | each term increases 
Foca = — ye — | as €, increases. 

18 2 Se Ores * 


* For the complete formula, see Ref. 3c). 
** For more detailed discussions, see Refs. 3a) and 3c) 
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The arrows mean that the latter four terms increase as €, increases. 

In order to reproduce the isotropic angular distribution, it is desired that By, 
almost vanishes. To cancel the large positive contributions to B, from (1/|1/) 
and (*0,|'0,), which are independent of €,, it is necessary that €,<0, as can be 
seen from the table above*. Otherwise, B, is largely positive and a strong forward 
peak arises. It is interesting to note that the condition imposed by Pdo/d@ 


€, > €p> = — 0.685, 
and that imposed by do/d2 
€,<0 
are consistent with a positive tensor potential as discussed and shown in Eq. 


(6). However, since effects due to several terms cancel one another in 3B, 
do/d@ is not so sensitive to the details of the forces as Pdo/dQ. 


2-3. Qualitative reasoning of the potential 


Referring to the preliminary discussions given above, we will show the qualitative 
reasoning of the proposed potentials. 
(i) When the intermediate tensor potential around the pion range is stronger 
than Eqs. (2-I, II, III), it makes one or both of 89, and |*0,'| larger, irrespective 
of the central potential. (See Table 2.) Therefore « exceeds its experimetal value, 
even if there were no force in the singlet even state (cf. Eq. (8)). One example 
is the case in which the positive one-pion-exchange tensor potential is present for 


e0.7: 
Enea 0) Wile ores bi (8) 
We cs 100 Mey, VO n=O) (10) 


This potential gives o that is larger by about 40% than the data. Note the large 
values of °0,' and |°0,2| of this potential shown in Table 1. 

(ii) When the intermediate tensor potential is weaker than Eqs. (2-I, IE, LIL )g 
the following two cases must be considered separately. 

(a) When the intermediate central potential is strongly attractive, this central 
potential together with the weak tensor potential makes *0;'~0 and *0,,~0. (See, 
e.g., Fig. 4.) Then all negative terms in B,, (07|27) and (1|2@), vanish (see 
the table below Eq. (9)) and a forward peak appears. One example is 


ZY =1.0,%  2%= 0.3, 
Veo Mags —50 Mey, (11) 
Vor= V'or=9. 


* For more detailed discussions, see Ref. 3a). 
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This potential gives *0;'= —0.09, 39,*= —0.006 and a consequent forward peak in 
do/dQ. (See Table 1.) 

(b) When the intermediate central potential is weak or repulsive, the argument 
developed in § 2-2 (b) shows that 3),¢ decreases and at the same time €, decreases to 
€, (the zero point of f (€,)). So Pdo/d2 becomes vanishingly small. For example, for 


c= 10; eee 
Vor= V'or=0, (12) 


we can estimate from Fig. 4 that €.=€) for Voe= Voc~—10 Mev. 

(iii) Therefore, we can conclude that the intermediate tensor potential should be 
moderately strong. If this strength is described by the depth of a constant potetial, 
our actual calculation shows that it must be almost equal to Ve 14 toe 
straight cut-off at the pion range (Eq. (2-II)) or a little less (Eq. (2-I)). 

(iv) Under the condition (iii), the intermediate central potential must be attractive. 
If it is weak or repulsive, €, approaches to €) as discussed in § 2-2 (b), and 
Pdo/d becomes vanishingly small. Our actual calculation shows that the strength 
of the attractive force is of several ten Mev as given in Eqs. (2-I, II, II). 

(v) Thus, essential properties of the potentials (2-I, II, III) are worked out and 
the dependence of the cross sections on the shape of the potentials is clarified. 


§ 3. Triplet odd potential, discussions at 150 Mev 


Analyses at 150 Mev are made independently of that at 90 Mev. Potentials 
obtained are as follows: 


(1) asl: L=0.28; 
Voc= — 20 Mev, V'oc= — 100 Mev, (13-1) 
Viens on Gace Vion = 0: 

(11) peed); 1% =0:30, 
Voc=—20 Mev, V’ oc= — 100 Mev, (13-I]) 


Vor= V'or= VP (z=1) . 


Table 3. Phase shifts at 150 Mev 


potential | 3997 | 39,8 | 394% | 30,7 | €5 | F (Es) | 169 
Eq. (i3—) | 0627 | —0139 | 0.213 | —0.003 | —o349 | 0.635 |  —o.01 
Eq. (13—II) | 0.663 — 0.169 0.203 — 0.006 —0.379 0.556 0.03 
Eq. (2—IID | 0.07 —0.10 —1.02 —0.35 


19,=0.15, 33,°= —0.046, 23,°=0.023, 93,=—70.005, €,= —0.690 
194=0.013 20;°=—0.010 83g%=0.005 3347 =—0.003 €g=—0.741 
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4 

Fig. 5. p-p angular distribution at 150 Fig. 6. p-p polarization cross section at 150 
Mey. Theoretical curves are due to Mey. Theoretical curves are due to poten- 
potentials (13-I,II). tials (13-I,I]). 


Their phase shifts are shown in Table 3. Comparison with data is made in Figs. 5 
and 6. The triple scattering experiment is discussed in § 6. 

It is interesting that the above potentials are quite the same with those at 
95 Mev. Discussions about the shape of the potential can be developed in parallel 
with those at 95 Mev. One important point at 150 Mev is that constant central 
potentials inside the pion range are excluded. For example, attractive central 
potential (2-III) predicts a negative Pdo/d®2 as €,=—1.02<€,. (See Table 3.) 
It means that, in the state with J=2, the attractiveness of a constant intermediate 
central potential is too weak to increase €,, and to reproduce Pdo/dQ2. The central 
potential therefore, must, be deeper inside. 


§4. Triplet odd potential, summary and comments 


Using the one-pion-exchange potential outside the pion range, we get quite the 
same intermediate potentials by independent analyses at 90 and 150 Mev. These 
potentials are characterized by the following features, reasons for which have been 
discussed in detail in § 2. 

(i) The intermediate tensor potential is positive and moderately strong, and can 
be simulated by the straight cut-off of the one-pion-exchange potential at the pion 
range. 

(ii) The intermediate central potential is attractive and is deeper inside. 

These two features of the potential around the pion range are in good agre- 
ement with the static two-pion-exchange potentials in that the latters predict (i) a 
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Fig. 7. Potentials in the triplet odd state. For the two-pion-exchange potential, see Refs. 1) and 5). 


weak attractive tensor potential and. (ii) a strong attractive central potential, as 
shown in Fig. 7. 

The presence of the attractive intermediate central force was also found in the 
analyses of *P-wave phase shifts in p-p scattering at low energies and 18 Mev.” 
It is rather remarkable that Pdo/dQ is very sensitive to this intermediate central 
force, though no polarization appears by a purely central force. 

(iii) We have some indications that a repulsive interaction like a hard core 
with the radius x)~0.3 is present. Otherwise, the intermediate tensor and central 
potentials, the presence of the latter being confirmed also in the low energy data,” 
make °0," too large to reproduce o; (°0,.~0.7). 

Comparing Eqs. (2-I, Il) with Eqs. (13-I II), it is seen that the radius of 
the hard cord 2 decreases by about 0.05 as the energy increases from 90 to 
150 Mev. We do not know whether this energy dependence is only apparent or 
real. However, since this energy dependence is not serious at any rate, we could 
substitute it by one or more of a soft core, a more realistic shape of the inter- 
mediate potentials, and a spin-orbit coupling force of very short range. We may 
also change the coupling constant of the one-pion-exchange tail within the extent 
0.08 0.01. Considering these various factors we should say that the figures of 
our phase shifts in Tables,’ especially those at 150 Mev, are not the final ones. 
We rather feel it surprising that °P-wave. phase shifts can be successfully reproduced 
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by the simple potentials with the pion theoretical characteristics even up to 150 Mey. 


§ 5. Singlet even potential 


In the course of our analysis, the S-wave phase shift '0, was chosen pheno- 
menologically. The energy-dependence of '0) is shown in Fig. 8. 


15, By analyzing the low energy scatter- 
ing parameters : 


1.0 the scattering length 
ee 6), —13 
a=—15~—20X10-* cm, 
05 the effective range 
lee) Dw 2:00 XLOe Om, 
we have shown in our previous work” 
50 100 E,,(Mev) that, since the singlet even potential has 
Fig. 8. Energy-dependence of 149. In the low weak one-pion-exchange tail, it must have 
energy region, it is determined by the effective (i) a strong attraction around and inside 


range and the scattering length. The theore- 
tical curve is due to the potential Eq. (14-1) 
with the parameter of Eq. (15). 


the pion range, which is consistent with 
the prediction by the two-pion-exchange 
potential and (ii) a strong repulsion 
inside. These facts can be shown in the following examples with the one-pion- 
exchange tail, Eq. (1): 


(1) ase ae i Voo= — 20 Mev, (14-1) 
NV ety variable, 

(II) Breage 10h US Voc= — 20 Mev, , (14-11) 
Xy V'oe variable. 


Fig. 9 shows that the potential (14-I) reproduces 1q and '‘r, correctly, while for 
(14-I]), when ‘a is correctly given, 1+, becomes too small (<2.310~" cm) due to 
too weak an atteraction around the pion range.* 

In Fig. 9, it is to be noted that, even if x” and Voce are kept fixed, there 
are a great number of inner potentials that reproduce 10, at 90 and 150 Mev within the 
experimental errors with different Vg and x. Therefore ‘0, at high energies cannot 
be a crucial test for the shape of the singlet even potential. A crucial test comes from 
the low energy parameters ‘a and *r,, which require the strong attraction around and 
inside the pion range. Therefore, even if any energy-dependent interactions existed, 
it would not be possible to find its evidence in the behaviour of 70. 

From Fig. 9, we can estimate 


* For more detailed discussions, see Ref. 1). 
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Fig. 9. V’oc in Eq. (14-LII) versus 29 that reproduce the following quantities 


within the experimental errors: sx 109 at 90 Mey, 
g= 16, at 150 Mev, 
== la (1r, is shown! parametrically.) 


2.0 


—0.5 


<—(14—]) 
Et) 


-1.5 

(uc*) 
Fig. 10. Potentials in the singlet even state. For the two-pion-exchange 
potential, see Refs. 1) and 5). 


X~0.45 and Vie~—5 X10? Mev (15) 


for the potential (14-I). These figures have no quantitative meaning. They may 
change largely if the assumed potential around the pion range (e.g. 2” and Voe in 


ie gl 
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Eq. (1) changes. 

Among various two-pion-exchange potentials proposed so far, our potential (14—I) 
with the parameters of Eq. (15) is substituted well by the KMO potential’ as 
seen in Fig. 10. This potential gives the strongest attraction around the pion range 
of various two-pion-exchange potentials. 


§ 6. Concluding remarks 


6-1 Conclusions 


It was shown in the present paper that p-p scattering up to 150 Mev can be 
reproduced by a potential without assuming any serious energy dependent interac- 
tions. This potential has all the features that are characteristic of the static pion- 
theoretical potential : 


0.7 
0.5 


0.3 


a Cee “TH (Mev) 


pe bd (Mev) 


Fig. 11. Energy-dependence of the phase shifts and the 
mixing parameter in the triplet odd state 
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(i) The one-pion-exchange tail 

(ii) Around the pion range, in the triplet odd state, a moderately strong positive 
tensor potential and a deep, attractive central potential becoming deeper inside ; 
and, in the singlet even state, a strong attractive potential. 

Furthermore, it is indicated that 

(iii) At very small two-nucleon distances, there would be a strong repulsion like 
a hard core with the radius 2)~0.3. 

It is rather surprising that any necessity for serious modifications to the static 
pion-theoretical potential has not been found. 

Qualitative reasoning for the potential was given. It should be noted that 
crucial tests are Pdo/dQ@ for the potential around the pion range in the triplet odd 
state and 17, for the singlet even potential. Energy dependence of the phase shifts 
and the mixing parameter in the triplet odd-state due to our potential are given in 
Fig. 11. Their values are consistent with existing experimental data. 

Depolarization D(@) at 150 Mev is calculated and shown in Fig. 12, though 
a detailed analysis is put off because of the too large uncertainty in the experi- 
mental data. The shape of the theoretical curve in Fig. 12 seems to be universal, 
if €,<0 and °0," is large due to the positive tensor potential. If it is decisively 
found that D(@) is positive, it may mean something not so simple for the pion 
theory of nuclear forces, and then various kinds of new factors should be taken in- 
to account, for example, a strong spin-orbit coupling in the inner part, large recoil 
corrections, effects of strong coupling, effects 6 of K-mesons, possibility of isoscalar 
mesons and others. 

n—p scattering will be analyzed in a forthcoming paper. 


- Harwell 


o Harvard 


Fig. 12. Depolarization D(@) at 150 Mey due to the potential (13-I1) 
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Among various two-pion-exchange potentials proposed so far, our potential is 
much the same with the KMO potential. This potential is supposed to include 
the effects of the pion cloud correctly, though somewhat phenomenologically in 


the static limit. This point and the problems of recoil corrections should be investi- 
gated more in detail. 


6-2 Remarks on spin-orbit coupling potentials 


Signell and Marshak", and Gammel and Thaler” introduced /arge spin-orbit 
coupling potentials to explain the p-p scattering data. However, we have found no 
evidence in favour of them. They have also been criticized in detail in our 
previous papers.*’*? The points are briefly repeated here as follows: 

(i) The spin-orbit coupling potentials are by an order of magnitude larger than 
that predicted by the pion theory, as shown in Table 4. The latter has the depth 
of the order (/M) (92/4zfc)’ and the range(1/2x). 


Table 4. Magnitude of the spin-orbit coupling potential in the triplet odd state (aside 
the negative sign. in unit of 0.0lyc?) 


pion-theoretical one* 0.77 0.0058 


Gammel-Thaler”? 5.4 0.019 
Signell-Marshak® Syl 0.30 
Signell-Zinn-Marshak®”” 6.1 0.17 


a nnn LEE 
* Vis=— (g?-/4zhc)2(2p2/M) {342 (¢cD-¢(2))} 
x (14+2/x+2/x22+1/z3) exp (—2z)/2%, 
calculated by the perturbation method by S. Sato®). 


(ii) Signell and Marshak’s spin-orbit coupling potential was introduced merely to 
cancel unwanted effects for °0, and *0,* due to a deep attractive well (—1.5 Bev) 
of Gartenhaus’ potential. If the nuclear forces near the origin were treated phe- 
nomenologically and a hard (or soft) core with 2)~0.3 were introduced, such a 
large spin-orbit coupling potential should not be required. It should be pointed 
out that, though the shorter range (1 /2«) and the smaller depth are assumed in 
their new proposal®”” than in their old one,“ the new one is even stronger for 
ax<1 than the old one, since their spin-orbit coupling potentials have a derivative 
form. 

(iii) Gammel and Thaler’s spin-orbit coupling potential was introduced from a 
purely phenomenoligical point of view. Their potential has not the one-pion-exchange 
tail, and so has no sound basis of the pion theory. 


6-3. Analyses at the higher energies 


We do not expect that nuclear forces can be described by a simple potential 
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quite above 150 Mev. However, in view of the success of our approach, we would 
like to point out that the “ one-pion-exchange tail”? should not be neglected. This 
tail would be important, though not necessarily the most. Recoil corrections to 
the one-pion-exchange tail also have to be included. Phase shift analyses at the 
higher energies should be made, taking the one-pion-exchange tail properly into 


account. 
* Recently, Chew proposed a method to determine the pion-nucleon coupling 


constant by extrapolating nucleon-nucleon angular distribution.” If g?/4zfic comes 
out with the numerical value of about 0.08 above 150 Mev by his method, which 
we expect, it also suggests the presence and the importance of the one-pion-exchange 


tail at the higher energies. 
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Spin-Orbit Coupling and Tensor Forces 


B. JANCOVICI* 
Institute for Nuclear Study, University of Tokyo, Tokyo 
(Received June 22, 1959) 


The possible explanation of the spin-orbit coupling, in heavy nuclei, by second-order 
effects of the tensor forces is investigated. The various second order terms are described by 
4 graphs, in the case of one particle outside closed shells. The main contribution comes 
from an exclusion effect: two particles of the closed shells cannot, by mutual excitation, 
jump into the orbit which is already occupied by the outside particle. This effect could 
account, at least partially, for the observed spin-orbit splitting. The case of a hole is also 
investigated, and shows the same kind of agreement. A comparison with other works is 
discussed. 


§ 1. Introduction 


It is very likely that the properties of complex nuclei could in principle be 
computed from the two-body forces between nucleons. The spin-orbit coupling in 
complex nuclei, which is so important in the shell model, should be explained in 
terms of non-central two-body forces. 

The existence of mutual spin-orbit forces in the two-body interaction is still 
ainder discussion. Such forces, in addition to the usual central and tensor ones, 
are sufficient to explain the two-body scattering and polarization data,’ but there 
was taised some doubt whether these spin-orbit forces are actually necessary, and 
jt was recently claimed that central and tensor forces, with hard cores, could 
suffice.” 

A related problem arises in the consideration of complex nuclei. T'wo-body 
spin-orbit forces could account for the shell-model spin-orbit splitting ; a first-order 
perturbation calculation is perhaps too crude, but a more refined calculation,” using 
the reaction matrix, could pretend to quantitative results. On the other hand, it 
‘was attempted to use only tensor forces; since tensor forces give no splitting in 
first-order perturbation theory, second-order effects had to be computed. For light 
nuclei, it was found that tensor forces could account for an important fraction of 
the observed splittings.” But, in the case of heavy nuclei, a calculation in a 
previous paper,” using the reaction matrix as an intermediate step, predicted a 
much too small effect of the tensor forces. 


* Pensionnaire de la Maison franco-japonaise. On leave of absence from Ecole Normale 


Supérieure, Paris, France. 
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The purpose of the present paper is to emphasize the general importance of 
some exclusion effects which might escape a calculation based on the use of an 
approximate reaction matrix, and to apply these considerations to the effects of 
tensor forces in the spin-orbit splitting of heavy nuclei.* It will be found that 
these exclusion effects might indeed be important and account, at least partially, for 
the observed splittings. The general formulation of the problem, for one particle 
outside the closed shells, is reviewed in § 2. §3 describes an approximate procedure 
to reduce the problem to a calculation of the Thomas-Fermi kind. This calculation 
is acutally carried out in § 4 and the results are compared with the experimental 
data. The case of one hole in the closed shells is studied in §5. The conclusions 
are stressed in § 6. 


§2. Energies of nuclei 


The general prescription for computing the first levels of a nucleus made of 
closed shells plus some particles or holes has been given by Bloch and Horowitz.” 
We here consider the special case of one particle outside the closed shells (the case 
of one hole will be very similarly treated in §5). The total hamiltonian is 


H=H,+ V, (1) 


where H, is some zeroth-order hamiltonian and V is the residual interaction. V 
causes a total energy shift of the nucleus 


a 


4E=4E°+4E?. (2) 


AE’ is the contribution of the closed shells and does not depend on the presence 
of outside particles. 4” is the contribution of outside particles. This separation 
is actually just a matter of convenient definition, and some terms of JE” 
may alternatively be thought of as involving particles in the closed shells. 
dE” is implicitly given by a Brilloumn-Wigner perturbation series as follows: A 
vacuum state |0> is defined as the unperturbed closed shell nucleus. Other 
eigenstates of H, are conveniently described by using annihilation and creation 
operators 7 and 7‘; the unperturbed nucleus with one particle outside the closed 
shells is therefore in the state 7}|0> with an energy &. 4E” is then conveniently 
described as a sum of graphs” 


4k? = (0) @D tO =( av. S11 Qy re t ) 
(Olne@pHl0)=(olneV 3 = peep V) THO, =) 


where L means that only linked graphs are included and where Q, is the projector 


* In the case of light nuclei, these exclusion effects, although they had already been implicitly 
taken into account in Ref. 5), were explicitly shown to be important, in Ref. 6) for the bound 
state problem, and in Ref. 6 bis) for the He‘-neutron scattering problem. The spin-orbit coupling 
at low energy could then be explained by strong tensor forces. 
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outside the subspace of the unperturbed states with an energy Fy, i. e., the inter- 
mediate states represented by one particle line.* 

(3) is exact. A second-order approximation, in which 4H” is neglected in 
the energy denominator, is 


4E*=(0\9o| V+ ee V |ni |0). (4) 
This expression is nothing but the usual second order perturbation result. The 
main advantage of having used the language of graphs is to clearly exhibit all 
possible exchange effects. If V consists of two-body interactions, represented by a 
horizontal dotted line, the second-order terms in (4) are represented by the four 
graphs of Fig. 1, which we shall now discuss in some detail. 


(la) (1b) (1e) (1d) 
Fig. 1. The second-order graphs for one particle. 


Graphs (la) and (1b) are the direct and exchange second-order terms of the _ 
reaction matrix for interactions between the outside particle and one of the particles 
in the closed shells. These graphs appear in a naive extension of the Brueckner 
method to the degenerate nuclei. They were considered by many authors for various 
kinds of problems. If we are interested in the spin-orbit splitting which appears 
from (4) when V contains tensor forces, graphs (la) and (1b) correspond to 
these terms which were considered in I, where it was shown that their contribution ° 
to the spin-orbit splitting is small. 

Graphs (1c) and (1d) describe exclusion. effects involving two core particles. 
By mutual interaction, two particles in the closed shells can get excited to inter- 
mediate states; but the state 73|0> already occupied by the outside particle is 
not available. This effect can be visualized before the elimination of disconnected 
graphs by saying that the graphs of Fig. 2 are forbidden by the Pauli principle. It 
is easy to see that graphs (1c) and (1d) provide the necessary substraction. This 
modification of the reaction matrix for a pair of particles in the closed shells, 
because of the presence of an outside particle, would escape calculations based on 
an approximate reaction matrix computed beforehand for two particles imbedded in 
infinite nuclear matter, an approximate procedure which was often used.’” Because 


* The states ypt|0> which differ by spin or orbital angular momentum orientation are 


degenerate, and this proper linear combination must be chosen which diagonalizes 9. 
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age 


Fig. 2. The excluded graphs. 


of such approximations, graphs (1c) and (1b) did not appear in I. The main 
purpose of the present paper is to investigate these graphs and to show their 


importance. 
We shall therefore proceed to compute the contribution to (4) of graph (1c), 


which is 


P\t}O|P) =dE?O= (mn|v| Psy (Ps|v|mn) 5 
(PID oIP) pp Loa tole (5) 


where P, m,n, s are single particle states; E>, E,, E,,, En, are the corresponding 
single particle energies ; and v is the two-body interaction. The summation is on 
unoccupied states s and on occupied closed shell states m and 7. 


§ 3. Reduction of the problem to a Fermi-gas calculation 


If the interactions v are central and tensor forces, only the term of (4) which 
contains twice the tensor force will contribute to the spin-orbit splitting. The tensor 
force between nucleons 7 and j is 


v=A[1—%4-X(7;-7;) u(r) Sy), (6) 


where 
Sy(r) =3(0;-r) (o;-r) /r?— (0;-0)). (7) 


We shall now make some approximation of the same kind as in I.* If we took 
all intermediate states as plane waves, the spin-orbit potential would vanish, because 
there is no spin-orbit potential in a constant density medium. Since, however, we 
are considering large nuclei, we shall assume the minimum departure from plane waves, 
which gives a non-vanishing result : intermediate particle states such as |s> will be 
chosen as plane waves; and similarly for the hole states |7> (the normalization of 
these plane waves will be chosen to be unity in the unit volume). In order to obtain 
a finite result, we must take one of the hole states different from a plane wave, and it 
can be seen that this hole state must be |7 >. The momentum representatives (k,,|72) 


* The numerical factors in the definitions of the present paper and the notations may differ 
from those used in I. 
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and (k|P) will, however, be strongly peaked, so that E, and E, may be replaced 
by &2/2M and k?/2M. With all these simplifications, (5) may be rewritten in 
a momentum representation 
ON 
TI eM ate Sie ee | dk,’ | dh Dk, | dk, 
n (2973 J ‘ 


ocenpied km<ko hg>k 


{n|Kn> (Kp! | n> Fin ken| 0 |e key) (hk! k,|v|k, k,/) : 


B+ kJi— R= b,? (8) 


In other words, at each point the closed shell core is pictured as a local Fermi 
gas. The summations on occupied or unoccupied states are performed on momenta 
smaller or greater than the local Fermi momentum &, which is a function of the 
position r: 


ptr) = (2/82) ki. (9) 


The mixed density function is approximated by one of this local Fermi gas: 


> (r|n) <n|r') = (r) (3/4 7k’) \ Pk exp[—ix: (r’—r)]; (10) 


occupied x<ko 


transforming (10) to the momentum representation we obtain 


BS) Ch!1n) (alin) = (2n)*| dr exp[i(Ien— ky!) -F]0(r) (8/4h) E(ko— ha), AD) 


where € is the step function. 

We shall only keep in the v matrix element product of (8) that term which 
is linear in the spin o of the k or k’ states, and scalar in the isotopic spin, since 
that term is the only one which contributes to the spin-orbit splitting : 


(Hey, Ky) 0 |e es) CK! Kes|D | Begs Hig!) = 91? (21) ° (1 — 24 +422) 0 (lg + Bn — hs) 


(k,! kk.) ; (Ken — Fey) 
|Hen’ — Keg]? | Fen — Fes” 


O (Kk! +h, — Kein — Ken!) & + | Hen’ — ks) x (k,—ks) | 


where 


ww (k) =A | jar) u(r) r’dr (13) 


0 


(je is the spherical Bessel function”). 
In a large nucleus, the outside particle undergoes only small angle scatterings 
when propagating through nuclear matter. Therefore k’—k and, because of the 0 


functions in (12), 
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are small quantities; we shall expand (12) into a series of g, keeping only the 


first non-vanishing term which is 


Koy ey|0|deK,) CB! |v Bey Key!) = 94M (2) (1— 24 +472) 0 (kk 8) 


8 (em t+ hy kh)“ BX (Rin) | nae | (15) 


Using now (11), (14) and (15) in (8), we obtain 


Ck’ | VO|ky= Wire ee (r Xk) ely “ap (16) 
4 Tr Ti 
where 
oe or Ay) Nak, | Phin | dc d (e+ ky — Kg — ke) 
1620 kek J 
ky<ko km<ko ksg>kg 


B+ Re — Rin — Rr? |e, —k|? 


(17) 


From (16) and (17) it is seen that graph (1c) contributes an effective spin-orbit 
coupling with a radial dependence (1/7) (d/dr)a®p. Strictly speaking, a“ is a 
function of & and of 7 (through &). However, in the case where a does not 
depend too strongly on 7, (16) is the familiar a©(1/r) (de/dr)(o-l) spin-orbit 
coupling. Here we are interested in the spin-orbit potential acting on a bound 
particle with an energy just above the last closed shell; the momentum & of this 
particle will be replaced by the Fermi momentum f, as an average value. 

In the case where the even and odd tensor forces are given by different w 
functions, the even and odd contributions add together without interference. 


§ 4. Practical calculation of the spin-orbit potential magnitude 
and comparison with experiment 


The magnitude of the term (1c) of the spin-orbit potential can be computed 
without further approximations, by the same techniques as in I. We choose as 
integration variables K=k,,—k, k,, k,, and obtain 


2 3 2 
Qo= (= 27-747") a | aK k W wo dk, 1 

327 Ry Pane. k Be eeeacI Ses (k—k,)-K—K? - 

ks<ky 
(18) 

We successively perform the integrals on k, and on the angles of K; it is neces- 
sary to subdivide k and K spaces into regions. The result of these integrations is 
a “universal” function 27°k,\C(K, k) which is given in the Appendix for the case 


k=k), appropriate to the last bound nucleon. The last integration on K must be 
done numerically : 
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tko 


TINCT er ; 
dK-KC(K, k) w(K). (19) 


qQeo= eczey) 4 ON ak CA AAS ae 
( %+47") Trae 
k-ko 


(19) was actually computed (with k=) for the Gammel-Thaler” and the 
second-order meson theory tensor potentials, the Bessel transferms.(13) of which 
can be calculated analytically. No hard core was taken into account; it may be 
noted, however, that any Fourier component with a momentum higher than 2hp 
would not affect (19). & is related by (9) to the local density and should vary 
throughout the nuclear surface ; a was actually computed for several values of fo, 
but appears to be not very sensitive to ky) (the value of ky) which corresponds to 
the average density of nuclear matter is about 1.27X10%cm™'). The results are 
tabulated in Table I. We see that a depends somewhat on the tensor force, but 
is always of the same order of magnitude. 

The experimental strength of the spin-orbit coupling in heavy nuclei is a bit 
confusing. The doublet splittings in Pb’” and Pb” can be explained” by a spin 
orbit force a(1/r)(dp/dr)(o-l) with a~57 Mev (10-%cm)*. But values of a 
four times greater were suggested to be necessary to account for the sequence of 
the single-particle levels in an average potential. The former evidence, from 
doublet splittings, is perhaps to be preferred, since it is more direct. It must also 
be remembered that the relation between a and the doublet splitting is extremely 
sensitive to detailed assumptions about the nuclear surface and the radial wave 
functions. For all these reasons, we cannot hope to check the agreement beyond 
mere orders of magnitude. 

In a second-order calculation, the value of a would be the sum of the contri- 
butions from the four graphs of Fig. 1. It was shown in I that graphs (la) and 
(1b) give a negligible contribution.* From Table I, it appears that the contribution 


Table I. The value of the spin-orbit constant contribution ae). 


k ale) } 
Tensor force 1018 em-t Mey (1078 cm)® 
PATE 30 
Gammel-Thaler 1.05 37 
0.87 Al 
2nd-order | E27, 50 
meson theory : 0.9 Dill 


Spt ye Ee 


* The contributions from graphs (la) and (lb) are actually somewhat dependent on the 
detailed shape of the tensor potential. The contribution from graph (la), however, is an integral 
over a function with a change in sign. The quantity @ which in Ref. 7) is similar to the function 
C(K, 2) in formula (19) of the present paper, changes its sign as K increases, and a‘) may 
become vanishingly small by a slight adjustment of the tensor force. On the contrary, C(K, &) in 
at) has a fixed sign and a(°). is much less sensitive to the details of the tensor force. The 


contribution from (lb) involves an exchange and is usually smaller than one from (la). 
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of graph (lc) is mot negligible and could be of the same order of magnitude (with 
the proper sign) as the “ experimental ” value 57. However, we have not computed 
the contribution of graph (1d), because it would be an extremely tedious calcu- 
lation.* Our main point is that there is at least one graph, (1c), the contribution 
of which can explain an appreciable part of the experimental spin-orbit splitting. 


$5. The case of a hole in the closed shells 


In the case of a hole in the closed shells, the second order graphs are repre- 
sented on Fig. 3. These graphs are obtained from the corresponding ones in the 


au 


(8a) (3b) (3c) (3d) 
Fig. 3. The second-order graphs for hole. 


particle case (Fig. 1) by replacing the incoming and outgoing particle lines by hole 
lines. For the bound states which are considered here, the particle is just above 
and the hole is just under the Fermi surface; in the limiting case of a large 
nucleus, the spacing between single particle levels goes to zero, and the particle 
and hole states become identical. It is therefore easy to see that the hole graphs 
of Fig. 3 give contributions which are just the opposite to those ones from the 
corresponding particle graphs of Fig. 1. The spin-orbit potential for one hole 
would therefore be —a(1/r)(dp/dr)(o-l), with the same value of a as for one 
particle. The important contributions for a hole would now come from graphs 
(3c) and perhaps (3d), which are of the “reaction matrix” type. 

The agreement with experiment is of the same kind as in the particle case. 
The experimental analysis which was quoted in § 4 involved also hole doublet 
splittings in Pb.” 


§ 6. Conclusion 


We can summarize the above discussion in the following way: The evaluation 
of the second order effect of the tensor forces, for the case of one particle outside 
the closed shells, first involves terms of the “ reaction matrix” type, which describe 
collisions between the outside particle and one of the particles in the closed shells ; 


* This calculation could be very similar to the calculations of a (graph (lb)) in I, and 
would be possible, in principle, for the case of a tensor force 72 exp (—72/ro?). 
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these terms provide no appreciable spin-orbit effect. But there are also terms 
describing additional exclusion effects, which might be forgotten in a too naive 
extension of the Brueckner method to non-degenerate systems; those terms can 
explain, at least in part, the experimental spin-orbit splitting. 

Those important exclusion effects may be described as the interdiction, for two: 
nucleons of the closed shells, to jump by mutual excitation into an outer orbit 
which would already be occupied by another nucleon. This effect was here con- 
sidered in the case of heavy nuclei. Similar calculations were carried out in the 
case of light nuclei. In that latter case, the important effective three-body vector 
forces which were derived by Feingold” from the tensor forces, or the exclusion 
effect of Terasawa” are of the same kind as the exclusion effect which was just 
described here. The smallness of the “reaction matrix” type graphs was also 
shown in light nuclei,*® and even at all orders in heavy nuclei.’ 

In the case of a hole in the closed shells, however, the important effect is of 
the “hole reaction matrix’? type: the relevant intermediate states are those ones 
in which the hole is excited to some state of lower energy. 

Turning again to the particle case, let us finally note that these exclusion 
effects (1c) and (1d) which appear to be important in the case of a bound outside 
particle would become negligible in the scattering problem for a particle of high 
energy, because the wave function of the closed shells would have little Fourier 
components in the state of the incident particle. Therefore, the exclusion mechanism, 
which provides a spin-orbit coupling for bound states, cannot account for the polari- 
zation of the high energy scattered nucleons. On the other hand, at high energy, 
the impulse approximation should be valid, and the nucleon-nucleus scattering problem 
is closely related to the two-body problem; the important effects therefore are of 
the “reaction”, or rather “scattering matrix” type (Fig. la and 1b).* If the 
low energy spin-orbit coupling is actually the result of exclusion type effects, the 
low and high energy spin-orbit couplings would result from quite different mechanisms, 
a result which is perhaps a little surprising and even unsatisfactory. 

The author is indebted to the Institute of Nuclear Study for its kind hospitality, 
to many of his colleagues in this Institute and in the Research Institute for Fun- 
damental Physics in Kyoto for stimulating discussion (the importance of exchange 
effects was emphasized by S. Takagi at a seminar held in March 1959 at the 
R. L F. P), and to Miss Adachi for her help in numerical calculations. 


* At this two-body stage, there is still to be found the proper nucleon-nucleon potential. The 
problem of determining if this potential includes! or not® an elementary spin-orbit force does 


not seem to be uniquely set up at the present time. 
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Appendix 
C(K, k) is defined by 
Ne yo et LG 5 dle, (20) 
2ntkyC(K, ) = \ dont | KR 
|K—Kk|<ko |kig+K|<ko 


ks>ko 
where \dQ x denotes integration on K angles. We consider only the case k=ho. 
C is then found to be 
C(K, k) = (1/48) (K/ko)*®— (1/16) (K/Ro)?— (1/2) (K/ko) + (13/12) 


2k +K | 
hy — KA 


+[— (1/12) (K/h)? + (K/ko) — (4/3) | log 2. (21) 


4+-[ (1/64) (K/h)? — (1/8) (K/ho) + (1/4) (Fo/K) J log) 
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Photodisintegration of the Alpha- 
Particle 


Tatuya Sasakawa 


Department of Physhics, Kyoto 
University, Kyoto 


July 25, 1959 


The study of the photodisintegration 
of the alpha-particle is very important in 
three respects. First, it gives inform- 
ation about the “ rigidity ” of the alpha- 
particle. This information would provide 
a significant clue to the knowledge in 
the nuclear structure, in the alpha-decay 
or in the mechanism of nuclear reactions 
induced by the alpha-particle and of the 
Secondly, 
this reaction plays an important role in 
Lastly, this 
reaction is very interesting in view of 
the consistency problem of the light 
nuclei. This point requires some discus- 


inverse processes of them. 


thermo-nuclear reactions. 


sion. 

Many authors have made their efforts 
to interpret consistently many experi- 
mental data, the phase shifts of the 
scatterings, the binding energies and so 
on, of light nuclei.’ Recently, Bransden 
et al.” studied the photodisintegration 
of the alpha-particle. They found that 
using the wave function consistent 
with the binding energy of He’, one 
gets the maximum (7, p) cross section 


at the energy which is too high (20~ 
30 Mev above the threshold). On the 
other hand, Rustigi and Levinger” show- 
ed that using the same wave function 
one gets too small a value of the brems- 
strahlung-weighted cross section. Thus, 
the consistency problem still remains 
and one could not find the wave func- 
tion which is consistent both with the 
correct binding energy of He* and with 
the (7, p) cross-section. : 

It was suggested by the above 
authors” that to get the correct cross 
sections we may use the wave function, 
which gives the root mean square radius 
R found by the electron scattering.” 
Indeed, the wave function used in the 
above calculations gives a lower value 
of R. 

In the previous papers,”” we found 
that the wave function determined to 
meet the requirement of reproducing the 
right mean square radius of He’* is 
actually consistent with the binding 
energy of it, if we take the interaction 
given by meson theory and at the same 
time introduce the effect of the hard 
core correlation. This wave function can 
give the wide splitting of p-phases of 
He’ and can reproduce the elastic cross 
section of the high energy scattering of 
proton by He*. Then we may hope 
our wave function will give a good 
answer to the photodisintegration. 
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However, it is made clear that if we 
calculate the (7-p) cross section using 
our wave function, neglecting the final 
state interaction, the maximum cross 
section appears still at a too high energy 
(18~19 Mev above the threshold). (It 
is clear that the D-state in He* and 
the hard core correlation is unimportant 
in the electric dipole matrix elements, 
so we consider only the S-part, neglect- 
ing the hard core correlation. The 
wave function is assumed to be the 
Gaussian type both for H’® and He’, as 
before : 


Pys=exp { — (1/2) PIT} > 
(yea =exp {— (1/2) azirs} p (1) 
a=0.1410"%cem"*. 


In this case the position of the maxi- 
mum (7-~) cross section is independent 
of the assumed value of 4, as Flowers 
and Mandl® showed.) 

It is well known that the elastic 
proton by H?’ and 
T (p, n) He® shows the resonance at an 
energy about 3 Mev.”” 


scattering of 


This corres- 
ponds to the exsistence of the maximum 
in the (7, p) cross section. Then, it is 
worth-while to examine whether the 
outgoing proton shows the large ampli- 


tude near the corresponding energy. If. 


so, the (7, p) cross section shows the 
maximum at the energy. 

In our calculation, it is found that 
the (7, p) cross section is reproduced 
well, if we assume that the outgoing 
particle is subject to the square well 
potential in the final state. This poten- 
tial is adjusted so as to produce the 
p-wave resonance of the outgoing parti- 
cle at the maximum cross section. The 


adopted values of parameters are 
V,=50 Mev, R=2.0X 10-"cem and #= 
0.15xX10%cm~*?. The (7, p) cross sec- 
tion is insensitive to ¥. The form of the 
wave functions and the value of @ are 
the same as (1). The Coulomb effect 
is neglected. The result is shown in Fig. 1- 


o(Y,p) 


1.0 


20 gat eta ~ 35 
Gamma ray energy( Mev) 


Fig. 1 He‘(y, £)H3 cross section; The shaded 
region shows the experimental value.” 
The solid line is the calculated value. 


It is concluded that (1) the alpha 
particle has an excited state (‘P,-state) 
at the energy of about 26 Mev above 
the ground state and (2) it seems to 


- be hopeful to solve the consistency 


problem in view of our previous suc- 
cesses” and the present result. More 
detailed account will appear shortly. 
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An attempt is made to estimate the pairing energy for strongly deformed nuclei’ by 
dividing the energy into two parts, one of which is the interaction energy between the 
nucleons forming the last pair, while the other part arises from the deformation of the 
nucleus. Assuming an attractive inter-nucleon force with a short range, the interaction 
energy in the last pair is first estimated on the Nilsson model, and is then estimated in the 
case where the deformation is extremely strong. The other part is estimated .on the unified 
model. The calculation is carried out for the last neutron pairs of the five nuclei Gd¥8, 
Dy164, Yb174, Hf178 and Hf18? in the rare earth region. The results obtained by using the 
Nilsson model as well as the unified model are in fairly good agreement with the experimental 
data. 


§ 1. Introduction 


The pairing energies for several deformed heavy nuclei have been observed 
mass-spectroscopically with sufficient accuracy by Johnson and Bhanot,” and have 
been estimated to be close to 1.5 Mev for each element. Another observation for 
the pairing energies of such nuclei made by Johnson and Nier” gave also results 
of the same order of magnitude. Though it has been generally recognized” that 
the pairing energy for deformed heavy nuclei has the value of this order, no 
satisfactory explanation of such a pairing energy has been presented. The purpose 
of this paper is to give an explanation of the above experimental values. 

The pairing energy E, for a deformed nucleus Xy of neutron (or proton) 
number N, N being an even number, can be expressed by 


E,=2Ey-1 (0;) — Ex) aa hoe (02) > (it) 


where 6 are the deformation parameters defined by Nilsson,” and Ey_,(0;) are 
energies of the nuclei Xy-, at their equilibrium deformations 0; If the energy of 
(N—1)st neutron (or proton) in the nucleus Xy_, is E,(0;) when the deformation 
of this nucleus is 0;, the expression (1-1) becomes 


E,=[2Ey-2(01) — Ew-2 (0,) —Ey-2(02) +2( 4, (01) — Ey (Oo) } J+ £i2(00). (1-2) 


Here E,, is the interaction energy in the last neutron (or proton) pair of the 
nucleus Xy, and it is called the nucleonic part in this paper. The first term in | 
Eq. (1-2), namely, the term enclosed by square brackets is a contribution from | 


re Oe er 9 he - & 5, a ee Ee 
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the deformation energies, which arise from differences in deformations of adjacent 
nuclei in the rare earth region. 

Elliott? and Moszkowski® showed that the nucleonic correlation generates col- 
lective effects. Therefore, the interaction between the nucleons forming the last 
pair of the nucleus Xw mentioned above may have an effect on the equilibrium 
deformation 0). So the first term in’ Eq. (1-2) is never independent of the 
interaction between the nucleons of the last pair. However, in the region of large 
deformation such as the equilibrium deformations of rare earth nuclei to be con- 
sidered here, the effect of this interaction upon such a term is small, as shown in 
the following paragraphs. 

From Eq. (1-2), for nuclei belonging to the spherical (equilibrium) shape 
region, E,.(0)) (where ¢.=0) is equal to E, itself. In fact, the pairing energies 
for light and intermediate weight nuclei have been successfully explained” on the 
shell model as the interaction energy in the last pair. Therefore, for a deformed 
heavy nucleus, the interaction energy in the last pair also might have a consider- 
able magnitude. Bohr, Mottelson and Pines” suggested recently that for such a 
problem an analogy with the correlation between electrons on the Fermi surface 
in a super-conducting metal may be used. However, the correlation we shall adopt 
in this paper is a type which is usually used for the nucleons, no use being made 
of such an analogy. 

When the nucleus begins to deform from the spherical shape, the interaction 
energy in the pair varies rapidly owing to the removal of the 2-degeneracy.” If 
the deformation increases, the mixing of many different j-states begins. Such an 
interaction energy might come to differ enough from that of the spherical nucleus. 
Therefore, it will be of interest to see the magnitude of the interaction energy 
when the nucleus is strongly deformed, assuming the correlation by which the 
pairing energy for the spherical nucleus is successfully explained. 

For the explanation of the character of the deformed odd nuclei in the ground 
state and the low excited states, the Nilsson model* is extremely successful. By 
using, therfore, the Nilsson wave function’ for the nucleon, the interaction energy 
in the pair (i.e. the nucleonic part of pairing energy) will be estimated in Part A 
OueSi2 

In order to see the magnitude of the interaction energy at stronger defor- 
mations than the ones in Nilsson’s calculation,® we shall consider (as zero approxi- 
mation) a pure anisotropic harmonic oscillator potential for the nuclear potential 
and treat I-s- and /’-terms, which are included in the Nilsson Hamiltonian,” as 
perturbation. In Part B of § 2, the calculation in such a case will be carried out, 
and then some interpretation of the results obtained in Part A will be given in 
the light of the finding in this part. 

In the calculation in § 2, we shall assume the nucleonic interaction to be an 
attractive force with short range because of the following reason: The size of 
the nucleus considered here is sufficiently larger than the range of nuclear force. 


a a 
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In fact, this approximation for the nuclear force has made a good success for the 
level scheme of Pb?” the mass of which is close to those of the nuclei considered 
here. : 

In § 3 an estimation will be made of the part of pairing energy arising from 
deformation (i.e. the first term in Eq. (1-2)) on the unified model.” The result 
will be compared with the nucleonic part and the observed values. In § 4, the 
results obtained in §§ 2 and 3 will be discussed. 


§ 2. Nucleonic part of the pairing energy 


A. Estimation on the Nilsson model 


The nucleonic levels in a non-spherical potential with an axial symmetry are 
characterized only by the quantity 2 which is the component of angular momentum 
of the nucleon along the symmetry axis and they are doubly degenerate according 
to the values +2. The pair is then made of two identical nucleons, with+2 and 
—, occupying the same level. 

The energy of the pair, suffixes 1 and 2 each standing for one particle of the 
pair, are given as follows: 


E,+£,=T,+T2+ Vanes, > Ve=H,+ H+ Via, (2-1) 
(#1,2) 

where T represents the kinetic energy of the particle, and V, represents the 
interaction potential between the ith particle and the kth particle. HH, or Hy mh 
Eq. (2-1) is the Hamiltonian of one nucleon of the pair in a case where the 
other is removed. Because of the success of the Nilsson model* for an explanation 
of the levels and behaviour of the last nucleon of odd-A nucleus, we assume here 
the Nilsson wave function to be the eigen solution for H, or H,. 

Considering the Pauli principle, the interaction energy E,, in the pair is given 
by 

E,= w— Ky, 


Ia= | r(x) gi (a!) Vana 2°) th (2) fue) deed’ (2-2) 
K,, is an exchange integral, 


where # is the wave function of the particle, and we adopt here the Nilsson wave 
function”; x or xz’ stands for the coordinates of this particle, including the 
spin coordinate. For the reason that the nucleonic state is characterized only by 
Q, the wave function ¢ can be expressed as follows : 


Ghat) > ajo9(j2), (2-3) 


where S} denotes a summation over the whole of possible values of j in the shell 


with a definite total quantum number N, aj, are constants which give the mixing 
rates, and all the functions ¢ have the same parity. 
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Substituting (2-3) into (2-2), and changing the representation to that of the 


resultant j and m by means of 


6(j:2)6(j2a—2) = D3 (jrjo2—2/jrjragmm$ (nde jm), (2-4) 


the interaction energy E,, becomes 
Ey= >) ahodj-ody Gu Di (jr j22—2/jrjajm) 
jr Ja jal jo! jmjlm! 
x (jr! jo! Q—Q/ ji! ja! g’m') [< jr jo.gmm| Vial fr’ jo! j’m’) 
eh ses ee giny (jaja jm | Via| jo! jr’ j’m’) | > (2-5) 
where (j:j2.2—2/jij2jm) are the Clebsch-Gordan coefficients. 
For the nucleonic interaction we assume, following de-Shalit,” a short range 
attractive potential with an arbitrary mixture of ordinary and spin-exchange forces 
as follows: 


n 
Ve SS) Sf Pe? 2)e82)0@-r) == 2B Va (2-6) 
n=0,1 *=0 n=0,1 
(0) cy 1 : (LSS (i) 1 5 
oni) =1, One 5=(o,+i0y), 09 —9,, OST Ras O,—10y), 


2 


where f” represents the force strength. 

Substituting (2-6) into (2-5), and making use of the Racah technique,” the 
matrix elements in (2-5) can be easily estimated in a quite analogous way to the 
calculation of the interaction energy between two particles with a definite j-value 
(see, for example, reference 14)). Thus, remembering that all the orbital angular 
momenta being related to one Nilsson level have the same parity, the matrix 
element is estimated as follows : 


((2j: +1) (2jo+1) (2fr’ +1) (2 je’ +1)? 
2(2j +1) 


Bs l/Saygee aed bee ova aa eee hy 
x Fy | (i lies. | isis 1) (i i a — [i571] 
S/H H370) | (2-7) 


sete eueie | : ém = 1 for all =, 
Fy Tut An \ Road, r) R( ng l,, Ty IRS da TUR tee" dens r) r'dr, O = per eaten 


Chrjojm| Vik? | ja! ja! jm’) = 040 cae? 


mot il Cael © La ae je + /inii0) (iy je 


where 7, and 4, etc., are the radial quantum number and the orbital angular 
momentum quantum number, respectively, corresponding to j;, etc.; R(n J, 1r) is 
the radial wave function of a nucleon lying in the state characterized by the 
quantum numbers 7 and /. By using (2-7), (2-5) becomes 


Ere= >) Gaps o@jyo Agr a2 LGat) Cpt) Gj! +1) (2jx/ +1) }” 
Fija jr! jo! 2(2j +1) 


ee 
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X (jn ja —2/ nn 0) (i! jx Q—2/ ju! jy 30) (judo —* |: jn30) 


x (li SS iv 1 j0\(—D" [14 (DI Sarer. 8) 
4 n=0,1 
The expression (2-8) shows that the potential of type (2-6) between two identical 
particles yields an interaction only if they are in the singlet state, which is 
familiar result of the Pauli principle. 

We apply (2-8) to the last neutron pairs of the five nuclei, Gd", Dy™, Yb’, 
Hf* and Hf, in the rare earth region, all of which have a deformation close to 
0=0.3. The configurations of the levels occupied by these pairs can be found from 
the Nilsson model” as seen in Table I. They agree almost completely with those 
provided from the spins and parity of the odd-A nuclei that result by taking out 
one neutron from the above nuclei. 

Transferring the representation from that of Nilsson” to the Nj7-repesenta- 
tion, the mixing rate a,, can be estimated from the Nilsson wave function. The 


Table I. Mixing rates of the wave functions at the three different deformations. The 
numbers in the first column denote the level number assigned by Nilsson. These levels 
are occupied by the last neutron pair of the elements Gd158, Dy!4, Yb1"%, Hf178 and Hf180, 


and are given below from top to bottom. 
i 


Configuration 452 
Level = ; : A ee 
N_2& Parity j ee ; 5 

11/2 —0.094 —0.240 —0.335 
9/2 0.772 — 0.569 —0.505 
(52) 5e3/2 = 7/2 0.604 0.742 0.727 
5/2 —0.124 —0.050 0.002 
3/2 0.127 0.258 0.324 
| 11/2 —0.127 —0.193 — 0.246 
(44) 5 5/2 he 9/2 0.793 0.878 0.888 
7/2 0.571 0.365 0.277 
5/2 0.172 0.240 0.273 
11/2 —0,091 —0.188 — 0.250 
(50) 5 5/2 wi 9/2 — 0.593 — 0.426 —0.376 
7/2 0.800 0.883 0.887 
5/2 0.001 0.062 0.101 
11/2 — 0.082 —0.134 —0.174 
(41) Bye aa ee 9/2 0.927 0.959 0.963 
7/2 0.367 0.251 0.206 
13/2 0.997 0.990 0.982 
(49) Gago i 112 0.043 0.082 0.114 
9/2 0.072 0.119 0.151 


— cr 
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calculated aj, for each level at three different deformations 7=2, 4, 6 are listed in 
Table I, where 7 is defined by the following relationship, 


4-1/6 
qe ee |I- aig 58 a°| (2-9) 
iene 27 


The quantity F,” is calculated with the use of the harmonic oscillator radial wave 


function R(n 1, r), and the results are listed in Table II. 
Since the potential (2-6) yields 


Table II Values of Fo”) in a unit of the interaction only if the pair occupies 
f ™e8/2nV on. a singlet state, E,, depends rather on 
ee the force strength of singlet state 
tates: Fun (0) 
(721) (lq) (my! 11’) (rr9/ Es’) : f.( =f — 39 than on each of ne 
(1h)4 0.124 and f®, The numerical value of f, 
(1h) (2f) —0.042 may be estimated from the observed 
(1h)8 (3p) 0.0077 value” for the pairing energy of the 
(1h)? (2f)?2 0.067 last neutron pair of Pb”*, because this 
(1h)? (2f) (3p) ope) nucleus is expected to have a spherical 
eyes P4 | nage shape and then the pairing energy 
3 = 
Ds) cece may depend only on the interaction 
(1h) (2f)2 (3p) 0.0167 " h 7 £ r hal 
(1h) (2f) (3p)? _ 0.0098 cee the nucleons oes e last 
(1h) (3p)8 0.0089 pair. The shell model is applicable to 
(2f)4 0.136 this nucleus and then ,, has the 
(2f)8 (3p) —0.057 following form,” when the interaction 
(2f)2 (3p)? 0.084 potential has the type (2-6) and the 
(2f) (3p)8 —0.0117 pair is on a definite ;-level 
(3p)4 0:228 . 
(1i)4 0.106 Roel \ R'(nl, r) dr. 
(12)8 (2g) —0.032 8x 
(17)2 (2g)2 0.056 (2-10) 


The last neutron pair of Pb” is in 
the state characterized by j7=1/2, n=3 and /=1. So, by using the harmonic 
oscillator radial wave function as R(7 1, r), Ey, of (2-10) becomes 


3 
Ey= 0.228 27 (2-11) 


where the quantity @ stands for (Ma,/h)'” with the nucleon mass M and the 
characteristic frequency w, defined by Nilsson.” By taking the mean value of 7? 
for the pair to be equal to 3/5 of square of the radius of the nucleus considered 
here, we get the expression a®=(N+3/2)*?c/A. with a constant c. By taking 


Ey, of (2-11) to be equal to the observed value 0.63 Mev of pairing energy for 
Pb”, we have 


fsC=546 Mev. (2-12) 


ae 
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This value for f,c is larger by about 3/2* than the average value obtained from 
the analysis® of the pairing energies for light nuclei, but this is rather reasonable 
because such analysis for light nuclei has shown that the value for f,c increases 
gradually with A (see reference 8)). 

By using the value (2-12) for the force strength, and making use of the 
values listed in Tables I and II for aj, and F,”, respectively, H,, for each of the 
nuclei which are considered here is estimated from Eq. (2-8), and the values 
calculated at 7=2,4,6 are listed in Table HI and are graphically shown in 
Fig. 1. As seen from Table III and Fig. 1, for all the elements, the interaction 


energy Ej, at 7=6, which is close to the deformation expected for these elements, 
is close to 0.5 or 0.6 Mev. 


Table III. Pairing energies of the last neutron pairs of the nuclei in the rare earth 
region. Epos denotes the observed value, Ey. and Euer denote the nucleonic part and the 
part arising from deformation respectively. 


Nucleus Semana eh) —— fit, ee 
| | -7=2 | 4 6 (Mev) 
Gas Biel E87 0.436 0.446 0.475 1.49 1.10 
Dy Bip) | £37 0.361 0.475 0.491 0.83 0.88 
Yb174 (a Sean et ha 0.431 0.496 0.517 1.40 0.61 
Hfl7s ie ete A228 0.500 0.537 0.546 1.47 0.74 
H f180 gar | 115 0.600 0.588 0.577 0.79 0.57 


Ce ee ee eee ee ee ee ee TT 


B. Estimation in the limit of very strong deformations 


In a case with a very strong deformation, we can use as zero approximation 
a pure harmonic oscillator wave function for the nucleon, and can treat I-s- and 
P-terms, which are included in the Nilsson Hamiltonian,” as perturbations. The 
unperturbed state is characterized by the quantum numbers 7., ,, A and 4S’, where 
n, is the number of oscillator quanta along the symmetry axis, 7,=N—n,, A and 
¥ are the components of orbital and spin angular momenta along the symmetry 
axis, respectively. The quantity has the same parity with », and is restricted 
by a condition |A|<7,. 

The first-order energy E of the level characterized by the above quantum 
numbers at the deformation 0 is given by (see Appendix B of the Nilsson thesis”) 


E=E,+CAS + D(A +2n,n,+2n,+M,), 


B= heo(d)(N+2 +652"), (2:18) 


* The value (2-12) for fc corresponds to —V,/8zr9?=21.5 Mev with the notations in 


reference 8). 
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IN) } 5 ANY if 
(0) =6o| 1+ : 74000 |, ead4 


&+O0(0*), 

where C and D are the strengths of I-s- and /’-couplings, respectively. For the 
quantities C and D we assume also the relationships C=—0.1Adé, and D= 0.225C 
as on the Nilsson model.’ 

From Fig. 4a and the rule mentioned in Chapter II of the Nilsson thesis,” 
we can easily assign the quantum numbers for the unperturbed levels corresponding 
to the levels considered in Part A, as seen in Table IV. Each level is doubly 
degenerate with (A, 2’) and (—4A, —+'), and so we consider the two nucleons on 
the same level as a pair. 

By using again the form (2:6) for the interaction potential, the zero-order 
interaction energy E,3 of the pair which is in a singlet state is given by 


= fe o\ReaR Eonar 2iraes (2-14) 


where Rn a and Z,, are the cylindrical harmonic wave function and the one 
diensonal harmonic wave function, respectively, the explicit expressions being 
given by Tamura.’ 

By using again the value (2-12) for the force strength, E,: for the pair on 
each level being considered here is estimated as seen in the third column of Table 
IV and is graphically shown in the column (b) in Fig. 1. 

We now consider only the main contribution of I-s- and 7-terms to £3. Apart 
from diagonal elements, the non-vanishing matrix elements of I-s-term occur only 
between the states with +’ different by one unit. The first order correction to F,} 
owing to the l-s-term may come from substituting the first-order correction into 
any one of the wave functions in the integral with the same form as (2-2). 
However, this correction to /,$ vanishes, since V,, yields to an interaction only 
for the pair in the singlet state. Thus the largest correction to E,{ coming from 
the I-s-coupling is that of the second order. 

The off-diagonal and non-vanishing matrix elements of the /-term occur only 
between the states with », or m, different by two and with the equal N and A. 


Table IV. Zero-order interaction energy E,,° in the limit of very strong deformation, 
and the correction 4E,, for E,.° owing to the /-s-coupling. The signs + in the second 
column correspond to S=-+h/2. 


i 0 
Level a aad gw z oe A ee Me 0.5 
G2) 2 3 1 + 0.728 ~0.117 
ae OS a RBH AN ecoaticn 0.702 ~0.105 
su ; . “ = 0.620 —0.064 
ee t : A 0.662 —0.085 
Ch 2 4 4 + 0.693 — 0.086 
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The first-order correction to E,3 owing to the 7-term is obtained in a quite similar 
way to the above procedure for the I-s-term. In this case the first-order correction 
does not vanish, but it is very small due to the smallness of the overlapping of 
the wave functions. So the second-order correction is rather large. 

Therefore, the second-order correction to £,$, which comes from the I-s-term, 
is the largest one, since the strength of l-s-coupling is sufficiently larger than that 
of /-coupling. For the off-diagonal and non-vanishing matrix elements of the 
quantity I-s, we have 


ie 


(n.+1, n,—1, A+1, —|l-s|n,, n,, A, SS ASD (n,+1)=M_, 


Meee osted; A=, = |L- s|7,, Ny » 4; +)= _* V (n, + A+2)n,=M, ; 
(2-15) 
1.0 
0.9 
0.8 
Gd!8 
Dy 
0.7 Hf!*° 
Hf!” 
06 SoHE an ane plan oe yor 
rs yi 
= 
a 0.9 Yb 
<a] 
0.4 
0.3 
0.2 
0.1 
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Fig. 1. Nucleonic part Fj; of the pairing energy for the five nuclei Gd158, Dy™™, 
Ybi74, Hf178 and Hf!80 in the rare earth region against the deformation 0. 
Column (a) shows the values estimated on the Nilsson model. Column (b) 
shows the values in the case of the strongly deformed pure oscillator 
potential, and column (c) shows the values at 6=0.5 obtained by regarding 


the I-s-coupling as a perturbation. 
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where the signs + in the basic vector expressions stand for Y=+h/2. Making 
use of the matrix elements (2-15), and substituting the perturbed wave functions 
to the second order for the functions R and Z in the integral (2-14), we have as 
the largest correction for E,3, when the non-perturbed state has S=Hh/2 anda 


positive <1, 


D eat fx 2 ig 
JIE = Js@ s| . M; | | | Ra, >, At Ra, #1, =A=) Ra, Rama rdr 
= res Eh (0) : ¥ 
x Zia Zi, de— | Ria Rapa rar \Z.. dz|, (2-16) 


where \} denotes a summation over the double sign + under the conditions 
\Aj<n, and n<N. In a case where the non-perturbed state has Y= —//2 and a 
positive 4, we must make the following changes in , and the wave functions 
in Eq. (2-16): 

ASA-1, n,>M+1, and n,—>n,¥1, 


where the double sign corresponds to that in (2- 16) with the same order. 

Making use the value (2-12) for the force strength and the preceding values 
for the strength of I-s-coupling, the correction JE,. at 0=0.5 are estimated as 
seen in the 4th column of Table IV, and E+ JE,. are shown in the column (c) 
in Fig. 1. As seen from Fig. 1, the perturbation for the l-s-coupling makes E,.~ 
close to the exact value. 


7a) 


3. Part of pairing energy arising from deformation 


Since the nuclei in the rare earth region are expected to have a prolate shape, 
we shall restrict ourselves to the discussion on this shape. The energy Ey. of 
the nucleus Xy_, with a deformation ¢ which is close to the equilibrium deforma- 
tion 0, can be expressed as follows: 


Ey-a(0) =Ex-s(8,) +2 (8—83)*, (3-1) 


where / represents the rigidity of the nucleus under consideration. In the rare earth 
region the difference between the two equilibrium deformations 0, and 0, of the nuclei 
Xy_, and Xy2., respectively, is small, so the energy E,(0,) of the last nucleon of 
nucleus Xy_, can be expressed in the following form to the first order of 0,—4s, 
making use of J as the expansion coefficient, 


E, (0) =F, (0) +4(,—42). (3-2) 


Thus, from (3-1) and (3-2), the energy Ey_1(4:) of the nucleus Xy_; with the 
equilibrium deformation 0, is 


Ey. (¢,) = Ey-s (0,) +E, (0,) 
= Ey s (03) +E, (02) — (#/2p), 0, =0,— (4/p). (3- 3) 
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Since the particles of the last neutron (or proton) pair of the nucleus Xy occupy 
the same level with the last single neutron (or proton) of the nucleus Xy-_;, the 
energy Ey(0)) of the nucleus Xy with the equilibrium deformation 4) is 


Ey(9o) = Ey_2(0o) +2E, (00) Fi Ey2 (0) : (3-4) 

As seen in Fig. 1, the interaction energy F,, in the last pair varies little against 0 
in the region of such deformation as the equilibrium deformations of the rare earth 
nuclei. So, by regarding E,,(0)) as a constant, we can estimate, with fairly good 
approximation, 0) as 0,~0,—24/p. Thus, from Eq. (3-1) and the expression 
obtained by replacing 0, in Eq. (3-2) by o), we have 
ae 
9 


a] 


Ey(%) = Ey_2(02) +25, () aes Ee (0) : (3 3 5) 


From Eqs. (3-1), (3-3) and (3-5), we have the following expression for the part 
of pairing energy arising from deformation, which we denote by Eve, 


Eves = 2E y-2 (0;) —Ey-_2 (0) — Ey_2(9s) +2{E, (0,) —E, (os). = L/ p. (3-6) 


For each element considered in § 2, the value of 4 can be found from the 
tangent (at 0=0,) of the curve which shows the Nilsson energy level as a function 
of 0. The results found upon 4 are shown in Table V. 


Table V. Gradient 4 of the five Nilsson levels against 6 at 0=6o. 


Onn 


Level / 33" | in Aw unit 
(52) 0.39 | 1.53 
(44) 0.34 | 1.15 
(50) 0.27 | 1.52 
(41) 0.27 | 1.54 
(49) 0.26 | 1.14 


* The values are computed from the data of Alder, Bohr, Huus, Mottelson and Winther 
(reference 17). 


For the quantity p we have a relationship p=1.10C* with the effective 
surface tension C,” following the unified model. The quantity C might depend 
on the detail of the nucleonic level structure, but the theoretical estimation for C 
is very difficult for a strongly deformed nucleus in which the mixing of many 
j-states occurs. In such nuclei the nucleonic level structure is far from that of the 
shell model, and the distribution of nucleonic states may approach rather to the 
statistical one. Thus we expect that the value of C is obtained with a fairly good 


* In the paper!) by A. Bohr, the relationship p=C is given, making use of B(=—1.05 6) as 
the deformation parameter. The relationship in this paper is obtained by transforming the 


deformation parameter from f to 0. 
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approximation from the semi-empirical mass formula. Following the mass formula 
presented by Green,’ which fits well with the experimental data in the rare earth 
region, we get 

C=5.72 A™=-0.114 277A? Mev. (3-7) 


By using (3-7) and the values listed in Table V for 4, for each element 
mentioned in the preceding paragraph, E,, is calculated from (3-6), and the 
results are shown in the 7th column of Table III. Though the calculated Evy for 
each element (with the exception of Dy™) is large in comparison with E,,,— Fis 
listed in the 8th column of the same table, the agreement is fairly good con- 
sidering that we have used C unrelated with the detailed structure of the nucleus. 


§ 4. Conclusion 


Assuming that the correlation of nucleons in a deformed nucleus is the same 
with that in a spherical nucleus with a similar mass number, the interaction energy 
in the last neutron pair at 0=0.3 for all of the considered nuclei is close to 0.9 
or 0.6 Mev, and depends slightly on the mass number and on the character of the 
level occupied by the pair. 

These nuclei are expected to have a deformation close to 0=0.3, and Fy, 
varies little in the neighbourhood of 0=0.3, so the values of Ej, at the exact 
deformation of these nuclei are expected to be really close to the value at 0=0.3. 
Thus, for any nuclei deformed strongly with the similar deformation we may 
generally expect F,, to be of the same order with the above value. 

- With the exception of Hf, E,, at the small deformation 0=0.1 is smaller 
than that at 0=0.3 (see Fig. 1 or Table III), for the reason that mixing rates 
of the main states for each level are rather small at 0=0.1 as seen in Table I. 
However, if the deformation decreases more, the level will tend to a level charac- 
terized by a pure j-value and E,, of each element will increase with decreasing 0 
as seen in the case of Hf.” In the limit of small deformation, the coupling of 
angular momenta of the nucleons forming the pair becomes strong, and F,,. will 
tend to the value to be obtained by using the shell model. In the last case, if 
the particles forming the pair occupy a definite j-state, we may get E,.—0.63 
xX (27 +1) /2 Mev, which is considerably larger than any values at 0 =0.1~0.3 
obtained in this paper. 

If the nucleus has a pure harmonic oscillator potential deformed strongly 
without I-s- and ?-terms, the interaction energy in the pair is close to 0.7 Mey. 
By using the perturbation method we can see that the I-s-coupling makes Ej, 
reduce to the exact value. 

We can see from the comparison between Fy, and E,,— Ey. listed in Table II, 
and from Table V, that the value (3-7) for C is good for the nucleus with stronger 
deformation (00.3), while it is too small for the nucleus with a smaller deformation 
(0S0.3), which is a tendency we would expect. We can see also from the com- 
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parison between Fy, E,.,; and E,,, that for the rare earth nuclei with 60.3 the 
part of pairing energy arising from deformation is 1~2 times as large as the 
nucleonic part. 

Johnson and Bhanot” found that the neutron pairing energy is large for the 
nuclei on both sides (close to N=90 and 116 with the neutron number JN) of 
the region characterized by strongly deformed nuclei. For such nuclei, our results 
will be considerably modified. The modification is that: (1) The part arising from 
deformation is small, since C for such nuclei is large. (2) A shape oscillational 
mode becomes remarkable to some extent, introducing a finite probability that the 
nucleus has the extremely small deformation. Therefore, the average of the 
nucleonic part increases, because the magnitude of Ey: at such a small deformation 
is considerably large. Thus it is expected that the pairing energy for the nuclei on 
both sides mentioned above increases finally owing to the modification (2), in spite 
of decreasing on account of (1). 

The author wishes to thank Professor M. Sasaki for many helpful discussions. 
He would also like to thank Professor H. Horie for his kind interest and valuable 


discussions. 
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The existence of the heavy neutral pseudoscalar meson with isotopic spin zero (79) is 
assumed and its effects on the K-meson decay are discussed. In particular the K,* experimental 
data are re-examined by assuming the K,,;+ (Ktx°+e*t+yv) and Kes/* (Kt>7°’+et+y) 
modes. Analysis shows that the V-A Fermi interaction can give the energy spectrum of the 
electron consistent with the present experiments. 


$1. Introduction 


It has been suggested in our previous note that the V-A Fermi interaction 
is not favorable for explaining the present experimental electron energy spectrum 
of the K+ decay process.”’”” Although the experimental data so far accumulated 
are still scanty and to draw a definite conclusion will be too premature, the fact 
that the V-A theory is rather unprobable and that S-7’ combination seems to be 
required in the K,j-decay process is embarrassing, since except in the case of Kj 
there is no apparently negative evidence for the universal weak V-A Fermi theory. 

In our previous analysis we have assumed only the K,j mode (K *->7°+e*+») 
and compared the theoretical energy spectrum of electron in Kj with the experi- 
mental data of K,*. However, if other K-meson decay process having an electron 
as a decay product exists beside the mode K,j, the previous analysis will no 
longer be appropriate, and the suggestion that the V-A Fermi interaction is unlikely 
in the K,j process will have to be altered. 

In this paper we shall reanalyse the K,* spectrum by assuming the decay 
mode K*->7+e*+yv. Here 7” is the heavy neutral meson with spin zero. The 
existence of such a neutral meson can be anticipated by Sakata’s composite theory” 
for the elementary particles, in which the proton, neutron and lambda particles are 
taken as the fundamental particles. As will be seen in the following, the existence 
of x” with m,o,~700 m, does improve the situation of K.{ and gives a_ solution 
consistent with K,* data by V-A Fermi interaction and also introduces no difficulties 
for the interpretation of other decay processes. The decay of 2” which is interest- 
ing in the respect of observability is also discussed and it is suggested that its 
dominant decay mode will be two photon decay process. 


§2. Effects of 7” on the K-meson decay processes 


In this section we discuss the possible effect of the 2” on the K-meson decay 


tie en et iain balla 
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process. Ikeda, Ogawa, and Ohnuki have suggested that the 7” meson which is 

anticipated in Sakata’s composite particle model would be a pseudoscalar particle 

with isotopic spin zero and even charge parity, assuming a symmetry among 

p,n and A.°* Due to the lack of theoretical information about the mass of 7”, 

the value of m,o, is rather arbitrary. We assume that it is much heavier than 

ordinary 7°, since we are interested in such zx’ which can affect the K,* spectrum. 
As to the mass of 7°”, if we take 


M yt— Mt <M, < 3M n+ 5 (1) 
the following mode will be forbidden energetically : 
K*5a%+2"; (Kid), 


>rttn+n2", (2) 
etc., 
and 
A>n+zn", 
S*>pt+n7", (3) 
E> A+n", 


while the allowed modes will be 
Kton+et+v; (KS) 


(4) 
n+ petty; (Kes). 


If we assume a smaller mass for the x” than (1), some of the processes of (2) 
and (3) become possible. However, since our main interests are in the 7” which 
can influence largely the electron spectrum of the K-meson decay, we discuss only 
the case of 2” with mass ~;,—™,. 
(i) K,*-mode 

First we discuss the case of K,j. Since in the K,3, the energy released is 
small, it will give relatively small contribution. The available maximum energy of 
the electron and muon in Kj are given in Table I. 


Table I Available maximum kinetic energy of electron and muon in Kia 


Mass of 2% (Mev/c?) | 330 | 360 | Ordinary Kj; 
7 | 136 (Mev) 228 
42.4 134 


Es 
ws! 


* There appear two neutral mesons with isotopic spin 0 in the composite particle model, 
my’ = 7g (Pp+iin— 24d) and 110 = (Pp tint Ad). Our 2” here considered could be either 77°” 
or II” if it is pseudoscalar. Another possible spin-parity assignments for the 70’ meson which could 


give a consistent interpretation of K,3* spectrum is 1+. In this case the most rapid decay mode 


of 2” would be 2¥—>r°+T. 
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The present experimental distribution of the electron energy in K,* shows the 
characteristic features: (a) the bimodal distribution and (b) the preponderance of 
the low energy electron. The experimental data” are given in Fig. 1 together 
with the theoretical curve of the combined spectrum of K, and K,;,. 


Number of events/20 Mev. 


0 50 100 150 200 250 (Mev) 
Kinetic energy of electron 


Fig. 1. Theoretical and experimental energy distribution 
of the electron in K,* decay process. 


The combined spectrm of K,3 and K,3, will generally show the bimodal feature 
and produce the above experimental features. We have applied the 7?-test to the 
theoretical spectrum of V-A Fermi interaction when the effective coupling constants 
are approximated by the momentum independent constant. 


Table II y?-probability for the combined spectrum of Kj, and K3, 


Bree Oe mip inne lh flee ae ie 8 | 
Mass of a tare a : | 4 2 * 
0.0004 0.02 0.15 0.38 0.30 
2 
330 Mev/c (0) ** (0.05) (0.20) (0.45) (0.80) 
; 0.008 0.04 0.15 0.23 
360 Mev/c (0.02) (0.08) (0.18) (0.33) 


a ee 
* FY and F’¥ are the effective coupling constants of the vector interaction in Kj, and Ky, 
respectively. 
** The figures in the brackets are the branching ratio K{3,/K%.. 


As is seen in Table II, the combined spectrum of K,j and K,j, with 2” of 
mass 330 Mev/c’ and the mixing ratio F’”/F’=3 gives a good fit of 7°-probability 
~0.4. In this case the high energy/low energy ratio of electron is 0.84 (the ex- 
perimental data ~0.65). This is a fine improvement on the V-A theory if we 
recall the fact that the V-A Fermi interaction with Ke mode alone gives such 
poor correspondence with the experiment as the 7?-probability 0.0004, taking the 
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momentum independent effective coupl- q Dendiiviok 
ing constant. (If we permit the very ¥ aoc fmalisiaics 
strong energy dependency for the 5 = eS AS 
effective coupling constant the fitness f Kyat Bee 
of the V-A theory with K.j mode Pa 
alone can be improved only as far as 8 
0.07 at most.) * % 

Here we note some differences 2 5 
between (a) the spectrum of the V-A Z 
theory with K.j and K,.3, modes and 
(b) the spectrum of the S-T' theory ' — a 
with Ke mode. The main difference ‘ Kinetic energy i muon pe 
is in the location of the second peak. Fig. 2 Theoretical and experimental energy 
In (a) the second peak will be at distribution of the muon in K,,,* decay 
<180 Mev, and in (b) it will be at process. 


+180 Mev. If the clear second peak 
appears in experiments and its position can be determined, it can be answered which 
of (a) or (b) is right. 

The K3 spectrum will be much different from the K,* spectrum, if the K,s, 
exists, since in the former case the decay mode corresponding to the Ks, will not 
appear. 

(ii) Other modes 

Next we shall discuss the effects of 7°” on other decay modes of the AK-meson. 
The K,,,, mode is possible if m,o,<™x—M, and contributes to the energy spectrum 
of the muon at low energy. The curve of K,3+K,%, for the x” of mass 330 Mev/c* 
and the effective coupling constants F’”/F"=3 is given in Fig. 2. It fits well 
to the experimental data”. 

If moo <x+—Mn+, the process K*—>7* +2" is energetically possible. This may be 
the contaminating process to the 7/ if x0, > 270 Mev/c’, and the z* energy spectrum 
has a peak at the corresponding energy of z* in K*—-2*-+7" (for example, the 
kinetic energy of z* is 16 Mev/c’ for 330 Mev/c? 2”) if the Kaz, process is not 
greatly suppressed. The branching ratio of the Ky, to Ker is (for the direct 


coupling without the derivatives) 


* One may have an impression that it is necessary to take a large F’/F in order to obtain 
good fit with the Keg experiment, and this might conflict with the symmetry consideration of Ikeda 
et al. and also with the information on the nuclear force at low energies. However, this will not 
be the case. Within the scope of the global symmetry of p, n and A (this symmetry will be 
violated by the electromagnetic interaction and A-nucleon mass difference in reality) (F’/F)? may 
be taken to be 8/3 if we assume n”=[1’. This gives the x2-probability of about 0.02 for the 2” 
of mass 360 Mev/c? which would be taken as a satisfactory improvement for the V-A theory if we 
consider the fact that F’s could have energy dependence. In this case 2% contribution to the 
nuclear force will probably not produce any serious problem. We thank Dr. W. Watari for his kind 


information of this point. 
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Keg Kige gt py ps (5) 


where y(g’) is the effective coupling constant of K,+(K2t,) and p(p’) is the z°*- 
momentum. The present experimental data on the <’-energy spectrum show that 
the K,,, mode is greatly suppressed compared with the K,, mode or the mass of 


WW 


TO! MM nor > MR — Mn: 


§ 3. Some remarks on 7°’-meson 


Now we. discuss the decay of the 2”, which is closely connected with the 
observability of the 2”. Since the strangeness of 7” meson is zero, it can decay 
into pions+photons very rapidly. However, the rapid decay of the following 
modes will not occur. 


R= $27, (6a) 
> 37, (6b) 
sm +y7, (6c) 
> 27°+7. (6d) 


(6a) is forbidden by the pseudoscalar nature of 7”, (6b) is energetically forbidden 
if Mor <3m-,,* (6c) is strictly forbidden, since it cannot conserve angular momentum, 
and (6d) is excluded by the charge conjugation invariance requirements. The 
allowed modes will be 


x! >»nz*++n7 +7, (7a) 

> 27. (7b) 
It is very interesting to study the branching ratio of (7a) and (7b). When the 
decay mode (7a) is overwhelming to (7b), the K-decay event seen as if the K- 
meson decays into 7*+27+e would be observed, since the 2” emitted in the K,j;, 
process will decay into 7*-++-72~+7 very rapidly. If this is the case, the analysis of 
the preceding section will no longer be held, since the K,* data consists of the ones 
K*—e*+??+?". Such an event seen as if K*—e*-+72*-+77 has not been reported 
so far, though it might be confused with the three charged pions decay of K- 


meson. We shall estimate the decay probability of (7a) and (7b) by taking the 
following matrix elements that satisfy the gauge invariance requirements, 


We (x! > a* =a +7) = (22)*0*(P—p—q—hk) CG" (Wa Caves Fou Pee (8a) 
WM (2” > 27) = (22)*0*(P—k—k’') 2 f’M €iupe ens ie (8b) 


where e and G are the coupling constants of the electromagnetic interaction and the 
pion-nucleon interaction respectively. P,, p, and q, are the energy-momentum vector 


* The rapid decay of the pseudoscalar x” meson into three pions is forbidden by the isotopic 
and charge conjugation invariances. 


= | 
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of x”, z* and z- and F,,=k,ey—k,e, where k, is the photon momentum and é, 
is the polarization vector. M is the quantity having the dimension of mass and 
is inserted to make f and f’ dimensionless constants. The calculation gives the 
decay probability for these processes, 


m7 [2 
Ms Aa. Gt \o 16 leo \et 1 3 
wn" 2+ 4+n- +7) =~ ( f x0 d of a ee 
7) An \ Ax 3 f M \ pop 2 “ 
X za (Mor +MNz — 2M zor Po) ear (9a) 
2 2 2 

w (n> 27) = Ce 2 An mao ( 1a . 9b 
7) =(S) parse (a (9b) 


From (9a) and (9b) we obtain the following value for the branching ratio of 
these decay modes for the 7” with mass 360 Mev/c’, 


ty (fe AT) ey 210-4 
w (n> 27) : 


if we assume M=nucleon mass, G?/47=15 and f=/f’. This is a rather remarkable 
result, since 7”—2+-+27>+7 is the process of order e, while 7”’—>27 is of order e’. 
In spite of the crudeness of the above estimation we may accept 


wr’ >nrt+n-4+7) éi1 
w (x! > 27) 


and the process 7”—>27 will be the dominant decay mode of 2” decay. This is 
consistent with the experimental observation. To find the evidence of x” in Kj, 
it is necessary to carry out the experiment by using the bubble chamber. 

We have discussed in this paper the behavior of the nm” in the weak decay 
process. The introduction of the pseudoscalar neutral x” with mass 700 m, improves 
the situation of K,* decay process and brings no difficulties so long as the weak 
decay process is concerned. Another important aspect of the 2” is its effect in 
the strong interaction. If the existence of 2” is real, the evidence may be obtained 
more easily in the high energy phenomena. In this respect we only note that the 
heavy 7” discussed in this paper will not affect the low energy pion physics and 
the existence of resonance states of isotopic spin 1 /2 in the pion-nucleon scattering 
around 1 Bev is interesting in connection with the iso-singlet 7”. 

Finally it should be stressed that the 2 introduced here is a logical conse- 
quence of the composite model for the strange particle which gives us the natural 
understanding of the existing mass level of baryon and meson system and gives a 
clue to the law of their mutual transformation. 
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The properties of the pion-pion interaction are discussed by the use of dispersion relation 
techniques. New dispersion relations for the pion-nucleon scattering are obtained, by applying 
the reduction formula to the initial pion and final nucleon operators. In each of these 


dispersion relations the absorptive part is divided into two parts, one of which is written 
as an integral of the pion-pion scattering-amplitude multiplied by a certain matrix element 
similar to the pion-nucleon scattering-amplitude, while the other is written in terms of the 
phase shifts for the pion-nucleon scattering. Therefore, if the pion-pion scattering-amplitude 
is expressed in terms of unknown parameters, such as scattering lengths and effective ranges, 
their values can be determined by the use of these dispersion relations. Thus one can obtain 
some knowledge about the sign and the strength of the pion-pion interaction. In this way 
we are led to the conclusion that, in the isotopic spin state J=0 of the pion-pion system, the 
pion-pion interaction is attractive and its strength is such that the scattering length for the 
pion-pion scattering is of the same order of magnitude as that of the pion Compton wave 
length, and that, in the isotopic spin state J=1 of the pion-pion system, the interaction is 
also attractive and is of the strength at least comparable to that of the pion-nucleon interaction 
in the (3, 3) state. 


§ 1. Introduction and summary 


From the existence of the strong pion-nucleon interaction, the existence of 
strong pion-pion interactions is theoretically expected. Such an interaction, if it 
exists, will play an important role in the various pion phenomena such as the 
pion-nucleon scattering, the electromagnetic structure of the nucleon, the multiple 
production of pions from a nucleon, and so on. Unfortunately we have neither 
experimental nor theoretical methods to attack this interaction, hence little has been 
known about this until now. Since a nucleon has pion cloud around it, the pion- 


nucleon scattering must include the effect due to the pion-pion interaction. If this 


effect can be separated, the analysis of the pion-nucleon scattering will give some 
information concerning the pion-pion interaction. Indeed, this separation is possible, 
if one uses new dispersion relations for the pion-nucleon scattering, which will be 


explained in this section. 
As is well known, the amplitude for the pion-nucleon scattering can be written 


in the form 


T (pa, Roto pi> Ry i;) 
=u (pz) {80 ges (1/2) [74, PulAw 


as ~ 


=e} 


5h 
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+ (4/2)7 Fa +h) [Sqn Bo + 1/2) [o> Fa] BO} u(p.), (1-1) 


where p, and &, are four-momenta of the initial nucleon and the pion respectively, ps 
and & are those of final ones, and 7, and i, are charge indices of pion before and 
after the scattering. A) and B® are functions of two independent scalars com- 
posed of the four-momenta /~1, /», k, and k,. Usually the independent variables 
are taken as: 
v= — (pi + p») (ki + ke) /4M, = (Ry — kp)?/4. (1-2) 

Then it is proved that A‘ and B?, as functions of v, are analytic in the upper 
half of the complex v-plane. The ordinary dispersion relations” are obtained from 


this fact. 
In order to get alternative dispersion relations, we write the scattering ampli- 


tude as 
T (pry hairs prs bis) =—i(2puko/M)""| dx exp[—i( pth) 2/2] 
XH (pr) (Rote|4 (x) [9 ("/2), On (— 2/2) ] 
—8(x»)[4 (2/2), ba(—2/2)|hr), (1-3) 
with the abbreviations : 
g= (78/Az+M)$, Om (—O) Gs, 
where ¢ and ¢, are the Heisenberg field operators for nucleon and pion respectively. 


Using (1-3), and taking the Lorentz frame in which p,+k,=0, we can prove in 
the usual way that, if A* and B® are written as functions of the two variables, 


w= — (prthi) (fith:)/4M and o?=—(p,+k)7/4, (1-4) 


they are analytic in the upper-half of the complex w-plane for fixed valuse of o°. 
The proof is not rigorous, as in the usual treatment, and, moreover, it can be 
carried out only for a restricted region of o*. However, we have found that 
the first few terms in the perturbation expansion of the scattering amplitude actually 
satisfy this analyticity property for any fixed o°. Therefore we will assume this 
in the following. 
Denoting the total kinetic energy and the scattering angle in the center-of-mass 
system by w and @ respectively, we have 


(w+M+p)?/2=Mo+0=My ++ (M?+/") /2, (1-5) 
Pleas 2(Mo-+o’) (Mw—c"’) 
; [Mo+o— (M+ p)?/2][Mo+o?— (M— p)?/2] 


Ax? | Mv + «7+ (M?+ p*) /2] 1-6 
(Mv-4¢— Mp) (Mv-+e-+Mp) pas 


_ The physical region is determined by the conditions w=0 and —1< cos 6X1. 
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Fig. 1 Physical and unphysical regions in the w—o? plane. 
Various lines are determined as follows: 
AB: cos#=1 
AC: cos#==—1 
DE: Mo+c?=(M+yp)?/2, i.e. w=0 
PQ: Mao+o2?=M?/2 
RS : w=w,, where w, is the resonance energy. 
XY: &f—Mo=2yp', i.e, A=—y? 


This is represented in Fig. 1 by the area shaded with horizontal lines. 

The absorptive part of the scattering amplitude is obtained from (1-3) by 
replacing (x) by —i/2 and by dropping the term with 0(2). Then, the absorptive 
part is the sum of the following two terms: 


F,=— (1/2) (2pwkw/M)'"| d' x expl—i( path) 2/2) 

XH( ps) Chaialg (2/2) On (— 2/2) |p), (1-7) 
F_= (1/2) (2pyohn/My""| d'ex exp[—i(p.+&s) 2/2] 

XH (pr) (Ra is|On, (— 2/2) 9 (2/2) | Pr | (1:8) 


First, we consider F... Introducing the complete set of eigenstates |n) of the total 


energy-momentum operator, we may rewrite F. as 
F,=— (1/2) (27) * (2 Pro Roo/M )™!” 2 0* (Pa— pi— fi) 
XH (pr) (hota| 9 (0) 2) (2|Ox, (0) |Pr?, (1-9) 
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where P, is the total energy-momentum of the state in». Only the intermediate 
states with nucleon number one give nonvanishing contributions to F,, of which 
the total mass is [— (fi+4,)’}'”. Among the states with nucleon number one, only 
the single-nucleon state has the discrete mass M, and all the others have masses 
M,, continuously varying in the region M,=M+y. We denote the contribution 
of the single-nucleon intermediate state by F® and the rest by F{°, writing 


PSE e ore, (1-10) 


then F” is different from zero at —(p,+h,)’=M’, and F,? does not vanish, 
only when — (~,+4)’2(M+p)*. FY is easily calculated, and is given as 


F2)= (xg2/2M)0(w+o?/M—M/2) 


Xu (pr) (i/2) 7 (ki + ke) ieee (1/2) [Ts an uw (pr) > (i-11) 


where g is the renormalized and rationalized pseudoscalar coupling constant. This 
is different from zero only on the line PQ in Fig. 1. The region in which F bg 
is different from zero is determined by the condition 


w= [(M+p)?—207]/2M, 


because — (f:+h,)?=2(Mw+o’). This region is to the right side of the line DE 
in Fig. 1. Especially when point (w, 0°) lies in the physical region, F{ can be 
written as 


1 ps) {9st Im A“*? (ew, o*) — (1/2) [7., t,] Im A (a, 07) 
+ (G/2)7 (hi + Re) (On, 1m BY (@, 0) + (172) [eae Fa]ImBO (cw, 0°) }} w(pr). 


(7213) 


Moreover the imaginary parts can be expanded in the partial waves. Lehmann” 
showed that this partial wave expansion is valid in an area larger than the physical 
region. This region is shown in Fig. 1 by the area shaded with vertical lines. 
More strictly speaking, F‘’ has the expression obtained by omitting the single- 
nucleon intermediate state from (1-9). By virtue of this expression one can show, 
following Lehmann, that (1-12) holds in the above-mentioned region provided that 
in the right-hand side Im A* and ImB™? are being expanded in the partial waves. 
Since the outside of this region is found to be not important in our dispersion 
relations, we will use (1-12) for all values of w and oa”. 

Next we write F_ in the form similar to (1-9). Since operator 7 lowers 
the nucleon number by unity, the intermediate states must have nucleon number 0 
and the total mass of these states is [—(&:—,)”]'”. Moreover, among the ster 
mediate states consisting of pions, only the intermediate states with even number 
of pions contributes to F_. This follows from the invariance under charge conju- 
gation and a rotation around the 2 axis in the isotopic spin space. Therefore, the 


"= 
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least massive state is a two-pion state, and consequently F_ differs from zero only 


when — (k,—,)?=4/?. F_ can be written analogously to (1-1) in the following 
form : 


Beaatp) {Panu (o, eee (92) Saisie ep, 10) 
+ (2/2) 7 (Rit Ra) [024,00 (a, 7) + (1/2) [7e.. T2] 0S (a, *) } ONY (1-13) 


Since — (k,—k,)?=2(c?— Mo), u'* and v® are different from zero only when 
wX(o°—2y’)/M. In Fig. 1, this region is to the left side of the line XY. 
From the above consideration, we have the following dispersion relations” : 
Re A™ (a, 07) = (P/z) | dw'Im A* (w!, 0) /(w!—w) 
((M + 2)2—2627/2M 
OES ; 
+ (1/7) \ dw'u™ (w', o)/(w'—«), (1-14) 
ReB®(w, 0?) =—9'[1/(2Mw+20?—M?) +1/(40?—M— 249] 
4 (P/n) \ Tell BO (a. 6) (lw) 
C(af + w)2+202)/2 
(o2—22)/M 
+(1/z) \ do! v* (a!, 0°) /(a'—w). (1-15) 


=o 


Here, no subtraction has been made. The first term between brackets in the right- 
hand side of (1-15) comes from F{’. The second term does not depend on w. 
We have added this term so that (1-15) holds in the lowest order perturbation | 
theory. But it may be doubtful that the coefficient of this term is really the square 
of a renormalized coupling constant, g’. To avoid this ambiguity, we will carry 
out one subtraction in the above dispersion relations. 

Let us consider the last terms in (1-14) and (1-15). Owing to the denomi- 
nator of the integrand, w‘*’ and v®) at small values of |w| are important in these 
terms, and this becomes surer if the subtraction is carried out. Now, for small 
values of |w|, the most important contribution to F_ comes from the two-pion in- 
termediate states. Indeed, for 2/2—o?<—Mw<8?—o’, only the two-pion inter- 
mediate states contribute to F_. (For —Mw=8/?—o”, contribution of the four-pion 
intermediate state appears.) Therefore, we approximate F_ by the contribution of 
two pion intermediate states. Then we have 

F_(psa, Rate; pr, ky) 

= (1/4) (27)? (2p kao/M "23 | dhe! dla! O*(by— hy hi! Re) 


X (ha in|Or, (0) |r! ts’, Ba! in!) U(r) Chi! ts Ba! tn! |9 (0) | pr- (1-16) 
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Here, the integral over intermediate states should be understood to be the average 
out” states. The matrix 


ce 


of the integral over “in” states and the one over 
element of O;,(0) in (1-16) is the scattering amplitude for the pion-pion scattering, 
and is written by the requirement of Lorentz invariance in the following form : 


(Ba ia|Oq, (0) |i" iy’, Ra! ig! in} 
= 321 (Shap kip hah) "2 {La (—n", €) (1/3) 8.8 ey 07 
Ae Fae Ware atOne die a Pero 
bre (panei Oy Oc apaiatt Seal ee) 
= (1/8) aiaBer wl} (1-17) 


where 
Kr (R,’ +k!) 2/4, c= (Ry! + Re! — 2ke) (Ry! — Ry!) / 4. (1 3 18) 


Here, L; is a Lorentz invariant scattering amplitude in the state where the total 
isotopic spin is J. This is related to the pion-pion phase shifts 0,, as 


Lj(w2, k2 cos?) = (w./k.) >} (21+1) exp (20;,,) sind;,, P; (cos4), (1-19) 
Z 


where w, and k, are energy and magnitude of momentum of either pion and @ is 
the scattering angle in the center-of-mass system. The sum over 7 should be 
understood as the sum over even 7 for even J and the sum over odd 7 for odd I. 
This follows from the invariance of the matrix element (1-17) under the exchange 
Of 1k, 2,/ and &,'2,': 

It is easily found that L, does not contribute to F_. This follows from the 
fact that the system of a nucleon and an antinucleon cannot have a total isotopic 
spin larger than one. 

Next we assume that all the terms with 7>1 can be neglected in (1-19). 
The assumption may be reasonable from the following reason. The range of the 
pion-pion interaction.is considered to be (2/)~' at most. Then the condition under 
which the d-wave plays an important role in the scattering is that k,>4y, which 
is also written as MwXo*—34y’. From this, we see that for small values of Jol, 
the d-wave can be neglected more safely than the contribution of four-pion inter- 
mediate states which has already been neglected. For s- and p-waves, we write 


Ly (w,") = (w./k.) exp (109) sind, ; (1-20) 
L(w2) = (a./k?) exp (id;) sind;, (1-21) 


where we have written 0) and 0; in place of 0) and 0,, respectively. Then L, 
and L, become 


Ly(—«?, €)=h(—«"), Ly)(—0", €) =3n7h,(—x)€. (1-22) 


At low energies /, and i can be characterized by a few parameters such as 


; o5 i 
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the scattering lengths and the effective ranges. Therefore, if the matrix element 
of 7(0) in (1-16) has been calculated, and if F_ and, consequently, w«* and v™ 
can be expressed in terms of these parameters, then we can estimate these para- 
meters numerically by means of our dispersion relations (1:14) and (1-15), since 
all the terms in (1-14) and (1-15) other than those containing w‘*’ and v*’ can 
be computed by using pion-nucleon data. Numerical calculations will be given in 
§3. The results obtained in this way lead us to the following conclusions: the 
pion-pion interaction is attractive for the both states /=0 and J=1. For the state 
I=0, the scattering length of the pion-pion scattering is of the same order as that 
of the pion Compton wave length. For the state [=1, strength of the interaction 
is at least comparable to that of the pion-nucleon interaction in the (3, 3) state. 

The matrix element of 7(0) in (1-16) can be written formally, as the pion- 
nucleon scattering amplitude, but it must be noticed that the matrix element lies in 
the unphysical region. As has been done in the problem of the electromagnetic 
structure of nucleon, the scattering amplitude in the unphysical region can be 
related to that of the physical region by virtue of the ordinary dispersion relations” 
and the expansion in the partial waves. In § 2, we first calculate the matrix element 
in question in this method. In this calculation, however, as has already been pointed 
out,” we have to use the partial-wave expansion in the region where its convergence 
has not been proved. To avoid such an unjustified procedure, we next make in § 2 
a calculation in the static theory. We shall see in §3 that both calculations yield 
qualitatively the same results. 


§2. Calculations of u‘* and v™? 


By the requirement of invariance, the matrix element of 7(0) in (1-16) can 
be written in the form 


Ui (po) (ha! ix’, he! is! out|9 (0) | pr? 
= — (1/2) (pro kis hos)? (pa) |= Beye AY, ) 
— (1/2) [tury tevrJAP OM, #) 
+ (4/2) 7 (Re! — ha!) [Oca x1 By Ke) 
+ (1/2) [Fars Far BO Oe") I} apr), (2-1) 


; 


where 
y= — (pit pe) (ko! — ky!) /4M 


and «” is given by (1-18). If the “out” state in the left-hand side is changed 
into “in” state, A%) and B in the right-hand side are changed into their complex 
conjugates. This follows from the invariance under charge conjugation. For the 
same reason, if the “in” state in the left-hand side of (1-17) is changed into the 
“out” state, L,’s in the right-hand side are changed into their complex conjugates. 
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Taking account of these facts, we substitute (2-1) and (1-17) with (ive) into 
(1-16). Transforming the three-dimensional integrals into four-dimensional ones 
by adding the delta-function 0(k?+/") to the integrand, and carrying out the inte- 
gration over k,’/+,’, we have 


Fond Phd ONE) 
= —(1/z) | d'Q0 (bap by + 2Q0) 4 (er — Rao = 2) 
x 0(Q? +47 +p?) d[— (k.— ki) Q] 
XH (p:) ee Re(h*(—@) AM (4, )) 


+ (1/2) [T.,, tz, | Re (at ¢ —’) A (0, «7)) (3 (Ri +e) Q/2p") 
oF i7Q| Oin¢,Re Cre rp, K’)) 
+ (1/2) [Te Ta Re(A* (—#?) BO 0, «)) (3 (Air + 2) Q/2p") Ife (pi), (2-2) 


where 
= (ki— ke)? /A, y= — (ji + p2)Q/2M. 
It follows from (2-2) that 
uv (w, 07) =0. (2-3) 


This is shown as follows: comparing (2:2) with (1:13) we see that only the 
term with factor B“? in (2-2) can contribute to v‘*?. This term contains 7-matrices 
only through the factor 77Q, and depends on Q only through 77Q and (p,+/,)Q. 
Taking a particular Lorentz frame in which k,—k,=0, we carry out the integration 
over Q). Then Q, in the integrand becomes zero on account of the delta-function 
OL (ki—k:)Q], hence i7Q and (~,+p.)Q become iyQ and (p,+p.)Q respectively. 
Therefore, on carrying out the integration over directions of Q, the term under 
consideration contains 7-matrices only through the factor iy(p,+p.), which becomes 
iy(fi+p.) in the general Lorentz frame, because we have f+ f2=0 in the Lorentz 
frame where k,—k,=0 on account of the relation (k,—&,) (p:+pf2)=0. However, 
i7(Pitp2) reduces to —2M because of the Dirac equations satisfied by u(p,) and 
u(p.). Thus the term in question does not contain 7-matrices ultimately, and does 
not contribute to v“?. This proves (2-3).* 

As was mentioned in §1, (2:2) has been obtained under the following 
approximations : contributions of all the intermediate states other than the two-pion 
states are neglected in F_ and all the partial waves higher than the p-wave in the 
pion-pion scattering amplitude are neglected. Therefore (2-3) is a consequence of 
these approximations. Since (2-3) makes the integral containing v‘*) in (1-15) 


* Though we are considering the unphysical region (k;—k,)2<0, the “real” Lorentz frame in 
which k,—k,=0Q does not exsist, unless w and o? satisfy a certain condition. However, we have 
verified for the first few terms in the perturbation expansion that the formal procedure used here 
always gives the correct results. 
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vanish, the numerical difference between ReB) and a sum of the Born terms and 
the integral of ImB“? in (1-15) will give an idea about the error caused by our 
approximation. 

In order to proceed further, we must calculate A“? and B“ in (27-1). 
Perturbation theory is not adequate for our purpose, because this theory cannot 
describe the behavior of s-wave pions correctly, and consequently it will yield 
incorrect results particularly for A“ and B. We therefore adopt the following 
two methods, the one is the use of the dispersion relations, and the other, the 
static theory. 


a) Calculation with the Dispersion Relations 


The matrix element (2-1) can be regarded as the amplitude for an, unphysical 
pion-nucleon scattering, in which a pion with energy-momentum —fy’ is scattered 
into the one with energy-momentum &;. Therefore, it is formally proved that 
A) and B® in (2-1) satisfy the dispersion relations for the pion-nucleon scattering 
given by Chew et al.” By means of these dispersion relations A® and B™ can 
be expressed as the integrals of their imaginary parts in the region where the 
energy is physical but the scattering angle is’ unphysical. (When the variables »’ 
and «” are transformed into w and cos@ by the use of (1-5) and (1-6) with 
vy! and «” in place of v and «’, this region is in which w=0 but |cos | >1.) 
In spite of the unphysical scattering angle, however, these imaginary parts can be 
written in terms of the phase shifts in the physical region by means of the partial- 
wave expansion of the former. In this way we can compute A™® and B® using 
experimental phase shifts. This method has already been applied to the problem 
of the electromagnetic structure of nucleon by Chew et al. and Federbush et al.” 
In the present case one should be more careful about the convergence of the dispersion 
integrals than in the case of the nucleon structure, because we must calculate all of 
A® and B®, while the form factors of nucleon involve A‘? and BoRnoniy 
Therefore, we use here the subtracted dispersion relations : 


co 


A} (/, kK”) = A) (, K’) Ee (1/n) | dv! Im A (o" K*) 


x {1/O%—v!) 1/0" +H) =1/ 0") FI" HH) 5 (2-4) 
BOO, 2) =BO(, @) 
+ (g°/2M) {1/ en) F1/ Yet ¥) —1/ Un) + 1/ (+) | 


foe) 


+ (1/2) \ dv!Im B® (v", ) 


vo 


x {1/ oP) F1/ +H) 1/9) 1/440) | (2:5) 


where 
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y=ev—-K/M, ve= — 2/2M—%/M. 


In the present case, it is not necessary to add an infinitesimal imaginary part to 
each of. the denominators in these formulas, because, on substituting them into 
(2-2) and combining terms appropriately, all the denominators become positive 
definite. In fact, this is true only when «+M’>0, i.e., w> (o?—2M")/M. This 
condition is the one under which the intermediate states including nucleon-antinucleon 
pair does not contribute to F_. We may consider this condition to hold, since in 
later calculations we shall cut off the integrals of w*? and v‘*) at w/=(e°—2M 2) /M. 

It should be noticed that the meaning of Re in (2-2) must be reinterpreted 
as to take real part of the whole expression in order to obtain correct results ; 
otherwise wt) and v would become imaginary. It is verified that in the lowest 
order perturbation theory correct results are obtained, indeed, by this treatment. 
Then, it is found that uw and v™ contain only the real parts of J and d,. 

We expand Im A and Im B®? in (2-4) and (2-5) in the partial waves 
using the formulas given in reference 1), and neglect all the partial-wave amplitudes 
other than the (3-3) amplitude, for which, following Federbush et al., we make 
the narrow-resonance approximation : 


P (Mel +0)2—Me 
I " 2) Datel. ( 
mie = ent oMul 4 2e 4p M+ 


X {1+ (w,/M)}0(2Mv" + 21?+ Y—2Mw,—w,’), 


where w, is the resonance energy in the center-of-mass system. We take w,=2p. 

We also expand A‘*)(%, «) and B(»,«) in (2-4) and (2-5) in the 
partial waves. Because of «’0, all partial waves appear in these expansions. 
However, we neglect all of them other than s- and p-waves, and for the latter 
phase shifts we use experimental values reported by Puppi at the CERN Conference 
in 1958”. 

Here the final expressions of w‘*) and v‘*) are not written, but the numerical 
results will be given in § 3. 


b) Calculation in the static theory 


Chew and Low® and Miyazawa” have developed techniques by means of which 
various matrix elements are related to the pion-nucleon phase shifts under the 
assumption that nucleon can be regarded as a fixed and extended source of pion 
field and that pion-nucleon interaction is described by a particular Hamiltonian. 
Extending the basic idea of these authors, we now calculate the matrix element of 
7(0) appearing in (1-16). 

From the definition of 7(x) we have in the nonrelativistic approximation 


U(p2, f)9(%, t) =X," (—10/dt+M) (x, zt), 


where f is the spin index which has been suppressed up to this time, and %, is 
the two-component spin eigenfunction of the final nucleon. From this and 


! aie Rated tp shies 
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(x, t) =exp (iH) ¢(x, 0) exp(—iHt) 
(H is the total Hamiltonion), it follows that 
U(pr, f)<ki', Re! out|7 (0) |pi, 7) 
= (Rio + Roo) £7" Chr’, Re! out | (0) |Pr, 7), (2-6) 


where 7 is the spin index of the initial nucleon, and the charge indices of pions 
have been suppressed. 

We expand the Heisenberg field operators at t=0 in the Fourier series as 
follows : 


f(x, 0) ai vs! Ay 3X exp (7px) ? 


d(x, 0) = 3} (2e,) [ap exp (ikx) +a,* exp(—ikx)], 
(x, 0)=—i 2 (co,/2)"?[ a, exp (ikx) — a,* exp(—ikx)]. 
We call the eigenstates of the occupation numbers A#{A,,; and aja, as the bare- 
particle states and write them as |:--bare). For example, 
|p, j barey=AZ,|0), |pj; & barey=—A;,a,*|0), 
|k,, Rk, bare) =ap ag 


where |0) is the vacuum state for the bare particles. 
By the substitution of the Fourier expansion of ¢ the matrix element in the 
right-hand side of (2-6) is rewritten as 


hai 4 ue k,! out | p (0) |Pr a, = ere k,! out | Aps|Pr ly 
where p=p,—k;/—ky/. We approximate the right-hand side of this by 


0» and so on, 


(1/2) 32 Ch! ha! out| Ry!” ha!” bare) (hy! by!” bare| Ayr| psi). 
kal ko! 


Then, because of the commutativity between A,, and af the second matrix element 
becomes (pf; fi’, ka!’ bare|p,7), which is more simply written as CP kyl, hal’ baxele) 
in the static theory. Thus we have 
u(pr, f) <hr’, Ra’ out|y (0) |i, 7) 
= (Riot hoo) <f 5 Aa’ Ra! bare|7) 


+ (hist) (1/2), 33 {hsls fa! outs”, hy” bare) 
rie Ores kal? Dregs 1 he ee Ores Keal! Oras nur} Hae Ai kel! bare} in (2 ’ 7) 


The appearence of the last term is due to pion-pion interaction. In the static 
theory, however, this term can be dropped for the following reason: It will be 
found later that the matrix element ¢f; hi’, hy! bare|7) is proportional to (ki +a); 


. ‘e 
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so that the factor (k:j+4s) in the right-hand side of (2-7) disappears in the 
frst term but survives in the second term. After the substitution of (2-7) into 
(1-16), this factor becomes ko —hyy On account of the delta function. But in the 
static theory the energy conservation yields hkoy—Ri=0. Therefore, we may write 


Zi(po, f)<ki', he! out|7(0)|p1, 7) 
= (ki +h) Cf; i’, Be! bare|z). (2-8) 
For the matrix element in the right-hand side we further make the following 
approximation : 
Cf; ki’, Re! bareliy=(f; he! bare|az,,|2) 
= > Cf 3 he! bare|j) (j|an.|t) 
qos oh agate 5 in) (j 3 R in|ag,|2), (2-9) 


where |7) is the single physical-nucleon state, and |j; % in) is the scattering state 
of a nucleon with spin j and a pion with momentum k. The sum in the last 
term should be understood as half the sum over “in” states and “out”’ states, 
though we have not written this explicitly. (2-9) is so-called the one-meson 
approximation. 

We assume that only s- and p-wave pions interact with the nucleon. To 
avoid too lengthy an explanation, however, we leave the s-wave pions out of 
consideration, until their effects are added to the final results. 

We begin with the consideration of the first matrix element in the last line 
of (2-9). We denote the total Hamiltonian by H, and the free Hamiltonian at 
t=0 by Hh. Then |7; & in) and |f; 2%,’ bare) are eigenstates of H and H, 
respectively. From this fact it follows that 


(f; Re! bare|7; & in) 
=(f; k! bare|7; k bare) + (kyp—ky+7€)7! 
XCf3 Ae! bare||H’+ H'(kk—H+ie)"H’]|7; k bare), (2-10) 


where H’ is the interaction Hamiltonian. On the other hand the corresponding 
S-matrix element has the form: 


(f; ke! out|7; & in) 
=(f; h! bare|j ; k bare) —2770 (ky— kag) 
X(f 3 he! bare||H’+ H’(kk—H+ie)"*H']|j; Rbarey. (2-11) 


In terms of the phase shifts this is also written as 


> 


Cf; Re! out|7 5 & iny=O, jOpy 4 + 2770 (Ry — heh) 
2m (hap) 27 /* 3) fra (ho) Pag (e's BYU, (2-12) 
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with the abbreviation 


fra (ko) = (ho — f°) ~*” exp [7049 (Ro) | sin Fas (ho), 

Py(k', k) = (1/3) tut (o-k’) (o-k), 

Pis(k', k) = (1/3) tu te 3 (Kk) — (o-k’) (o-k)], 

Pa(R’, k) = (Gu 2— (1/3) Te 7%) (o-k’) (ok), 

Ps (k', k) = (Ox ~— (1/3) Tw 7) [3 (k'-k) — (o +k’) (a -ke) J. 
It is seen from (2-10) that the matrix element in the last term depends on &,/ 
only through the factor k,’k,, so long as |k,/|~’ are much larger than the range 


of the pion-nucleon interaction. Therefore, if we compare (2-10) with (2-11), 
and (2-11) with (2-12), we have, to a good approxmation, 


Xf 3 Re! barelj ; & iny=0;59ear,n+ (Reo — ko —t€) 
27 (Rap Ro) 7 7* Dd) hap (Ro) Pap Ra!» 2) 15. (223) 
«8 
In the same way it is found that, if |j; & in) is replaced with |j; & out) in 
the left-hand side of (2-13), hug is replaced with hy,* in the right-hand side. 


Next we turn to the last matrix element in (2:9). This is written by means 
of the well known technique” as 


(75 R out|agy |Z) = — (Ro +h) "<7 5 & out| Visi |2) (2-14) 
with 
Va —|[H’, ayy 
Here we assume that H’ is the same as in the Chew-Low theory”. Then we have 


V*=— V;, so that the matrix element in the right-hand side of (2-14) becomes 
essentially the scattering amplitude. Thus we have 


(j; Rk out|az,|7) 
== (hy-t hyp) 2 (Ro Rw) Ay >» has Ro) Pan (kh, Ra!) Xs. (2-15) 
It follows from the invariance under time reversal that, if (7; out| is replaced 


with <j; in| in the left-hand side, hog is replaced with h,,* in the right-hand 
side. 


The first term in the right-hand side of (2-9) can be written as 
p> Cf bare| Qes|7) (J |de|2)- 


Here we approximately replace the bare-nucleon state (f bare| with the corres- 
ponding physical-nucleon state (f|. Then this term is easily calculated by the 
well-known method”, and we obtain the result 


__ oe re) Te ee eee ee ee 
= 2 - <a - a 
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> Cf 5 ha! bare] j) (J |am|2 


= — 2 (Rah ig) 22 f 2/12) Uy (oH!) (Hea!) Fas Th Lee (2-16) 


where f is the renormalized and nonrationalized pseudovector coupling constant. 
Thus we have expressed all terms in the right-hand side of (2-9) in terms 
of the quantities known experimentally. If the Chew-Low equation” for hag 1S 
used, the result obtained by substituting (2-13), (2-15) and“ (2-16) into (2-9) is 
found to be proportional to (Ai+h) ~~ as was mentioned previously. Further- 
more, this result is found to be symmetric in hk,’ and k,/, though they have not 
been treated symmetrically during the calculation. We substitute this result into 
(2-8), and neglect all hag’s other than /3. Further, we add the terms due to 


the s-wave pions. Then we have finally 
Apa, fk iy, kali! out|9(0)|pr, #) 
= = 20 (highs) P47" {Bar ev| — 1/3) (aa + 2a) 
+ (Iey!-Tey!) (By (hah, fas) +4, (ets Pat) 
sie (ly! X hy!) (B_ (iss bab) 2H Cas, )) | 


+ (1/2) [Fer cw] €/6) CN 
+ (k,! a k,’) Bz (Rig > hoo) iets Nghe (hig > Ro) ) 
4 ier- (ey X er!) (B, (haps Bab) +H, (Bh, as) | Le, (2-17) 


with the abbreviations 


Ba (Rio, kao) = (f?°/) A/Riot 1/k:0) 5 
H(i, bs) = (1/32) | doak'|hesCos) P |1/ (histo) + 1/ (hs tor) | 
where a, and a; are the s-wave scattering lengths. 

In order to treat the s-wave pions in the similar way as for the p-wave ones, 
we have used the generalized Chew-Low theory given by Drell et al.” We have 
therefore assumed that the interaction between s-wave pions and nucleon is described 
by the Hamiltonian used in that theory, namely, 

H/=18)- 6420: (bm) 
where @ is the the integral of @ multiplied by the form factor of nucleon, and 4° 
and # are adjustable parameters. We have neglected all terms quadratic in the 
s-wave amplitudes. 
| We substitute (2-17) and (1-17) with (1-22) into (1-16), and carry out 
the integrations over k,’ and k,/. Comparing the result thus obtained with (1-13) 
we have 
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uO (w, o) = 4a Rely(~e8)[ (+98) /eP | (1/3) (a, +2a) +22 SE? 


Yee 


i ayy 
max ' P 5 A 
=-(G/3) \ dea, R* wx|hs3 (wx) |? aes Se anne Vae— —1)}} ; 
“ ORV —K— pe On 
v™ (a, 0) = —42 M Rel, (—#*)[ (2+ 22) /12]!? 
x {2( F/ 18) / P+ (2/32) \ du, k? wy\hys (wx) |? 
pb 
x (Secu tan Ve #1) 
4 Raa ? 
On — ep ae 


u (w, 07) =— (2M) ~* (Mo + 30?— M?— *) v0 (a, 0°), 
Vv (wa, o yeaQ; 


where 
«= (Mw—o") /2. 
We have carried out the integration over w, making the narrow resonance approxi- 
mation for |/33(w,)|? as in the case a). It should be noticed that in the present 
case one must cut off the integrals containing w'+) and v'* in (1-14) and (1-15) 
at the lower limit (o?—2w,..,.) /JM in accordance with the cut-off in the static theory. 
We take wyax=6. But the results are quite insensitive to the cut-off energy, 
since we use the subtracted dispersion relations. 
Numerical values of the parameters are taken to be 


ape=0173, ase=—0:110, f7?=0.08. 


The numerical results will be given in § 3. 


§ 3. Numerical results and discussions 


In this section we attempt to estimate the scattering amplitudes 2, and /, for 
the pion-pion scattering, using our dispersion relations (1-14) and (1-15). We 
first introduce the following abbreviations : 

kelAv?: A, BS? ssa COP oy, R:, Rs, R,(a, o”) 3 (3-1) 
(P/n) - \ du! /(w!—e)Im[A®, AP; B, BO(w’, 07)] 
[(M +)2—262]/2M 
aes Are a dia, Oo); (3+2) 
(o2—-242)/M 


(1/7) | do! /(w!—w)[u™, uv, ov, vw’, o”)] 


=Q;, Q2, Qs, Qu(e, o°) ; (3-3) 


Mrs 
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=| 1/(2Mo+20*—M") $ 1/ (402-272) |=(BG" ee - (3-4) 


S;(o, 0°) =R(o, o°) —J;(w, 0”) BA8) (wie )s (3-5) 


where 
B,(w, 67) =B;(o,.07) ==). 
Then (1-14) and (1-15) can be written compactly as 
S.(o, 7) =0,(0, 7). =, »>, 4) (3-6) 


To get the subtracted dispersion relations, we differentiate both sides of (3-6) 
with respect to w. Denoting partial derivatives of Ri, Ji, QO, B; and S; with 
respect to. w by Ri, Ji, Qi, Bi and S/ respectively, we have 


SU oa Os (0, Ted tS aes 4). (3-7) 


S/ can be computed by using the experimental pion-nucleon coupling constant and 
phase shifts. On the other hand, Q/ is the integral over energies containing Re ly 
or Red, in the integrand. So using the dispersion relation (3-7), we cannot 
determine the energy dependence of / and i, precisely. Owing to the denominator 
(w!—w)? in the integrand of Q/, however, small values of o’ contribute mainly 
to Q/, so only the J, and J, in a low energy region are significant in Q/. At low 
energies the behaviors of J, and /, can, in general, be characterized by a few 
parameters, i.e., scattering lengths and effective ranges, etc., which provide us with 
good measures for the strength and sign of the pion-pion interaction. By means 
of (3-7), we can estimate the values of these parameters. 

w and o? in (3-7) are related to the total kinetic energy w and the scattering 
angle 4 for the pion nucleon scattering through (1-5) and (1-6). In numerical 
calculations, we set w=0 and cos#=1. If we took w different from zero, we 
would have to calculate the differentiated principal-value integrals, and large errors 
would be unavoidable. On choosing w=0, and cos#=1, R; is found to contain 
only s- and p-wave phase shifts, for which we use experimental values reported by 
Puppi at the CERN Conference in 1958.” Because of inaccuracy of the small 
p-wave phase shifts, considerably large errors appear in R;, In computing J;, we 
first expand Im A® and Im B® in the partial waves, and drop all the partial 
waves higher than the p-wave. For the (3,3) phase shift, we use the empirical 
formula given by Anderson.” In evaluating B;, we take g?/47=14.4. 

The results thus obtained are shown in Table 1. From this table we see that 
S,/ is small owing to the cancellation of two large terms, and this is not the case 
for the other S/. This is a satisfactory fact, since we have v‘*?=0, and hence 
Q./=0. However, the result Q;/=0 has been obtained under the assumption that 
contributions of all the intermediate states other than two-pion states are negligible 
in F_, and that all the partial waves higher than the p-wave are negligible in the 


Properties of the Pion-Pion Interaction 633 


Table 1. Numerical values of R,’, J;/, B,;’ and S;/ at w=0 and cos@=1. Units 
are yw? for i=1,2 and y-3 for 1=3,4. 
a OOOOOOLOLO,LTLOL,L,Q,Q,T 


z RY —J jf , By S;/ 
ee aT. he Se cea a Seg AT ete NN Ree os + Jo 

1 —2.7 | — 7.2 | 0 — 9.9 

2 —5.4 | = 3.6 | 0 — 9.0 

3 | —2.4 —11.5 —11.7 — 26 

4 | —1.5 | = 6.7 —11.7 15.9 


pion-pion scattering amplitude. Therefore, the nonvanishing value of S,/ must be 
due to the effects neglected by this assumption. It is natural to think that, in S,’ also 
there is a contribution of these neglected effects whose magnitude is about the same 
as that of S,’ since S,/ is of the same dimension as that of -S,’.. When we use (3:7), 
this contribution should be regarded as an error in S,’, since Q,' has been calculated 
under the same assumption as above. This error is estimated to be +5, i.e. about 
30 %. (The value of |.S,’| can be as large as~5 on account of error in R,’.) 
Errors of this kind will appear also in S,/ and S,’. Though we have no way to 
estimate them, we will assume these to be 30 % as in S,’. Furthermore, there is 
another error in each S/. This is mainly due to the inaccuracy of R;, and is 
estimated to be +3. Thus the total error is estimated to be +6 for S; and Sj, 
and.$-8 for .5,’.* 

Next we turn to the right-hand side of (3-7). Q; is given by the expression 
obtained from (3-3) by replacing the denominator w’/—w by its square. «‘*’ and 
v'*) in the integrand have been calculated by two methods; the one is explained 
in §2 a) and the other, in §2 b). The former will be referred to as the 
relativistic case and the latter, as the static case. 

We found that O/ cannot be calculated with sufficient reliability, since this is 
a difference of two terms, both of which contain slowly coverging integrals. Here 
we will calculate QO,’ and Q,/ only. 

First we consider Q,’. To perform the integration over w’, it is necessary to 
assume the functional form of ReJ,(—«’) appropriately. In terms of the phase 
shift for the pion-pion scattering, Re /, is written as 


Reh (w2) = (w,/2k,) sin 20), (3-8) 


where w, and k, are respectively energy and momentum of either pion in the 
center-of-mass system, and 0, is the phase shift for the state with 7=0 and J=0. 
Since the range of the pion-pion interaction is thought to be at most (24)—5 
Red, will not change very rapidly for k,<2u. On the other hand, we have 
actually found that the region of w/ corresponding to k,> 2 gives only negligible 


contribution to Q,’. 


* Such large errors are possible, but not so probable. 
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Taking these facts into consideration, we first set 


(ev,/2R,) sin 209= 4 (3-9) 
where 4 is a real constant. Then we have these results 
O,=—5.8 Aye for the relativistic case ; 
15.2 Apt" for the static case. 
Equating these values to the value of S,/ found above, we have 


j,=1.7+1.0 for the relativistic case | (3-10) 


—0.7+0.4 for the static case. } 


From this we can say that 4 is definitely positive. This means that the 
pion-pion interaction is attractive in the state [=0. The reason for this is as 
follows: If the pion-pion interaction is repulsive, % is negative and its magnitude 
is smaller than 7/2, and hence Re J, is negative for small values of &,. Value of 
k, at which Red, changes its sign is at least about the reciprocal of the range of 
pion-pion interaction, which is 2/ in the present case. As was mentioned above 
the region k, > 2/4 gives no appreciable contribution to Qy’. Thus, with the repulsive 
interaction, we would necessarily have a positive O,', which definitely contradicts 
the negative S,’. 

To get a more adequate measure of the strength of the interaction than /, 
we next make the scattering-length approximation ; namely, we set 


(R./ We) cot Og 1/a% > (3 ’ 11) 


where a is a real constant and is regarded as the scattering length, in units of 
po, of the pion-pion scattering in the states J=0. The functional form of Red is 


determined by (3-8) and (3-11), and Q,’ can be computed for any given value 
of a. The results are shown in Table 2. All the values of Q,’ in this table are 


Table 2. Numerical values of Q,/ in the scattering-length approximation. 


Q,/ in units of p-? 
a —— So a - 
relativistic case Etatte 28 
0.5 —4,2 | Sey 64 
1 —5.6 —9.0 
2 —5.4 —6.5 
3 —3.8 —7.4 


smaller in magnitude. than S,/ in Table 1, but, within the error S,/ mentioned 
previously, any of them is in agreement with S,’.. The best agreement is obtained 
for ®%=1~2. If a@>1, it is possible to increase the magnitude of QO,’ to 
some extent by adding the effective-range term to the right-hand side of (3-11), 
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and thus to improve the agreement. On the contrary, if a)<1, the addition of 
the effective-range term will decrease Re J, and the agreement will become worse.* 
Therefore, if a is much smaller than unity, Q,’ can never agree with S,’.. Thus 
we are led to the conclusion that, for the pion-pion scattering in the state I=0, the | 
scattering length is of the same order as the Compton wave length of pion. 

Next we consider Q,’.. We can compute this if ReZ, is given. This is written 
as 


Re Ei (ow?) — (e w,/ 2R,?) sin 20, > (3 7 2) 


where 0, is phase shift for the pion-pion scattering in the state with J=1 and /=1. 
Analogously to the previous case, we first set 


(7 @,/ 2k) sin 20,=4,, (3-13) 


where 4, is a real constant. Then we have 


Q,/=— 60.4 4° for the relativistic case ; 


=—79.8 ApR for the static case. 


From this and the value of S,/ given in Table 1, taking account of the error +8 
in S,’, we get 


4,=0.27 £0.13 for the relativistic case ; 


—=(0-204-0,10 for the static case. 


Thus 4, is seen to be definitely positive. From the same reason as the previous 
case, this means that the pion-pion interaction is attractive in the state J=1. 
Therefore, it is possible that the resonance scattering occurs in this state as in the 
(3, 3) state in the pion-nucleon scattering. 
For the purpose of comparison, we next make the effective-range approximation 
by setting 
(fw,/k) tand,=a,(1—«,/0,), (3:14) 


where a, is a real constant, and w, is the resonance energy. Then we can compute 
Q,' for any given values of a and w,. The results are shown in Table 3. Any 
value of QO,’ in this table is in agreement with S,’ in Table 1 within the error. 
It is seen by the extrapolation that the lower limit of % giving the agreement 
is about 0.1 for w,=3y, and is about.0.2 for w,= ©. Good agreement is, however, 
obtained for a,=0.5~1.0. These latter values of @, are much larger than the 
corresponding values of the (3-3) state in the pion-nucleon scattering, because in 
the latter case we know that the value of the quantity corresponding to 4a, is 


* Since the effective range is in general positive for the attractive interaction, the addition of 
the effective-range term to the right-hand side of (3-11) increases cot do, and decreases dy. If ao<1, 
69 determined by (3-11) never exceeds 2/4, therefore Re /) given by (3-8) decreases with 6p. 
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Table 3. Numerical values of Q,/ in the effective-range approximation 


Q/ in units of 


ay | relativistic case static case 

| O, =3h 07 =O | O,=34 Or =0O 
0.25 | —10.0 | — 78 | —12.0 | —10.0 
0.50 | 212.0 | —12.0 | —15.0 | —13.8 
0.75 | —13.6 | —14.0 | 17.4 | —16.2 
1.00 14.4 | 15.2 | —19.4 | —17.6 


about 0.1. In the present case it is possible that the smaller values of a, are 
sufficient for good agreement between Q,’ and S,’, if more appropriate values of 
w, are chosen. Though we can say nothing quantitatively, we can conclude 
that the pion-pion interaction in the state J=O is the strength at least comparable 
oa to that of the pion-nucleon interaction in the (3, 3) state. 
eis Finally we add one remark. As was mentioned previously, we set w=0 and 
ie cos @=1 in computing both sides of the dispersion relations. Then the path of 
integration over w/ is a horizontal straight line passing through the point A in 
Fig. 1, and consequently it is seen that the partial-wave expansion of Im A“? and 
Im B® made in computing J/ can be justified by the Lehmann’s theorem only 
below the resonance energy. We see also that, if we shift this path slightly above, 
the energy region, in which the partial wave expansion is allowed, is far more 
increased. Indeed, if we set w=63 Mev and cos#=1, this energy region covers 
almost all energies which contribute appreciably to J;. However, we have not 
made calculations with 263 Mev, because, as was mentioned previously, there is 
a difficulty in computing J; accurately, unless w is zero. Instead of doing this, 
we have attempted to justify our calculations with w=0O in the following way: in 
contrast with J;, J; can be computed with sufficient accuracy even if w#0. We 
therefore compute both sides of (3-6), the dispersion relations without subtraction, 
for w=0 and w=63 Mev keeping cos#=1. If both of the two choices of w 
yield the same result, we may consider that the calculations using (3-7) at w=0 
have been justified. For that purpose it is convenient to take 7=1 in (3-6), since 
S, does not contain the ambiguous Born term, and Q, can be computed with much 


f. more reliability than Q,. In the static case Q, turns out to be independent of w 
a if cos? is kept to unity. In the relativistic case, on assuming (3-9), we have 
if O,=23.4 A f2-' for w=0, and Q,=27.0 47! for w=63 Mev. On the other hand 
Me, we have S,=26.6 “' for w=0 and S,=25.4 » for w=63 Mev. From these 
Bes results it can be said our treatment has been justified. 

Hi . . 

Ne The authors wish to express their thanks to Professor K. Nakabayasi for his 
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Effect of strange particles on the S-wave pion-nucleon scattering at low energies is 
examined qualitatively. It is shown that this effect is too small to play an essential role 
in the suppression of the isospin-even part of the phase shift, while this effect is very 
important in the isospin-odd part. 


§ 1. Introduction 


As is well known the iso-even part of the S-wave pion-nucleon scattering 
phase shifts at low energies is too large in the Born approximation of the pseudo- 
scalar pion theory, while as for the iso-odd part the order of magnitude fits the 
experimental value in the same approximation. Provided that the traditional 
pseudoscalar pion theory works in this case, it is expected that higher order effects 
will suppress the iso-even part. Recently one of us (R. S.)” investigated this 
problem using the Chew-Low method. Essential points of his result are as follows. 
As for the iso-even part, the fourth order pion effect (which differs from the fourth 
order effect of the usual perturbation calculation) is opposite in sign with the 
second order one and is so large that the order of magnitude of the experimental 
value can be reproduced by an appropriate cut-off factor (e. g. straight cut-off 
with @nax=8 for S-wave pion and 6 for P-wave one). By the same recipe of 
calculation, however, a similar cancellation unfortunately occurs also for the iso-odd 
part, which then becomes too small. As a result of this the order of magnitude 
of the phase shifts, 9,,. and 03,2, can be reproduced but their signs become both 
negative in contradiction with the experimental values. 

Since the fourth order pion effect cancels the second order one leaving their 
small difference, the sixth and higher order pion effects as well as the effect of 
strange particles become important. The purpose of this note is to examine the 
effect of strange particles. 


The effect of strange particles was previously investigated by Langer” and 
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Nakayama.” However, their treatments do not seem satisfactory, particularly as to 
the higher order pion effects. Namely, they took into account, as the pion 
effect, only the Born term and its iteration and discarded contributions from multi- 
nucleon-pair states. But as was emphasized in I, the virtual states in which two 
pairs of nucleon—antinucleon are contained are very important. Moreover, the 
dependence of the result on the cut-off factor is rather sensitive and should be 
examined deliberately. In the following, new lights will be shed on these point 
at issue. 


§ 2. Method of calculation 


We assume that the baryons N, / and 3, have same intrinsic parities and 
the kaon has odd paritiy relative to the baryons. The parity, isospin and strange- 
ness are assumed to be conserved in the strong interactions. We consider the 
following sets of interactions with the pseudoscalar coupling: NNz, LAist toa 
NAK and NS'K. Their coupling constants (unrationalized and renormalized) are 
denoted by fx, fa, fe, Ja and Jy, respectively. 

The method of calculation is the same as in I. In the static approximation the 
T-matrix element for the S-wave pion-nucleon scattering with isospin J( 21/2, 3/2) 
is written as —27(w,w,)~1h;(w,)- Here q and p are the initial and final pion 
momenta, respectively, and wp=(/?+p")*”, # being the pion mass. The Low 
equation for h;(@) 1s 


Tier a ( [hr(w,) |? baer) 
PAs) paw af ETA) gy eh 5; 
hy (w) = Vio) + | do, por nage nwraae: (2-1) 
pz 


with 


iar eee 
Ane ) 
ee ee fe 


where v, is a cut-off factor. The natural unit (c= —1) ois 
used. The term V,(w) will be called MBT (modified Born 
term), of which the “experimental value” was estimated in 
I by the effective range approach. The calculation of MBT 
was made in I up to the order of fy. We would like to 
emphasize again the difference between our calculation and the 
ordinary perturbation theory. In the calculation of MBT such 
a time ordered diagram as shown in Fig. 1 should be excluded, 
because it is automatically included in the integral term of Eq. © 
“4s : External pion lines 
(2-1) as a repetition of the second order scattering. icky. eee 
Now we calculate the effect of strange particles by ites Magik We: 
lowest order (f2.»9,n) diagrams. We take only the diagram :N, 
of Fig. 2. Other diagrams of this order, i. e. vertex and self- Fig. 1. (time ordered) 
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energy corrections, are considered as absorbed in the renormalized 
coupling constants and baryon masses, though this approximation 
may quantitatively be very crude. Contrary to the fourth order 
diagram of the pion effect, the diagram of Fig. 2 does not contain 
the z+ scattering state as an intermediate one. Therefore the 
calculation in this case is the same as in the ordinary perturba- 
tion theory. ——:A, 5 
In the calculation of MBT, we do not use the static approxi- aa: 
mation but include the recoil effect because it is not negligible  Fig.2 (not time 
compared with the small difference between the second and fourth ordered) 
order terms. 
Expanding the final result with respect to w/M (M is the nucleon mass), we 
have, up to the order of w/M 


Vijs (w) re 2f w Ca Zee w) > 


(2-2) 
Vaj2(w) =2fw (Ge +f), 
with 
d ; D 
(PM a= 14 30 ce 1 peght+o2) +figsh UE+I2), 
ee Me) = Site (Ja + Ja) + i —{ f29242f rn foInJutfeIs) }(Jzt+Je)- 
ie 


(2-3) 


The suffices e and o mean the iso-even and iso-odd parts, respectively. J’s and 
J’s denote energy integrals of the fourth order diagrams. The suffices S, P and 
m, K of I’s and J’s denote the S-wave, P-wave effects and the pion, kaon effects, 
respectively. 


§ 3. Result and discussion 


In the numerical evaluation the masses of A and + are put to be their 
average value, and a straight cut-off is used, though the integrals converge. As 
for the coupling constants we take for simplicity fs=fx=fg=15, gf=9gZ=3~5,* 
and fafz9a9x >0. The result is shown in Table I and Fig. 3. The experimental 
values were given in I as a,~f,~—0.017/fx, or (2M/p) a,~ (2M/p) 8,~ —0.03. 
From these results we have the following conclusions. 

i) Iso-even part The kaon effect is small compared with the pion one, though 
its sign is favorable, hence it cannot be an important factor in the problem of the 
S-wave suppression. Therefore the situation of the iso-even part is almost un- 
changed from that described in I where only the pion effect was considered, except 


* This value is consistent with the result of the dispersion theoretical analysis of the K++p 
scattering. For example, Igi*) estimated this as ga2+gy2~8. 


i 
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Table. I. Experimental values are 10%-(2M/y) a@,~103- (2M/u) Bo» ~—3X10. 


4th order 
Omax 2nd P kaon effect ' kaon effect 
Wot uate ESE pioneer gi=ey=3 | gw =gy?=5 
| S-wave P-wave S-wave P-wave S-wave P-wave 
Se ets | 1218 —674 99 —2Y 165 —35 
Ot a. X 108 @ | —1000 1469 — 841 147 —39 245 —65 
1695 —997 169 —58 281 —97 
ee 1 # EG Gh Pe: = 
2M | 8 4 15 7 25 
ae eee | 7 | —75 48 | 22 —7 | —26 —12 —44 
hts 4 be ok 26 zy ~30 ~15 —65 
| | 


a slight change in the choice of the cut- 
off energy. 

ii) Iso-odd part The second order term 
is largely cancelled out by the fourth order 
pion term, but recovered by the kaon term. 
If gi~g3~3 the experimental value is 
reproduced. Thus an embarrassing conclu- 
sion of I is dissolved. Contrary to the 


iso-even part, the iso-odd part including kaon 
effect is rather insensitive to the cut-off 
energy. As long as the approximation up 
to fourth order with respect to the strong 


snteractions is considered, the kaon effect 5 6 10 
seems to be very important for the iso-odd + Woes/ ps 
SAG ok hac Ri te ea oer So nema rant le : pion effect only 


: —: including kaon effect 
il Common cut-off for S- and P-waves “ 
i) ies G@) gn=gn2=3, (ii) gx’=en?=5 


The values of a, and f, with common cut- Fg 3 —@MInas and ~ QM) B93 
off energies for the S- and P-waves are st taregeay ate 

shown in Fig. 3. We see that the ex- 

perimental values of the iso-even and iso-odd parts are both reproduced if g prwgg~w2 
and the cut-off energy ~10y are employed. 

Our conclusion i) differs from that of Langer,” who stated that the iso-even 
part of the kaon effect is very large and almost cancels the second order term. 
It should be noted, however, that the kaon effect is sensitive to the cut-off, and is 
indeed very small, if a cut-off energy near the baryon mass is chosen, as shown 
in Table I. Nakayama” investigated the kaon effect assuming interaction scheme 
different from ours, but his conclusion is similar to ours as far as the kaon effect 
is concerned. Using a cut-off energy ~ hyperon mass, he obtained a large split- 
ting of the phase shifts due to the kaon effect but no appreciable suppression of 


the iso-even part. 


a 


ee Os ante A 
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We have throughout neglected radiative corrections, namely vertex and self- 
energy corrections, since we have no reliable method of estimation of these cor- 
rections. According to the ordinary fourth order perturbation calculation these 
radiative corrections are of comparable order and of the same sign with the 
contribution of the diagram of the so-called convergent type (e. g. Fig. 2).” For 
a quantitative analysis these radiative corrections will not be negligible and must 
be subjected to further investigation. We think, however, that the qualitative 
character of the kaon effect is clarified by our calculation. 

The authors thank Dr. K. Nakayama for his valuable communication. One 
of the authors (A. K.) expresses his gratitude for the financial aid of Yukawa 
Yomiuri Fellowship. One of the authors (R. S.) is much indebted to the Yukawa 
Memorial Foundation for a fellowship. 
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A model for the strong baryon-meson interaction is proposed (eq. (9)), and its con- 


sequence is discussed. 


There have been presented many ideas to assume that the strong interactions 
are of a high symmetry concerning the Baryon states”. To assume the complete 
symmetry for the both of the 7- and K-strong interactions, however, cannot be 


successful, because this assumption forbids the +'*-production due to the K~-p col- 


lision®. Assuming the complete symmetry only for 7-strong interactions, we are 
led to the theory of Global symmetry, where K-strong interactions are assumed to 
be much weaker than z-strong interactions”. The lack of symmetry in K-strong 
interactions, however, throws slight doubt on the assumption of the complete sym- 
metry in 7-strong interactions. Furthermore, the theory of global symmetry has 
not succeeded in describing phenomena due to strong interactions. It has not been 
clear what sorts of symmetry laws hold in the world of the baryons and mesons. 
This is a situation similar to that in the case of electromagnetic interactions. As 
for the latter interactions, we do not know why the #-meson and electron interact 
with the electromagnetic field and the neutrino does not; we know only that all 
the particles interacting with the electromagnetic field (i.e. the charged particles) 
have the same electromagnetic coupling constant. This situation can be expressed 
in a way of saying that the electromagnetic coupling constant belongs to the photon 
rather than to the charged particles. Thus, it is interesting to assume that the 7- 
strong coupling constant 9,’ belongs to the pion and K-strong coupling constant 
g’ does to the K-meson. In other words, we assume that 

|z-coupling constant|=9Yx' or zero, 


(1) 


| K-coupling constant|=9« or zero. 
It is to be noted this kind of universality also holds for weak interactions. If 
we assume intermediary bosons for this interaction, the situation is analogous to 


the present case. 
Let us write the strong interaction in the following form, 
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H=H(NNn) +H(S52) +H (242) + H( 222) + H(NAB) 
+H(N2K)+H(ASK)+H(228K), (2) 


where 


H(NNz) =ig2 N7stzNt; 
H(2An) =ige 5 ,75Am, +h. c., 
H(2S7)=— 9s (2X7PsX-w), 
H( 222) =ig 27st, =. 


The symbols % and w denote the isotopic vectors (41, 2, 23) and (m%, 7, 7s) 
respectively, and the last four terms in H are the K-strong interactions. Here 
is assumed the charge independence of the strong interactions. 

The theory of global symmetry is obtained when we assume 9,°=9:’=93 =9s 
=g,. This theory, however, has not succeeded in explaining phenomena due to 
strong interactions. Applying the perturbation calculation to the K-strong inter- 
action, we are led, in the theory of global symmetry, to wrong branching ratios 
of the 2- and A-productions due to K~-p {collision processes® and to the wrong 
angular distributions for the K-production by z-nucleon collisions. The conclusion 
is independent of the assumption of the weakness of the K-interaction if the inter- 
action is of the 7;-type. The branching ratios of the reaction K~ +p—>2*°+z27° 
with K~nearly at rest tells us that |0¢;—0)|=70°, where 0, and 0, are phase shifts 
of the —~' scattering in the final state of isotopic spin 1 and 0, respectively. It 
is shown that g, and gy, should be much different from each other in order to give 
the large phase shift difference |0,—0)|=70°.” 

It is also difficult for the theory of global symmetry to understand the K- 
nucleon scattering: this process suggests us that the K-interaction is not necessarily 
weaker than the z-interaction because the cross section o(K+N—->K-+N) is about 
equal to that of the pion-nucleon scattering.” 

Another objection to the global symmetry comes from the mass difference 
among +’s, because the large mass difference between 2* and 3~ is very hard to 
understand in this model.” 

Let us now come to our assumption (1). Since the existence of A-hyperfrag- 
ments shows that gy, cannot be much smaller than g,, our assumption (1) leads us 
to the following assumption, 


191 |=|92°|=9n's 


9s=0 (ie. H(Y22)=0). (3) 


The g;’ is put equal to zero in order to get rid of the theory of global symmetry. 
This is consistent with the fact that no ¥-hyperfragment has been observed. The 
renormalized value g; is not zero because of corrections due to the strong interact- 
ions. However, in view of the near equality of the Gamow-Teller coupling constant 
to the Fermi coupling constant, we may suppose that this renormalization is rather 
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small. We may thus expect that 


Ys = 0.3 I ? 
ex (4) 
hy g~V 15 
for the renormalized constants. 
Taking account of the large cross section for the process K+ N—-K-+N and 
small cross section for 7+~—A+K~*, we assume that 


H.(NAK)=0, coupling constant of H(N2'K) =9’. (5) 


Under this assumption the observed value gyax of the (NAK)-coupling constant is 
given by effects due to the z-meson cloud, and therefore, it is expected that 


Inax 0.3 Gyzr- (6) 


It has been reported that a differential cross section for 7+p—+°+K* is about 
equal to that for y+p—>A+K*.® This, however, does not necessarily contradict 
with the relation (5), because the total cross section for the former process has 
not been measured. Experiments have shown that the cross section for ~ +p>A+n 
is slightly larger than that for 3~+p—>2°+n.” It seems that the relations (4) 
and (6) lead us to the former cross section much larger than the latter, because 
the process ¥~+p—A+n is induced by exchange of one pion and S4pos*+n 
does by exchange of two pions or of one K-meson. We shall leave this problem 
to further research on the nucleon-hyperon potentials. ; 

We have so far mentioned nothing about the = particle, because we do not 
know much about its interactions. It is, however, remarkable that the well-known 


relation 


My+Mz _ 3Ms+M, (7) 
2 4 


for the masses comes out when we make use of the lowest order perturbation 
calculation under the following assumption : 


H(Six)=0, 
H(Z2K)=0, 


(8) 


coupling constant of H(AZK)=9’. 


Indeed, it is an easy matter to show that the self energies of baryons are of the 


following forms: 
Mz=9" Ix, 
My=29" Ixt+9x In 
My= 29" Ix+39x Tn, 
My=39" In+392 I. 
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The relation (7) has been once obtained in the theory of global symmetry." We 
now see that the assumptions (4), (6) and (8) also lead us to (7). 

The integrals J, and I, must be negative in order to reproduce the observed 
mass levels while the straightforward perturbation calculation gives positive J if 
the coupling is of 7;type. However, we have some evidences that the occurrence 
of nucleon-antinucleon pairs which gives positive contribution to self-energies are 
suppressed, and negative I’s would not be unreasonable. 

Although we have not attempted the calculation of the mass difference 
Ms —My, we may point out that the difficulty inherent to the global symmetry 
is removed here. 

Summarizing the results, we have 


aa A Ee SO 0 
fi =9s = 9x ? 


9; =9. =—0, 
(9) 


rye hes ee es Pla mn) 
Jvux—IJenn— Jk > 
De eid ee 

Uwax=JasKx=09. 


This choice of constants seems very promising for describing phenomena concerning 
strong interactions. 


References 


1) A. Pais, Phys. Rev. 110 (1958), 574. This paper contains further references. 

2) A. Pais, loc. cit. 

3) M. Gell-Mann, Phys. Rev. 106 (1957), 1296. 

4) K. Kawarabayashi, Prog. Theor. Phys. 20 (1958), 117. 
D. Amati and B. Vitale, Nuovo Cim. IX (1958), 895. 

5) K. Kawarabayashi, to be published. 

6) For the rough values of K-coupling constants, see K. Igi, Prog. Theor. Phys. 20 (1958), 403. 

7) R. E. Marshak, Proc. 7th Rochester Conference (1957), IX 27. M. Gell-Mann, Phys. Rev. 
106 (1957), 1296. 

8) Proc. 1958 International Conference on High Energy Physics, (1958), p. 152. 

9) Proc. 1958 International Conference on High Energy Physics, (1958), p. 181. 

10) M. Gell-Mann, loc. cit. 


647 


Progress of Theoretical Physics, Vol. 22, No. 5, November 1959 


On the Theory of Superexchange Interaction 


Shoichiro KOIDE,* K.P. SINHA** and Yukito TANABE*** 


H. H. Wills Physics Laboratory, University of Bristol, 
Bristol, England 


(Received July 3, 1959) 


The superexchange interaction for the spin coupling in certain magnetic compounds is 
treated on the basis of an approach which takes into account the deformation of the electron 
orbitals of the intervening ions. Quantitative calculations are carried out for three centre 
and four electron system. The polarization of the intervening ion is considered by assuming 
slightly different orbitals for the two electrons with anti-parallel spins. This corresponds to 
the procedure of taking certain excited configurations into considerations. The effect of the 
excited states in which one of the anion electrons changes its spin is also considered by using 
the perturbation method. If one regards the triplet and singlet states of the system as the 
representatives of the ferromagnetic and antiferromagnetic states respectively, their energy 
difference arises as a result of the latter effect, while the same occurs by merely considering 
the former deformation if one uses the single determinant approximation. A rough numerical 
estimate gives reasonable agreement with the observed Néel temperature for MnO. 


§ 1. Introduction 


Since the suggestion of Kramers” various coupling schemes invoking the role 
of the intervening non-magnetic ions in the indirect exchange mechanism have been 
proposed by several authors.” Because of the inherent difficulties involved in 
determining the antiferromagnetic ground state of the crystal, most of the works 
have been concerned mainly with the simplest model for the problem, i.e. the three 
centre and four electron system, which involves one electron each in the two mag- 
netic ions and two coupled electrons occupying the same orbital in the intervening 
ion. In order to get the spin dependent energy difference, certain excited configu- 
rations of the system have to be taken into account as perturbing states to the 
zeroth order ground state which is assumed to be completely ionic. 

In Anderson’s well-known work,®) which was further clarified by Van Vleck,” 
the states in which one electron of the intervening ion is transferred to one of the 
magnetic ions are considered as such excited configurations. As is strongly criticized 
by Slater,” the non-orthogonality of the orbitals is neglected in this treatment. 


The present addresses of authors are as follows: 
* Institute of Physics, College of General Education, University of Tokyo, Komaba, Meguro- 
ku, Tokyo | - 
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Pratt® studied the problem using appropriately orthogonalized orbitals and concluded 
that the configurations considered by Anderson are not adequate and highly excited 
configurations where two electrons are transferred from the central ion to the 
magnetic ions give rise to the principal effect. ‘ 

Yamashita and Kondo”®” have considered the non-orthogonality by expanding 
the energy expressions in power series of the overlap integral. This method, 
however, is not very appropriate to see the physical meaning of the mechanism. 
As is pointed out by Slater,” the use of the non-orthogonal orbitals not only gives 
tise to the mathematical difficulties in computing the matrix elements, but also 
obscures the concept of “configuration”. If we use the term “ con figuration ” 
only for those constructed from orthogonal orbitals, then the Heitler-London type 
wave-function obtained by accomodating electrons in non-orthogonal atomic orbitals 
is shown to be a mixture of several configurations in general. Conversely, if we 
construct Heitler-London like wave-function of a system, say a hydrogen molecule, 
by accomodating one electron each in the two localized orbitals, which are artificially 
orthogonalized in the same way as Wannier functions, it is easily seen that some 
amount of ionic structures are automatically admixed by the orthogonalization pro- 
cedure in the case of the singlet state.” In this sense, therefore, the calculation 
taking account of the effect of overlap is equivalent to those in which two-electron 
transfer between the central ion and the magnetic ions is taken into consideration 
in part. 

The extension of the quantitative treatment to the crystal was first attempted 
by Yamashita and Kondo.” Since the real antiferromagnetic spin state is entirely 
unknown, they estimated the energy of the “ordered antiparallel spin state”, 
which is not an eigenstate of the total spin of the crystal. Although Kondo” has 
recently shown that the energy eigenvalue of the ordered antiparallel spin state 
lies in between those of the singlet and triplet states in the case of the three 
centre four electron system for some special models of the interaction, it is a little 
dangerous to assume the validity of this relationship in general. 

Quite recently, Anderson” has suggested a new formal approach to the theory 
of superexchange interaction of the antiferromagnetic crystals. He introduces the 
new word “ spolaron” for a single d-electron in the presence of the diamagnetic 
lattice. The spolaron represents an electron associated with its spin polarization 
and is regarded as an in principle exact solution of the one-electron problem plus 
the diamagnetic lattice. He assumes that the energy of the crystal is expressed 
as the sum of the energies of the running spolarons. By applying the Wannier 
transformation, he expresses the Hamiltonian of the system in terms of the 
operators associated with “localized spolarons”. Then, as a matter of course, 
the off-diagonal terms, which represent the migration of the localized quasi particles 
from site to site, turn out to be of essential importance. Thus he claims that the 
virtual transfer of the electrons between the magnetic ions plays the dominant role 
in the indirect coupling of the spins. We may, however, say that this is the 
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natural conclusion derived from the ad hoc assumption. 

Since each of the magnetic ions has an incomplete d-shell and is separated 
from others by intervening non-magnetic ions, it is impossible to express the state 
of the whole crystal, except for the completely ferromagnetic one, as a simple 
linear combination of the Slater determinants constructed from Bloch functions. 
The antiferromagnetic state must be a mixture of an enormous number of configu- 
rations expressed in terms of the Bloch functions; on the other hand, apart from 
the spin orientation, the same state can be represented by a single configuration in 
the Heitler-London scheme to a good approximation. Thus the adoption of the 
band-scheme is quite inadequate to describe the state of zeroth approximation of 
the insulator crystal under consideration. Therefore, even if we accept Anderson’s 
assumption that the state is expressed as an assembly of the running spolarons, 
the character of the constituent quasi particles might be entirely different from 
that of the electrons expressed by Bloch functions of the d-band. Thus his quanti- 
tative estimate cannot be accepted to give a correct criterion for the most important 
mechanism of the superexchange interaction. 


As a possible mechanism of the indirect spin coupling, Slater’? 


proposed that 
the deformation or polarization of the intervening ion stabilizes the energy of the 
antiferromagnetic state. This indirect exchange couplinge is classified as a different 
mechanism from that of Anderson-Van Vleck in many articles. However, the 
latter may be regarded as a special case of Slater’s idea in which the deformation 
is expressed as the transfer of the electron from the intervening ion to one of the 
magnetic ions. In fact, if one takes account of the mechanism suggested by 
Anderson and Hasegawa (cf. § 8.2 of ref. 2), it can be generalized and comes 
nearer to Slater’s effect of deformation. 

The deformation, however, can be formulated in a different manner by con- 
sidering the excited states in which the electrons of the intervening ion are excited 
to its higher orbitals. Yamashita and Kondo” treated this kind of model in their 
paper as a possible mechanism. Instead of evaluating many integrals that appeared 
in the calculation, they expressed their result by making use of the dielectric 
properties of the crystal. Their investigation is, however, not very satisfactory in 
that they used some rather arbitrary assumptions and the result is merely qualitative. 

In view of these circumstances, it seems necessary to carry out more quantitative 
calculation for the three centre four electron system taking the excited orbitals other 
than the occupied cation orbitals into account. 

In what follows, the formulation will be made by using determinantal wave- 
functions, because the use of the effective Hamiltonian expressed, for instance, in 
terms of Dirac’s exchange operator, is less general and sometimes rather dangerous.” 
In fact, one of Anderson’s conclusions” that the second order term is independent 
of the spin configurations is to be related to the artificial restrictions imposed on 
the various parts of the perturbing Hamiltonian which render the orbital transition 
spin independent and diagonalize the spin dependent part with respect to the orbital 


x t 
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state. There does not seem to be any sound justification for these assumptions. 
Actually, Nesbet” (as well as Pratt) shows the lowering of the anti-ferromagnetic 
state which appears in the second order term by taking account of the excited state 
in which two electrons are transferred from the intervening ion to the magnetic 


ones. . 
As seen in many calculations concerning the energy eigenvalues of the simplest 


molecules, especially for the triplet ground state of the oxygen molecule, the 
quantitative calculation is quite difficult for such a delicate problem as the energy 
difference between ferro- and antiferromagnetic states even for the simplest model 
as the three centre and four electron system. The purpose of the present paper 
:s not to claim that the mechanism suggested here is the most important one, but 
to point out in detail that it constitutes an important spin dependent effect which 
seems to have been overlooked hitherto in discussing the magnetic properties of 
certain compounds. 


§ 2. Single determinant approximation 


It can be said in a qualitative sense that the indirect spin coupling is a conse- 
quence of the spatial correlation between the electrons of the central ion. In fact, 
this aspect of the interaction was the reason for the preference of the Heitler-London 
method by several authors, because the molecular orbital approach is not adequate 
for this purpose unless the configuration interaction is taken into account. In the 
present paper an attempt is made to describe the situation by using an approach 
intermediate between the HL and the MO schemes, which is similar to the method 
proposed by Miller and Eyring” for the calculation of electronic states of molecules 
and extended by Léwdin™ to solids. This method of semi-localized or alternant 
orbitals leads to improved results for the calculation of energies because the cor- 
relation effect between electrons with antiparallel spins can be taken care of by 
this method. In what follows we shall consider two mechanisms for the deformation 
of the intervening ion; one is that pointed out by Slater and the other due to the 
Coulomb repulsion between two electrons in the ion. 

We shall consider the symmetrical case M?*— X*-—M?*. According to the 
idea of polarization or deformation of the intervening ion, it appears that the 
charge density of the two anion electrons is modified in such a manner that they 
interact differently with the two magnetic electrons if the spins of the magnetic 
ions are antiparallel. The np,-function of the intervening anion X, which is an 
odd function with respect to the plane intersecting the molecular axis normally at 
the centre, will be denoted by ¢. In order to bring about the deformation of this 
anion orbital by available excited orbitals, we consider the effect of orbitals having 
odd and even symmetry which are respectively denoted by ¢, and ¢,. Since the 
usual superexchange mechanism is out of our consideration in the present paper, 


the singly occupied d-orbitals of the magnetic ions are not taken into account a 
the excited orbitals. . 
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The modified charge density of the two anion electrons is expected to be such 
that if the one points towards the first cation, the other points towards the second. 
To describe this physical situation the following symmetry relationship between the 
modified anion wave-function, i.e., ¢, and @, is tentatively introduced. Under the 
reflection with respect to the symmetry plane defined above, these transform as 
d,—>¢* and ¢.—>4¢,.* Asa general case, we choose the following form of ¢, and dy, 
which have the desired property : 


b,= Cobo +CuG.+Cy%, (1) 
Go = —Co* Go— C.,* b+ C9* dy» (2) 


where the coefficients are complex numbers, namely co=|cole’, cu=|c,le*°™ and 
c,=\c,{e**2. It is assumed that ¢) and ¢, are appropriately orthogonalized to each 
other. Then the normalization conditions and the non-orthogonality for ¢, and 
¢. are given by 


(11d: = (Gal bo) = col? + Cul? + [eg|?=1 (3a) 
S=(hlby= otc, +c"? (3b) 
(hild.*) =< ba | bo) = co? be + cg (3c) 
(h*|¢o) =< dilda*) = — |e0]?— |eul? + lel’. (3d) 


The orbital. wave-functions of the electrons in the two magnetic ions are denoted 
by «, and uw, respectively. We assume the occupation of each orbital by one electron. 
Then, including the spin functions, we shall have sixteen independent Slater 


determinants. 
If we disregard the resultant total spin of the system, the ferromagnetic and 
antiferromagnetic states may be represented by the following single determinantal 


functions. 
Ferromagnetic : [21 $1 Gots] (4a) 
Antiferromagnetic: [2 ¢; $2%2]. (4b) 


Here the bracket notation represents the usual Slater determinants multiplied by 
(4!)4”, The orbitals without bar include up spin and with bar down spin 


functions of the electrons in them. 


The Hamiltonian (in atomic units; e=i=m=1) is expressed as 


1 1 

=— arses! VQ; a a te ee (5); 
H 2 erie ect 2 ( a ) tej re 

where V(r;,) is the potential acting on the i th electron due to the three nuclei 
and other electrons except the four under consideration. The last term is the 


usual Coulomb repulsion between the four electrons. 
If we use the approximation that the direct exchange between the electrons 


a a ee 
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of the magnetic ions is negligible, the energy expectation values of these states 


are given by 


Ey= 26, + 26+ 2K (um hs) 42K (16) + K (4 ue) 4+ K (6,62) —J (um b1) — J (ube) 
(6a) 


tie = 26,+ 26+ 2K (uy d;) +2K (wm db.) +K (wy U2) +K(¢ do) —2) (um ¢:) > (6b) 


where orthogonality between w’s and és has been assumed. Hence the Coulomb 
and exchange integral, denoted by K and J respectively, involve only the Coulomb 
repulsion term 7, of the Hamiltonian. The one electron terms involved in &’s 


are expressed as 
E=luy|—$44+V [my &e= i 1-4 4+ V4). (7) 


Thus we get 
E,— Eap= JI (1 0) —JS (um do) . (8) 


Since the overlap between ~ and ¢, is greater than that between zw, and ¢, J (wa) 
is expected to be larger than J(2m%.). Therefore the antiferromagnetic state would 
be lower than ferromagnetic one. A similar treatment has been given by Yama- 
shita and Kondo.” : 

It is, however, a little dangerous to approve of this result as our decisive 
conclusion. If we construct states with definite total spins, and consider that the 
lowest singlet and triplet with appropriate combinations of the constituent spins 


correspond to the antiferromagnetic and ferromagnetic states respectively, then the 


situation is not so simple as discussed above. The energy difference between the 


lowest triplet and singlet appears as the result of the second order perturbation 


treatment. Although it may not be justifiable that the real states of the three 
centre unit in crystal are described by those with definite total spins of the isolated 
four electron system to a better approximation than by the single determinantal 
functions such as (4a) and (4b), we may at least maintain that calculations based 
on the simplification as above are in danger of giving wrong results. In this sense 
we are also suspicious of the treatment using the ordered antiparallel spin ar- 
rangement as an approximation to the antiferromagnetic state. In what follows, 
we shall consider the states of definite total spins in detail. 


§ 3. Energies of the lowest triplet and singlet 


From the sixteen determinants mentioned above, we can construct one quintet, 
three triplets and two singlets. For the present purpose the quintet is of no 
interest, and accordingly we omit this. The representative states are given below: 


Triplets 
TCA ur) * (dy de) | 
a ‘ai, d, Gy tz] +[ 20, 0, b,%|+[ 2, 5, Go Uz ]— [ay dy 2s |} /2(1— WS\7y74 (9a) 
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*P,="[? (wy U2) * (di bo) J= {[ 241 91 bs 2] — [241 by %0]} / {2 (1 — | S|?) $7? (9b) 
fh OF uz) * (dy d.) |= {Le 6, db, U2] — [2,4 Go2e]} / {2(1+|S|?)}??. (9c) 


These are the states with M,=1. The others with lower M, values can be easily 
derived from these. 


Singlets 
Y= "[? (ua ua)* (G1 G2) J= {2 [tts d; Goto] +2 [24 b1 62042] — [tes 1 bo 002] — [ees by One] 
— [tsb $2202] — [ee b1 bn t@e]/ {12(1—| S|?) }2?, (10a) 
*Po="[" (ats 2)" (Gr Go) |= [ts $1 Go 2] — [tts 41 4 2 202] — [00s $1 Gt] 
+ [24 $1 b2to]}}/2{ (1+ | S|?) }?. (10b) 


The various states enumerated above, however, do not possess the requisite 
symmetry properties with respect to the reflection in the symmetry plane defined 
earlier. It is convenient to take such a linear combination of each state with its 
mirror image that satisfies the desired symmetry requirements. These are obtained 
as follows. Let R be the reflection operator ; then we have 


R°Y,=0,* 

RI = E ) 
ne RES RP, =9,*,) a 
R* P= —* Py, Feve 


Thus the new normalized states having the appropriate property are given as 


described below : 
°D, = (2N,) “2 (°,—"Y,*) 
5D, = (2N,) “7 C4, +°F*) (12a) 
5D = (2No) 7? CL +? Po*) 
19, = (2N,) 7? C4, +°*) 
Dy= (2No) PCL +70"), 


(12b) 


where 
No=1+ {Gil H*>? + Cilo*)7}/ 1 +151?) 
Ni=1+ {| (Gi) |?— (G11 62*97} / 1 — | S]’) (13) 
te Ne {]<pilh*) [?— (Gi|go*)?} / (1 — | S]?). 
In addition to these, there are even triplet and odd singlet states which, however, 
are not of any interest in that the ground triplet and singlet states have odd and 


even symmetry respectively. . 
The matrix elements of the Hamiltonian (5) necessary for the following 


calculations are given below : 
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Diagonal elements 

9B, = (| H|*On) = { CVo| Hr) — Re Cal H ayr*)} /No 

1B = (70,) HO) = {CVA} +Re CAAA" )} /N; 

y= (@y| Hn) = {CO Po| |" Poy + Re CFo| | Po") }/ No ) (14) 
1F, = CO,| HPO) = (CHP) + Re CPs) AP} 

1, = CDy) Ha) = {-Pa| ELF) + Re C Hol A) Po*) ¥/ No. 


We can write down the matrix elements of the type (@%|H|'%) in the following 
compact form : 
[1+ (—) $=] Cala) 21 298 F Sm Se) [ELF Sm 5.) ) 
= [26,-+ K (uaa) + (—) 8m J (ree) Jil) Gal ba? + Orla? (b2|¢1) (—) 8] 
+ (by by| ty (Q) +a (Q) + Gral bs bey + (—)** i Gols (Q) +h(Q) +%2!92%1), 
(15) 


where S, and S, stand for the resultant spins of the two magnetic electrons in 
uw, and uw, and of those in the central anion X respectively; e.g. S,=1 and S,=0 
for *% given by (9c). Other various symbols are explained below : 


Q=14[S(S+1) —Sn(SutD —SS. AV V/2; (16) 
(dalle) |) = (Bel B+ V1 64) + 33 (Cet al al eeds) —S— Cee ual 2), 
(17) 
and 
(Gads\ialdoba)= |] h(a)" (rs) ders) Sars) dead. (18) 


The matrix elements of the type Re(1%|H|!¥%*) are obtained by replacing all the 
és occurring in the kets by the corresponding é*’s. It is to be noted that with 
‘the definition given above the diagonal matrix elements of all the states can be 
obtained with the help of (15). 


Off-diagonal elements 
C@p| H|°O,y =i Im {(°Po| |? Pa) — CF o| H|°P2*)$ / No Na)" 
(D,| H|°0,) = Re{ (| Ay + C Fol LPP Y} / (No Ni) (19) 
CDy|H|'0,) =Re{ COM | Hy + CP o| Ai" )} / (No Ni)", 

where 
8D] [Pay = [J (tr 3 bo) —F (ez; $001) J/ {21 — |S |)? 
| HP,)=[T (es bro) +I (vas $oh)/2(1—|S|)%7 (20) 
CPF) =[J (tas Ob) +I Cas both) 1/{4(1—|S|*)/3}™9, } 
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and 
J(u 3 d; dy) = (ty 01 912|¢1 us) {Go| bo) mr (uy $1|92| bo ty) (G5| 01) 
— (uy Go| J12| bo 21) (d1|61) + (uy, | Ja2| b1 2) (d1|bo>- (21) 


If' we use the approximation that the direct exchange between the electrons 
of the magnetic ions is negligible, i.e. the term J(zu:) in (15) is always zero, 
we notice that, in contrast with (6a, b), the diagonal elements */, and *#, are 
degenerate. The parameters occurring in (1) and (2) should be determined by 
minimizing the energy expectation value of the triplet or singlet ground states 
with respect to these. The same values will be used for the matrix elements of the 
higher states and the off-diagonal elements. For the present purpose it is sufficient 
to consider the energy depression of the lowest triplet *% due to the interaction with 
3M, and *@, and of the lowest singlet 1% as a result of the interaction with *. 
We shall use the perturbation method for this. Thus using the usual perturbation 
procedure, the energy depression of the lowest triplet and the lowest singlet are 
respectively given as: 


4E (triplet) =| (°0)| H|°0,)|?/ CE, —°Eo) + | (°D| H|*O2) |?/ C2 —* Eo) 
4E (singlet) =|C®|H|?0,)|?/ CE,—"E,). 


The dominant terms for the diagonal elements *£, and *E, are common, hence 
it is expected that their values would not be very different from each other. We 
may accordingly use the approximation 


(22) 


jf Ope PY Oe (23a) 
and use the notations 
i, => Ey ie Ey and t= ele Pra 15s 5 (23b) 
where 
Vie — gor — rf iP ° 
- Thus the energy difference between the triplet and singlet states can be expressed 
as 
’h—1e= (°H,—4E (Triplet) — CE,)— 4E (Singlet) ) } 
= 2 | Cd) °° — |) Hy! (24) 
E, E, 
where use has been made of the relationship 
| Dp] FT|") |? =3| P| Hr) |’. (25) 


The nature of spin coupling between the electrons of the magnetic ions thus 
depends on the relative magnitude of the two terms on the right-hand side of (24). 
If the first term is dominant, then the coupling would be anti-ferromagnetic and. if 
the second term is much greater than the-first, it would be ferromagnetic. 
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In the foregoing sections we have given an analysis of super-exchange interac- 
In what follows, we shall express the 


tion in terms of semi-localized orbitals. 
omic or molecular 


details of the calculations in terms of integrals involving at 
orbitals, so as to get a clearer insight into the mechanism. 


§ 4. Mechanism of the deformations 


It would be convenient to visualize the various states given in §§ 2 and 3 
when written in terms of 4, 4, and ¢,. They are given below 


*Dy= —i"[" (0,112) * (odu) | eee 
3, — C, (0g) [5 (4, 22)? (bo Gq) J+ Ci (ug) [ea 2)? (G80) J (26b) 
ors pa Coat)" (ae u2)*(b:G;) ]+ Co (Ow) *["* (ur 2) God.) 1,  (26¢) 
where a 
C,(09) = |co| cos (4 —4,) / (normalization) 
C, (ug) = |c,,| cos (4,,—9,) / (normalization) (27) 
C,(09)?+C, (ug)*=1, 
and 
C, (00) = — |co|?/ (normalization) 
- Cy (uu) = — |c,,|’/ (normalization) 
‘ C.(99) = +|c,|?/ (normalization) ” (28) 
a , Cy (Ou) = —2|co||c.| cos (4—9,,) / (normalization) 
3 wae Codi)? + Co(Ou)?= 1. 


The matrix elements in terms of integrals involving the orbitals 24, we, do, 4, 
and ¢, are as follows: 


Diagonal elements 


*E2= (Go| (0) | Go) + Gu|2 (0) |b.» +.K (Ow) — J (0x) (29a) 
ME = 31 C, (9) LBelh Ct 1) |» + (b,|2( +1) |6,) + K (ag) —J (ig) } 
+2C, (09) Cy (wg) [Go] (+ 1) 6.9 +.K? (Ou) — J2 (Ox) ] (29b) 


(+for triplet, —for singlet) 
*°Ey= Co (zi)*|2¢6;]h (1) |b.) + K (a2) J 
+Co(Ow) *[ Go] 2 (1) |$0) + (Bu) (1) |Gury +K (Ore) + J (Ox) ] 
ty 24 2C (72) Co(7j) J (a7) +2C, (00) Co (Ox) [bh (1) |b. +.K° (Ox) ] 
+2Cp (eet) Co (Ore) [Cu (1) [boy +.K* (20) J+ 2C.(99)Co(Ou) J2(Ox), — (29e) 
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Pee i iar ountemabblar stand fer the following - 
K (ij) =(G.$;\9r2198;>, J (27) =Geby| P2218) 90), 
K* (ij) =(biSelMr2lbjbe),  T* (27) = Ge Gel Mr21295)- 
Off-diagonal elements 
(2Dq| H1|3D,) = i[2Cp (00) (241 o| a2} Gu.21)> — 2Co (2020) {ees Gus| Ja2| Bo 241 ) 
— 2Cp(Oze) (24 bo| Jr2 0%) — C21 Gul r21 9.2%) | (31a) 
CDp| 1°.) = 3"? COo| H|'P1) 
= —C, (0g) C, (00) 2"? (24; bo| Jaz) by 241 + Co (Oze) Cy (Og) 2? (ees $| P22] Bo 24 ) 
— Cy (Ow) Cy (09) 24 bul ra] by 201) — Co (t02e) Cy (eg) 2°? Cte | Jul Ba 24? 
4Cy (gg) Cy (ug) 24? (ee by] 912] bu. %2) — Co (Ore) Cy (weg) (tes Go| Pr2 192% )- (31b) 


(30) 


The various parameters occurring in the above equations should be determined. 
for each states by minimizing the respective expectation values with respect to the 
parameters. However, it may be a reasonable approximation to calculate them so 
as to minimize the value of the zeroth order ground triplet or singlet states. 

Though the merit of the present formalism is that in terms of the single 
configuration (22:2) (¢id2) all the relevant transitions are taken into account, it 
would be of interest to understand the calculations in terms of the original atomic 
orbitals. It has been shown that the deformation of the anion functions does not 
introduce any change in the zeroth order ground ferromagnetic (triplet) and 
antiferromagnetic (singlet) state in contrast with the simple calculation shown in 
§2. The ground triplet and singlet are, in fact, degenerate so long as the direct 
exchange interaction between the magnetic ions is neglected. As is easily seen in 
(26a, b, c), the deformation described by ¢—{¢, and ¢,} is equivalent to the mixing 
of the configurations in which anion electrons are promoted to the excited orbitals 
é, and 4, without changing their spins. On the other hand, the energy difference 
between the lowest triplet and singlet appears due to the spin dependent transitions, 
ie. due to the mixing of the states whose anion electrons have parallel spins. 
Namely, in Slater’s polarization mechanism one of the anion electrons and one of 
the magnetic electrons simultaneously change their spin directions, the former being 
pushed up to the excited orbital due to the exclusion principle. This spin dependent 
transition takes place even when co=1 or ¢,=¢,=%. Although the spin-independent 
deformation visualized by the non-equivalent anion orbitals d, and ¢, facilitates the 
spin-dependent polarization mechanism, the effect is not so direct as expected from 
the simple calculation based on the single determinantal wave-functions. One must 
bear this fact in mind in discussing the mechanism of the indirect spin coupling 


of this type. 
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§5. Numerical estimate for MnO 


In this section, we shall evaluate the energy difference between the lowest 
triplet and singlet states for MnO crystal. Although the determination of the 
expectation value of (29c) by minimizing with respect to the coefficients is expected 
to yield better result, it may, however, suffice for the present purpose to study the 
quantitative aspect of the coupling by using the approximation where co=1. 


The expression (24) now reduces to 


4 
‘EE = | 241 $p| 912180 2% ) |! — > |<241 bul 9221 bo 24? 


g 77 


- (32) 


where E, can be taken to be equal to the excitation energy to ¢, orbital and E, 
that to ¢,. The amount of deformation would therefore depend on the magnitudes 
of the matrix elements appearing in this expression as well as E, and E,. The 
quantities EH, and E,-1 may be called ‘deformability’ of the anion electrons 
common to both types of deformations. In this sense the spin-dependent deformation 
responsible for the energy difference (32) is not quite independent of that caused 
by the correlation. 

It is thus of great importance to understand the nature and the relative energies 
of the various excited orbitals available to the anion electrons. There are two 
possibilities in this description. First, the lowlying available orbitals are the ap- 
propriate excited orbitals of the central ion itself. Then there may be suitable 
orbitals arising out of a linear combination of the available cation orbitals. It 
must be noted that there is no clear distinction between these two. For studying 
the exchange coupling, all these orbitals should be taken into account. In what 
follows, we shall study the antiferromagnetic case for the system MnO in relation 
to the ideas presented above. 


For MnO the lowest orbital 4 of the anion appropriate to the molecular unit 
chosen may be taken to be the 2/ orbital. Let us first consider the excited orbitals 
of the anion. Since an adequate knowledge is not available even for the lowest 
2p orbitals’, it is very difficult to know about the excited orbitals of the O?- ion 
in the crystal. So we must restrict ourselves to qualitative discussion. For this 
purpose we may consider the relative importance of 3s, 36 and 3d orbitals on an 
O*” ion in acrystal. The influence of the environment is often represented by an 
electric field acting on the ion in question. As is well known, octahedrally situated 
six adjacent cations (e.g. in MnO, which is of rocksalt structure, the six Mn?+ 
ions are surrounding the O*" ion) give rise to the crystal field with cubic sym- 
metry, which does not affect the 3s and 3p but would lower the 3dy orbitals. A 
rough estimate shows that the 3dy orbitals of O? are lowered relative to 3s and 
3p by an amount of the order of 10°cm7*~2 au. Therefore, it seems that 3dy 
is lower than 39, further, of the two 3dy orbitals only 3dy, with 3, symmetry 
is of importance for the linear model under consideration. 
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The above considerations indicate that for the excited anion orbitals the con- 
tribution of the second term in (32) is relatively negligible compared with the 
first. The term to be considered in this case is 4|(24,|912|¢ov)|?/E, where 4, 
stands for 3dy, on O?. This would favour antiferromagnetic coupling. 

Let us now consider the excited orbitals of the cations. On the Mn’** ion the 
lowlying available orbitals that may be considered are 4s, 4p and, to a certain 
extent, 4d. For the present purpose, we shall take 7%, and %, as one of the hy- 
bridized 4s4p*4d? orbitals around the respective cations having the appropriate 
directionality (i.e. pointing towards the central ion). We consider the following 
linear combinations of these orbitals having the appropriate symmetry and or- 
thogonality properties. 


6,0 = (@ +AU) /V 2 (33) } 
bu. = = %a— 2500) /V 20 = 25,"), (34) 
where : 
Sy= Cs) : 
It is to be noted here that the orbital energies of ¢/ and gf may not be the same. Be 


This difference arises due to the fact that the energy of %—% is expected to be a 
pushed up because of mixing with é orbital of the anion which has the same 4 . 
symmetry. Even if one assumed that the orbital energies are not very different, iz 
the exchange integrals (744/|912|¢ow) and (uu $6|912|0e) will differ from each other . 
because of the factor S,; coming in (34). Thus we see that we cannot neglect Ri 
the non-orthogonality of the orbitals ¢ and (%1—%2) /V/ 2. oe: 

The foregoing analysis shows that we should consider the effect of the low ee 


orbitals of the anions and cations. That the effect of the lowest excited orbital — a 
would be the most is only to be expected. It is difficult, at present, to ascertain : 
as to which of the even orbitals, 3dy, on O*- and (%,:+%:2)/ \/2, is the lowest. We 4 

3 


may rather say that these two express the same molecular orbital in different ways Ms 
of approximation, because they not only have the same symmetry but also closely Fs 
resemble each other in their charge distributions. 


We shall, here, give the tentative calculations in terms of (33) and (34). : i 
The energy difference between the triplet and singlet is now expected as i 
sR B= A(T P—I2) /[ (En— En); (35) % 

where E, represents the mean orbital energy of 4 and ¢, and 4 
J, = uyb,\Gralbo0y ~ Ce Lal ral boray/V2 


she ae sey du’ |Gr2| Po 1) ~ tty 4a|Gr2|b0%1) — 2So Cut, bo|9r2| 02} V2 (1328,)): ei 


hoe ot 


Now the values of the above integrals are estimated as (See appendix.) 


Cu %1\9r2| 0%» 0.0082 a. u. . ? 


“aie 
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(uy 019121021» = 0.013 a. u. 
Payee U8 


Using the above values it turns out that J2=J2/100. Hence the second term in 
(35) is negligible compared with the first. 

For a rough estimate the value of E,,—E, is taken from ionization potential 
of Mn2* and electron affinity data of O--O*. This turns out to be of the order 
of 1 au. Accordingly, *E—*E—1.2X10™ a.u. 

According to the molecular field model the strength of superexchange interac- 
tion between two sublattices can be defined as 


RT,=4k(Tn+9) =32S(S+1)9E, Ss 


where JE is the energy difference between ferromagnetic and antiferromagnetic 
states, z is the numbers of magnetic ions correlated to a given magnetic ion. T; 
is the Néel temperature and J is the Curie-Weiss constant and S is the spin 
quantum number and in this case 5/2. For MnO z=6, and if we use the above 
value for 0E=*E—'E™1.2X10* a.u., we get 


T,=(T, +9) /2~650°K. 


The observed mean value is about 370°K. In spite of the crude approximation 
the above estimate gives the right order of magnitude. 


§6. Concluding remarks 


In order to clarify the mechanism of the indirect exchange interaction, one 
must first know about the lowest excited states of the system. At present, however, 
it is extremely difficult to get a reliable information about the excited states. In 
the present work, therefore, we have tentatively used such excited orbitals which 
have maxima of the charge distribution in between the central and the magnetic 
ions. A rough numerical estimate is made on the assumption that these orbitals 
can be expressed, to a good approximation, by a linear combination of the empty 
cation orbitals having appropriate directionalities. This formalism can be regarded 
to incorporate a quantitative formulation of Goodenough’s idea of semicovalent 
model™ for such compounds where some of the cation magnetic orbitals are empty 
and are available for making up appropriate hybridized orbitals mentioned above. 

The use of the occupied cation orbitals has been intentionally avoided in the pre- 
sent calculation simply because it has been already discussed in detail by several authors. 
In addition to these two, there is another possibility of the interaction mechanism 
ie. virtual migration of the electrons from one magnetic cation to another, ue 
is the approach adopted by Anderson in his new work.” Though he has conshided 
that the last mechanism is dominantly important compared with the others. the 
conclusion depends upon the starting model and, as is emphasized in § 1, his as- 
sumption seems to be open to question. The truth may be a compromise of all 


i 
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these mechanisms in order of merit. We have no intention of deciding in favour 
of our model at this stage, since to get a final decision is beyond the scope of the 
present work. 

Our treatment is analogous to the Ruderman-Kittel mechanism of the hyperfine 
interaction in metals.” The role of the intervening ion corresponds to that of the 
conduction electrons in metals. This type of calculations has been applied by several 
authors to the quantitative treatment of the Zener model of ferromagnetism and to 
the interpretation of the magnetic properties of some alloys.” 

The extension of our model to the crystal is to be carried out in the next 
step ; however, as emphasized in § 1, difficulty lies in determining the spin eigenstate 
of the whole crystal. As shown in the calculation of § 2, simplification such as 
the single determinant approximation may not represent the real state. The present 
situation of the theories appears to be too incomplete and confused and needs to 
be tidied up by a theory which takes into account all the mechanisms in their 
right perspective. However, one must be careful lest the formal approach, in all 
its elegance, should be in danger of being not very different from that of the 
phenomenological one. 
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Appendix 


Numerical evaluation of the integrals 


Since the calculation of the two centre integrals is very complicated, Mulliken’s 
approximation” was used to reduce the following complicated integrals into 
simpler forms. 


J (Go 21) = (by u,|912| 241 $0) =4 Sv’ {K (Goo) + 2K (2; 40) +K (tu ut) } (Av 1) 
(uy X1|912| $021) =3 Sy § Cet, | Jral 001 Lr) + (tes Go| fra] Go? } » (A-2) 


where |S, is the overlap integral between ~ and dy. 
The integral K(f) is evaluated by using the Slater 2p function for OF 


For 7, which is assumed to be a 3d7, orbital of Mn?*, the Slater function is not 


very appropriate. The values of the quantities (r”), (7°) and (r°) turn out to be 
much larger than those obtained from Hartree-Fock functions.” A slightly modified 
Slater type function has therefore to be taken. This is achieved in the following 
manner. The modified exponent for the Slater function is derived with the help 
of the ratio (r”)siater/(7")ur for n=0, 2,4 and 6. By extrapolating to n=—1, a 
correction factor 7=1.5 for Coulomb integral K(téz) is obtained as 


\ Oks 
’ 
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K (tt) moaitea= 1.5 K (04 1) siater- 
Thus noting that K(2q2)0CZen, we employ the usual Slater type function of 7% 
except that the exponent is multiplied by the factor T=: 

For evaluating the two centre integral K(e.), the uniformly charged sphere 
approximation™ was adopted. The 2p, charge cloud is approximated by two spheres 
in contact and each having the charge e/2 and radius 1.1 au. This value of the 
radius was so taken as to conform with the computed value of K(¢4.) for the 
Slater 2p function. Similarly, the charge cloud of 3d function 2, was approximated 
by two spheres with radius 1.0 a.u. in contact and a ring with radius 0.7 a.u. 
encircling normally near the region of their contact. The charge distribution was 
taken 0.308e for each sphere and 0.384e for the ring. This charge distribution 
was taken in accordance with the angular dependence of the 3dy, function. The 
charge distribution for the sp°d? hybridized function %(or %2) turned out to be 
0.95 e in the direction pointing towards the intervening ion and only 0.05e away 
from it if we assume a common radial part for the s, p and d functions. This 
distribution was also approximated by two charged spheres one larger (with radius 
2.1 au.) and the other very small, the effect of which was neglected. 


In order to evaluate the integrals on the 

Integrals Aine eg right-hand side of (A-2), the factor «2%, was 

Kad) aaer replaced by a uniformly charged sphere of radius 

lds do) anne 1.0 a.u. with density (,0,)'”. The overlap 

KGa) 0.78 integrals S,=0.16 was determined from the table 

J (uy $0) 0.013 of Jaffé and Doak” for the interatomic distance 

(1, U4|949| 2 %> 0.0720 of 4.2 a.u. The values of these integrals for 

<u $01 912 %1 Go? 0.0302 the unit Mn-O-Mn thus determined are set out 
(141 #1 |912l 0%? Pee in the left table. 
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An attempt to investigate the nuclear collective motion from the standpoint of particle 
excitations is outlined. In our method it is possible to investigate the roles of the effective 
inter-particle interactions in the nuclear collective motions and clarify the mechanism of the 
collective excitation. The fundamental idea is illustrated by taking the simplified two- 
dimensional harmonic oscillator shell model with the quadrupole-quadrupole effective inte- 
ractions between particles. It is shown that this system successfully describes both the 
surface vibrational and the rotational collective motions consistently, depending upon the 
assumed configurations of particles in the shells. 


§ 1. Introduction 


The striking success of the nuclear collective model in explaining the large 
variety of low-energy data has stimulated the interest of many workers in finding 
the method of quantum mechanical description of the nuclear collective motion. 
Various methods” have been developed by many authors and have served us for 
understanding the various aspects of the nuclear collective motion. 

Most of these methods have been constructed on the supposition that some 
appropriate collective coordinates can be introduced in anticipation or that some 
specific collective modes of motion can be extracted from “ kinematical ” consider- 
ations. In these methods, it seems that, the role of the effective inter-particle 
interactions as the origin of the collective motion has not been clarified satisfactorily. 
This problem will, however, be one of the most important problems to be investi- 
gated urgently, at the present stage of the study of the nuclear unified model. 

It is our main purpose to outline an approach going beyond the limit of ap- 
plicability of the above mentioned methods. According to our method developed in 
this paper, it is possible to investigate the role of the effective interactions in the 
nuclear collective motions and clarify the mechanism of the collective excitations. 
This possibility allows us to get a further insight into the various aspects of the 
unified model. 

In this paper we shall illustrate the fundamental ideas of our method by taking 
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the simplified harmonic oscillator shell model with the quadrupole-quadrupole effective 
interactions. In the course of the discussion an explicit correspondence to the Bohr- 
Mottelson theory” and a relation to the theories of Elliott? and Moszkowski” will 
be given. To avoid unnecessary complications, the discussion will be made with 
the two-dimensional model. 

In §2 some preliminary discussions will be made. In $3, by extending the 
theory of Sawada et al.” of plasma oscillations to our case, we shall determine 
the collective variables which correspond to the collective coordinates describing the 
surface deformation in the phenomenological theory of Bohr and Mottelson.” Then, 
the role of the effective interactions in the collective surface oscillation will be clarified. 
It will be shown that a restriction to the strength of the quadrupole-quadrupole interac- 
tions is to be required as the condition that the collective surface oscillation can be 
excited in our system. By using the collective coordinates thus obtained in § 3, the 
method of “auxiliary variables’ will be applied to the original Hamiltonian and 
will be discussed in § 4. This method makes it easy to understand the separation of 
the original system into the collective and the internal ones, and consequently to 
understand the mechanism of the coupling between these two modes of motions and 
also the role of the effective interactions in the intrinsic motions. In § 5, the 
method will be further extended to the case of the strongly deformed nuclear shape, 
and the equilibrium deformation and the rotational motion of our system will be 
discussed. Concluding remarks will be given in § 6. 


§2. The model Hamiltonian and the quadrupole-quadrupole interactions 


Our discussions on the nuclear many-body system will be developed in the 
model space in the sense of Eden and Francis.” We may expect that the short 
range singular parts of nuclear interactions (including the repulsive cores) are 
removed at lower excited states in the model space. This is, so to speak, the 
basis of the nuclear shell model. The Schrédinger equation in the model space 
can be obtained by adopting an appropriate model operator M as follows: 


P==M =" Bs (2-1a) 
(H—E)¥=(M M—E)¥=0, (2-1b) 


where H and #6 are respectively the model and the actual nuclear Hamiltonian, 
Y and @ being the eigenfunctions of H and 3 belonging to the same energy 
eigenvalue #. In the case of infinite nuclear matter, the operator M/Z which 
transforms the actual system into the model space has been discussed from several 
points of view.” Here we shall not discuss this problem in detail, but only 
assume that the operator / exists also in the finite nuclear bound system. Further 
we shall assume that the operator MM is approximately unitary in the low energy 
region near the ground state. 


In the model space the main part of the nuclear interactions may be replaced 


a ie fae ee 
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by a sum of a spherically symmetric self-consistent potential and some remaining 
effective interactions between particles. Probably these effective interactions play a 
very important role in the region of the nuclear surface, because in this region 
the Pauli principle is less effective in cutting down the correlations between 
nucleons. 

We shall assume that the effective interaction is of the quadrupole-quadrupole 
type and the spherically symmetric self-consistent potential is of the form of isotropic 
harmonic oscillator. Of course, the form of the quadrupole-quadrupole interactions 
which was already used by Elliott® and Moszkowski” is a too simplified one. The 
realistic effective interactions would be much more complicated. However, it would 
be natural to suppose that the quadrupole-quadrupole interactions reflect the charac- 
teristic feature of such a part of the realistic effective interactions that is responsible 
for the nuclear collective motion corresponding to the surface deformation of order 
y Ae 

In the two-dimensional approximation, which we take for simplicity as was 
discussed in § 1, our model Hamiltonian is 


H=H,+ Hee; (2-2a) 
tA : 2 Re pase Pee eee | 

Hy= oa —— (pu; + pu yh ez — wy (2X; +; 5 (2-2b) 
i=1 2m i=1 2 


A A 
Aye=— 3 2 V(X, 23 2%, ys) = —-2 2h 2S (ts, va Su (Xj, yy), (2920) 
WJ , =l, 


where the explicit forms of f,(2, y)’s are 


Fuki 9) a ape 7 oe meee r? cos 29, (2-3a) 
Ff. (Ly) = er 22 Sari r’ sin 29, (2-3b) 


and G? is aconstant characterizing the strength of the qudrupole-quadrupole interaction. 
The single-particle states of the harmonic oscillator potential are characterized 
by the principal quantum number x and orbital angular momentum 4.** For the 
sake of simplcity we shall not consider the spin variable hereafter. The single- 
particle energies are given by 
€,=hu(n+1), (2-4) 


and the possible values of 4 are +7”, + (n—2), ++, £1 or 0. ‘The single-particle 


wave function takes the form: 


* Let us assume that the realistic effective two-body interaction is expanded in spherical 
harmonics. Then, the quadrupole-quadrupole interaction may be considered to correspond to the 
As discussed by Belyaev!, the effects of the higher multipole terms may be 
relations. In this paper we shall not consider such effects. 

1 case there is only one possible direction of angular momentum. 


term with /=2. 
important for the pairing cor 
** In the two-dimensiona 
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Pny (XL; y) =Rr(r) br (¢); (2-5a) 
where R,(r) and ¢,(¢) are 
hr n-+A ay 1/2” (1 EDP ee ie (2-5b) 
Rau) (2( D dE 2 )!} acti ((a—A)/2)(a-+A)/2)\((m—a)/2)! 


(e=(men/h)!?r; (—1)*=(-1)") 
b,(y) = (2) -M* exp (ile). (2-5e) 


In order to take into account the exclusion principle easily we shall adopt the 
second quantization procedure. Then, our Hamiltonian can be written as follows: 


H=H,+ Hoe, (2-6a) 

Himes. (2-6b) 

Hyg= 4S V(eal, PBA aay a ay, (2-6c) 
where 

V(aa’, 86") =G S) flaca’) ful BR'), (2-6d) 

flac’) =| dal dy$e* (x, file ye (& 9)» (2-6e) 


and a denotes a set of two quantum numbers, (7,4). a,* and a, are respectively 
the operators which create and annihilate a fermion in the state a. They satisfy 
the commutation relations of Fermi particles : 


a, a, +a,7 ay Over ’ 
A, Ag) + Ag, a,=a,* ay +a,f a,*=0. (2-7) 


Now the interaction Hamiltonian (2-6c) can be decomposed as follows: 


Aog=Hi+An+Am, (2-8a) 
Hie a Dae V(aa', 88’) a,* az, a,* ay, , (2-8b) 
Hy= —% 3" SY V (aa, 38") ag* aay a5” ay 

ae ag Day V(aa’, BB’) a,* ay as* ap, , (2-8c) 
Felt; a > V(aa’, 88") a,* ag as* as, (2-8d) 


a means the summation over the pairs of states (a, a’) differing from each other 
aa 


with respect to the principal quantum numbers (ie., 7.374’). 5 * means the 
summation over the pairs of states with the same principal duantay number, 
(evigie=—Te,).. 

Hy, which has the condition that all matrix elements of the /’s between 
single-particle states of different » vanish, is just what was used by Elliott.” 


" 
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Moszkowski® asserts that such an interaction is responsible not only for the rota- 
tional motion but also for the collective vibrational motion. In the next section, 
however, we shall show that H;, rather than Hin, is mainly responsible for the 
collective oscillations. Contrary to Hi, H; has only the matrix elements of the 
f’s between different shells. 


§ 3. Derivation of surface oscillation variables 


(1) Particle excitations and the quadrupole-quadrupole interactions 

Let us examine the collective oscillation in our simplified two-dimensional 
nuclear model. On this point, the theory of Sawada et al.” of the plasma oscil- 
lation is of interest. Since the idealized nuclear surface motion in the theory of 
Bohr and Mottelson” corresponds, in its essence, to the density oscillation near 
the nuclear surface, Sawada’s theory based on the “density approximation” can 
also be applied to our bound system.* This point of view was already adopted 
by Hayakawa” and one of the present authors” in the case of the description of 
collective motion in the closed shell nuclei. 

In this section we shall consider, for a moment, the system with the Hamiltonian 


H=H,+ Ay. (3-1) 


This corresponds to adopting the quadrupole-quadrupole interactions with the extra 
condition that all matrix elements between pairs of states with the same principal 
quantum numbers vanish.** 

If the interaction are absent, each particle in our system occupies, in the ground 
state, each individual level of harmonic oscillator in regular sequence. We shall ten- 
tatively call this state “free vacuum’. Since the value of single-particle energy 
does not depend on the magnetic quantum number 4, such a definition of vacuum 
has some ambiguity for assigning the configuration in the uppermost shell which 
is partly filled. Though a discussion concerning this ambiguity will be given later, 
we shall, for a moment, arbitrarily choose one of the configurations with the lowest 
energy. By making use of this free vacuum, we now introduce the following 
operators : | 


G,a,=b;*, 6,.4,*=b,, 


(1—@,)a,=a,, (1—4,)a.*=a,", (3-2) 


* In this connection, it is interesting to see that the usual method) of quantum mechanical 
description of the nuclear collective motion, which leads the original Hamiltonian into one assumed 
in Bohr-Mottelson’s collective model?), just corresponds to the generalization of the Bohm-Pines 
theory!) of plasma oscillations, and further to see that the approximations used in the method 
are closely related to the “density approximation”. 

*& As a result of the Pauli principle, the particle transitions within the same shell, which are 
caused by Hn and Hin, effectively arise only when the shell is partly filled, and in the case of 
the closed shell nuclei Hu and Hur vanish effectively. The effects of particle transitions through 
Hur and Hr will be discussed in the next section. 
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where 0, is defined as follows: 


1 if @ is an occupied single-particle state in the free vacuum. (3-3) 


C= 
0 if aw is an unoccupied single-particle state in the free vacuum. 


Then b,* and 5, mean the creation and annihilation operators of a hole in state 


a below the Fermi surface, and a,* and a, the creation and annihilation oserators 


of a particle in state a above the Fermi surface. 
The commutation relations among these operators are 


Ag Aer +aer ag— Oger (1 a 6.) > 


bi bd + bbs = ose Ges (3-4) 
With the use of (3-2), we decompose Hr in (3-1) into two parts: 
Hy= Hi" + Ae (3-5a) 
where 
Ho) = —3 S™ SM" V(aa’, BB") (ae* bal +00 4e1) (as* Dp +05. apr). (3° 5b) 


ar BRI 
H‘") contains only the terms representing the creation and annihilation of two 
particle-hole pairs and the transformations of the pairs. H{"* means the rest of 


the terms of /1;. 
Now, in our case the particle-hole pair must have a definite orbital angular 


momentum, m= -£2, because of the nature of the quadrupole-quadrupole interactions. 
We define, therefore, the following operators which create and annihilate the pairs 
with the definite angular momentum 7 : 


COCO) ==10 hearse le ee 5 
Cela’) =O xu- 1350 Cae (3-6) 
Commutation relations between these operators are 
[C,.(aa!), Cah BB’) ]=Frnms Oa Fare (1 — Ga) Ge 
—D rar, Ag—m Orgy, 25~m (args Oey Ap* Aa + Fag(1—Oq) Og ba), (3+ 7a) 
[C,, (aa), Cr (BB) |=[Cm™ (ara!) Crnt (B3") |=. (3-7b) 


The last term on the right-hand side of (3-7a) vanishes when operated on free 
vacuum. In the low energy region which we are now considering, the contribution 
from these terms would be small. Therefore we may drop these terms. Further 
a similar approximation will be made hereafter on the interaction Hamiltonian H, 
i.e., we shall neglect H{'. ‘ 

Then our system is reduced to that which is described by the followin 
Hamiltonian : ;: 


H,= H+ Hy (3-8) 
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with Boson-like commutation relations: 
Koo (aa’) > Cz (89’) ] 7 lg Ose Otay (1 “a3 Us) Gus > 
(Cao), GSR) J = 1Cl* (wat), C488’) 1=0: (Sea) 


The approximations made in obtaining (3-8) and (3-7)/ are very similar to 
the so-called “‘ random phase approximation ”’ of Bohm-Pines.” 


(Il) Eigenvalue equation for the one-pair state and a solution of the 
collective oscillation 


In order to construct the eigenenergy equations of H, for the one-pair state 
we shall follow the procedure similar to that used by Sawada.” 
First we shall note the following relations : 


{e, (aa’) > Ay|= = CEng Ener) Oh. (aa’) (1 — 6.) G1 > 
[C_n (aa), Fy|= (€ng— €nar) Cm ( aa’) (1— G5) Far. (3-9) 
(C,* (aa'y, ee | =4G" ary v(aa’) (1—@,)6,,0(BP’) 
x {C,,* (BB) +C_m (BP) }, 
[C_,, (aa!) , FT?" |= —4G? aay v (aad!) (1—64) 6) 
x v(BP’) {C,,* (BB’) + C_m (BP) }, (3-10) 
v(aa’) being defined by 


v(aa’)= BNR, Ga ban ct Ol eae 
2h 
In obtaining (3-10) we used the commutation relations (3-7)’. 
Next we shall remark the following identity : 
0=(7; (E.—H,)C,,* (aa) Po) 
= (E,— Eo) ce ERE, (aa’) Po) oF (¥, (eae, Che (aa’) | Yo), (3- 11) 
where ¥ is some eigenstate of H, with eigenvalue E,, while % is the ground state 
of H, with energy Ey. By making use of (3-9) and (3-10), we get from (3-11) 
the following equations : 
, {E,—Ey— (en Encgr)-} (YZ, Cn (aa’) Py) 
44G?v(aa’) (1—O_) O01 (Y, 3" v (BB) {Cn* (BB) + Cm (BB) } Po) =0, (3-12a) 
B67 
{E,— E+ (e555 Cre) (¥, Cun (aa’) Po) 
—4G?v(aa’) (1-94) a (Y, pathy (28') {C,,* (BB) +C_m(8R") } Po) =0. (3-12b) 


From (3-12a) and (3-12b) the eigenvalue equation for the one-pair state is 
obtained : 
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_ ea Sa (<i Engr) V (aa) v (aa) (1—4,) Gar (3-13) 
iS S >) (4E)?— (€ng— Ena)” 
tens 4B= EE 


The equation (3-13) has a root 4E which is real and positive and is smaller 
than the smallest single-particle excitation energy (€ng—€ng), provided that the 
condition 

Guan i (v (aa) )?(1— 84) Bar (3-14) 


aas Eng a Engst 


is satisfied. The state with such lowest excitation energy, 4E=hwo, can be regarded 
as that corresponding to the collective surface oscillation in Bohr-Mottelson’s unified 
model.” 

It should be noted that (3-14) represents a restriction to the strength of the 
quadrupole-quadrupole interactions. When this condition is not satisfied, the col- 
lective oscillation mode will dissipate and our approximation constructing this mode 
becomes meaningless. 

(II) Derivation of variables of the collective oscillation 

It has been made clear from the discussion in (II) that the state of the col- 
lective oscillation is the state with one-pair over the ground state %. Therefore, 
it may be anticipated that the collective eigenstate ¥, and its creation operator By 
have the forms: 


C=, Do, (3-15a) 
ies pat a(aa')C,,* (aa’) (1-84) Oar + > b(aa’)C_,,(aa’) (1—8,) Ou. 
(3-15b) 


According to the similar procedure to that used by Sawada et al.,” the coefficient 
a(aa’) and b(aa’) must be chosen so that ¥, is a properly normalized eigenfunction 


Ol. 11.0 1.e., 

H,¥.= (Ey +ho) ¥, (3-16) 
with H,Qo= EP. 
Thus we obtain the following operator equations : 

LE Bn l= nab... (3-17a) 

[H., BnJ=—RhoB,,; (3-17b) 
Since Y is the ground state, 

By Po=0; 


This condition allows us to fix the normalization, since 
(%., P.) = (Y, BBE Po) = (Yo, \Be. Bet Po) 
= aay \a(aa’) \?(1—0,) Ou, — re |b(aa’) |? 1—9.) 04, =1. (3-18) 
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The coefficients a(a@’) and b(aa’) can now be determined by inserting (3-15b) 
into (3-17a) and (3-17b) and by using the commutation relations (3-9) and (3-10). 
The result is that 


ieee Nv (aa’) HtOAy 
a(aa’) eat (3-19a) 
b(aa’) =~ —Nv(a@a’) (3-19b) 


(€ng— Bene j 
where N is the normalization constant which is determined by Equation (3-18), 1.., 


N? { S22 v(aa’)?(1—O,) Gar — yd v (aa )*(—6,) Gaur \ 


tiles Soko)! 
ae! (€ng— Engr — hw)’ oar (€ng— Enar +hw)’ ( ) 


Thus we can obtain the explicit form of the creation and annihilation operators of 
the collective oscillation, BX and B,,. 

In order to clarify the correspondence to the collective variables used in the 
Bohr-Mottelson theory,” let us introduce the following variables : 


fa | Neo B), £2, (3-20a) 
MDa) 
et BOE HB ns FP Pan (3-20b) 


which satisfy the commutation relations : 
cae ola — INO mms: (3-21) 


It is clear that the collective variables (3-20) are closely connected with those of 
the surface oscillation in the Bohr-Mottelson model.” 


$4. Separation of the model Hamiltonian into collective 
and internal parts 


(1) The reduced Hamiltonian 

In the preceding section, by explicitly using the effective interactions, we have 
found the collective oscillation variables in our system. The next task is to se- 
parate the Hamiltonian (2-6) into the collective and internal parts. 

Prior to this manipulation, we shall reduce our interaction Hamiltonian (2-8) 


to the following form: 


gg des, Hye? + Air, (4-1) 
Ho) = 3 SSM V (axel! PB!) (ae BaF + Data) (ay OF + Ppa), (41a) 
car BB 
H,ve® = —4 Dae Vaal 5 Ay Ay!) (ag* bok +04 Gar) Aon Aer 
=4 50 V (a Qp!, BB!) Geax Aug (ap* dg +05. apr) 5 (4-1b) 


BBY do to 
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* * i 
Teo a bar > V(a% a)’, Bo Po’) Ges Ag Ago Agr » (4 Ic) 
&o Ao! Bo Bo! 


where the suffix zero stands for the outermost shell which is partly filled. Here 
we have adopted the approximations used in §3 for H;. As for Hy, we have 
picked up only terms which cause particle transitions within the outer partly-filled 
shell. As a result of the Pauli principle, the particle transitions within a shell can 
arise only when the shell is partly-filled. In the low energy region near the ground 


therefore, the above reduction of Hu: may be a plausible approximation. The 


state, 
also been implied for Hu. 


approximations made for HM and Hi; have 


(Il) Use of the “ method of auxiliary variables 
We shall take the reduced Hamiltonian, H)+H (re) and start with the 


Schrédinger equation : 


226) 


He p © =(H,+H§3”) pO=EPO, (4-2) 


In order to separate the reduced Hamiltonian into collective and internal parts, 
we shall employ “the method of auxiliary variables ”.” Following this method, 
we introduce, at first, the canonical auxiliary variables, @,, and f,,, which satisfy 


the canonical commutation relations : 
er ie eras (4-3) 
Corresponding to ¢, and z,, in (3-20), they have the conjugate relations : 
atts eee ee 


In compensation for introducing the auxiliary variables, we impose on ¥% the sup- 


plementary conditions : 


ay O=0: (4-4) 
Now we shall successively perform the following unitary transformations : 

Pee (eer Ur=exp(@ 33) Bm m/f), (4-5a) 

PO— UF, Ur=exp(—t 31 %m&m/N)» (4-5b) 

yO=UPT®, U,=exp GD Pnfn/ i). (4-5c) 

Then the transformed Hamiltonian and the supplementary conditions become 

H®= (UG, U,0,) 7H U,U,U;, (4-6a) 

Sade 0s (4-6b) 


This representation is the so-called collective representation, where the collective . 
variables €,, and z, in the original Hamiltonian are completely replaced by the 
auxiliary variables, @,, and ,,. Therefor, the collective motion of our system can 
be visualized in this representation. 

To clarify the physical significance of the representation, we first perform the 
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successive transformations U==U,U,U, to the Hamiltonian H,=H)+H\?*”. 
Then the transformed Hamiltonian becomes 
TEP SO ATS SAE re nen) 
m=+2 m=+2 


+ (H,— Sh tp ta*— DRO En) (4-7a) 


m=+2 m=+2 


In the calculation of this transformation we emplyed the operator identity : 
exp (iS) O exp(—iS) =O+i[S, O]—4[S, LS, O]]+--- 


and used the commutation relations (3-17a) and (3-17b). The first bracket of 
the right-hand side of (4-7a) represents the collective oscillation. The second part 
commutes with ¢,, and z,,, so that it does not contain the collective variables and 
represents the internal motion. 

Next we transform the remaining parts of the reduced Hamiltonian, i.e., Hii” 


and Hs. The result is 


U- H&e® U= —kG?(a«/2h)”? >) mV (&e ip!) Ain (&o Xo) 
+ (8 +&G?(w/ 2)? S) EnV (ao Xo!) Am (0 %0') ) 5 (4-7b) 


ao do/ 
U7 Ain? U=Hin®, (4-7e) 
where , 
Ay, (Qo Qo") =O ra01 Aao-m Geithars 


k= >" v(aa’) aaa’) (1—6,) Fa— Dag v (aa!) b(aa’) (1—9.) fave 


a(aa’) and b(aa’) being given by (3-19a) and (3-19b). In obtaining coer) 
and (4-7c), we have made a new approximation that the operators Am (Qos Raat )’s 
commute with the collective variables £,, and 7, Such an approximation is similar 
to that made in § 3, and means that only the terms in A,, (aa) which excite 
particle-hole pairs are significant in our energy region near the ground state. 
Collecting the results of (4-7a), (4-7b) and (4-7c) we have the transformed 


reduced Hamiltonian : 


H®= Hoon + Heoan + Aine » (4-8) 

HAen= > (4 Bin B® +4 0 Um Lm) » (4-8a) 
m=+2 

Fd ei aan ot kG (w/2h)*” Dae Ay, VU (a a’) Am (@ a!) ? (4 : 8b) 

) (4-8c) 


Ainiee= ES + HY”, 
HO = (H,—-$ Din Fm* —¥ D1 0S mE m*) 
4 LHS? +RG(eo/ 2H)" d3 Fn v (4040!) Am (0 0') 1. (4-8d) 


Go, Ko! 


PS 
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Under our approximations, the Hamiltonian 7 ® does no longer contain 7,, and 
eee 
SU T.C., 


(aku eed = eek =| = 0, 
(all igees ea iPel Fm | =0. 


In (4-8), H.., represents the collective motion corresponding to the surface 
oscillation in the Bohr-Mottelson model.” Hyon means the interaction between 
collective and particle motions, the particles being in the outer unfilled shell. {ii 
is nothing but the restricted quadrupole-quadrupole interactions between particles in 
outer partly-filled shell, with which Elliott” has obtained the rotational levels. Then 


the remaining terms H‘°}, can be interpreted as the energy of the internal motion. 
(III) Coupled system of the collective oscillation and the particle motion 
in the partly-filled shell 
Now let us consider the Schrédinger equation with Hamiltonian (4-8) : 
H®CO=EY, 
EPO, (4-9) 
Since 
ines eis wghes Emil =0, 
the following equations hold for the “free internal motion ” : 
AS Xinte= Ext Xinte > (4 2 10a) 
cali 0, (4 F 10b) 
where Za is the wave function for the internal motion. It would be quite difficult 
to solve (4-10). In this paper we shall not attempt to solve this equation, but 
assume, for a moment,’ that the intrinsic energy E. can be approximated by that 
of the harmonic oscillator shell model. Properly speaking, the ‘“‘ free vacuum ” 
state defined tentatively in § 3 should be replaced by the solution of (4-10) in the 
Hartree approximation. In this case, the ambiguity on configurations in the up- 
permost partly-filled shell might be removed. 


Now, the low energy properties of our system (4-9) may be characterized by 
the following equation : 


Hog b= Lond (4-11) 


with the effective Hamiltonian : 


Jig Aout Heoun+ Ait? + Ay, (4- 12) 
where 
H= >) 6s, at ad, 
ao 


Then the total energy of our system is given by 


B= (BO Sei Bie (4-13) 
to 
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The physical picture which underlies the reduction of (4:9) into (4-11) may be 
summarized as follows: In the low energy region near the ground state the 
particles in the closed shells manifest themselves only through the collective surface 
oscillation. The interactions between these particles and the particles in the unfilled 
shell are completely replaced by the interaction between the above collective oscil- 
lation and the latter particles. The interparticle interactions remain effectively only 
between particles in the unfilled shell. 
In the next section we shall investigate the properties of Equation (4-11). 


§ 5. Rotational motion and equilibrium deformation 


In the previous section we have shown that, in the low energy region near 
the ground state, our system with the Hamiltonian (2-6) can be reduced to that 
with the effective Hamiltonian (4-12). The main part of the effective Hamiltonian 
has the same form as that assumed in the Bohr-Mottelson model.” In our case, however, 
there remain a special additional interaction H {ii which acts only between the 
particles in the outer unfilled shell. 

Now let us investigate the system (4-11) in the so-called “ strong coupling 


case”. By the transformation 
a, == exp(—im#), (5-1) 


GG eH G't (m= +2) 


H..n in (4:12) becomes 


Ae = Trot+ Ari » (5-2) 
2 rae 
Trot = i Ly’ = raat x 00? ? (5 r 2a) 
0 
= vol (0 @ 1 ye 5- 2b 
Hip = Lat Vvin = “98 0 0 ae 5 wo, ( ) 
Ly= Dox se. (5- 2c) 
; \ 


Here the quantity 0 can be regarded as a deformation parameter and @ means the 
angle between the major axis of ellipse and the space-fixed axis. 


Next consider Hii” and Heoum- They can be rewritten as follows : 
HS M=—41G Te, (5-3) 
k=1,2 
Hou = — RG? (o/h) 12§(cos20-T,+sin20-T:), (5-4) 


where 7’, are defined by 
T= Difi(M%!) Fa, (k=1, 2) (5-5) 


to Fo 
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Fu(Q@oa%’) being the matrix elements of f(x, y) as defined in (2-3). 

Note that the f,(aoa’) are the matrix elements between the states in the 
degenerate outer partly-filled shell in the isotropic harmonic oscillator. Under this 
restriction they are equivalent to the matrix elements of the following quantities, 


ty (zy,; Peby) : 


Mw, xe 1 pe—py 
n(ty, PePy) = Sie 5 SET ee a 


Mw 1 
. a. ee ee 
2h 4 2hmway 
As was discussed by Elliott? and Moszkowski,” T;,’s satisfy the following com- 
mutation relations which are the same as those of the components of the three- 


dimensional angular momentum : 


PePy- 


(xy, PePy) = 


[Tes Tql=t2 a, (5-6) 
where i, j and & are the cyclic permutation of 1, 2 and 3. T; is defined by 
Ty=3L ss (5-7) 


HL, being the angular momentum operator of the particles in the outer unfilled 


shell : 


NLy=N >} 44,405 Bao: (5- 7a) 
eo 
With use of (5-6), we can rewrite (5-3) in the form 
AY = —-46T?4+4CL,’, (5-8) 
in which Thee le Cae: 


With the aid of (5-2), (5-4) and (5-8) the effective Hamiltonian (4-12) 
becomes 


2 
oe LaF Ly 8G*(w/h)'79(c0s 26-T,+sin26-T,) +h@+AHyy,, (5-9) 
0 


where h is the energy of the particle motion: 


Hea 


2 
hi nie Nort So ee (5-10) 


N, being the occupation number of the particles in the outer partly-filled shell : 
Noe San det 


The lowest eigenvalue of h® is easily found to be 


2 
€ = Engg Nf Ty! (To +1) (5-11) 
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where T,/(T)/+1) is the maximum possible eigenvalue of J? and N,’ is the 
eigenvalue of Np. 


In order to make clear the physical picture of (5-9), let us define / and V, 
through 


T,=}(V-cos20-+c0s20- VY, 
T,=3(V-sin29+sin20-V). (5-135 
Then we can easily find that 
[iy M=—7-[Ly, VIE (5-13) 
with the aid of the relations 
[Ue er bye eed g, eplogsi lg | eed as 


which are derived from (5-6). (5-13) shows that J can be regarded as a rotational 
orientation angle of particles. In the case of the configuration with the lowest 
energy (5-11), the value of V can be regarded as J,’ because of its definition. 
Making use of this value, we can rewrite the third term in (5-9), which is the 
coupling term between the collective and the particle motions, as follows : 


Heoun= —kG? (0/h)*?6-Ty! cos2(—V#). 
Then (5-9) becomes 
He = 1, + L3—kG(w/h)!28- Tr! cos 2(0—9) 
2A 2A 
+ terms not depending on the rotational motions, (5-14) 
where 
i?/24,=G'/8. 


The form of this Hamiltonian is nothing but that of “the coupled two rotors”, 
‘which was proposed by Tomonaga’ from his ingenious intuitive insight and was 
developed by Miyazima and Wada.” Very similar argument to Tomonaga’s has 
been given also by Bohr and Mottelson”” independently. 

Following Tomonaga’s prescription, we introduce two angles : 


6=(Ad+ Aid (fot Ar), (5-15) 
2=0—0, 


which stand for the angular center of mass and the relative angle of the rotors, 
respectively. Then, the total angular momentum of the system is given by 


Ree? 


jee Ae 
hLe i 00 


> 


and the Hamiltonian (5-14) is rewritten as 
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i? ee Ri At Ad ae —kG?(w/h)d-Td cos 22 


2 f+) 2Ar.Ai 02 


+ terms not depending on the rotational motions. 


Aese 
(5-16) 


> case under consideration, the value of kG?(w/h)9-T)’ is 
larger than the rotational energy of the two rotors. The angle 2 will, therefore, 
perform a small vibration around an equilibrium point, 2=0 provided k > 0, so that 
we may expand the third term in (5-16) in the power series in 2 and may take 
the series up to 2. Then the third term becomes 


—kG?(w/h)*"0- Ty! +2kG?(w/h)"0-Ty! 2? (5-17) 


In the “strong coupling’ 


Before obtaining the eigenvalue of (5-16) Ge., thatcot -(5:9))s" we shall 
discuss the equilibrium deformation of our system. From (5-16) and (5-17) it 
can be easily seen that the terms not depending on the rotational motions in (9-9) 


is expressed as 
h=h—kG?(w/h)"?0- To! + Ayin- (5-18) 


If we make use of the adiabatic approximation for the vibrational motion, (i.e., if 
we fix the deformation variable 0,) the lowest energy is given by 


2 
BO; T)', No) = én — To (Ty +1) —kG?(w/h)178- Ty +400. (5-19) 


Then, the equilibrium deformation which gives the minimum value of E can be 
obtained through 


fe) 
py EO Ty’, No’) =0 


and becomes 


Oq=kGi we, (of) Tee (5-20) 


This shows that the equilibrium deformation of our system depends not only on 
the strength G® of effective interactions and on the characteristic frequency of col- 
lective motion, but also on the configuration of the outer-shell-particles. 

With the aid of (5-16), (5-17) and (5-20), we can finally find the energy 
eigenvalue of (5-9) 


h’ I” 1 
py Ge maa 
F (At) gaia te) 2 ROADS Cag Ty! 
(@ 
ee No nt Nast sh) + Evibs (5-21) 


where 


2 4(Pot+ cr) kG? 
e 7) h Me Cagle 
Beh (/N) 


Wo 
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hI is the magnitude of the total angular momentum and » is zero or positive 
integer. €,;, 1s an energy eigenvalue of the vibrational motion around the equilibrium 
deformation ¢.,. In the strong coupling case, of course, the second term in (5-21) 
is much larger than the first term. Remember that the total energy of our original 
system is given by (4-13) 


E= Beg + (Eintr— €noy No’) - 


§ 6. Summary and discussion 


Adopting the simplified two-dimensional harmonic oscillator shell model with 
the quadrupole-quadrupole interaction, we investigated the nuclear collective motion 
from the standpoint of particle excitations. 

It was shown that in the low energy region near the ground state the 
transitions of particles between the different shells contribute mainly to the col- 
lective surface oscillation and the transitions of particles within the same shells 
affect the intrinsic motion mainly and the rotational motion partially. Thus the 
coupling between the collective surface oscillation and intrinsic motion originates 
in such a part of the effective interactions that has the matrix elements linking 
the above two types of transitions. As a result of the Pauli principle, the particle 
transitions within a shell can arise only when the shell is unfilled; therefore in 
the low energy region (near the ground state) the particles in the closed internal 
shells manifest themselves only through the collective surface oscillation, apart 
from their contribution to the determination of the ground state of the intrinsic 
motion. 

Thus, it was made clear that, in so far as the low energy phenomena are 
concerned, our system reduces to a coupled system of the collective surface oscil- 
lation and the motion of particles in the outer unfilled shell. The effective 
Hamiltonian of this coupled system has the same form as that assumed in the 
Bohr-Mottelson theory,” except for that in our case there remain special residual 
interactions, which act between the particles within the outer unfilled shell and 
partly contribute to the rotational motion. 

The rotational motion discussed by Elliott? is just what such residual interact- 
ions make themselves responsible for. In the so-called strong coupling case, 
there is another rotational motion due to the collective surface motion which 
was introduced by Bohr and Mottelson” phenomenologically. Thus it was shown 
that the total rotational motion of our system is obtained by the resultant motion 
of these two rotors, which are coupled with each other. The situation is 
very similar to “‘ the model of coupled two rotors” for nuclear rotation which was 
developed by Tomonaga,’” Miyazima and Wada,’ and independently by Bohr and 
Mottelson.” 

The equilibrium deformation of our system has also been discussed in detail. 
Then, it has been shown that the magnitude of equilibrium deformation depends 
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not only on the strength of the quadrupole-quadrupole interaction and on the 
character of collective surface motion, but also on the configurations and the states 
of the outer-shell-particles. 

Although our discussions are restricted to the simplified two-dimensional har- 
monic oscillator shell model with the quadrupole-quadrupole interactions, our treat- 
ment may be generalized to more realistic cases. Our method seems superior to 
that of the usual methods” of quantum mechanical description of the nuclear col- 
lective motion in the sense that it is developed by explicitly using the effective 
interactions between particles. In the generalization to more realistic cases, however, 
it will further be necessary to take into account the effects of higher multipole 
terms of the realistic effective interactions as was discussed by Belyaev.”” 

In conclusion, the following must be emphasized. In this paper we only 
‘ntended to outline an approach to the further investigation of the nuclear collective 
motion, and the detailed investigation on the applicability of various approximations 
has been left out. So one must be content only with the qualitative understand- 
ing of the mechanism of collective motions and the role of the effective interactions. 
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Lowlying excited states in a one-dimensional system which has a small energy gap (€ ,) 
in the spectra of Hy, the one-electron Hamiltonian, are investigated. Plasmons and excitons 
are Our main interests. These states are investigated in the framework of the tight-binding 
approximation. In usual one-dimensional systems, such as very long linear conjugated 
molecules, the plasmon levels sink into the level continuum given by excitation energies of 
one-pair states. However, it is shown that the plasma oscillations are stable when their 
energies are sufficiently larger than the energy gap. On the other hand, the plasma oscillations 
with sufficiently small momentum whose energies in case of €g=0 were smaller than the 
present energy gap seem to be dissolved away into the level continuum. 

A formulation to derive exciton solutions is given. The screening effect for the attractive 
force between the electron and the hole is investigated by means of the Gell-Mann and 

—  Brueckner technique and is found to grow larger as the energy gap becomes smaller. By 
this screening effect the possibility of getting the exciton-like bound state diminishes as 
€g—0. As a collorary we have found that the potential energy of two electric charges z,e 
and z,e separated by a distance 7 in a three dimensional system with small energy gap 
becomes 22,e2exp(—ar)/r if r<|B/4B|, where |B| is a measure of the Fermi energy and 
AB is a measure of the gap, while it becomes z,z,e2/€r if 7>|B/4B|, where €cocr,"1(|B|/(4B)?) 
xX (€?/ap). 


§ 1. Introduction 


In the previous paper” (hereafter referred to as I) low-energy electronic states 
with small wave numbers in the very long linear conjugated molecules with equal 
bond lengths and equal bond angles are investigated by means of Tomonaga’s 
sound wave method” within the framework of Pariser-Parr’s z electron approxima- 
tion. The formulation employed may be regarded as the tight-binding approxima- 
tion for plasma waves. 

It has been an interesting problem to see whether very long linear conjugated 
molecules have alternating shorter and longer bonds even in their middle parts or 
they have equal bonds in the parts sufficiently far apart from the ends. Many 
physicists believe the existence of the alternation.» Accordingly, it will be inter- 
esting to investigate low energy electronic excitations in the molecule with alter- 
nating shorter and longer bonds. In order to simplify our problem, we here 
investigate the z electrons moving in an infinitely long molecular skelton with 


oer 


Fear 4 es eee oe 


aS 


0 
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Then the one-electron energy of these 7 


electrons has a Brillouin gap. In case of an infinitely long molecule the difference 
between the longer bond length and the shorter one will be very small. Then 
the gap should be very small. Thus our problem is similar to that of electronic 
excitations in graphites or intrinsic semiconductors. Qualitative aspects of our 


discussions seem to prevail in such three dimensional systems, though from quanti- 
modify our treatment in each case. We will call 


1 bonds the N-molecules and those with alter- 


fixed alternating bonds shown in Fig.l: 


tative point of view we should 
the long linear molecules with equa 
nating bonds the S-molecules. 


H H H 
| | | | | 
Cc c Cc ce Cc 
Ph | ‘ 
: mui ¢ 7 C7 ‘C7 ie 
eae | | 
+4 
a a : H H 
;a—4a 


Fig. 1 


§2 Review of the treatment for N-molecules 


As shown in I, the Hamiltonian for the z electron system of an N-molecule is 
given by 
H= AY oe H,, 
A= yay €(k) Neo» Hy=4 >i J ePeP-% (2-1) 


ae Se ns 
Nic= Gite kes Px= Daca 
7 


sn the framework of Pariser-Parr’s 7 electron approximation which has got a great 
success in the interpretation of optical spectra of organic molecules. In the above 
a, is the destruction operator for the Bloch orbital 


Oy, exp (ikR) Op (2-2) 


ela 
VN -ye<ksyr 
where @, is the atomic orbital (or Wannier function) belonging to the R-th atom 


k is given by 


kan (n= integer), 


N 


and o denotes the spin function @ or f. 
(2-2) may be stated as follows, 


Ge aN AN >) exp(—ikR) br, (2S) 


~NI2<RSN/2 


os 
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where bz is the destruction operator for Yr. Further, J,, the Fourier component 
of the interaction, is given by 


9D p2 
NJ,= Ky (71) 
a 
in our one-dimensional system, K, being the modified Bessel function of the second 
kind, and 7 being some dimensionless constant introduced in I. In Pariser-Parr’s 
z electron approximation, the one-electron energy «(&) is given by 


€(k) =2B cosk (2-4) 
where B is the resonance integral between two adjacent carbon atoms. 
If the Tomonaga method of one-dimensional sound waves is applied to (2:1), 
lowlying excited states with small momenta are described by a Boson assembly 


which consists of two different groups of Bosons. One of the groups is composed 
of plasmons, each of which has the following energy quantum 


WS |n| Ve’ (mz) [€’ (mx) +45 n] (2-5) 


where k= (27/N)n (<z/2) is the wave vector of this Boson, 7 being an integer. 
Another group is described by Bosons corresponding to spin-density waves. The 
energy quantum of a Boson belonging to this group is given by 


W=|n|e' (mz). (2-5/) 


Same answer can be obtained by Sawada’s useful method.*? In this method 
only the interactions of the type shown in Fig. 2 are taken into account, the re- 
maining interactions being neglected. Then the Coulomb interaction is replaced by 


Hi He=4 io 1 ee 


where n= ae (ax +no Bara + OL Giarten) 
|n!|Sn p 
|n/ +n|>n_, 


poy MV pe 


Fig. 2 


in which 6% =Qno (nny). Further in the commutator 
[Ho, Wane bx] and [He, Ons Cnc 
one may use the following commutation relation 


[Bares Amat > Pfam bx] = Oeer Onnr Orramal 


> > ee Gee 
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because the interaction diagrams are restricted as mentioned above. Then, one can 
find an excitation energy W given by 

ht tess Oa eee ve iy (2-6) 
[ren gp (| W—e(n'+n) +€(”’) W+e(n'+n)—€(n"’) 


t 
|m +2 |> 72 py 


Le 20) 5, 


In the one-dimensional system, for sufficiently small 7 compared with 7,, we may 


use 
e(n' +n) —€(n!) =|n|€/ (nr) (2-7) 


in the denominator of the above eigenvalue equation. Then we get Eq. (2-5). 

In Sawada’s theory the plasma excitation connects with only the one pair 
excitation YJ, a*npinb*npY%> when the electron snteraction is adiabatically switched off, 
where Y% represents the ground state when e=0 and m is here assumed to be 
positive. There are also “ scattering solutions ” whose excitation energies are almost 
equal to e(n’! +n) —e€(n’) and connect with those of one-pair excitations Fiat nOar Lo 
(n’=ny—nt+1, ny—n+2, --«, Mp—1) when the interaction is adiabatically switched 
off. According to Tomonaga’s theory, on the other hand, the one-pair excitations 
which connect with the plasmon state are not limited to PypOa*nyinD*np Yo and are 
large in number. However, as mentioned in I, Tomonaga’s proof to show the 
equivalence between the Boson Hamiltonian and the original Fermion Hamiltonian 
is not sufficient, though his theory as a whole is very ingenious and instructive. 
However, we must not jump to the conclusion that Tomonaga’s result is incomplete, 
for there are no definite reason to show that the correspondence between one- 
pair states in the original Fermion system and the Boson states in Tomonaga’s 
formulation is incomplete and, further, Sawada’s method also contains a questionable 
point especially in one-dimensional systems. In our later discussions the difference 
between both theories is not important and we will not enter into this problem in 
more detail. 

If the above scattering states could really exist, Araki’s interpretation”, according 
to which the excitation of a plasmon state with the lowest momentum is assigned 
to the first absorption band of a Carotenoid, would be very questionable. One 
might think at first that such scattering states could not absorb light quanta because 
of the conservation laws of energies and momenta. However, light waves can be 
absorbed by end effects, and dimensions of actual molecules are much smaller than 
the wave length of the light to be absorbed, that is, the conservation of momenta 
is out of question. 

There are also low energy states of another type omitted in Tomonaga’s theory, 
as mentioned by Nakajima”: Configurations each of which is given by axbt¥,, n 
being slightly larger than , and m being slightly larger than —n,, will not give 
plasmons and would give low-energy scattering states whose energies are nearly equal 
to € (7) wae (m). These situations are illustrated in Fig. 3. These scattering states can 
absorb light quanta in actual molecules. Thus, a kind of energy-gap model in Kuhn’s 
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sense” or so is required, in order to explain the convergency of the first absorption 


wave-length of the conjugated molecules.” 


4|B| 


2/BI gl. 
wet 


[A 
eo) 


Fig. 3. Excitation energies of one-pair states in an N-molecule 


§ 3. The Hamiltonian of the z electrons in a long molecule 
with alternating bonds 


In our z electron Hamiltonian of an S-molecule the resonance integral defined 
in I is not merely B but B+4B or B—4B, and further the Coulomb integral 
J(R,—R:) defined in I depends not only on R=|R,—R,| but on R, and R,. Here 
we assume that these differences are not large. Adopting Pariser-Parr’s z-electron 
approximation and neglecting the end effects as in I, we get the Hamiltonian 
H=H,+ H, given by 

Hy= Hy’ + 4H, 
Hi, aie 
where 
Hy =B yay (D3 41,0Oz.6 021,00 Rn, 0) = pag €(R) Gio Ak,o> 


—NI2<RSNI2 —n chan 


4H,=4B > (B32, 5 Oar+1,6 + OsR+1,0 bari) 


—N/4<RSN/4 
—4B. >” (biz,6 bar-1,0 + OiR-1,6 bare) (321) 
—NMSR<N/4 : 
Hf=4 o(R:) e(R:) J (Ri— R:) ee J P~0-~+ const, 


N12< Ri, RoSN/2 
and 4H, consists of the interaction between electric dipoles, each of which has 
dipole moment (—1)*e?- da-p(R). Hence 4H, is a short-range interaction as well 


as weak one. Therefore, we neglect this. 
We will express 4H) in terms of ax and a, Hereafter, we will omit the 


spin suffix o in order to save notations, unless it is necessary. Using (2-3), we 


get 
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(brn beri =i bi p-1 bor) 


-—N/4<RSN/4 


= >) (cosk)ag* ae +t SX) ink) af. %+t 3S] (sink) at_na&, 


|kisx k\,|kKt alan |k|,|A-xlaon 
and 
(O¥: Dons t Ole +1 Oar) 


—N/ASR<NI4 


Fis (COS ENR a—t > (sink) ai, 24e—t SS) “(Gink)aeeee 


|Al Sa |k|, |4+2lSx kl, |A-x lS 
Substituting these into (3-1), we obtain 
4E=2idB 3S) (sink)abxa,t+2i4B > (sink) aj x Q- 


ee |e) Jeraclsoe |k|,|k—=m |r 
Therefore 
H,=2B >} \(cosk) a,* a; 


—a<ksn 


4+2i14B Sl (sink)a~.na:+2i4B > (sin k) aj_n - (3-2) 


|Al Jkt alone |A\ \k-x lon 


This is easily diagonalized by means of the following transformation 


raa( 1a ——i( 25a 


1 Ltn \? sae 
anape=—i( 4 Va (— B+ (4th) a(—2) 
Re 2 
(47, \¥? es 1/2 

A_x/2+k— — 4 (tf) a;(k) i (252) a, (k) 

‘ (3-3) 
aaprin= (2 "a (2) —i{ 4H)" a, (&) 
where 2/2>k>0 and 
|B sin k| 

VB sin?k+ (4B)? cos*k Sie, 


Then (3-2) is written as 


Ey= di ECR) a¥ (R) ac(k) + _ Gs PEA hE ECG), (3-5) 


—al2<kga/ 
where 


E(k) =—E,(k) =2V/ B? sin? k+ (4B)* cos*k. (3-6) 


Thus we have a Brillouin gap ¢,=44B, where we have chosen 4B>0. These 
spectra of H, are shown in Fig. 4. 


Now we will express the Coulomb interaction 


y= >} Ji Pu Px 
e>0 


* 
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Fig. 4 


in terms of a,(k) and a,(k). The result is as follows, 
Pr= 2 Aas" (+k) a,(1) +a,.* (1+k)a.(l) 
+aj"(—Da(—1-B) +ah(—la,(—I—8)} : 
+ SBR Mak (kDa) +a*(k—Dal—D} g 
at 2 ift**{a* (l+k) al) +a* l+k) a.) 
+aj*(—Na,(—1-k) +a (—Da(—1-B)} 
+ Sigh at k—Da(—D tae h—Dal—D}, (3-7) 


P-n= PRs a 
where 
Aid (1—ne) 2-1) + Athan)? At)" : 
bot 1 (1+74-2) ak @ Went 4) Bec 7-7? +7)""} 
jee =F{ (1 Br We eh @ tend 9 alc (1—Ti+n) SH +7;)""} 
Ge? Sri +7170 +7)? — G25 C=)? . 


(3-8) 


Here we adopt the following conventional notations, 
a,(k) =a(k), 
a,(k) =b*(k), 


PPL eee Pe SG ee oe eae 


b*(k) corresponding to the creation operator for a hole. Further, in order to 
simplify the notations in (3-7), we introduce the following quantities, 
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=A (iO); = fi*(>0), 
CUR 2 BeYO>Il>—k), ef” =g*s!(0>l>—A), (3-9) 
\==Aqi(—k> 2), =fiL.(—k>d, 
where k>O. Then we have 
r= ST CUB (L+R) O* (LD) ta*(i+k)a)} —the (3-10) 
Z 
where 
6, Viel ax (+k) b*(D)+bU+k) al) } (3-11) 
> Z 
for k>O and 
C=O 


: ; : eee. 
) For our later discussions we give values of e’;* in Table I. 


Table I 
Nee eee 

k | < AB||B\ > 4B/|B| 
Ee 
y l < 4B/|B| > 4B/|B\ <4B/|B| | > 4B/|B\ 

k= kf 4B > 1 

27 3 22 ay 1/Vv2 | 

Hiei k /AB k (AB = 4B a, 

fi k >| TB > (Fay) cose 1/V2 2B] (cot(Z+k) —cotl) 


Ee eee 
§ 4. Plasma oscillations 


Though our main purpose is to study the one-dimensional system, we will give 
some qualitative argument on the collective motions in a three-dimensional system. 
In general, if NJ, is replaced by 47e*/ak*, our discussions on the one-dimensional 
model seem to be in essential points the ones on a three-dimensional system. 

Excited states which may be interpreted as oscillating states of density waves 
might ordinarily be found even in insulators, if we seek such solutions among high 
energy states. However, many of them would be much 
different in character from the 


“cc 


usual’ plasmon states in 
metals, and investigation of such high energy states is 
beyond our task. Our problem is to ascertain whether 
plasma oscillations similar to those in N-molecules (¢,=0) 
exist in S-molecules (€,>0) or not. 

Now the plasmon states in N-molecules are given by 
“ the diagrams of Gell-Mann and Brueckner’s type” as shown 
in Fig. 5 which we call a plasmon diagram. ‘Therefore, as 
in §2, we seek for solutions within the framework of é 
the plasmon diagrams and investigate the solutions to see Fig. 5 
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whether much difference can be found between these solutions and those of N- 


molecules. Then, according to Sawada,” we may replace the Coulomb interaction 
Jef I by 


H,-> H,= 2 alel 
where ¢, is given by (3-11) or 
eee drei, 1+k)+d(1+k, 1)}. (4-1) 
In the above 
v(l, k)=b(Datk). (4-2) 
Then, in the framework of the plasmon diagrams, we get 
[He, OC, l+k)]=JIe- er" Cis 
(He, OU+k, DJ=—Iu er Cas 
[Hy, OX, LER) JHE, 1k), l+k), 
[Eh, IU+k, DI=—EC, +k) 0U+K, 2), 
where 


E(, k)=E,(k)-E,(). (4-3) 


From these, we get the following eigenvalue equation for excitation energy W: 


1 al 
1=J7 a | pb+k|2 — eye 
> |e; | W_-—E(l, 1+k) W+E(1, I+k) , 


or 
E(, 1+k)\er**|? 


=A 7, 5 4.4 
» 2 Wt XL, +k) Ce 
We seek for solutions of (4-4) for some extreme values of k. 
Case I. |k| <4B/|B\ 
In this case (4-4) may be approximated as 
am /2 
EQ, Ite fel 4 | EUAL+E fey 
= -=— NJ, . dl. 4-5 
: BJs 2 Wie BALI R) a ee ) W?—E7(1, 1+k) Ges 


We calculate E(l,/+h)|f'7*|’ up to the lowest order term with respect to &. 


Then we get 
B AB? 


E(L, 1+k)|f0"?P=® (AB? cos'-+ B* sin? 1)” + OCR’). (4-6) - 


(Case I-1) Three-dimensional system (|k| <4B/|B)) ; 
Ane’? 1 
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At first we assume that the solution of (4-5) satisfies 


W>Max{E(1, 1+2)}. 
rf 


Now NJ;:-E(d, 1+) |f7*|? in the numerator of (4-5) is extremely large only 
when /<4B/|B| and is practically zero when />4B/|Bl, as is easily shown from 
(4-6). Further, for /<4B/|B|, 


Wei, LER). 


Then we get from (4-5) 
W=8J, SEL, +B) |fi*P 
Z>0 


Substituting (4-6) into the above and replacing the sum by the integral, we obtain 
ac /2 


BAB | dl 


aloe 
of (B’ sin?/+ 4B? cos? /)*!? 


a 


Ww? 


Pal a) ; TERS eT 


In case J4B<|B| we get, as shown in the Appendix, 


m/2 


dl =( B ) 
[1— {1— (4B/B)} cos*JP? — \ 4B} 


w=4,/ [pj = 
a 


This is nothing but the excitation energy of a plasmon given by substituting 
NJ,= (4te"/a) -(1/k*) into (2-5), i.e. the plasmon energy in the “normal state ” 
(e,=0). For a very small &, the maximum value of E(J,/+) is almost equal 
to 4|B|, as shown in Fig. 7. Therefore, W,>4|B| has now been required. 
This means e’/a> |B]. If this condition is satisfied, the plasmon level lies separately 
from the level continuum given by E(/,/+k). On the other hand, if e*/a<|Bi, 
the plasmon level sinks into the level continuum. Even in this case, we cannot 
say that the plasma oscillation disappears when the gap appears. In this case the 
dispersion relation is written as” 


Therefore we obtain 


1= NS. P| Sle FoeydE (4-7) 


where P means the principal value, 
E=E(1, [+k) 
and dl=2(E) dE. 
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Then we get again the plasma frequency which is nearly equal to the one in 
the “normal state” (€,=0). The electron excitations (f, /)—>(c, 7+) in which 
E(l, 1+k)’s are nearly equal to W should be treated separately. These excitations 
give the level width of our plasma oscillation. We estimate this width by means 
of the following formula, 


ae Ae" T+k/2 
hie le POLE lk) = W) 
NPS Qk oc? 


which has been derived by Kanazawa’ in the framework of the 
time-dependent perturbation illustrated by Fig. 6. In order that 


E(l, [+k)=W, 


is satisfied, |/| should be very large compared with 4B/|B|. Then | +k 
we get 
E(1, 1+k) |e}**/?=#?- 4B/|B|- 4B/sin*/. 
k 
Therefore 7[’/Boc (4B/B)*. Consequently, if the gap is very small, 
the energy width of the plasmon level lying in the level continuum 
is very small. Fig. 6 


(Case I-2) One-dimensional system (\k| <4B/|B}) 
In this case NJ;,= (2e?/a) Ko(7|k|), then the dispersion relation (4-7) is written 
as 
4 ie B? AB? Q(E)dE 


e 
ye RorlkI)P \ (B? sin? /-+ 4B? cos*1)*? W?—E? (1, [+k) © 
T= 


fs 


Now lim #K,(7|2|) =0. Therefore, W should be equal to E(/, 1+) =E, at which , 
k>0 


% i é 
the above integrand rapidly changes. Then, it is very doubtful whether this solution 
does correspond to a real plasmon state. Indeed, one obtains the conclusion that 
there are no plasmons in the region of k satisfying 4B/|B|>k, if one is allowed 
to use the “existence criterion” of Bohm and Pines mentioned below. This 
criterion is stated as follows: For any k, the plasma oscillation exists if 
I=W,/ (P| Jepue-x| 2) <1, but it does not exist if J>1. In the above, Pisa 


Slater determinant composed of a single particle state belonging to a degenerate 


Fermi sphere. In our case Wille: 
the the case of k<4B/|B|, we get 


(P| Jn 0% 0-x| ?) =J,(>¥|e:**|’) 


ey PePae een (“*)= i) W.)2 4B= + (Ww)? é,, 
=25,(4-/E) x3. |B | 1S ey of [6 


where W®=V (4/a)R|B|NJe is the energy of a plasmon in the case of €,=0. 


Then we obtain 


Further, noting that we are now considering — 


Pee oe 


eat y tases 
vi 


Sag age 
a ON ee Te 


MO ae 
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TZ 4(E/(W yeh 
Thus, the plasmon levels which exist in N-molecules under the energy gap com- 
pletely disappear in S-molecules and seem to be dissolved away into the level 
continuum above the gap. 
Case Il. 2/2>k>4B/|Bl 


In the dispersion formula 


l=x/2 
2NJ x E(i, 1+k)|e**/? 
eg ce Pad Ry 
dreamer Sabcsesromenyy co 
we may use 
— fhte 7 
eres if —k</l<0. 
0,5 otherwise. 
Therfore, we get 
1 oN EW, 1+k) 
7 W?—E?(1, 1+k) 


x 4|B| casnembe 


eieteev alc Continuden a apes 
in S-Molecules: 7. -” 


I? — oe 


eo 


Ve ee ee 
= <= 


i cence rer 


pe en a Ce ee ee 


a} z/2 
Fig. 7. Excitation energies of one-pair states 
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We can find a solution satisfying 
W>SE(l, 1+k) for —k</1<0. 
Further in the integrands, we may use 
E(1, l+k)=2|B\k. 


Then the above eigenvalue equation is nothing but the one in an N-molecule. 
This is true in the one-dimensional system as well as in the three-dimen- 
sional one. Especially, in the former the plasmon level always lies in the level 
continuum (unless &*NJ,>4!B\). The level width of this plasma oscillation is 
given by 


AP=J, >i EC, L+k)|ei**)?0(E(Z, +k) —W). 


Z should be very large compared with 4B/|B| in order to satisfy E(/,/+k)=W. 
Then, 


eit fittoo (cot (+k) —cot/). 


Thus, #I is sufficiently small and hence stable plasma oscillations may exist in 
S-molecules when 4B < |B}. 


§ 5. Excitons 


As is well known, the plasma oscillations come from the high mobility of 
electrons which leads to the screening of the Coulomb interaction between electrons. 
If the mobility were very large, the attractive force between an electron and a 
hole will also be screened and the possibility that the electron-hole pair has a 
bound state will be diminished. Thus excitons and plasmons are mutually exclusive. 
The exciton solution is given by the diagrams shown in Fig. 8. In the usual 
derivation" of the equation describing the hydrogen-like internal motion of an 
exciton, one implicitly adopts only these diagrams and neglects all the other ones. Thus 


Fig. 8 Fig. 9 


: 
< 
oy 
¢ 
» 
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we will call the diagrams shown in Fig. 8 the exciton diagrams. If the energy 
gap is very large as in case of insulators, the diagrams for an electron-hole 
pair which seem important at first sight are the exciton diagrams, exchange 
diagrams” (Fig. 9), and Macke’s diagrams” (Fig. 10) (and of course, the ones 
given by mixing these diagrams). The remaining diagrams may be neglected, 
because they should be accompanied by “ vacuum polarizations” which require a 
large energy in case of a large energy gap. The exchange diagrams will also 
play a minor role because they can be included in E.(k) or E,(k). One neglects 
Macke’s diagrams, because in the off-diagonal element (a* (/’+k) b* (l') B\| Hib Dal 


+k)¥%) the term aw is generally small compared with Lt . However, 


the reason why other diagrams than exciton ones may be neglected in actual insu- 
lators would not be very clear. Indeed, the polarization waves in Mott-Pines’ 


sense which can never be given by exciton diagrams might exist in insulators. 


At first we take only the exciton diagrams. Then 
Pr > Ci*{b(+k)b* (2D) +a* (+k) at) }. 
Further the Coulomb interaction 
= 2 JePeP—» 
may be replaced by 
Hy> He=— SYS Ja CECE (a DO (Mb HAW a+) 
+a*(A+«)b* (ut) b(y)a(A)}. 
Introducing 0 (4, 4)==b(#) a(A), we rewrite this as 
He=— SYS I, Ce CP OF, DOG, A LE): 


*=0 Aw 
As we limit ourselves in the exciton diagrams, we may use the commutation 
relation 


[0(, #), OFM, 2) =O. Onur 
in the evaluation of |Ho, J*(h—k, h)]. Then we get 
[Ho, IM(h—k, h)J=— S)JnChit Ch O*(h—k—, h—). (5-1) 
Eq. (5-1) together with 
[Ey, 0* (h—k, h) |=Eh—k, h)0* (h—R, h) 


determines the motion of our electron-hole pair. 
Here we introduce the following quantity, 


Lehn hy) =otaer > exp (AR) 0* (h—k, h). 


- Then we have 
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[H, &*(k, R)J=N? Si) exp(ihR) {Eo(h) —E,(h—k) }0*(h—k, h) 
=N™* SS explth(R-R) ]{Eolh) —E(h—k)}S*(R, R’) 
ae {% ¢(R—R’) —exp[ik(R—R’)]6,(R-R)} £*(k, R’) 
where 
HG o(R) =N~ Si exp (ikR) Eo), etc. (5-2) 
Similarly we get 
[Hes GF(k, RY 
=—N* 3130 J. exp[th(R— R’) J exp Ge’) Chrt_n Cin L*(R, RY 


wA+0 A 


=— pap» J, exp (ikR’)C}#(R—R’)-£*(k, R’), 


where 
tae > exp (AR) CR4Ct n= C2 (R) oo. (43) 
Introducing 
2 exp (z«R’) CF (R—R’) = V,(R’, R), (5-4) 


which corresponds to a velocity dependent and non-local potential, we get 
Ere sy AD | 
= =) {36 o(R—R’) —exp[ik(R—R’) ]6,(R—R’) — V.(R', RS L*(R, RB). 
; (5-5) 
Now, the energy eigen-state of our electron-hole pair will, in general, be 
written as 
Fin, k)=U*(n, k)®, 
where Y is the vacuum state and 
W* (n, kh) =>) Un, R)-4*(k, R). (5-6) 
In the above 7 is a quantum number describing the internal motion of our pair. 
As H¥=0, we get from H¥(n, k) =WY(n, k) the following equation, 
3 [H, U*(n, k)]Yo=Wt(n, bBo. 
Substituting (5-5) and (5-6) on the left side of the above equation, we get 
31 {960(R!—R) — exp [ik (R’—R)]6,(R’'—R) — VCR, RY} Um, R) 
i =WU,@, §). (5-7) 


According to Wannier,’” we sometimes regard the point function U,(n, R) 
defined at R=0, +1,°:, +N/2 as a continuous function of R in the range 
(—N/2, N/2). Then, from (5-2) we obtain” 


Be ee a es ST ae 
> % 
* - a ~ Ses TSO 


696 T. Izuyama 


re) 
S}Ko(R—R)- Urn, R)=Eo(-— pe) Us 8), 


and 


F Mee 
S? exp [ik (R’— R) ]- 26;(R’—R) “et IES R) =E,(—k+ = | U,(n, R). 


Therefore, Eq. (5-7) becomes 


fee(2 ge) Ajo ® 


=| VAR, R) U,(n, R')dR'=WU,(n, R)- 


We here perform the following transformation,” 


exp(— 5 £R) Eh (ie RY alee ee 


Then, we get 
Z-Py(n, R)—\ VAR, R)P(n, R)dR'=W-T,(n, R), (8-8) 


where 
; exp ( . RkR)\\ Ee Saar E,\(—k+—— ey exp 
EPA E C8 Bates 
=F( )-E (- is 5-9 
eV 1 OR ES ck pala Oe 


As we are now concerned with the very low energy states, we here consider 


_ the case k->0. Further, we replace E,(p) and E,(p) by 


E.(p) > E.(p)'=24B+—"*_(/a)? 
2m* 
(5-10) 


—E,(p)>—E,(p) = BEB ae — (p/a)? ; 


_ where 


(i | ad’ | | d’ | B= 4B? 

= E ——) mS ee = 
m*ai | dp te) r-0 Ldp* ese) p=0 . ; ee) 
Then we obtain 

i? Bb? he a 


F=—A4B+ & 
2-(2m*a)  m*a? dR? 


Omitting the kinetic energy due to the translational motion of the center of mass 
of the electron-hole pair, we get the following wave equation for the internal 
motion of our electron-hole pair, 


Electron Interaction in Very Long Linear Conjugated Molecules. II 697 


h 7a ke ii . 
ek pr Tel, R)—| VR, ROP, RYAR'=(W—e)Pi(n, R). 
(5-12) 
If 4B<|B\, (5-11) becomes 
CABIN , Ran (ela Pa, \ 
mt = pees | Bi Bi ( | m, Cais) 


where a, is the Bohr radius and m denotes the usual electron mass. Therefore 
4B<|B| means m*<m, for a~a, and |B\|=(e?/a). In this case, it is very 
difficult to localize the internal motion of our electron-hole pair, because of the 
uncertainty principle. Then, the bound state of this pair, if it could exist, should 
have a widely spreading orbital for the internal motion. Then, the long range 
part of the attracting force between the electron and the hole becomes important, 
while the short range part plays a less important role. Therefore, among the 
Fourier components of this potential, J,’s with small « play important roles. 

One may think that such a widely spreading character of the internal motion 


is completely due to our “ad hoc” assumption (5-10). Indeed, E(p) gives an 


unreasonably high energy for the pair configuration J*(p—k, p) when |p| > 4B/|Bl 


(cf. Fig. 11). Hence, the mixing of the configuration 0*(p—k, p)¥% (with 
|p| > 4B/|B|) might be undeservedly supressed. However, the mixing of such 
a configuration will actually be small, for J,(with 2/2>«>4B/|B|) should be 
replaced by ECETIY: as shown in our later discussions, and then the matrix 
element between the above configuration and ¥*(p—k, p)¥% (with |p|<4B/|B)) 
will become very small. Now, we will examine the potential V,(R, R’). When 
k-0, we get 


CARR) = 33 |Ch-s|? explih(R—-R)]. 


For small «, C?_,=1. Then we obtain 
Cf (R— R’) =0(R-R’). 
Therefore, for sufficiently large R, we get 
V,(R, RDO= Pa vaerpunye ie) 


€13(RERD 
-# . 


This assures the existence of the bound 
state solution for Eq. (5-12). The dis- 
sociation energy of this bound state is 
roughly estimated as follows. 


Lea ait, Airave Bia on 4 a BI 16 Pe BI 


0 44B/|B\ 


Fig. 11 


(5-14) 


eee 


; 
: 
ig 
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e order as that of e/a, though |B|>e’/a. 


It should be noted that |B| is of the sam 
hat we can find an exciton level 


However, we must not jump to the conclusion t 


appreciably lower than the energy gap in an S-molecule. 
The reason why we have got such an exciton level is that we have taken 


into consideration only the exciton diagrams as shown. in). Fig, S=or,.im) oluet 
words, we have completely neglected the screening effects for the long range 
Coulomb interaction between the electron and the hole. This interaction is not only 


but also us 


where J” is some polarization diagram.” Actually, for a scattering process with 


momentum transfer «, the effective interaction should be given by 


I= 3 ye Ok 


where the summation includes /’=0. This he will be much smaller than J,. 

Among various /”’s plasmon diagrams will be most important in case of a 
small gap. At first we consider the simplest case as shown in Fig. 12. The 
contribution from these diagrams is estimated as follows, 


(5-15) 


\ent™|? ¥ INI? a [ex*™|? dj: 


J (x) 22-9)? See a 
e E(p, B+) ae ee LCL point ae 


This expression is not correct from the quantitative point of view, for in the 
energy denominator we have neglected the energy change induced by the intra- 
band transition of our electron-hole pair. For «<4B/|B|, however, (5-15) is a 


Fig. 12 


ie eel 
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sufficiently good approximation, for such an energy change is usually smaller 
than the polarization energy E(v, +x). For 2/2>«>4B/|B|, on the other 
hand, the use of (5-15) can never be justified from the quantitative point of view. 
However, from the qualitative point of view, our result seems to remain unchanged, 
even if we take into account such an energy change. It should be noted that by 
using (5-15) we have replaced the screening for the interaction between the electron 
and the hole by the one for the interaction between two motionless charges placed 
in our many-electron system. In other words, we have neglected the retardation 
corresponding to the time spent by the interaction in polarizing the many-electron 
system. Though we can take this retardation into account by means of Hubbard’s 
method™ or else, we here neglect this, for the result including the retardation 
will complicate our later discussions. Here we adopt a similar technique to the one 
adopted by Gell-Mann and Brueckner”, i.e. Feynman’s path-integral method; we in- 
troduce the following function, 


a /[2 


F.() = | let" P-exp[— Es #-+«) ]dp. 


—al2 


Then (5-15) is written as 


2 ao 
JI (x) =— a | F(t) dt. 


This is further expressed as 


2 
JOG) = ee \ dt \ dis Fe Yet, =0). 


ee at) 


Next, we consider all plasmon diagrams 

phawiiiiik Bier owe hurther for sour Wh i bo cr te eg 
present qualitative arguments, we () 
neglect all the other diagrams in the ie wae 


summation over I’. Then we get 


J,.= Py adaae (x) ? 
n=0 
Fig. 13 


J (1) 2d, (—1)*( A)" Ane) 


A, (kK) —= | dt | de | ate FG) + FY (tn) -O(4, +++: +t,—2). 


: - Then from (5-16) we obtain 
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Expanding the above d-function into the Fourier series, we get 


Ane) = pe | de | ae Q. OP exp (— ie) =[2, OT 


where 


eo 


Q, (u) = | F,,(t) exp (itu) dt. 


-o 


Therefore 


® RINE AS nee 1 aie 
jeg SG Ze Ol ala ee 


n=0 
_ where 
a/2 © oaks lent]? 
+H%(2__ ——— 
0.0) = | ae | derexpl—l- BGs ete} le P=2 | dean te)” 
—n/2 oa are 
Gin 


(Case I) «<4B/|Bl. 
(5-17) may be safely replaced by 
a /2 


y ares 
as | grr Pe 


- By means of (4-6) and (3-6), the above quantity is written as 


m/2 
Ps: Aone dys 
Q, (0) = B (4B) | any cata Lana 
5 (4B)? \ dp: 
revels [1— {1— (4B/B)?} cos? p}*? © 


0 


sede This integral is evaluated in the Appendix, and is approximately equal to 
_ 2(B/4B)‘. Using this, we obtain 


2x"|B| 


OO) ra 


Te ri 
" 142(NJ,) -«|B|/32 (4B)? © 


(5-18) 


K 


(Case II) 2/a>«>4B/|B\. 
(5-16) may be, safely replaced by 


"~~" * 
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0 
dt 
Ope ee 
Q, (0) ) EG pt (cf. Table I) 
Using E(w, u+«) =2|Bl«, we get 
Substituting the above into (5-16), we obtain 
ee i 
i : 5-19 
1+NJ,/7|B| Cae 


In Case II, the screened interaction in the S-molecule is equal to the one in the 
N-molecule. Note that NJ,>|B|, when |«x|<z/2. Especially, in three dimensional 
systems (NJ,= (1/a) -47e"/k’), Jy. i8 nothing but the Fourier coefficient of the 
potential e?-exp(—ar)/r. Then, the attractive potential between the electron and 
the hole separated by a distance 7, a|B|/4dB>r>a, is not —(e/r) but 
—e?-exp(—ar)/r. In Case I(«<4B/|B]), the screening effect is weaker, though 
this effect grows stronger as 4B-—>0. Especially in three dimensional systems 


J.=J,: z . Therefore, for 7>(|B|/4B) a, the interaction becomes 
1+ (8/3) (e/a) |BI/ 4B" 
—e/er, where ¢ = 8/3-e*/a-|B\|/4B’. Though this dielectric constant is extremely 
larger than unity, the interaction —e’/er assures the existence of the excitons. 
Namely, the exciton solution is certainly obtained whenever the energy gap may 
arise and be compatible with the plasmon solution. However, the dissociation energy 
of the exciton in a three-dimensional system is extremely small compared with the 
gap, i.e, (W—e,/e,) tends rapidly to zero in proportion to é,, as ¢€,->0,. for 
the dielectric constant is inversely proportional to ¢,. Thus, the exciton cannot 
be observed if ¢, is sufficiently small, for the exciton level should have the 


energy width.” * 
In our one-dimensional system, however, J,/J, for «< 4B/ [Bl is not so small 
as in the three-dimensional case. It should be noted that lim J,=J,. Namely, 
> 


the interaction reduces to the completely unscreened form e”/ sae r—oo. Accord- 
ingly, the possibility of observing the exciton in our one-dimensional system 
is much larger than that in the three-dimensional one. However, (W—e,/€,) 
wil 
following reason. The classical distance of separation between the electron and 
the hole in their bound state whose dissociation energy is indicated by (5-14) is 
roughly equal to (|B|/4B) az. Then J,’s with «~4B/|B| should play important 
roles. The value of J,/J, at «=4B/|B| may be estimated by extrapolating the 
formula (5-17) or (5-18). Both formulae give about the same value for 
J,/J.(0= 4B/|B\), ie. 2|B|/NJ,. Note that NJ,>|B|. Hence J,/J,<1 even 
for «~4B/|B|. Then the classical distance of separation should be much larger 


than (|B|/4B)a,, and so the dissociation energy W-—e, of this exciton, if it 


could exist, would be much smaller than ¢,. 


1 tend to zero as ¢€,—0 even in this one-dimensional system because of the 


ee ee ee ee ee 
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There are some possibilities of obtaining a large energy gap” in an S-molecule. 
Thus we could not reject the possibility that the lowest excited state corresponding 


to the first optical absorption would be the exciton state. 


§6. Summary and discussions 


One can never get the convergency, if one attributes its origin to the plasma 
oscillation of the one-dimensional electron gas in a long tube. Thus, a kind of 
energy-gap model in Kuhn’s sense or the like is required, in order to explain the 
convergency. 

When the energy-gap ¢€, arises in the spectra of Hh, the plasma oscillations 
whose energy quanta fiw are sufficiently large compared with «, remains stable 
even if their energies sink into the level-continuum of the pair excitation energies. 
On the other hand, the excited states which are represented in N-moleules by the 
plasmons with fiw<e, are much altered. The solution of Eq. (4-7) is always 
larger than e,, and in case |k|<4B/|B| it is almost equal to the gap. Moreover, 
it is very geustionable to regard the solution as the one corresponding to a real plasma 
oscillation. Indeed, one obtains the conclusion that there are no plasmons in the 
region of & satisfying || <4B/|B], if one is allowed to use the “ existence criterion “ 
of Bohm and Pines. It should be noted that the above conclusions are limited to 
the one-dimensional system. Indeed, the plasma oscillations in the three-dimensional 
system remain unchanged when the small energy-gap arises. 

Our discussions about the exciton are rather rough. Especially the use of 
(5-10) would be open to questions. However, we may reasonably conclude that 
the screening effect for the attractive force between the electron and the hole grows 
larger as the energy gap becomes smaller. By this screening effect the possibility 
of observing the exciton diminishes as ¢€, becomes smaller. Further, our very 
rough arguments give the conclusion that the excitation energy of the lowest 
exciton-like bound state, if it could exist, would be nearly equal to the gap. Then, 
such a state would not be observed, for the exciton level should have energy 
width. Thus the lowest excitation energy of our many electron system with small 
energy gap in the spectra of H) seems to be practically equall to the gap. 
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Appendix 


m/2 dp 4 
0 [1—(—) cos*z}? 


At first we calculate \ =TI incasek<1. The integrand 


ae 
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is overwhelmingly large only when 0S p<1. 
approximation, 

mld 

Pe | 


cos [tdi 
[1— (1—) cos’ zp” 


ee) 


Then we may use the following 


0 
aw/2 3 5 
= | [cos aaa t oe) cos’ +5 (1) cos" + dp. 
0 


bo 


Using the well-known formula, 
om /2 


“Ae Ceo. 
Gos ede — 
" loti (aE) 7-.2533" 
we get 
ae Sera 5) fea eee ee 
1— (1—) k 

a [2 dp. t 
Next we calculate \ =I’ in casek<1. By the same reason 

0 


[1— (1—) cos? ph)” 
as mentioned 


w 


cos’ udp 
[1— (1—) cos* J? 
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bo 


tt ott 
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On the Relative Parity of Charged and Neutral K Mesons 
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Standing on a view-point that the mass difference between the particles belonging to 
the same charge multiplet is mainly due to the oddness of the relative parity between charged 
and neutral K mesons, i. e. p(K)= odd, it is shown, on the basis of the perturbation 
calculation, that this view-point is permissible under certain conditions. One of them is the 
equality of the relative parities of 4, 3’s and 2’s. This perhaps does not suffer any change 
even when any higher order contribution of the perturbation expansion is taken into account. 

In order to obtain some infermation about the parities of charged and neutral K mesons, 
various effects due to p(K) = odd, such as the mass difference between charged and neutral 
K mesons, are investigated. The result thus obtained is not inconsistent with P(K+) = odd, 
which may be in agreement with the result obtained from the K+-nucleon scattering 
experiment; the most favorable parity assignment to K mesons is P(K*)=odd and 
P (K°) =even. 

Further, a comment standing on the view-point of #(K) =odd is made about the implicit 
assumption that the baryon spectrum known at present is closed. 


§ 1. Introduction 


Two years ago, Hiida and Sawamura” calculated the neutron - proton mass 
difference by using the measured values of charge and magnetic moment distribu- 
tions of a nucleon” and showed that the sign of the neutron-proton mass difference 
is contrary to the observed one. Similar results have been obtained by many 
authors.” 

Recently Kato and Takeda’? showed by semi-quantitative discussions that the 
electromagnetic interaction, being thought to be the only origin which violates the 
charge independence in the strong interaction, cannot give both the large mass 
splittings among 2 particles and the finite decay probability of a charged K meson 
into two pions, the latter being zero under the |4/|=1/2 rule. Moreover, the fact 
that the mass of a neutral K meson is larger by about 4 Mev than that of a 
charged one” contradicts with what may be expected by the analogy with pions. 
It seems also to be hard to obtain the order of magnitude for these mass differences, 
apart from the sign.° 

Considering these circumstances, it seems difficult to understand the mass 
differences among the particles belonging to the same charge multiplet* as due to 


* Hereafter we write this mass difference as “the MD” for brevity. 
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the electromagnetic interaction. This difficulty seems to be of much significance. 
If it is the case that the I/D cannot be understood by the electromagnetic origin, 
there should be some origin which violates the charge independence other than. 
the electromagnetic one. Here we take a view-point that the MD is mainly due 
to the oddness of the relative parity between charged and neutral K mesons, 
i.e. p(K)=odd. Although there has been no reliable calculation for the self 
energy, it may be allowable to examine whether this view-point is possible or not. 
This view-point might be the most drastic one among various view-points in which 
the MD is attributed in any way to violation of the charge independence in the strong 
interaction. However, this view-point seems to be very interesting because it may be 
possible to give some clue to the future theory. In the last part of the present 
paper, these points will be discussed. 

Here it is worthy to notice that we do not consider the mass splittings among 
the four kinds of baryons as due to the strong K interaction. Gell-Mann and 
Takeda” proposed a model in which, at the stage of the strong K interaction being 
switched off, all baryons are degenerate, and the K interaction causes the mass 
splittings among the four kinds of baryons. However, if we assume p(K) =odd, 
we cannot adopt such a model. In fact, using Eqs. (1) and (2) in § 2 and re- 
quiring the MD to be approximately vanishing, we can obtain the relation for self 


energies” 
2{8m(N) +dm(=)}~dm(A) +3-dm(3), 


but at the same time we cannot get the large mass splittings among the four kinds 
of baryons. That is to say, we hold a view that there exists some more funda- 
mental origin for the mass splittings among the four kinds of baryons other than 
the strong K interaction; we take the view that the bare masses of baryons with 
respect to the strong K interaction are different from each other in accordance 
with the order of observed masses. Thus, it seems allowable to use the observed 
masses in calculating the MD on the basis of the perturbation argument. 


Pais discussed the possibility of p(K) =odd from the view-point of his global 


From the dispersion 


symmetry concerning the strong baryon-meson interactions.” 
ions, Taylor obtained 


theoretical analysis of angular distributions for associated product 
the result that it is not inconsistent with the available experimental data that p(K) 
equals odd and a charged K meson has the odd parity relative to the (AN) and 
the (2'N) system.” His conclusion seems to be too premature to derive such a 
definite conclusion.” 

In the following, by the argument based on the perturbation argument, we 
will point out that it may be possible to explain the MD under the assumption 
of p(K)=odd. For the purpose of obtaining some information about the parities 
of K mesons, such effects due to p(K) —odd as the mass difference between charged 
and neutral K mesons are investigated, and the result thus obtained is shown to 


be consistent with the K*—nucleon scattering experiment. 


ea 
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These considerations are based on the assumption that the mass spectrum 
known at present is closed. Therefore it will be investigated, from the en pa 
of self energies, whether the particles, which are not excluded to exist in the 
Nishijima-Gell-Mann rule™ but have not yet been observed, are permitted to exist 


under the assumption of p(K) =odd. 


§2. The mass differences among the particles belonging 
to the same charge multiplet 


We will calculate at first the self energy by using the lowest order pertur- 
bation, the reliability of which is an open question but we assume its result to 
be reliable at least with respect to the order of magnitude. The self energy 
contribution from Fig. 1 is obtained by using the Feynman cutoff.” The result 


is as follows: 


When ['=77;, 

dma= | dx (rms —mer) Fa(b 0), (1) 
and when =I, 

0m,= meant AG 7S Wade) = a CGC), (2) 


where 


F,(b: c)=In Ma (1—2x)?+ (m,—m,?) (1—2) + (m2—?) x 
ibe Ma (1—x)?+ (me—m,”) (1—x)+mex 


Assuming (4) =odd and the parity of A relative to nucleons to be even, we 
obtain the following results* : 
(i) The mass difference between a neutron and a proton: in the case of P Sey 
odd (even) and P(+’) =even, 


2 2 
Om(n) —dm(p) + + (i: -Iy(2) — (+) SANE y Iy(A), (3) 
7 7 
and in the case of P(K*)=odd (even) and P(3’) =odd, 
2 2 
dm (nm) —dm (p) ~— (+) 22% ms: Te(E) — (+) 22" my Tel). (4) 
7 


Here P(K*) =odd and P(+')=even mean charged K mesons are pseudoscalar and 
the parity of 2 particles relative to nucleons is even, respectively. Because 


“For simplicity, we assume the form of the interaction Hamiltonian to be charge independent 
in usual sense apart from 7;. For example, see Eqs. (11) ~ (14) in ref. 8). To get the chief conclusion 
in the following, it is sufficient but not necessarily essential to assume the validity of the relations 
among various coupling constants required by the charge independence hypothesis. 


On the Relative Parity of Charged and Neutral K Mesons 707 


1 (p) = a. | de: F.(b; K) is of the order of 1/10 when 4 is taken to be of the 


order i my, Eqs. (3) and (4) show that the case of P(+)=odd should be ex- 
cluded. We can easily understand from Fig. 2 and Eqs. (1) and (2) the reason - 
why the case of P(+’) =even is allowable. 


-_--~ 
~—= ~~ 


ra x 
4 s 
a AL \ a 
as b el 


Bipoalee—tey- orl 


R K 
p ——_Sd2—!_—__—=—— » ms = — n 
V27 DP PPB bs V2r D) NADIE 
K KR 
ee ee TA Ee n We Miers ee PW Sot eo n 
p (re Re a A a Se 
ee A es adie ad Sa e 
7 n 
P rv eear aie p < ji 7 


Fig. 2 =I (or i7s) and I’=t75 (orl). 


(ii) The mass difference among = particles: in the case of P(=)=even and 


P(K*) =odd (even), 
2 a oa 
3m (3) —dm (E*) + (=) 28 mye TaN) = (4) Ema: Te(2) 


wm (2~)—dm(2"), (5) 
and in the case of P(Z)=odd and P(K*) =odd (even), 
dm (5°) —dm(4*) ~wdm(s~) —dm(4*) 


2 
Se Cy TE SIGN + (a IE) nt 
40 Ar 


Here we assumed P(2) =even according to the result obtained in (i). From (5) 


and (6) we see immediately P (=) must be even. 
(iii) The mass difference between © particles: in the case of P (K+) =oedd 


(even), 


= = : ic g° 5 f 
dm (5%) 8m (B7) w+ (—) 2am Ta (2) — (4) ma tel). 


Here we assumed P(2) and P (J) are both even, and this is consistent. 
From these considerations the following conlusion is derived : Under the 
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hypothesis of p(K) =odd it may be possible to explain the MD as mainly due to 
the strong baryon-K meson interaction; then permissible parity assignment is 
P(A) =P(5) =P(&). 

To derive this conclusion, it is implicitly assumed that the higher order 
contributions to the I/D are smaller than the lowest one. However, as shown in 
the following, this assumption seems to be true because the above conclusion does 
not suffer any change for any higher order contribution to the MD. 

As we can easily see by drawing all of the fourth order graphs such as 
Fig. 3, the condition to obtain the small MD is that P()=PCy=£E) sand 
the baryon-K meson interaction coupling constants are nearly equal to each other. 
This situation is not changed even when the vertices in lower order graphs are 
substituted by ones with black circles as shown in Fig. 4. For instance, if 
P(A) =P(S)=P() holds and the baryon-K meson interaction coupling constants 
are nearly equal, it will be possible to expect a relation [’(2NK)~I’ (ANKE) to 
be true. 


Ke Yoy. ra 6 
Mea aces ee ee eee So 
N are = N WN WV Lean N 
pane K 
N CF y oy v6 N 4 
er a 
ONE eA N N Pay gee N 
t K 
Fig 3. 
_K° K* 
en Rae » -—_ =Q— 
/20(SNK) /2T (SNK) 42 (SNK) 20 (SNK) 
Fig 4 


Owing to the argument based on the perturbation calculation, it is difficult to 
obtain any definite information concerning the signs of the MD. But remembering 
the discussion given in §1, it is not meaningless to calculate I,(b)’s numerically 
(where the mass values are taken to be the observed ones) and see how the 
situation is. The results are given in Tables I and Il. From Table I it is easy 
to see that we can get a reasonable value for dm(n)—dm(p) by using an app- 
ropriate cutoff momentum. 


Table I 
(4/my)” (my/my) - Iy(2) (m,/my) -Iy (A) 
1/4 0.045 0.008 | 
a 0.142 0.127 


2 0.185 0.193 
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Table II 
(A/my)? (my/my) -Ip (CN) (mz/my) -Ie(5) 
1/4 0.053 0.199 
1 0.132 0.276 
Zz 0.183 0.340 


Thus, on the basis of the perturbation calculation, the view-point that the I/D 
is mainly due to p(K)=odd has been shown to be consistent under certain 
conditions. 


§ 3. Parities of charged and neutral K mesons 


For the purpose of obtaining some information about the parities of K mesons, 
various effects due to p(K)=odd must be investigated. P(A)=P(*)=P(N) is 
assumed to hold in accordance with the conclusion obtained above. 

At first, we calculate the 14D between charged and neutral K mesons by the 
lowest order perturbation, which we think, gives a reasonable result with respect 


to the sign of the self energy. Here the bare masses of K mesons are assumed ~ 


to be equal. The contributions from Fig. 5 are given by the following: 
For the scalar K meson, 


dm (K(s)) =+-{3( 2") 1,8) + "Lf, (8) 
1K Ar Ar 
and for the pseudoscalar K meson, 
dm(K(ps)) =—+-{3( “22 \1,, (2) + L228 1,,(0) (9) 
Mr Ar a Ar 
where 


4, -(5 \ B+ x2(1—2) me —MyM 
dxz\d‘k ES 
ra \ ¥. (R?+L,(x) —1&)? 
and L,(x)=—mz-x(1—x) + (1-2) mi+am2; I,;(a) is obtained by substituting 
—m, for m, in I,(a). If the k,— integration is performed, we obtain 


ut j a, —2k’— (—2) my — rm, + MyM 
(27)?mx \ dx\d ; (k?+L,(x))*” 


Therefore, we can get 


dm (K(s)) —8m(K (ps)) == sme (£2) ms: J(3) + Lax mg JA) 


I,(a) = 


>O0 


a 


where 
¥; | = “dk\ a R — 
(a) =| é £ (e (a) 
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For the cutoff momentum 2~ (1/10) 7722, we get J(a)~10~*, a favorable value of 
J(a). Certainly this value of 4 seems small. But the perturbation method may 
not be reliable for processes involving virtual pair creation and annihilation. The 
signs of the self energies of K mesons obtained above seem correct, for they 
are in agreement with the result derived by Lehman.’? On the other hand, it 
may be allowable to expect that the effective Y-N-K coupling constants become 
smaller due to pair damping effect. Thus, we expect that a more reliable calcula- 
tion will give the correct sign and more favorable cutoff momentum. Therefore, 
we think the small value of 4 does not necessarily show invalidity of our standpoint. 
In conclusion, it may be said that the charged K meson should be pseudoscalar. 


p n 
K Be See te ie Se K Ce pS ee ae 0 
gl gl = —gI” gpl 2 
FU) 5°) 
n 2 
veg Poses & ie a aS enee- Ki! KSSS == baie ey! 
12 Yn gl wea gl 
DS oye 
Fig. 5 


“Next, we will investigate the effect due to p(K)=odd to the anomalous 
magnetic moment (AMM) of the nucleon. Using the perturbation argument given 
by Gupta! and assuming P(+’)=even, the AMM’s of the nucleon are given as 
follows: In the case of p(K) =P(K*) =odd, 


p= 0.085( Z2™ ) 4 Teun] 2 {1,(3) + 29%" 1A} +2-Iy(E) 
An hr eae Posed ater dl 


2 2 
p= —0.261( Fa") + Pavel 13) +2-1,(2) |; (10) 


in the case of p(K)=odd and P(K*) =even, 


2 2 2 
b =0,035( Zen) Samal 2 7 BY 9 awk my ae 
: Be) gl + BEE aD} +2: BE) | 
peter Pn} gy v \’ 
ae 0.261( ras \ — zee] J,(2) 42-442) | (11) 


Here [,(Y) and 1,(Y) denote the contributions due to the boson current and the 
fermion current respectively, when the virtual baryon is a hyperon Y and a Y-N-K 
interaction is 7scoupling. J,(Y) and J,(Y) are counterparts when a Y-N-K in- 
teraction is I-copling. I’s and J’s are all positive and of the order of 1. We take 
Jsvr©Jawx according to the argument in § 2. Then, from the above equations we 
see the only case that tends to bring the theoretical results closer to the experi- 


On the Relative Parity af Charged and Neutral K Mesons 711 


mental values of both ~, and /, is the case of P(K*)=p(K) =odd.* This result 
is consistent with that obtained at first in this section. But, in so far as only the 
vector part of the AMM is concerned, it is hard for us to say definitely to which 
parity assignment to the K meson should be preferred. 
There are also various effects due to p(K) =odd on leptonic and non-leptonic 
weak interactions. One of the most important effects may be the ratio 
=P(K*t—2*n)/P(KY>a'2z- and 2zx°). Recently, Kato and Takeda’ showed 
that under the |47|=1/2 rule, we have to use an anomalously large cutoff mo- 
mentum in order to explain the experimental value of R as the renormalization 
effect of the coupling constants due to the electromagnetic interaction, and also 
showed that, even if we take into account the deviation from the exact |4I|=1/2 
rule caused by the neutron-proton and z*—z° mass differences, it is difficult to 
obtain the experimental value of R, contrary to the conclusion obtained by Sugano.” 
In order to get the conclusion, Kato and Takeda assumed the strong interactions 
to be of direct coupling; they critically discussed the result obtained by Sugano 
and showed it to be doubtful. We can calculate in a similar way to that of Kato 
and Takeda the contributions from Fig. 6 and Fig. 7, and examine, under the 


fav (Ont ao prea Fav: 0 : 
A it Aan 3 
K*-------- ery aee 
gl” A ss gl ig 
Pp . Pp 
eee Sys, n Ne ee 
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Sap ii fi 0 0 
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n n 
=----- Tw ------7 
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Fig. 6 
89 55 es qo 
ye 
K y Fig. 7 (YY’Y”) denotes (NNN), 


(BEE), (3253), (ALS), etc.; 


therefore KYY” vertex is a weak one. 


hypothesis of p(K) =odd; whether it is possible to explain the experimental value 
of R, without any recourse to the |4J|=1/2 rule, in other words, by assuming 
that there does not occur any cancellation between the matrix elements (6-a) and 


* The equations corresponding to (10) and (11) in the case of the scalar or pseudoscalar K 


meson theory are given in ref. 14). Substituting the experimental values of Hp and pp into (10), 


we get 9xn/4r~10.5 and g?/4x~4.8. 
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(6-b) in Fig. 6. Assuming that all the weak interactions are of the vector type, 
we can obtain R<1 only for P(K*)=even. However, this theoretical result is 
sensitive for the cutoff momentum. If we take all the weak interactions to be 


of the scalar type, 1.e. 

H(AN7) =fryn ACB 7s) AO +f npn P(a+ Bis) Am Thc., 
no effects of p(K) =odd appear in the contributions from Fig. 7, in other words, 
the matrix elements contain only @ and not f. Calculating the contributions 
from Fig. 6, we obtain a relation P(K(ps))/P(K(s)) ~a?/?, being almost in- 
dependent of a value of the cutoff momentum. If |a|~ (1/10) -|f|, as required to 
explain the asymmetry factor of A decay, P(K~) should be odd. Further, it would 
be necessary to investigate the consistency among various decay modes of charged 
and neutral K mesons. However, it seems to be difficult to obtain some decisive 
conclusion about the parities of K mesons by investigating decay processes, then it 
will be sufficient to confine ourselves to mentioning the work carried out by Fujii 
and Kawaguchi, the result of which is consistent with P(K*) =odd. 

It has been pointed out that P(K*)=odd is preferable, by investigating the 
K+—nucleon scattering experiment.” 

In conclusion of this section, it may be possible to say that no unlikely results 
for the present experimental data are derived at all from the parity assignment 
p(K) =P(K*) =odd. Rather our parity assignment P(K*) =odd and P(K°) =even 
seems to give reasonable results not only for the MD of baryons and K mesons 
but also for the AMM of the nucleon and the decay probability of the K meson. 


§ 4. Final remarks 


As has been pointed out by many authors, it seems difficult to get any 
reasonable explanation of the MD as due to the electromagnetic correction to the 
charge independence. We think this difficulty to be noteworthy and that the main 
part of the MD is due to some deviation from the charge independence of the 
strong interaction. In this paper we took the view-point that the major cause for 
the MD is the oddness of (K) and have investigated whether this view-point is 
allowable or not. By the perturbation calculation, it has been showed that our 
view-point is possible only when P(A)=P(+’)=P(2). Perhaps this does not 
change even if any higher order contributions are taken into account. The order 
of magnitude of the fourth order correction on the MD is expected to be smaller 
than the second order one as it is easy to see. The positive sign for m(K°) —m(K*) 
may be obtained for a pseudoscalar charged K meson. It can be said that 
P(K*) =odd has overall consistency. Anyhow, a further analysis of experimental 
data along the method proposed by Taylor” is expected. 

Throughout the argument given above, it is implicitly assumed that the 
Nishijima-Gell-Mann rule’? is valid and the baryon spectrum known at present is 
closed. Therefore, we must investigate how the argument given in the preceding 
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sections should be changed, if the particles which are not excluded in the Nishijima- 
Gell-Mann rule are taken into account. They are as the following: A boson 7)’, 
a charged boson B*, and two fermions V* and W, which are all isotopic singlets 
and have the strangeness S=0, 2, 1 and —3, respectively. The lowest order 
contributions from the graphs shown in Fig. 8 are as follows: 


2 
Om (n) —Om(p) pe ETEK ony tl CWE 
7 


and 


Om (=°) —dm (E-) a Swxe My: In(W). 
| | Ar 

Comparing them with Eqs. (5) and (7), the reason why 9m(n)—dm(p) and 
dm(=°) —dm(5-) are small will be ascribed to YAyx/47<Qiwx/40 (or Jawx/47) 
or the non-existence of V* and W~ particles. The former is consistent with the 
fact that they have not been found. It is important to remember that the assumption 
of »(K)=odd can be confirmed to a certain extent by considering the abundance 
of V* and W-. 

If the hypothesis of »(K) =odd is true, it is a very mysterious problem that 
there is a mass degeneracy between charged and neutral K mesons. In order to 
solve it, it may be required to reconsider the concept of the isotopic spin. There 
are various effects of p(K)—=odd to the weak interaction: The problem of the 
decay probabilities of the K meson is certainly one of them. However, we rather 
hope that this problem might give a clue to the reconsideration of the isotopic 


spin.* | 
space of the Lorentz and the charge spaces. But we think this situation is temporary 
and in the future theory all particles should be described in the Lorentz space only. 
From this view-point, it may be expected that some properties of elementary 
particles ought to be found which are not invariant under individual transforma- 
tion in the Lorentz or the charge space. We expect this property may be found 
in the processes in which K mesons take part.** Anyhow, from our view-point 
it seems to be very important to establish phenomenologically a correlation between 
the degree of freedom belonging to the Lorentz space and that belonging to the 
charge space. 

The authors would like to express their sincere thanks to Prof. G. Takeda, 
Prof. D. Ito, Dr. K. Hiida and Mr. T. Sakuma for their valuable discussions. 
Thanks are also due to Prof. Y. Ono, Dr. K. Iwata and the members of the 
Laboratory of Elementary Particle Study for their continual interest. 


* In this sense, it is important to remember the work carried out by S. Okubo, et al., ® and 


the experimental result by Boldt, et al. 19) 


** It may be permitted to say that the K meson is a charge doublet even if p(K)=odd is 
true. But, then, the meaning of the doublet is different from the ordinary one. 


Nowadays all kinds of elementary particles are described in the direct product — 
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In this paper we study a possible symmetry in Sakata’s model for the strongly 
interacting particles. In the limiting case in which the basic particles, proton, p, neutron, 
n and A-particle, A, have an equal mass, our theory holds the invariance under the exchange 
of p and A or 7 and A in addition to the usual charge independence and the conservation 
of electrical and hyperonic charge. 

From our theory the following are obtained: (a) iso-singlet z’-meson state, which is a 
pseudo-scalar, exists, (b) the spin of %-particle may be (3/2)* and (c) several resonating 
states in K- and z-nucleon scattering are anticipated to exist. 


§ 1. Introduction. 


Through the analysis of the various particles existing in nature and mutual 
interactions among them, we have obtained the useful concepts of family” and 
universality? of the interactions to clarify the complicated situation of the particle 
physics. For the Boson- and baryon-families which have a kind of universal 
interaction, e. g., the strong interaction, the well-known rule of Nakano, Nishijima 
and Gell-Mann” is valid. The complete understanding of the more fundamental 
origin of this rule is far from us at present, but a possible way of its realistic grasp 
has been proposed by Sakata. Although many objections will be brought against 
this theory, we shall in this paper follow the idea of Sakata for its prospective 
insight on the present situation of the theory of elementary. particles. 

Now, following this idea we assume proton, /, neutron, 7 and A-particle, A to 
be the basic particles which compose other baryons and Bosons in Fermi-Yang’s 
sense”. The strong interaction is characterized by the following selection rule, 


AN, = 4N,=4N,=0, (A) 


where JN, means the change of 7-th particle’s number. 

According to the relation (A) and from the similarity of the nature of these 
three particles (mass, spin, etc.) and of their role in the strong interaction, we are 
tempted to regard the three particles as standing on an equal footing. In fact when 
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the mass difference is neglected and the electromagnetic interaction is switched off, 
we may not find any difference among these three basic particles. Thus we can 
reasonably expect that a certain symmetry is also realized in their mutual interactions. 
This view has once been stressed by one of the authors (S. O.)® and _ later, 
independently, by Yamaguchi. 

In this paper we have investigated a possible framework. of such a theory. 
We shall give the mathematical construction of the theory in § 2 and some physical 


results derived from this theory in § 3. 


§ 2. Mathematical construction 


We propose, here, a framework which explicitly assures the equivalence of the 
three basic particles, p, 2 and A, in the limiting case in which they are of equal 
mass. This means that our theory guarantees the invariance under the exchange 
of A and p or A and'm in addition to the usual charge independence and the 
conservation of hyperonic charges. Our statement on the nature of particle state, 
e. g., spin and parity but except mass (or energy level), still holds with the finite 
mass difference between A and nucleon, when the mass of A is adiabatically increased 
from its original value (equal to the nucleon mass) to the actual one. 

Now, denote the basic particles by the generic symbol %*(%*=0;", for p, etc.). 
Then the above mentioned symmetry is expressed by the invariance under transfor- 
mations of the 3-dimensional unitary group U(3) : 


(eA Lae ee ae (1) 


where the matrix (A,,") is the inverse of (A,) and A," denote the complex 
conjugates of A,"’. An infinitesimal transformation has the form 


= (OF +ieXP)X; P= 1, (2) 


where (X,") is an Hermitian matrix and can be expressed linearly in terms of nine 
independent matrices X,; (7, 7=1, 2,3): eg, 


Oe) Oe Os O 5 (1—2) +40;,0;,.(1+7). 2 (3) 
They satisfy the commutation relations 
[Xiy, Xm]= Xej Xa — Xe X= 7 (On Xyq— Oy Xpuiy— Ox Xa + Oe Xap) s (4) 


where ( ) and[ |] for indices denote the ordinary processes of symmetrization 
and alternation respectively. 

In a continuous representation of U(3) of degree n, X,; are represented by 
nXn matrices M,; which satisfy the same commutation laws as X;;. For the 
sake of physical understanding it is convenient to introduce the following quantities : 


L=Mas, L,= Mr, I,=3(M,— Mz), 
1,=h+i1],, I=h—2il,, I’= 3) d)3 (5) 
z 
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N2= >i Mu, QO=Mi, S=—My, 


Nis= Mey +iMey; (¢7=18, 23, 31, 32). (6) 


There are two other quantities which are important from the standpoint of 
representation, i. e., 


M= > (M;;)’, 
ij 
M’'= > (Mij{My., Mix} +Mij{ Mix, Mis} + Maj {Mij, Mis} 
—Mi;{My, Mu}); {A, B}=AB+BA. (7) 


Their commutation relations are given in the Appendix. 

Three quantities N,, M and M’ are commutable with any M;, and their eigen- 
values specify each irreducible representation. On the other hand, since Nz, M, 
M’, Q, S, I? and I; are commutable with each other, there will be a basis in 
terms of which all these matrices are of the diagonal form. In fact, from the 
configuration (p, ”, 4) we are informed that J;, Q, S and Ny, are isospin, charge 
number, strangeness quantum number and baryon number, respectively. If v is a 
simultaneous eigenstate of Q, S and J;, so is N;;v, and the corresponding eigenvalues 
change as in Table I. M and MM’ are the new quantum numbers which are 
characteristic to our theory. Their eigenvalues can be easily calculated in the 
following manner. 


Table I 
eS Sy a a a ie a ak eae A RL RE eS 8 
40 AT AS 
Nis aie! +3 +1 
Nos 0 =F +1 
N31 == —3 —1 
Noo 0 +} ri ge 
—_ TTB ere 


We consider an irreducible representation of U(3). Let s) be the maximum 
eigenvalue of S, and denote by vo the simultaneous eigenstate of O, S, Nz and I; 
which corresponds to the maximum J; among those eigenstates With s:5' = Spoil nem 
we have I, v=Nyvo=Nav=0. It follows from this that the values of M and 


M’ for vp) are given by 

M= qo +50 + (22— G+ 50)? +2 (Got 50) 5 

M!=4lqe?+ 50° + (12 —G0+ 50)? +3 (qo'— 50°) — (Go 0) + Ale], (8) 
where 7», g and J, are the eigenvalues of Nz, O and J, corresponding to the vp, 


respectively. Since M and M’ have the same values for states of an irreducible © 


representation, (8) is the desired result. 
Physical meanings of M and M’ are not so obvious. In addition, we shall be 
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confronted with some difficulty when dealing with these quantities. So, it seems 
better to use s) and J rather than the values of M and M’. That is, a set of 2», 
sy and J) can specify an irreducible representation of U(3), which is of the degree 
4(24,41)[4 (me + 350) +b + 2] [422 + 350) — bo +1] and is composed of (24+1)- 
[4 (te +35) —h+1] irreducible representations of isospin. Moreover, it is also easy 
to obtain the law of decomposing a product of representations. The details of this 
approach will be published elsewhere. 

We next consider the (m-+m)-body system of m baryons and 2 anti-baryons, 
and denote its Salpeter-Bethe amplitude by 


Mg Lan em 
= (BT (Le, (21) = Koen (Ln) 0 (1) 2° (Ym) ) | 2); (9) 


where |B) is an eigenstate of the total Hamiltonian and |2) the true vacuum. 
It is to be noted that the index of a baryon %* is written as a superscript and 
that of an anti-baryon ¥, as a subscript. Such a notation is useful because an 
anti-baryon behaves like a covariant vector under the transformation (1) : 


Vi Ae ges Lae (10) 


™ 


The amplitude (9) is a mixed tensor SPiae = of contravariant valence m and 
covariant valence m. So the decomposition of the system into its irreducible 
constituents is reduced to that of the corresponding tensor space. For this purpose, 
we have only to decompose the tensor space according to Young’s diagram with 
respect to the upper and lower indices separately, and then to apply the “contraction 
operation” for an upper and a lower index or for several such pairs of indices. 
The latter process is similar to the trace operation in the case of the orthogonal 
group. In what follows we take the cases m=n=1 and m=2, n=1 for illustration. 
(i) Two-body system of a baryon and an anti-baryon 

The corresponding tensor JT’, can be decomposed into two irreducible constituents, 
by means of contraction operation, thus 


PGS GON int Sicha Rn fd Bhd 1 2 Sal Prete d ee 
1 2 2 41> tre oe 
xX . ° 
T, has the only one independent component and the corresponding Salpeter-Bethe 
. . Ky x . e a . . = 
amplitude is 7*%,. fT. is characterized by La =0 and has eight independent 
components. We present the basis vectors in Table II explicitly together with the 
quantum numbers. Each basis vector belonging to an irreducible representation 
must have the same eigenvalues of energy (=mass), spin and parity. 
Gi) Three-body system of two baryons and an anti-baryon 
We first decompose a tensor T’,*“ with respect to the upper indices as follows : 
fe tt RSS OS EG RNa 


Next by applying the contraction operation we have 
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Tr a a 
fre ae ea eau Sd Tet). Tahal Te Te 
1 i 2 1 


KE) Ad Au. Aw .d A a a d 
ee ee Rader), That Tee Ta 
3 3 4 : 3 


We thus obtain four irreducible constituents. Each of JT“ and T,” has three 
1 3 


independent components and the corresponding representation is equivalent to the 


Table II 
Class I M=6, ~M=‘8 Note 
S=-1, [=1/2 ae) Ke 
(Ap) 7 a 
S—o, i—0 (pp+nn—2AA)|V 6 aie 
(pn) Toe 
Si =O, 50r—1 (pp—nn)|V 2 xo 
(np) Ri 
S=1, I=1/2 | (pA) K+ 
(nA) Ko 
Class II M=0, M’=0 Note 
S<0% 1=0 | (pp+na+ AD) |V3 0! 


LEER 


Table III [A, B]=A(z)B(y)—B(x) A(y), (A, B) =A@) By) +B@) AO) 
a SS eo 


Class I M=s, Vie—20 Ht Note 
S=-1, I=0 {Plp, 4] +a[n, A] }/2 K-+p> 
{ATA, nl +BLe, n] }/2 
Class III M=3) “M=20 Note 
S=-—1, J=0 {2AAA+Pp(p, A) +a(n, A}/2V 2 K-+p>> 
S=0, 1=1/2 {A(A, p) +26pp +n(pn)}/2V 2 
‘ {A(A, n) +2ann + P(pn)}/2V 2 
Class II M=T7,) MW=4 Note 
Alp, AV 2 Rs 
S=— tel = {p[p, 4] —n[n, A]}/2 x 
: Bln, AV 2 s- 
{ALA p] +a[p, n]}/V 2 
S=0, Tf=1 WD —- ev = 
S=1, I=0 A[n, pl/V 2 K++n> 


ie 
o 


ier 
+ bad 


Rg a a Ue acc igie © 


oe 


as = 


paler sae 


x 


Br ee, 
sees 


agit eared : 


roel a 


720 M. Ikeda, S. Ogawa and Y. Ohnuki 


Class IV. M=l1, M’=76 | Note 
nAA | = 
cay = 7 | e' 
S=-2, I=1/2 on : 
S=-1, I=0 | {24AA—p(p, A) —n(n, A)}/2V 2 | K-+p> 
| ap, N/V 2 | 
S=-1, I=1 | {p(p, A) ~n(nA)}/2 K-+p)> 
p(n, A) |W 2 | K-+n2-> 
S=0, [=1/2 | {2ppp+n(p,n)—34(A, p)V2V 6 m+n 
or | {2%mn+B(p, n) —34(A, n)}/2V 6 | n-+p> 
| 
| —app 
oa [=%, J=86) 
bpp —ii V3 U= "2, 
SU le | ais iter Tae resonance state in z-N 
| {p (n, p) —rnn}|V 3 | scattering 
| pnn 
} App Kt+p> 
Sesile VEST | A(p, n)|[V 2 | Kttin-> 
Ann | 


} 
a ere ——ee 


original one (1). T,* and T,* are characterized by 
2 4 
Powe |) te) andes ee SO 
2 2 4 4 


so they give representations of degree six and fifteen respectively. The basis 
vectors of each representation are given in Table III. 


§ 3. Application of the theory 


Before referring to the results obtained from our theory, we should like to 
describe explicitly our equation of motion and the interaction Hamiltonian. The free 
field equation is the Dirac equation with spin 1/2: 


P 
(ir,9,+«)x=0, z=(") (11) 
A 
For the interaction which acts so as to compose other particles we take the four 
field interaction. Then the following expression is a sole one,* 


H!=A(LOX)’, (12) 


where O is the usual Dirac matrix. We do not enter the problem how to construct 


the composite particle from (11) and (12), and our approach here is quite 
phenomenological. ° 


* Apparently the more general expression (B) in the preceding letter®) can be reduced to 
(12) by using Fierz’s formula for the ordering exchange of particle. 
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Now our theory has so far assumed the complete equivalence between / and 
nucleon N while the real case has the asymmetry due to the existing mass 
difference between them, so we should note the modification of the theory. If the 
true situation is attained by adiabatically increasing the mass of / from its original 
value (equal to the nucleon mass) to the actual one, then the change of Hamiltonian 
is expressed by the addition of such a term as 


H"=4k(AA). (13) 


By including the term (13) the complete symmetry of our theory is broken and 
M and M’ are no more good quantum numbers. But we notice that the parity 
(P), spin (J), iso-spin (J) and the strangeness quantum number (S) of each state 
still do not change with the inclusion of (13), namely, 


4P=AJ=dI=4S=0; 4M40; 4dM’#0. (14) 


Thus we obtain the following conclusions : 

(aw) In the limiting case of equal mass for pf, ” and A, the corresponding particle 
states of an irreducible representation must have the same nature; equal mass (or 
energy) level, same parity and equal spin. 

(2) When the finite mass difference is taken into account as (13), M@ and M’ may 
not be good quantum numbers. Irreducible representation with different values of M 
and M’ may become to mix, and the mass (or energy) level of each state will 
change. But the original value of spin, parity, iso-spin and strangeness of each 
state must still be preserved and the irreducible classes with different spin and parity 
will not mix with each other. 

A possible reasoning for that the actual case is attained by the inclusion of 
such a term as (13) is as follows. We know another family—the lepton family 
the situation of which is very similar to our case. Within the energy region now 
available for us meson and electron behave with close resemblance in the 
electromagnetic interaction as well as in the weak interaction in spite of their 
large mass splitting. Accordingly the origin of their mass difference, if it exists, 
must be confined in a far smaller region than the one where the usual interactions 
play a dominant role. We should like to think that the mass splitting between 4 
and nucleon arises from a similar cause. 

Now we shall enter into the concrete problem. 

(i) Two-body system of baryon and anti-baryon. 

From Table II it is informed that two neutral particle states 7’ and 7)” are 
anticipated to exist in addition to the well established seven Bose particles 
(ene KK, RORY 

mt,’ belongs to the same class as that of the other seven particles and must be 
a pseudo-scalar particle with isotopic spin 0*. In the limiting case of equal 


* A possible role of zo’ in decay process has been studied by Sawada and Yonezawa”. We 


thank them for informing us of their results. 


sotto. hcl. POOR eee eer a ah oe at 2 ee ee. 
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mass for 1 and N, the mass of 7’ is equal to that of usual z-meson (in this case 
the mass of K is also equal to that of z-meson). 

7,’ alone forms the other irreducible base and its nature is not known to us 
except its isotopic spin=0. But we should note that if we take the strong Fermi 
interaction (12) to be of well-known S—T+P or V—A or S—A+P (invariant 
for the exchange of ordering) type, the sign of potential in Fermi-Yang’s sense 
between baryon and anti-baryon is opposite for class I and for class II. If this is 
the case, 7,’’ may not be a bound state. 

K-meson must be pseudo-scalar. This means that when we make up the 


following Yukawa type of interaction 
AON: K, 


the Dirac matrix O must be 7; or 7s/,. 
(ii) Three-body system of two baryons and one anti-baryon (see Table II]). 

Twenty-seven states appear in this case which are classified into four irreducible 
representations. Now we shall present a remark for each class separately. 

Class IV: In this class we have the [=1/2 S=—2 state the bound level 
of which is =-particle. There is also the [=3/2 S=0 state which corresponds 
to the z+N system with J=3/2 in the lowest configuration of the usual theory. 
The z+N system may be the free scattering state or the well-known [= 3/2 
resonant state. However, we may reasonably take the resonant state as that 
corresponding to the 4-particle state, because the scattering state (continuous 
spectrum) will not go into the bound (discrete spectrum) state by adiabatically 
changing the mass. Thus the nature of © particle will be same as that of the 
I=3/2 J=3/2 resonant state in z-N scattering, that is, the spin of & is 
I= (3/2). 

Our reasoning here is rather phenomenological and not logically strict. For 
instance, if there exist other discrete (but metastable) levels which are yet un- 
observed and the correspondence is such as that indicated by the arrows in Fig. 1, 


unobserved 
| 


ty 


| x 
A+K (scattering state) 


S=—2, 1/2 


unobserved 
(3/2, 3/2) | 
| 
| 
| 


= 0yl==3/2 
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then our conclusion will fail. But our original intention rests on the conjecture 
that the symmetry will not be drastically destroyed in the actual case and the 
closeness of mass level of = and the (I=3/2, J=3/2) resonant state induces us 
to accept the correspondence between them. And in the experiment we have not 
any other J=3/2, ey 0 resonance-like state in the energy interval of ~500 Mev 
from the mass of & 

There are nine ofhes corresponding states in class IV, whose Spin" is J=3/23 
All of them .are thought to be unstable states. But we may expect that some of them 
will be realized as the resonating states with J=3/2 in K-nucleon and z-nucleon 
scattering in not so high energy region (say<1 Bev). Some possible channels 
leading to these states are presented in “note” of Table III. 

Class II: There is the (I=1 S=~—1) state which we take as %-particle. 
Although 2-like state appears in Class IV, we regard it rather as the excited 
state of +, because the ground level of Class IV is of spin J=3/2 as stated above 
and » is known to be of spin 1/2. Now the other states of Class II corresponding 
to » have spin J=1/2 and the experimental check for this will be found in 
K*t+n (J=0 S=+1) scattering. 

Class I and Class III: Both classes have the same quantum numbers as that 
of the one-body configuration. If they possess the spin, parity and other nature 
in common with the one-body configuration, these states will mix with p, m and 
A state correspondingly. The situation is also the same for (J=1/2, S=0) state 
of Class (ID). Of course the statement here is nothing beyond the speculation. 
Some of the states might be realized as the resonating states. 

In this paper we have proposed a theory in which the systematical side of 
Sakata’s theory is stressed, while the problem of dynamics such as a composition 
of the particles is left untouched. We hope, however, that if our theory is quali- 
tatively supported by future experiments, then it will give some of clues to attack 
the dynamical side of composite model. 

In conclusion we should like to express our deep gratitude to Profs. S. ular 
and K. Sakuma for their keen interest in this work. We should also like to thank 
Prof. Y. Yamaguchi at CERN who has sent us very stimulating information 
about his work in which the similar course to ours is developed. One of the 
authors (S. O.) thanks the collegues of Sakuma laboratory for their helpful discussions. 


Appendix 
(Ye, dell, a1 Ls; Lj=ih, [h, L]=tls, 
LO; ij=—7133 [Q, ij=—ih, [Q, 7,|=0, 
[S, LJ=LS, LI=LS, LI=LS, Q]=9, 
(Oo, PJ=[S, P= lh, A?) 0, 
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ee j=l, , [hess Dla das ie T.|J=2;, 
bie Oj=—T,, (is3 Ol=123 eee Ot (las S|=0, 
[Ms ; IJ=—3N2, [Nos 5 LJ=—4Ms, [Nar » I,J=4 Nz, [ No, I,]=4Na, 


[ Ms; h]=—+-Na, [Nos » h]=—Nu [Nai I]=—-5 Na, [ Noo» IJ=->Na, 


[Ms I,|=—4 Ms, [Nos » I,]=4 Nos, [Nar » I,|=4 Na, [Noo I,|= —4 Nz, 
[Ms, I,]=0, [Nas, LJ=—Nw> Na, T.J=Na, [Nz, I,|=0, 

[Ms, 1]=—Naos, [Naos, I_]=0, (Na, IJ=0, Na, Loja; 

[Ms, Q]=—Ms, [Nos, Q|=0, [Na Q]|=Na, LNo, Q|=0, 

[Ms, SJ=—Nis, [Nos, S]=—Nas, [Na S]=Na, LN, SJ=Neo, 
[Ns, NaJ=O+S, (Ms, Nel=I., [Nis, No|=9, 

(No, Nu]J=O+S—2h, [Nw, Nal=L, [Na, Ne]=0. 


5) 


7) 
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The difficulty concerning the renormalized axial vector coupling constant of B-decay with 
pionic corrections is analyzed from a simple model about the nucleon structure. In this 
proposed model, the nucleon is supposed to consist of the ‘nucleon core’ of spin 4 and the 
pionic cloud, and the core is assumed to be composed of static bare N, N ensemble. An 
attempt is made to determine what restrictions are imposed on the wave functional of the 
nucleon core by the known values of §-decay coupling constants. In the case in which 
the states of the bare particle are restricted to s- and p-state, it is found that the three-body 
configurations (NNN) play the predominant role in order to yield the maximum value of 
G 4/Gy (1.38), the ratio of the axial vector- to the vector-coupling constant of the nucleon 
core. From this analysis, N-N configurations of iso-singlet and spin triplet are shown to 
be predominant. 


§ 1. Introduction 


In the problem of the nucleon structure, the pion theory has achieved a great 
success in the low energy phenomena with which the outer region of the pion 
cloud surrounding the nucleon is concerned. In the phenomena where the con- 
tributions from the inner region of the cloud and from the nucleon core must be 
taken into account, however, the pion theory has not yet given any satisfactory ex- | 
planations. The problem of the coupling constants in f-decay is considered to be- 
long to the latter phenomena. 

Hitherto, for the 8-interaction of the nucleon, the V-A type has been established 
from the experimental analysis of the 9-decay in the various nuclei and the relative 
magnitude of the coupling has been obtained as” 


Gi ae Sa ens 


The vector part of #-interaction is proved to suffer no renormalization effects from 
the strong interations by the introduction of the conserved current which is propos- 
ed by Gelshtein, Zel’dovich,” Feynman and Gell-Mann,” and this agrees very well 
with the experimental fact that the coupling constants of the vector part in the 
p-decay and the f-decay of O” are of the equal magnitude. For the axial vector 
part, however, the coupling constant suffers in general the corrections due to the 
strong interactions since the appropriate conserved current cannot be constructed. 
From the standpoint of universal V-A interaction, it should be remembered 
that the pion theory has not yet succeeded to explain the observed ratio G4/Gy by 


ee eS ON ee ee OS ee ee oe en A Py ae 
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both the lowest perturbation” and the static approximation method.” For example, 
in the static approximation method the structure of the vertex of the Gamow-Teller 
interaction (oT) are same as that of the z-N interaction (or)V, so the renormali- 


zations for the vertices are 
ge <(plet|n)=9¢ (Polot|mo» for P-decay, 
and 
f plot|ny =f" (pol or |70) for z-N interactioon, 


then it holds 
Ci /Ge i foe 


If the conserved current is introduced to the vector part following Feynman et al., 
the ratio of axial vector coupling to vector coupling is inevitably smaller than unity 
which definitely disagrees with the experimental evidence. The same situation is 
confirmed also by the lowest perturbation method. This suggests that if the #-inter- 
action is considered to suffer the corrections from the pionic strong interaction, 
then it could not be sufficient to take into account only the one pion region of 
the cloud but the contributions from the inner region of cloud should be necessari- 
ly included. 

Recently, this difficulty is analyzed by several authors. C. Iso” proposed the strong 
four-fermion-interaction between nucleons and 4-particles obtained by the Sakata model 
and calculated the N-N pair effects and Y. Fujii? calculated the effects of three- 
pion contribution by the point approximation for the nucleon loop, and R. J. Blin- 
Stoyle® introduced a o-boson-with spin 0 and iso-scalar interacting with a nucleon, 
so they showed the possibility to explain the ratio G,/G,. The essential feature 
of these theories lies in the fact that the N-N pair modifying the ratio has different 
spacial and iso-spin configurations from the one constructed by a single pion. 

In this paper, as an approach to explore the inner region of the nucleon 
structure, we will propose a simple model of the nucleon core with which we 
determine the possible N-N configurations being able to offer a correction enhanc- 
ing the axial vector coupling constant. This model consists of the following as- 
sumptions : 

i) _The main corrections for the observed coupling of #-interaction are due to 
the N, N ensemble within ‘nucleon core’ inside the pion cloud. 

ii) The physical nucleon is assumed to consist of the pion cloud (outer region) 
and of the ‘nucleon core’ (inner region). which is composed of the N, N ensemble 
instead of pions. Generally it may be expected that pions in the inner region of 
the nucleon will ‘diffuse’ into N, N pairs even within the ordinary pion theory as 
well as Sakata’s compound model.” 

iii) At present stage, we have no exact knowledge about the dynamical law 
which governs the N, N ensemble. The N, N ensemble, however, is assumed to 
behave non-relativistically and the exchange of energy-momentum with each other 
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is negligible compared with their mass (at least to understand the character of the 
effects of N,N ensemble to the ratio G,4/Gy). 

In § 2, the wave functional of this model will be formulated. In § 3, we 
shall determine what restrictions are imposed on the wave functional of the nucleon 
core of our model by the observed values of f-decay coupling constants. This app- 
roach is simillar to that of the Sachs model which determined the wave function- 
al of pion cloud by the anomalous magnetic moment of the nucleon and the electron- 
neutron interaction. The wave functional thus obtained will have to be dynamical- 
ly reconstructed by the future theory. Therefore, if at present we obtain the 
successful model involving the static N, N ensemble, it will offer a possible picture 
for the nucleon structure as a phenomenological theory. 


§ 2. Static approximation for the N, N ensemble of nucleon core 


From the assumptions (ii), (iii) made in the preceding section, the state of 
the nucleon core is in general expanded by the occupation number of bare particles 
such as 


P= >) Caw O(n, 0’) =C, oP (1.0) +C, 19 (2.1) +--, 


where ¥ is the wave functional of the total 
nucleon core and 7, 2’ denote the number 
of N and N, and @(n, 7’) is the wave func- 
tional containing 2 nucleons and 7’ anti- 
nucleons. Here we restrict the functional up 
to three-body configuration. Addition of an- 
gular momentum is as follows: 7 and L 
denote the relative angular momentum of N,, 
N,, and the angular momentum of J in total 
C.M system. We restrict either 7 or L up 
to p-wave. The two-body system of N,, N, are restricted by the exclusion principle 
and its configurations are shown as Table I. 


Ne 


Fig, 1 


Table I. s and a denote the state in which the radial function is symmetric and 
antisymmetric for the exchange of N, and N,. 


N,—N, system 


Ts(NN) =0, T*(NN)=1; 
Ts(NN) =1, T*(NN)=0; 


As WN has an opposite intrinsic parity to N, two cases of configuration are possible 
according to the following assumption about the parity of bare nucleon : 
(Case I) The intrinsic parity of the bare nucleon is odd to the physical nucleon. 
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In this case only three-body configuration can be realized with J=L=0 under the 


restriction 7+L<.1. 
(Case Il) The intrinsic parity of the bare nucleon is even to physical nucleon. 


In this case one-body and three-body configurations with [=1, L=O and 7=0,,b=2 


are realized and superposed on each other. 
(i) Wave functional. For iso-spin part, the following two functionals of iso- 


spin T'=1/2 are possible: 


y= — F(a NN) GN) for T(NN) =0, 
= Fe NTH (N:)) 77 (N) for T(NN)=1, 
where 7(N) 4 e | , 7 (N) Ape , 7 =it.7, and the numerical factors are norma- 
lization factors. 
Constructing space-part similarly, we obtain the total wave functionals as follows. 
(Case I) Only three-body configurations are realized where N-N is in the re- 
lative s-state and N in the s-state. The core state with total J=$ total T= is 


#)=[CO,4 Dita re rm 5)( Fe) Eanes yes X) 


+O, 45 D)Alrs rm rei B)(—Ge) EQDEMDIEW) 


+00, 45 Bflry reste ®(— Fe) EME )ED) Ge 


+CO, 4d: Qin: ay THO) Gr (E(N,) o€ (Ns) ) 0% (Nya, lavas, bs)s, 
(1) 


where f(r, 7 rx; S) are the normalized radial functions in which S denotes & 
or © when the radial function is symmetric or antisymmetric for the exchange of 
Ny and: .N2.* Cj, jo 35) 18-an amplitude of the state in which the N,-N, system 
has an angular momentum j, and N has j,, and S denotes also the symmetry ( dé) 
or antisymmetry (C2) of the corresponding radial function. These amplitudes can 
be assumed to be real from the requirement of the time reversal invariance unless 
the ground state of the core has a degeneracy. a’, b* are the creation operators 
of N and WN, and ), is the free vacuum. 


+ ~ 
E(N) ae is spin function and ¢”=i0;¢. 
(Case II) In this case, the one-body and three-body configurations are super- 
posed in general and in the latter configuration N-N is in the relative p-state and 


N is in the s-state and vice versa. The core state with total J=4, total T=4 is 
then ; 


fat ES fe MSs Ry 


Coupling Constants in B-Decay and Nucleon Structure 729 


PY =Cof (2) SN) 7 (N) ah + V+, (2) 
* =[c.a, 1,0;5) filz,d) Ga (E(N)E (MN) rod (N)D, 


Bay ty 
V2 
+C,(1, 1, 0; 5) fala, 5) ( =| [E(N) of (Ny) Xrukors ) +, 


21 


+C,(0, 1, 0; 5) Aw, 5)( ) EQWoF WN.) rE) 0, 


+C,(0, 0,1; A) fi(x, 5) (F(N,)&(N2)) qaoS (N) «A, 


Va (¢ (M1) oF (N2)) aS (N) +B 


( 
+C,(1, 0,1; 5) fa(e,5)(— 
(2): erpot ny) xashord (N) 9 ak, aks bio, 


+C.(1, 0,1; A) f(x, A) 


2t 
@) 
and 
T°) =[C,0 0, 1; @ fa, @)(—F) EOE) Got) -% 
+C,(1, 0, 1; @ fale, A) (—F-) EWroF (ND) a8 N) A, 


+C,(1, 0,1; Q)filx,Q) (3-)tE eyez) x sore (N) 


+C,(1, 1, 0;Q) fo(a,Q) ) EWE) )rao¥ W) 0, 


al 


Os 
EGE. Louk A) fax, ®) (— Fy 
( 


(NM) 6€ (My) ree (N) 


Ve eis 


(E(N,) ¢€(No)) Xri2keor$ (N) Dl ak, a, bxy0; 
(2"’) 


where f,(x, S)=fi(r, 7 7x3 S) are the normalized radial functions in which S 
denotes 4 or when the radial function is symmetric or antisymmetric for the ex- 
change of N, and N,. C, is an amplitude of one-body configuration and C;(j,, 4, 4; S) 
are amplitudes of the three-body configuration in which the N,-N, system has an 
angular momentum j;,, orbital angular momentum 4 and N has an orbital angular 
momentum J, and S denotes the symmetry ( ) or antisymmetry (C2) of the cor- 
responding radial function. As above, the amplitudes can be real unless the ground 
state of the core has degeneracy and the normalization condition is fulfilled as 

Dat list ees ds) O) Sd. (3) 

t, ji,l1,2,8 

rj. is a dimensionless unit space vector along the relative coordinate between N, 


and N,, qs is the same unit vector. 


+C,(1, 1, 0; Q) fia (x, 2) | 
21 
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(ii) Interaction. In this model, f-decay of a nucleon core can be induced 
by N, and also by the annihilation and creation of N-N pair besides the normal 


process of N. These are the processes as shown by Fig. 2. 


~ e 
y 
fe 
N 


e€ é 


x! 
S| 


N NNN NNN NNN 


(1) (2) (3) (4) 


Fig. 2 Decay scheme of the core. 


The interaction Hamiltonian is given, assuming the universal V-A interaction, for 


vector and axial vector part, as 


Ay =9y (Privy (Be $y) (Le Vp fy) ’ 


H4=94(Gwitptst+ $y) (Peitutsr)> 


(4) 


. with obvious notations. Then the non-relativistic forms of (4) for each process 


are 


(a) -decay induced by N, 
Hy = Gy (bn t+ $y) (Ye fv), 
Hy= gal$x ot. $y) ($e ofy)- 
(b) -decay induced by N, 
the charge conjugation for the bare nucleon field ¢ is 
¢u=—itChy’, 
where C=10,%, 
then 
Ay =9r (Prt. x) (Pe fy), 


Ha=—9al¢rot, fx) (Pe ofr). 


(c) -decay induced by annihilation of NN pair, 
Hy=—Jy Gr on) (Pe ay), 
Ha= Jahr Yn) ($2 Vo$r): 

where GL =io$. 

(d) -decay induced by creation of NN pair, 


(9) 


(6) 


(7) 


iP : eae a 
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Fly = — Jr (po (— ios) dit) (Ps ady), 
Fa=Ga (Pp (— ios) $k) ($F 7s¢r) (8) 


(ii) Matrix Elements. The decay schemes of (1) (2) (3) in Fig. 2 can be 
treated as follows. Since each N, N which forms a nucleon core behaves nonrela- 
tivistically in our model, the matrix elements can be calculated in the manner similar 
to the nuclear matrix elements for $-decay of nuclei. From the assumption that 
the N, N system of a nucleon core is constructed by the charge independent inter- 
action, the Fermi-matrix element is given as analogous to the nuclear matrix ele- 
ment of mirror nuclei, 


\M,|?= | \ (Ey* S329 ¥) dol =T(L+1) — TH TP" =1, (9) 


(i 


and the Gamow-Teller matrix element is given similarly from Eq. (5) and (6), as 
ie Pe ‘can oO 79 Se of 7 G ee (10) 
aif @ @ eas 


where 1", SY” are the sum over only each N and N, J and T denotes the total 
angular momentum and the total iso-spin, and the expectation value is to be calculat- 
ed only for either initial or final state with Jz=J. This expression generally 
holds independently of the number of constituents N and N. The processes 
accompanied with the annihilation or creation of a NN pair (4) (5) in Fig. 2 have 
no contributions in such a non-relativistic approximation case, because the space 
integral becomes : 


\\[Acs, FeSO eto) din cited ire =O: (11) 


(iv) Differences between -decay of Mirror Nuclei and that of this model. 
In order to see the essential feature of $-decay induced by this model we compare 
this process with ?-decay of mirror nucleus induced by the transition between the 
states of an iso-multiplet. The latter concerns with only non-relativistic nucleon 
ensemble, but the former with nucleon-antinucleon ensemble. In the mirror nuclei, 
fr-values and nuclear matrix elements are in general given by 


(ft) 0c gz|Me|?+-96|Mel’, (12) 
[for free neutron] |M,/?=1, |M,/?=3, 
[for other mirror nuclei] MPa 15 | Me 73. 


Therefore, if mirror nuclei are supposed as hypothetical elementary particles, then 
their effective 8-couplings suffer always the restriction 


9a (Jr SI, (13) 


contrary to the actual tendency of nucleon. The reason for this is as follows. The 
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a 


Gamow-Teller matrix element of mirror nucleus reads 
4) =(t 2 
[Mgl’=3|( 23 Be area 

where the total J is }. However, in this case the eigenvalues of the relavant 


operator has always values +1 because of the Pauli principle governing all the con- 


stituents. (see Fig. 3) 


n n Pp n P 
> af, =-l]1, =-l1, ai 


Fig. 3 Configurations of mirror nuclei. >) denotes the sum of the eigenvalue, Eq. (10). 
i : 


That is, we have 


Sig a: (14) 
@ 
and obtain the result Eq. (13). | ; 
On the other hand, in N, N ensemble, the Pauli principle imposes no restric- 
tions on the N-N system (regardless of the charge conjugation parity). Then 
from Eq. (9), the Fermi matrix element is 


\M,|?=1, 


but for the Gamow-Teller matrix element, the eigenvalue of operator in Eq. (10) 
can have a maximum value =+3. (see Fig. 4) 


That is, in the case up to three bodies we 


Pp a have 
ae i he de Shy tel of) pO — su Peg nd | i 
Vv @ Ri tahdbie ers cae 
Fig. 4 In this case; 3} = +3. (15) 
F 


Therefore, contrary to the case of mirror 
nuclei, the effective coupling constants take the ratio 


Je (Gr Zi. 
This difference lies essentially in the failure of the exclusion principle between N 
and N. If we choose an ideal case the maximum value for expectation value 
will be realized and one might have g@"/g;=3. Even when higher configurations 
such as five, seven-:--body system are taken into consideration, if there are no 
holes and each particle occupies all the allowed orbits in turn, the basic con- 
figuration having the maximum eigenvalue is the one similar to Fig. 4, so Eq. 


(15) holds still for the upper limit of eigenvalues. For the general case, how- 
ever, the configuration becomes more complicated and the upper limit seems to have 
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no definite values, but as the increase of the number of N imposes the restriction 
on the configurations for N’s themselves, the upper limit may also be saturated to 
some not very large value. 


The Fermi part suffers no corrections in our model, because the vector current 
conserves automatically as the system is concerned only with N and WN. 
§ 3. Results 


The renormalized coupling constants in our model can be calculated straight- 
forwardly. Here we show only the results : 


Case I. We obtain 
G,/9gy=1, 
G,/94=3 (C1, 4; 5)?+4\E, 4; 5)? +4 ReC*(1, 4; SCO, 4; A) Ia 
—|C(O, 4; A)\?+3\CG, 4; A) ?+4 ReC*(1, $; QVCO, 3; B) Iu, 
(16) 


where g is the bare coupling constant and G is the effective coupling constant of 
the nucleon core, and 


y= \\ [Flr Teta) is isla TREO) A Tie Padre, 
I,=1. 


If we put J,,=1, Eq. (16) shows that the ratio G4/94 is always smaller than +1 
which is definitely inconsistent with experiment. 
Case II. We obtain 


G,/9v=1, 
Ga/ a= |Col? + S3{R (CAS) [2+ 12S) P+ 1CoCS) [9 
—$%|C.(S) aes ICs(S) ?+3 |Ce(S) le 


eee 2H 8 : C,(5) + 8Y ReC*(8)Cy(S 
ee Ee WG ee : eC*,(S)C3(S) 
4 8 


Re C#(S)C,(S) = Re C,*(S)C,(S) }, (17) 


3V3 38V6 
where C,(S)=C,(j1 h, 4; 5), and it is assumed J;;=1. Then in this case, we 


obtain the maximum value for G4/J4 as 
Gal Gains 1385 (18) 


and the amplitude of this wave functional are 


1 
} 
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Cy=20; 
C,(S)/C(S)2—-—-1/7), 
CIO) /Cs(S) = Cle); 
C,(S) =Cs(S) =Co(5) =0, 
where SH {1C.(S) P+ 1CxS) PICS) 5 1. (19) 


Therefore in order to obtain G,/g,=max. the one-body configuration must have 
zero contribution, and then the non-zero amplitudes have nearly equal weight. 

If we decompose this configuration with respect to the sub-state of a N-JN pair, 
/ we obtain from Eq. (2), putting C,(S) =—C,(S) = —C;(S) ~1///6, and f,(z, S) =1, 


ps ~ (—1.50) x Evér) pofx: Gar) ox 
4+. (1.44) x (Evéir) poéx: Gutyx) Th 
+ (—3.96) x Evoér) pix: Gxgx) px 
+ (0.02) x Evoés) pfx: Gutyx) Thy, (20) 


(where p denotes ry, or qs with respect to the state in which the radial function 
is symmetric (S= #) or antisymmetric (S=(2) for the exchange of N, and Ne) 
except the common factor and the normalization factors and these amplitudes are 
not altered by the exchange (N,N.) in (N,, No, N).* Therefore the probability 
with which N couples to the other N with T(NN) =0, spin triplet becomes pre- 
dominant (nearly with 16: 2). 


$4. Summary 


Summarizing the above results, we can conclude as follows. 

(1) Assuming the nucleon core to be composed of the N, N ensemble, we have a 
possibility of obtaining G,/G,23 which is attributed to the core (where there are 
assumed to be no holes in the allowed orbits in case of any 27+1-body system). 
In this case, for the physical nucleon, the final ratio G,/G, including the correction 
of pion cloud predicted by the static theory is nearly consistent with the experi- 
mental value. 

(2) When the parity of a bare nucleon is even (case II), and the state is con- 
sidered up to three-body configuration, the effective coupling constants take 
(G4/Gy) max221.38 only when one-body configuration has zero contribution. 

(3) In the configuration yielding the maximum ratio we obtain, decomposing the 


* This will be made clear when we antisymmetrize wave functional Eq. (27) and (2”) with 
respect to N, and N,. 
For example, the first term of Eq. (20) is in exact form (S= ) 
(Ey wv) roEy: (nw 2) 4N 
=4[(E(N,) (E(N)) ria. 0 (No) + (9 (Ny) 9 N)) 1 (No) — (E (No) € (N)) 701 (NG) + (9 (Na) 9 (N)) 9 (N2) 1 « 
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wave functional with respect to the sub-state of a N-N pair 


State in which N couples to other N] . 
ae TONN \ea0 sands or ®P, | ethers |= Loe 


Of course these results ((1), (2) and (3)) are too crude to discuss quantitative- 
ly on account of static assumption but have only qualitative significance. 
(4) Fermi-coupling always suffers no corrections in our model. 

The author would like to express his cordial thanks to Dr. Z. Maki for many 
suggestive advices. His thanks are also due to Drs. Y. Fujii and Y. Ohnuki and 
the members of the Institute for many valuable discussions. 


Addendum 


For the other problem, e.g., the anomalous magnetic moment and the charge 
distribution of nucleon, this model yields no definite conclusions. From the wave 
functional obtained by Eq. (19), we obtain the magnetic moment ~1.25 for a 
proton core and ~—0.09 for a neutron core. This is too insufficient but only has 
slight tendency to explain the scalar part of the magnetic moment M,+M, 1.5 
which has to be attributed to the core in order to obtain the observed value by the 
pion static theory as calculated by E. Yamada.” For the charge distribution, we 
cannot say anything unless the form factors are determined dynamically. These 
would be solved by future developments of the theory. 
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Yang (Prog. Theor. Phys. 22 (1959), 321.). Our result may be well related to Tamm’s 
theory which describe the nucleon core as including N, N pairs in order to explain large cross 
sections of nucleon-antinucleon annihilation. 
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On the Phase Transition of Barium 
Titanate Crystal 


Wataru Kinase 


Department of Physics, Faculty of 
General Education Waseda 
University, Shinjuku, Tokyo 


August 12, 1959 


Spontaneous deformation of barium 
titanate crystal was discussed in the pre- 
vious article.?” 
ations concerning the variation of the 


The succeeding calcul- 


ionic arrangement of the crystal due to 
an external field are reported in this 
note. 

When an external field is applied in 
the direction perpendicular to the spon- 
taneous polarization, the energy is ex- 
pressed as 


U5} mm Ug) — Ei Ny CV Ti 
r ” 2 4 
i (ap tan tar) Voit Oni yri> (1) 


where a clamped state without no shear 
is considered. In this equation, Ux» 
means the energy of the spontaneous 
polarization, and the succeeding terms 
are the energy due to small displace- 
ment of 7% ions yz; in the y-direction 
by the applied field, which is at right 
angles to the spontaneous polarization 
(a-direction), where only the shift of 


Ti ions are taken into account. Now 
E>; and ne are respectively the local 
field acting on Ti ions and the charge 
of Ti ions; a»; and b,, are coefficients 
of the second and the fourth powers of 
potential acting on 77 ions due to over- 
lap and van der Waals’ interactions, and 
ay; is the dipole interaction coefficient 
between one Ji ion and other all ions. 
The term ayy; means the work neces- 
sary to bend a straight line of force 
that acts on Jz ions in the z-direction 
as local fields due to spontaneous polari- 
zation. In the language of a molecular 
model a7;y7; is the work necessary in 
order to shift one 77 ion and bend the 
electron clouds of Oxygen ions that lie 
on the x-axis. 

The coefficients are numerically ex- 
pressed as* 


E,.= 3.246 E(1—3.61 4,+0.269 4, 
+0.269 4,), 


Ari= 10° (0.51227 —7.1302 4, 


* In the first equation, the factor 3.246 was 
given in the Appendix of article II by the method 
of Slater), and the coefficients of 4’s can be 
obtained by using the method of the modified 
Lorentz factor Sz in article I, whose procedure 
is rather long and will be explained in the 
forthcoming article. The second and the third 
equations were already calculated in article I 
by the similar method of Devonshire.4) In the 
fourth equation the factor 8-17 was given in 
the Appendix of article II. 
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+0.6954 4, +-0.6954 4, +.43.397 4,? 
— 4.2605 4,?— 4.2605 4), 
bp: =10 (1.8952 — 23.738 4, —0.576 4. 
— 0.576 4, +167.32.4,2+ 4.0873 42 
+ 4.0873 42), 
Ars = Api (1—8.17 4,), 
a= al (¥—8.17 4,) TRO Re (2) 


where E is an applied field, 4,’s are 
the relative ratios of lattice elongation 
compared with 4A in the z-direction 
and so on, a. is the dipole interaction 
coefficient in the standard cube (4A)*, 2» 
is the spontaneous shift of Ti ions, and 
Z is 2A. Here /(1+4,) corresponds to 
the half lattice spacing in the x-direc- 


the Editor HOO 


Ane Vrt= Wip(1—8.17 4,) 2 


4 SnesTy Vr%5 (3) 
Qpig(1—8.174,) 2 means the half of the 
force acting on one Ti ion which is 
predominantly caused by the electron 
clouds of the oxygens that lie on the 
a-axis, and y,;/l(1+4,) corresponds to 
the angle between the x-axis and the 
direction of the electron clouds that are 
bent by the shift of Tz ions in the y- 
direction. Then a7;yr; will be under- 
standable as a term which expresses the 
work done against the local force that 
exists spontaneously in the crystal. 

Now inquiring into the value of 
dnitdntas, in Eq. -(1),: it is * found 
that it has a positive sign when the 
dipole interaction coefficient api. takes 


ge a ele ee AB | 


—4.9810° and 


cel 


tion, and in the expression a value between 


Dipole Interaction | Shift of Ti tons due | electric Constant™ | SPM Gonna 
(c. g. Ss.) Field E (c. g.s.) (n coulomb per cm?) 
ATi’ X10 np, EX 106 A (n7p4=4) 
0 0.162 8.59 0 
—1 0.203 10.48 0 
—2 0.270 13.63 | 0 
Cubic phase ¢ —3 0.404 19.91 0 
—4 0.804 38.59 0 
—4.9 7.299 340.3 0 
—4,98 a co 0 
—5.0 10.924 510.1 3.21 
—5.1 5.436 251.8 11.88 
Tetragonal | _5. 5.452 250.4 16.24 
phase 
—5.4 9.143 413.6 22.16 
—5.58 — oo 32.16 
Orthorhom- { =F 7 a a 
bic phase _ ts Fo wa 


1b pe EES REC RLIE  rc 


* This is calculated by using the results of the previous article. 2?) These values tabulated 
do not include “optical” part of the dielectric constant, which is estimated at about 6, so the real 
dielectric constants can be roughly obtained by adding the value 6 to each dielectric constant. 
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—5.58x10°, where the former* and 
the latter correspond to the transition 
points from a tetragonal phase to cubic 
and orthorhombic phases respectively. 

The shift of Ti ions due to the 
applied field E is also obtained by 
solving the equation 


o= 2 ug, (4) 
Oyri 
and then the clamped dielectric constant 
in the direction perpendicular to the 
spontaneous polarization can be esti- 
mated. 

The results are tabulated on page 737. 

The more precise discussion about the 
dielectric constants including €,,, which 
is in the direction parallel to the spon- 
taneous polarization, will be reported 
later. 

The author is indebted to Professor 
H. Takahashi and the members of his 
laboratory for their useful discussions 
in the seminar. 

This work was supported by the Grant 
for Science Resarch from the Ministry 
of Education. 


1) W. Kinase and H. Takahasi, Jour. Phys. 
Soc. Japan 10 (1955), 942, which is referred 
to as article I. 

2) W. Kinase and H. Takahasi, Jour. Phys. 
Soc. Japan 12 (1957), 464, which is referred 
as article II. 

3) J. C. Slater, Phys. Rev. 78 (1950), 748. 

4) A. F. Devonshire, Phil. Mag. 40 (1949), 
1040. 


* This transition point —4.98x105 was al- 
ready discussed in the previous article. 12) 


High Energy Scattering of Nucleons 
from Nuclei 


Tatuya Sasakawa 


Department of Physics, Kyoto 
University, Kyoto 


August 15, 1959 


In the previous papers,”” we showed 
that the angular distribution of the high 
energy 7-d and n-He* scattering can be 
well reproduced by using the impulse 
approximation. In the present note, we 
examine whether the impulse approxim- 
ation can well reproduce the elastic 
scattering of high energy nucleons from 
heavier nuclei, too. 

Several authors’ have analysed the 
angular distribution of the nuclear 
elastic scattering of high energy protons 
assuming a transparent nucleus with a 
uniform density. They used the optical 
model given by Fernbach, Serber and 
Taylor” or the WKB or the Born app- 
roximation for the optical potential. It 
has been found that the above nuclear 
models give only approximate accounts 
of such a scattering. It is more realis- 
tic to consider that the nuclear potential 
is rounded near the nuclear surface and 
it is expected that the effect of this 
diffused character of the nuclear surface 
is by no means negligible in high energy 
scattering. Employing the nuclear po- 
tential used by Woods and Saxon,” 
Sternheimer and others® calculated the 
polarization of nucleons elastically scat- 
tered from nuclei. 

In the impulse approximation,!® the 
scattering amplitude can be reduced to 
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the product of a Fourier component of 
the nuclear density times the sum of the 
amplitudes of the two-body scattering : 


A 


S} OP, Vop Ba) = 3} [er *r¥0" |p (r) fdr 


p=1 


2 (27) seer 


“VC |0p|) Pajayraan) (Top) AT yp (1) 


Here 0 means the incident particle. 
|/(r)|? is the density of the target 
nucleus. As for the other notations, 
see our previous paper.” In the present 
note, we discuss only the first factor in 
the expression (1). This is because of 
the following two reasons. First, the 
phase shifts derived by meson theory 
can be used only up to 150 Mev.” (In 
the previous papers”? we saw that the 
set of the phase shifts derived by meson 
theory gives the best fit among others for 
both 2-d and n-He* scatterings.) 
Secondly, the position of maxima and 
minima of the diffraction patterns is 
determined by the first factor and is 
scarcely changed if we take account of 
the second factor. 

As the nuclear density distribution, 
we adopt the following form: 


—_ —1 
oy P=afexr(™*)+1], © 
a 
with 
a=0.49 x 107" cm, 
Res 2s A 107 Siem. 


First, we calculate the position of the 
first minima of the diffraction patterns 
of 340 Mev protons elastically scattered 
from nuclei ranging from C to Bi and 
compare the calculated values with the 
measured ones.) The result is shown 


in Fig. 1. The agreement between the 


experimental and the theoretical values 
is very good. 

Next, we calculated 
values of the position of the first minima 
at 84 Mev neutrons scattered from Cu 
and Pb with the measured values.” 
The calculation predicts the minima at 
24° for Ca: and. at-17° for Pb.’ The 


agreement 


compare the 


with experimental values 
seems good. 


0 50... ak00 2), 350 Gn Bena 
Fig. 1 The position of the first minima of 340 
Mey protons scattered from 11 elements plot- 
ted vs the mass number. o: first minimum. 


The above results may show the utility 
of the impulse approximation for heavy 
nuclei at high energy scatterings.” (Of 
course, the Born approximation shows 
the same pattern, but clearly the impulse 
approximation is more realistic than the 
Born approximation.) 

In closing this note, we examine the 
validity of the uniform density assumption 
of the nuclear matter adopted by others. 
For this purpose, the following expan- 
sion, 


err (r) far = S80 (2 


— (cR) ( : —* a+) coseR |, 
(3) 


tec 
* 
f: 
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is very useful, for the density distribu- 
tion expressed in (2). Apparently, the 
first term gives the Fourier component 
for the uniform density distribution. 
When we assume the uniform density 
of the nucleus, the error caused by 
neglecting the diffuseness of the nuclear 
boundary is within 10%, if 

w<7/ (8/5) * (ta) *=0.9. This condi- 


tion can be expressed as follows. 


i 
Ein 50Mev, then 6< 20°, 
50 Mev < Fi, <100Mev, then 615°, 
100 Mev < Ey, < 200 Mev, then 910°, 
and 
200 Mev < Ejay <350 Mev, then 9<6°. 
(4) 
Hence the uniform density assumption 
has the limited range of validity, especial- 
ly for high energy scattering. 
The author would like to express his 


thanks to Professor M. Kobayasi for his 
interest. 


1) Y. Sakamoto and T. Sasakawa, Prog Theor. 
Phys. 19 (1958), 745; 21 (1959), 879. 

2) Y.Sakamoto and T. Sasakawa, Prog. Theor. 
Phys. 22 (1959), 299. 

3) Richardson, Ball, Leith and Moyer, Phys. 
Rev. 86 (1952), 29. 

4) K.M. Gatha and R. J. Riddle, Jr., Phys. 
Rey. 86 (1952), 1035. 

5) Fernbach, Serber and Taylor, Phys. Rev. 
75 (1949), 1352. 

6) R. M. Sternheimer, Phys. Rey. 97 (1955), 
1314; 100 (1955), 886. 

7) R. D. Woods and D. S. Saxon, Phys. Rev. 
95 (1954), 577. 

8) G. F. Chew, Phys. Rev. 80 (1950), 196. 

9) R. Tamagaki, Prog. Theor. Phys. 20 (1958), 
505. 

10) Brantenahl, Fernbach, Hildebrand, Leith 
and Moyer, Phys. Rev. 77 (1950), 597. 


11) T.Sasakawa. (The paper in preparation for 
presentation). In this paper, analysis is made 
for 96 Mev proton scattering from various 
nuclei. A value of R slightly different from 
the value adopted in the present note 
reproduces the experimental values of the 
first and the second minimum: R=1.32 A1/8 
%10-13em. The optical model analysis was 
performed at this energy by Glassgold and 
Kellog. (Phys. Rev. 109 (1955), 1291) 


Some Remarks on Feynman’s 
Variational Method 


Mikio Namiki 


Department of Applied Physics, and 
Science and Engineering Research 
Laboratory, Waseda 
University, Tokyo 


September 8, 1959 


Feynman” proposed a variational me- 
thod, in which action functions are used as 
trial functions, and obtained good results 
by it in the problem of polaron. His 
method originates in the stationary ex- 
pression 


“{By| Ary” =(Bz| Ar)o 
exp{(i/h) U—In)o} =) 
for the probability amplitude of the 
transition from an initial state A to a 
final state B, where the symbol (Q) is 
defined by 
(Q) = (Br| Ar)" (Bz |Q|Ar), (2)* 


Q being an operator, and the quantities 


* Note that the method can be used even for 


the definition of (Q) as (Q>=Tr {pQ}/ Tr {o}, 0 
being the density matrix of the medium. 
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I and J, are respectively the exact and 
trial action function. In (1) we have 
denoted the quantities governed by the 
rial action J, by the subscript 0. The 
stationary character of (1) is based on 
the variational principle 


0 (By| Ar) = (t/h) (OT) (Bel Ar) (3) 


for the amplitude governed by the action 
I. Inspection of (3) may lead us to the 
rather simple expression 


“<{Br| Ar)” =(Bz|Ar)o{1 
ak ADR Gee ())) a C2) 
although this has a resemblance to the 


Besides (1) and 
(4), we may use the expression 


“(B,|Az)” =(B,|Ar)o 
(en) Iso} (5) 


In fact, the expressions (1), (4) and (5) 
have the first order variation 


6“(B,| A)” = (i/N)? (Br Aro 
x (T{ U—h) To} Yo 


for infinitesimal variations of J, about J 
and become the exact amplitude at the 
stationary point ,=J. Here T' stands 
for the time-ordering operator. 

Now, similar expressions can also be 
formulated for a matrix element (2) of 
an operator, say Q. The matrix element 
of QO obeys the variational principle 


d(Q)=(6,Q) + (i/h) (T(Q°T) 
— (¢/h) (Q) 41), (6) 


where 0, is the partial variation with 
respect to explicit dependences of Q on 
the action function. In what follows, 
we shall exclusively consider the quanti- 
ties without explicit dependences on the 


perturbation theory. 


action. We can write the stationary ex- 


pression of (Q) first in the from 
“{QY?=(Q)o+ (/h) [KT {QU— 1) } 0 
— <Q) I — ho], (7) 


corresponding to (4). The last term in 
the right-hand side of (7) represents 
subtraction of contributions of the non- 
connected graphs from the second term. 
Then (7) is rewritten as 


“<Q)?=(O)o+ (i/h) (T{QU— fh) } Po, 

(8) 
where the superscript c stands for the 
connected graphs. The expression (7) 
or (8) is stationary at [,=J, because 


dQ)” = (i/h){T{QU— hh) oh} Do, 
and it becomes the exact (Q) at =I. 


Besides (7) or (8), we can also use 
the stationary expressions 


“(QO)” =(Q)o exp {(i/N) (T 
x {QU—h)} Qo}, (9) 
“(OQ)” = (Qy 1— G/N) (T{QU— hh) } 0 
x CQ)oil", (10) 
corresponding to (1) and (5), respective- 
lye Ape = Tboth (9) (and: (10) have 
the stationary character similar to (8) 
and the value (Q). The approximation 
(9) corresponds to the summation of 
graphs in the exponential type, while 
(10) to that in the damping type. In_ 
addition to the variational expressions 
for the amplitude or the matrix element 
of an operator, we can consider the 
stationary expression 


Ore O5-71/ Ail dos Qo| (11) 


for the operator itself. This is under- 
stood from the variational principle 
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sQ=—(i/h)[8I, Q} 2) 


Finally, we present a simple appli- 
caion to calculation of the one-particle 
Green function in the meson-nucleon 
system with the ps-coupling, by putting 
|A,;> =|B,;> =|vacuum> and 
Q>= (ih) “TY (a) 9(2)). 


sider the trial action function 


Now con- 


Ip=Inee +2 (9°/2) \\ dadz! 4,(x—2x') 
XP(ax)rsrP (a) G(x ise (2), (3) 


under which the meson field is just the 
free operator and the nucleon field ¢ 
obeys the equation 


e 


73 +M+9| d' 2! d,(x—x') $5 (2’) 


x 770 (2!) ]¢ (x) =0. (14) 


Hence we get 


(T{QU—h)} o= ('/2h) 
¢ | A, (al — 2") (TOP (2") 
Xie aa ( (al!) a “O(zi) \ Sy 
Sd das (15) 


It may be meaningful to calculate (15) 
by solving (14) in the perturbation 
theory, because, from (9) or (10), we 
can obtain an approximation of Green’s 
function corresponding to a partial sum 
of the total perturbation series. (From 
(9) and (10), one may also get the 
relations betweeen renormalized and un- 
renormalized coupling constants”.) At 
any rate the approximation relies sensi- 
tively upon the choice of the trial action. 


1) R. P. Feynman, Phys. Rev. 97 (1955), 660. 

2) L. D. Landau, A. A. Abrikosov and I M. 
Halatnikov, Dok. Akad. Nauk. USSR 95 
(1955), 261. 
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Errata 


Two-Nucleon Potential with ‘‘ One-Pion-Exchange Tail ’”’ 
T. Hamada, J. Iwadare, S. Otsuki, R. Tamagaki & W. Watari 
Prog. Theor. Phys. 22 (1959), 566. 


The Fig. 5 on page 577 should be replaced with the corrected one shown below. 


dr 
10 (mb/ster) 
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On the Representations of Field Quantities. II 
Hitoshi WAKITA 
Prog. Theor. Phys. 21 (1959), 299 
1) Lemma 2-2 on page 304 should be removed. 
2) In Assumption 2-4 on page 304, “irreducible” should read “maximal and irreducible.” 


3) The last paragraph of §2 on page 305 should read as follows: 
In any physically meaningful representation %s we say that a sub-*-algebra Bs’ of Bs is 


full if (%, ag¥)) =(%, a5 ¥>) for every a5eBs/ imply ¥,=a¥% (|a|=1) for any ¥,, Y€8. 
Lemma‘ 2-2. Let B 5’ be full in a physically meaning ful representation Us, and Be! be a 
*-algebra which is formed by the set {a5 ; a€BY. Then (Bg/¥)°=9 for any VES, V0, and the 


representation Us is irreducible. 


Proof. Let (Sy F)¢= §,+6, and $=6,65,. This implies Be/h C$, and Bg’ Se CH,. Put 
0,=¥,+¥Y%, for any V{€H,, YES, %; w0: then (,, ag 0,) = (0_, ag0_) for all a€B’. This is 
a contradiction. O:E-D. 


Let B 6’ is full in one representation ; then it is full in any maximal and irreducible physically 

meaningful representation, and we may unambiguously say that 8’ is full. 
4) On page 306, 10th line from the bottom, “any” should read “some.” 
5) On page 307, 2nd and 3rd lines, the sentence “As %, and Y,....” should read as follows: 

Let 2%)’ be a subalgebra of M%, which is generated by {%,, %,}. Then, from Assumption 3-6 
and 3-7, we can show that the direct product U%,xXW%, is isomorphic to W;’, and in the following 
we can regard W, XY, as Uy’. 

6) In Assumption 3-6 on page 307, “,xW,” should read “ 8; Xx 5.” 

7) On page 309, 6th and 7th lines, “from Assumption 3-6....” should read “as 8, XB, is full in 
the V-system, it is obvious from Lemma 2-2 that (Wy’/¥)°¢=y for any V€(Dy)o.” 

8) On page 309, 5th line from the bottom, “$a” should read “ X 21° (i) 0.” 

9) After Assumption 3-8 on page 310, the following should be inserted : 

In Theorem 2 we have shown that there is a one-to-one correspondence between $j; and $,%5., 
and that the correspondence is very natural from the physical point of view. Therefore, we can 
regard $,®, as $y identifying the corresponding elements. In Assumption 3-8 Yy°= vx ¥,° 
should be regarded as an element of this y=, y. 

10) In Theorem 3 on page 310, “and irreducible” should be struck out. 
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The usual approach to the ergodic problem makes use of the idea of “coarse-graining”. 
That is, a macroscopic observer is supposed to be limited to “coarse-grained” experiments, 
and the resultant lack of complete information about the system gives rise to the irreversible 
increase of the (coarse-grained) entropy. It is shown that this approach is untenable, since 
macroscopic observers are not restricted in principle to coarse-grained experiments, and in 
fact one “fine-grained” experiment has already been carried out in practice. An alternative 
approach is presented which avoids these difficulties. The irreversible increase of entropy 
is due to molecules outside the system proper, which collide with the outside of the box 
enclosing the system; this leads to a truly random, in principle unpredictable perturbation, 
which can be treated only stochastically. The number of particles within the system is 
irrelevant for this purpose, and in particular need not be large. 


§ 1. Introduction 


In statistical mechanics, we consider ensembles of systems described by a den- 
sity matrix U. If each system is enclosed in a perfectly reflecting wall, and has 
an internal Hamiltonian H, the time development of the ensemble is given by the 


Liouville equation 


dU 1 
Se oe fie Be, U . Lak 
dt A ( ) 


The entropy of the typical system of the ensemble is defined by 
S=—kTr(UlInU), (12) 


where k is Boltzmann’s constant. The thermal equilibrium state is that unique 
density marix U, which leads to the largest entropy S, subject to whatever macro- 
scopic constraints are imposed on the system (e.g.; given average energy, given 


volume, given number of particles) .” 
If we start, at time ¢=0, from a density matrix U), then the Liouville equ- 


ation (1-1) leads to the time development 
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U(t) =exp(—iHt/h) Us exp(+iHt/h). (1-3) 


This is a unitary transformation, which preserves traces of functions of U. Hence 


we obtain immediately : 
$@)=5 CO). (1-4) 


That is, the entropy S fails to increase with time, and the thermal equilibrium 
distribution U, is not approached by the system. 

Since actual systems do tend to equilibrium as time goes on, this result is 
unacceptable. The usual way out of this difficulty is by means of the introduction 
of “coarse-grained averages”.”” One argues that a macroscopic observer is not 
in a position to make sufficiently detailed “‘ fine-grained”? measurements to determine 
the complete density matrix U, and hence the entropy S of the system. The 
qantity S of equation (1-2) is called the “fine-grained entropy” and is in practice 
not measurable. Rather, macroscopic observers are restricted to “ coarse-grained ” 
measurements, i.e., measurements in which quantum states are lumped together 
into groups, and one determines which of these groups a given system of the 
ensemble falls into; no finer distinctions are made, and in particular the actual 
quantum state is not determined for any system on which measurements are carried 
out. One can allow for this coarse-graining process mathematically by introducing 
a mapping U->U of the actual, fine-grained density matrix U onto a coarse-grain- 
ed density matrix U. The coarse-grained entropy is then defined by 


S=-—kTr(UlnU). (1-5) 


It is shown in reference 2 that, under very general assumptions concerning the 


“nature of the coarse-graining process U->U, the coarse-grained entropy S increases 


with time, thereby approaching the thermal equilibrium value which is the largest 
value it can reach. 

This way out of the difficulty of equation (1-4) retains the Liouville equation 
(1-1) but modifies the definition of entropy, from (1-2) to (1-5), and at the 
same time gives up the idea of a unique equilibrium distribution U, We now 
say that equilibrium has been reached whenever the coarse-grained entropy Si 
has attained its equilibrium value; this condition is much too weak to pick out 
a unique statistical matrix U,, and; in fact, the Liouville equation is inconsistent 
with approach to any one unique limiting distribution U,. 

It should be noted that the coarse-graining approach depends crucially upon 
the assertion that “ fine-grained ’’ measurements are impracticable, and thus the fine- 
grained entropy is a meaningless concept. We shall show in section 2 of this paper 
that such measurements are not only possible in principle, but at least one such 
measurement has already been carried out by an actual macroscopic observer: The 


spin-echo experiment of Hahn.*) It is therefore not permissible to base funda- 


mental arguments in statistical mechanics on coarse-graining. The failure of the 
fine-grained entropy, (1-2), to increase with time is not merely an unimportant 
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curiosity. Rather, it represents an important and measurable aspect of the physi- 
cal situation. No theoretical approach which leads to constancy of S can constitute 
a satisfactory logical basis for statistical mechanics. 

A. different approach has already been considered in the literature?” — It 
consists in retaining the definition of entropy, but modifying the Liouville equation 
(1-1) through introducing the random influence of the thermal motion of the wall 
of the system. It has been shown that this approach leads to thermal equilibrium 
under very general conditions. 

Nevertheless, this approach has not found general acceptance. There is a com- 
mon feeling that it should not be necessary to. introduce the wall of the system in 
so explicit a fashion. For example, a system contained inside a calorimeter app- 
roaches internal thermal equilibrium, at some temperature T, long before it reaches 
thermal equilibrium with the world out side the calorimeter, at room temperature. 
Furthermore, it is considered unacceptable philosophically, and somewhat “unsport- 
ing”, to introduce an explicit source of randomness and stochastic behaviour directly 
into the basic equations. Statistical mechanics is felt to be a part of mechanics, 
and as such one should be able to start from purely causal behaviour. 

Section 3 of the present paper is devoted to a discussion of these arguments. 
We arrive at the conclusion that the objections listed above are invalid, and that 
there exists a sound logical and philosophic basis for introducing stochastic con- 
cepts directly into the basic equations of statistical mechanics. The difficulty about 
the calorimeter is only apparent, and disappears when one distinguishes carefully 
between the relevant relaxation times. | 


§2. Arguments against coarse-graining 


On general, philosophical grounds, the coarse-graining procedure is somewhat 
disconcerting, in that it makes an actual physical process (the approach of the 
system to equilibrium) dependent on the accidental shortcomings of the observer 
who makes measurements on the system.* Close interaction between observer and 
observed system is of course a commonplace in quantum mechanics. But the ergo- 
dic problem already occurs in classical statistical mechanics, and (with the possible 
exception of von Neumann”) there is general agreement that the transition from 
classical mechanics to quantum mechanics makes no essential difference to this 


problem. If we take a purely classical view, then there is no objection in princi- 


ple to a fine-grained observation of each system of our ensemble of systems. 
Coarse-graining is not intrinsic to the problem under study, and it is dragged in 
artificially, so to speak, in order to save the principle of increasing entropy. The 
same is true in quantum mechanics, the only difference being that we mean 


* A different interpretation of the meaning of the coarse-graining procedure is possible, and 
will be discussed at the end of section 3. 
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something different by a “measurement”, namely the determination of the quantum 
state ¢ rather than the determination of 3N coordinates and 3N momenta. 

We shall now go on to demonstrate by means of a Gedanken-experiment that 
coarse-graining can be misleading, and we then show that an actual experiment 
closely analogous to this Gedanken-experiment has already be carried out. 

Consider an ideal gas of particles constrained to move in the x-direction only, 
confined by walls at x=a and x=—a. Initially, at time t=0, all N particles 
are located at the centre, at r=0, and they have a Maxwellian distribution of 
velocities. Thus the combined probability distribution in x and v at time t=0 


is 
Uz, v)=P,0(z) exp(—4mv’/kT) at t=0 (2-1) 


where P, is a normalization constant. 

As time goes on, the particles are reflected back and forth between the two 
walls. Under the usual assumption that the walls are perfectly reflecting mirrors, 
the speed of any one particle does not change. However, their initial non-uniform 
distribution in space is smeared out rather quickly. The characteristic time for 
this process is the time which the “ average ” particle takes to traverse the distance 
2G 311.8, 


v= 2G) Us, (2- 2) 


where v, is some average speed, for instance the root-mean-square velocity. After, 
say, 107), the distribution of the particles in space will be sensibly uniform. 
Their distribution in momentum space is Maxwellian to start out with, and stays 
that way. Hence, any “ coase-grained” experiment to determine the combined 
distribution function U(x, v) is bound to lead to the equilibrium result, 


ocr v) = 2% exp(—dmv'/kT). Peatiiorarn (2-3) 


This is the way in which coarse-graining leads to the thermal equilibrium distri- 
bution. 

Actually, however, the true distribution function is not at all equal to (2-3). 
Rather, there are complicated correlations between the positions and momenta of 
all the particles. To see that this is true, consider the following Gedanken-ex- 
periment: At time t=T', reverse the velocities of all particles of the gas. It 
follows immediately that at time t=27', the initial state (all particles at x=0) 
reoccurs. We shall call this the reversal experiment. 

This kind of recurrence of the initial configuration has nothing to do with 
the Poincare recurrence cycle. The time for the latter is unimaginably long. Thus, 
if we carry out the reversal experiment on a system whose distribution function 
is truly (2-3), we shall indeed reach any unusual distribution (including the one 
with all particles at z=0) eventually, but the time involved is so long that it is 
of no practical importance. Conversely, if the reversal experiment, carried out on 
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an unknown system, leads to all particles congregating at z=0 some finite, small 
time T' later, then we are perfectly safe in concluding that the unknown system 
was not really in equilibrium, i.e., did not really have the distribution function (2-3) 
in the fine-grained sense. 

To distinguish between the true equilibrium distribution (2-3) and the distri- 
bution obtained in our Gedanken-experiment at time 7, we shall use the term 
“ quasi-equilibrium ”’ for the latter. To an observer constrained to make corse- 
grained measurements only, there is no difference between quasi-equilibrium and 
true equilibrium. If we accept the restriction that macroscopic observers can 
make only coarse-grained measurements, our reversal experiment is not a possible 
experiment for a macroscopic observer, and there is no difficulty. No macroscopic 
observer can distinguish between quasi-equilibrium and true equilibrium, and thus 
this distinction is simply sophistry of no consequence to physics. 

However, macroscopic observers can carry out reversal experiments in princi- 
ple. It is not necessary to measure a velocity in order to reverse it. Thus, the 
process of reversing all velocities does not imply measurement of all velocities 
(which latter would indeed be impossible for a macroscopic observer). Hence there 
is no difficulty im principle with our reversal experiment. 

Even more striking is the fact that just such a reversal experiment has actual- 
ly been carried out already. This is the “spin-echo” experiment of Hahn.*) In 
this experiment, spins are aligned by a strong pulse at time t=0. As a result of 
small inhomogeneities in the “constant” magnetic field H, applied to the speci- 
men, different nuclear spins undergo Larmor precession at slightly different rates. 
Hence the spins get out of alignment rather quickly, in a time T, determined principal- 
ly by the inhomogeneities in H,. At some later time, t=T'>T,, quasi-equilibrium 
has been reached for the spin distribution. At this time, Hahn puts on another 
strong pulse, whose main effect is to reverse the direction of precession of every 
spin.* At time <=2T all the spins are aligned once more, and this fact shows 
itself through the observation of a coherent magnetization at that time, known as 
the ‘‘ spin-echo ”’. 

Since an experiment essentially equivalent to our hypothetical reversal experi- 
ment has actually been carried out by a macroscopic observer, we conclude that 
macroscopic observers are not restricted to coarse-grained experiments. It is 
therefore not permissible to base fundamental arguments in statistical mechanics 


on coarse-graining. 


* Our description of this experiment is deliberately simplified. Actually, the pulse at <=T 
does not reverse the directions of precession, but rather reverses the direction in which each spin 
points at this moment. In terms of our previous ideal-gas analogy, this amounts to leaving all 
velocities unaltered, but moving each particle i of the gas instantaneously from position 2; to 
position —2;. In view of the symmetry around x=0, the ultimate result at time =2T is the 


same as in the velocity reversal experiment. 
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Some additional comments are desirable here: 
exclude the spin-echo experiment from consideration by saying that is it not a 


(1) One may 
anics is meant to apply only to results of 


“thermodynamic measurement”, and statistical mech 
thermodynamic measurements. We consider this attitude unacceptable, both philosophically and 


practically: From the practical point of view, one would need a clear-cut and easily applicable 
definition of just what constitutes a thermodynamic measurement, as opposed to non-thermodynamic 
measurements. We are not aware of such a definition, nor do we believe it would be easy to 
construct one. From the philosophical point of view, we feel that statistical mechanics should aim 
to describe as big a part of nature as possible; limiting the range of applicability of statistical 
mechanics to certain types of measurements requires its own philosophical justification ; we see no 
valid philosophical justification for limiting statistical mechanics to the results of “thermodynamic 
measurements”, whatever may be meant by this term. In the next section we shall discuss another 
limitation on the applicability of statistical mechanics, a limitation for which we feel there is 
adequate philosophical justification. 

(2) In the discussion of the spin-echo experiment, we have ignored the influence of spin- 
spin interactions. The spin-spin interactions do decrease the size of the echo pulse, but this is from 
our present point of view accidental. The reversal pulse of Hahn produces, not a complete 
reflection of all spin directions, but rather a rotation of 180 degrees around the z-axis. As long 
as all spins remain in the z-y plane, this is equivalent to a reversal of all spin orientations; i.e., 
the spin making an angle @ with the x-axis initially, finally makes an angle —# with the’ z-axis. 
Thus, if one could constrain all spins to remain in-the z-y plane, then the spin-spin interactions 
would not alter the size of the echo pulse at all. In fact, however, the spin-spin interactions force 
individual spins out of the z-y plane, and for those spins the reversal pulse of Hahn does not 
produce a complete reversal in our sense. This is the origin of the decrease in size of the echo 
pulse due to spin-spin interactions, and it is of no fundamental interest in our present discussion. 


§ 3. The origin of randomness in statistical mechanics 


Having realized that the fine-grained entropy S contains meaningful and 
measurable information about the ensemble of systems under study, we now in- 
vestigate what must be done to allow S to increase with time. The constancy of 
S in the usual theory, equation (1-4), follows directly from the fact that the time 
development of the density matrix U is given by a similarity transformation, and 
this latter fact follows directly from the Liouville equation (1-1). As long as the 
ensemble can be described validly by a Hamiltonian formalism, the fine-grained 
entropy fails to increase with time. Since the spin-echo experiment forces us 
to retain the fine-grained definition of entropy, we must necessarily give up the 
completely causal, Hamiltonian description of the time-development of the ensemble 
in order to obtain an increasing entropy. 

Let us return to the spin-echo experiment. The size of the spin-echo pulse is 
in fact less than the size of initial pulse, the more so the longer the time T in 


‘the experiment. The spins fail to return to a fully aligned configuration. Under 


the conditions which we have outlined in section 2,* the relaxation time characteris- 
tic for this failure to re-align is the relaxation time for interchange of energy be- 
tween the system of spins and the lattice vibrations. If the time JT of the 


In the actual spin-echo experiment, spin-spin interactions also produce failure to align 
However, for reasons given at the end of section 2, we consider this effect accidental, whereas the 
effect of the spin-lattice interaction is basic. 
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experiment is much longer than this “ spin-lattice” relaxation time, the spin system 
has reached full thermal equilibrium, and no spin-echo pulse can be observed ; the 


| spin system has “forgotten” its initial state. Thus, the approach to true equili- 


brium is governed by interactions between the system and the outside world, 
not by interactions within the system itself. The latter interactions lead only to 
pseudo-equilibrium, not to true equilibrium. 

A particularly striking case is obtained by imagining a system initially in 
a pure quantum state, ¢). That is, the density matrix U, at time t=0 is a pro- 
jection operator onto ¢%, and the entropy S=0. If there are no interactions with 
outside world, the wave function ¢ develops in time into a wave function ¢(t), 
and the density matrix at time ¢ is the projection operator onto ¢(¢). Since this 
is still one pure state, the entropy is still zero. There is simply no mechanism in 
this picture by which the system can go from an initial pure state to a final 
statistical distribution of states. 

The failure of S to increase with time is due to the fact that we have 
overidealized an “‘isolated’’ system. Every system in statistical mechanics must 
be thought of as enclosed within walls of some kind. Every wall has an outside 
as well as an inside, and the outside surface of the wall is subject to collisions 
with molecules outside the system proper. We now proceed to point out that there 
is an important philosophical distinction between molecules inside the system and 
molecules outside the walls. Molecules inside the system are in principle accounted 
for by equations of motion plus initial conditions, i.e., they can be described causal- 
ly. Molecules outside the system are in principle not amenable to a causal des- 
cription, and must of necessity be described in stochastic terms. The momentum 
and energy transferred between outside molecules and the system proper then acts — 
as a source of true randomness influencing the dynamical behaviour of the system 
inside the walls. We maintain that this is the origin of randomness and increas- 
ing entropy in statistical mechanics. 

To see that the outside molecules must be treated statistically, let us. imagine the 
opposite for a moment. In order to make a causal description of the motion of 
the outside molecules, we would have to include them in the Hamiltonian and 
specify their initial coordinates and momenta. That is, we would have to count 
these molecules formally as part of a larger system under study. This larger 
system, however, also has a wall, and there are outside molecules beyond ¢hat wall. 
Hence, we have arrived at the following dilemma: 

Either we make a causal, Hamiltonian description of the whole Universe, 
or else we must allow for an essential element of randomness in the description 
of the motion of the limited system under study. 

The random element here is not due to accidental shortcomings of the abaceer 
but rather to the fact that the observer restricts his observations to a finite 
part of the-Universe. Whereas human observers are not in fact restricted to coarse- 
grained experiments they are surely incapable of observing the whole Universe at 
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once. The whole measurement process depends on a dichotomy between observer 
and system observed. A man trying to observe the whole Universe simultaneously 
would be completely confounded by logical as well as by practical difficulties. He 
could not use any measuring apparatus (since that is part of the Universe), and 
he would have to observe, among other things, the workings of his own brain. 
Thus, there is a sound philosophical basis for the assertion that we are 77 principle 
limited to observing finite parts of the Universe, and are therefore forced to in- 
troduce a random element (due to the remainder of the Universe interacting with 
our limited system) into the basic equations of motion of the system. Conversely, 
a Laplace demon who observes the whole Universe at once would describe the 
world in terms quite different from statistical mechanics ; he would not need to 
introduce any random element into. his description. 

Once this point of view is accepted, the conventional discussions of the ergodic 
problem become irrelevant, since they start from the assumption of perfectly re- 
flecting, stationary walls, and Hamiltonian equations of motion. These assumptions 
lead inevitably to constant fine-grained entropy S, and hence to quasi-equilibrium 
rather than true equilibrium. The ergodic problem has been discussed from the 
present point of view by Lebowitz andco-workers.°”") The present work provides 
a philosophical foundation for the model adopted in these papers. 

It is a corollary of this point of view that the number of particles of which 
the system is composed need not be large. In principle, one single molecule inside 
the box is enough. As a result of the random impacts of outside molecules on the 
walls of the box, the motion of the one inside molecule is not determined causally 
by a Hamiltonian equation of motion, but contains a random, statistical element 
which changes an initial pure state into a statistical distribution of states, and 
eventually into the equilibrium, Maxwell-Boltzmann distribution. The large number 
of molecules in actual systems is a great help in carrying out calculations in statis- 
tical mechanics, but it is not an essential aspect of statistical mechanics. Statistical 
mechanics is not the mechanics of large, complicated systems; rather it is the 
mechanics of limited, not completely isolated systems. 

We believe that the above arguments dispose of the usual objections against 
introducing an explicit source of randomness directly into the basic equations of 
‘statistical mechanics. A mechanics of limited systems cannot be entirely causal, 
even if the mechanics of the wole Universe in causal (which latter of course we 
do not know). It remains to deal with the objection that the system inside a 
calorimeter reaches internal thermal equilibrium, at its own temperature, long be- 
fore it reaches thermal equilibrium with the world outside the calorimeter. To 
discuss this objection, let us return to the Gedanken-experiment of section 2. 

Let us make a crude estimate of the time required for the system of our 
Gedanken-experiment to approach true equilibrium. We introduce the variable 2’ 
as follows: With perfect mirror walls, for a particle with initial velocity v, we 


define 
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Ue, (3-1) 
The relation between x’ and the actual position x is then as follows: 
For —a<2'<a, ye oie 
Fore, 20 =< 3a, Paes 
For- 8a< x’ < 5a, £=2'—Aa. 
Pormog-qt <7 a: x=6a—2’. 


(3-2) 


It should be noted that the mapping 2’—.2z is a many-to-one mapping. 

Now let us allow for the thermal motion of the two walls by assuming that 
each wall has a mass M anda randomly varying velocity V; an elastic impact be- 
tween a gas particle of mass m and initial velocity v results in reflection of the 
particle with an altered speed. The change in speed (ignoring the change in 
direction) is given by - 

es 2MV + 2mv (3-3) 
M+m 
If M>m, and 4MV?~4mv’~$kT, (3-3) can be approximated by 
Ov Z2V. (3-4) 
Since V is a random variable, so is the speed change dv. Let us denote the speed 
change at the first impact (at z’=a) by 0v,, at the second impact (%/=3a) by 


dv>, etc. Then the variable x’, from which x can be deduced according to (3-2), 
is given by an equation more complicated than (3-1), namely: 


2 =vt+du,(e— 4) +304 (¢ Eieitced 
v v v+ov, 
‘2a 2a 
3 (+— Ses aie 
peek v v+0v, vtdv,+0v, 
Aas ; (3-5) 


The series in (3-5) breaks off after & terms, where k is the number of wall 


impacts the particle has suffered before time ¢. 
Since we need only a crude estimate of the relaxation time, we replace this 


complicated expression by a much simpler one : 


xx ut-+d0, (1-2) +30, (e— 24.) +00 (1 oa )+ Sedo (3-6) 
v v v 


This is a reasonable first approximation based on the idea that the quantities 0v,, 
Ov, etc. in the denominators of (3-5) all have zero average values, and thus, on 
the average, v+0v,+4v,, for example, can be replaced by vw. 
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The mean value of x’ from equation (3-6) is given by (3-1). We are in- 
terested in the fluctuation of 2’ around this mean value. From (3-6) we get 


(2!—vt)= (@v)*(¢-) + Go)? (:— 34.4 Gay (e— 22) + fee (3-7) 


VU 


The cross terms vanish on averaging since the speed changes at different wall 
impacts are statistically independent. We now use (Ov;)?=4V" and approximate 


the series by an integral to get 


Soe Eee he a 
Gl eee. (3-8) 


This quantity must be compared with (2a)?, for once the uncertainty in 2’ exceeds 
2a appreciably, the memory of the initial distribution-in-xz has been effectively lost, 
without hope of recovery even by a reversal experiment. Introducing the mean 
number of wall impacts by : 


UL fad (3-9) 


the condition for the attainment of equilibrium becomes : 


= >1. : 

4a’ 6a* om ve © Ce 
Solving for the mean number of impacts required, we get, upon replacing v* by its 
thermal average value, 


rs>1M/m - Number of wall impacts for loss of memory. (3-11) 


The corresponding relaxation time is 77, where T) is given by (2-2). That is, 7 is 
the ratio of the relaxation time for true loss of memory of the initial distribution, 
to the relaxation time for the apparent loss of memory associated with pseudo-equili- 
brium. It should be noted that the mass of the wall, /, enters into (3-11). Thus 
the estimate depends on properties of the wall, and cannot be made without con- 
sidering the wall itself as an essential element. 


Let us now consider another relaxation time: If the average kinetic energy 
of the wall, 


4MV°=$8hT,, (3-12) 
differs somewhat from the average kinetic energy of the gas particles, 


4mv’=thkT, (3-13) 
then the wall impacts lead not only to loss of memory of the initial distribution 
1.e., attainment of the distribution function (2-3) with T=T,, but eventually the 
temperature of the gas must approach the temperature of the wall (the latter is 
maintained constant by collisions with outside molecules). 


: nstat The change in energy 
of a gas particle in a wall collision is given by 
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4m(v')?—34mv?=4mM/(M+m)?- [4 MV?—4 mv?—4(M—m) vV J. 


Averaging over the random velocities V of the wall, the last term on the right 
drops out. With the usual approximation M>m, we get 


4m(v')?—Amv'? = (4m/M) (&RT,,—$ mv’). (3-14) 


It follows from this that the fractional change in the effective temperature of the 
gas, produced by each wall collision, is of order m/M. Thus the number of wall 
collisions required to bring the gas temperature close to the temperature of the 
wall is of order : 


r's>M/m +» Number of wall impacts for effective energy transfer between 
gas and wall. | (3-15) 


The difference between (3-11) and (3-15) becomes significant if the mass. 
ratio M/m is large. For example, consider a box of dimensions a~1cm, with gas 
particles of mean speed of order 10° cm/sec, so that the “‘ coarse-grained relaxation 
time” TJ is of the order of 10~>sec. Assuming for the sake of illustration that: 
M/m~10°, then the relaxation time for loss of memory of the initial distribution. 
is of order 7T,~10~? sec, whereas the relaxation time for full temperature equilibrium: 
between wall and gas is of order r’T)~10* sec, i.e., several hours. In other words, 
the wall collisions produce loss of memory of the initial distribution much more 
quickly than they produce full thermal equilibrium with the wall. 

A “coarse-grained” measurement of the distribution function Uta} 0) vata 
time t~10-‘ sec, say, would give no hint of the retention of memory ; thus, from 
the coarse-grained point of view, internal equilibrium has been attained at such 
time. In fact, however, only quasi-equilibrium has been attained, as can be demon- 
strated directly by carrying out a reversal experiment. 

On the other hand, at time t~1 sec, say, the memory of the initial distributiom 
has been completely lost, and no experiment, no matter how fine-grained, can dis- 
tinguish this system from one which started out from full equilibrium (distribution 
function (2-3)) right at z=0. This loss of memory is mot connected with obser- 
vation of the system during the intervening time interval. The loss of memory is. 
an objective, physical phenomenon which takes place irrespective of the presence 
of observers. 

In spite of this complete loss of memory of the initial distribution, the energy 
transfer between gas and wall can be ignored, and the gas is effectively in am 
adiabatic enclosure. This, then, answers the objections concerning the calorimeter =: 
the relaxation time for loss of memory is very much less than the relaxation time: 
for effective interchange of energy, and thus the effect of the outside molecules in 
producing loss of memory must be allowed for in discussions of the ergodic pro- 
blem, even though the effect of the wall in producing thermal equilibrium with the 
outside world can be ignored completely. The general feeling that the outside 
molecules cannot be of fundamental importance is due simply to a confusion of 
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these two quite different relaxation times. 

It should be noted, in closing, that in very many practical cases the relaxation 
time for complete loss of the initial distribution is longer than the observed relaxa- 
tion time for the approach to “equilibrium”: after all, usually one does not do a 
spin-echo experiment, and hence usually no distinction is made between equilibrium 
and quasi-equilibrium. Since the relaxation time for attainment of quasi-equilibrium 
is shorter than the relaxation time for attainment of true equilibrium, the former 
is measured by most experiments. This, however, is of no concern to us here in 
this discussion of the basic principles, important as it may be from a more practical 
point of view. 

Although it may perhaps be possible to replace, formally, the actual effect of 
the wall by a specially adjusted, ad hoc coarse-graining procedure,” this procedure 
must necessarily depend on the detailed properties of the wall, and must differ 
essentially from the “ordinary ” coarse-graining—for example, in leading to a much 
longer relaxation time. We feel that such a re-interpretation of the meaning of 
coarse-graining would te artificial and unsatisfactory. Once it is admitted that 
the thermal motion of the wall is essential for the attainment of true equilibrium, 
then this motion should be taken into account as such, not disguised as a coarse- 
grained measuring process. 

It is pleasure to acknowledge helpful and informative discussions on these 
matters with Professors S. T. Butler, H. S. Green, R. Kubo, T. Matsubara, H. 
Matsuda, J. E. Mayer, L. Onsager, M. R. Schafroth, G. Slichter and M. Teda. 
The author is very grateful to Professor H. Yukawa and the Yukawa Fundation 
for making possible his visit to Japan, during which these ideas were conceived. 
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It is generally accepted that the equation of state of the Debye and Hiickel theory,,. 
originally developed for strong electrolytes basing on the classical statistical mechanics, is. 
applicable to the high temperature plasmas in thermal equilibrium. However, if we were to 
apply the classical statistical mechanics to the fully ionized plasmas, the partition function 
would diverge because of the short range attraction between a pair of positive and negative’ 
charges, and there is a doubt whether the contribution of this infinite attraction may not. 
overcome the contribution of the Debye-Hiickel term. 

In this paper the equation of state of high temperature plasmas is investigated in: 
consideration of the quantum mechanics ; and it is shown that the Debye-Hiickel approximation. 
surely applies to the plasmas of low density of the order 10~101’ or so at high temperatures. 
where Ae<a,/Z, where Z is the charge of a nucleus, de the de Broglie wave length of an 
electron and dg the Bohr radius. This result is obtained by reducing the problem to that of 
a suitable classical gas and confirming that the contribution of the watermelon terms——-which 
is considered as the leading correction to the Debye-Hickel approximation is negligible 
compared with that of the ring terms considered in the Debye-Hiickel approximation. 


§ 1. Introduction 


At a first sight, the high temperature plasmas are considered to be dealt with 
the classical statistical mechanics, if their density is so low and their temperature 
is so high that they may be considered as fully ionized. However, the presence 
of the infinite attraction between positive and negative charges introduces difficulties 
when investigated by the classical statistical mechanics because the classical 
Boltzmann factor is infinite for the state where a positive charge coalesces to a 
negative charge, leading to the divergence of the partition function. It has been 
frequently suggested that the difficulties are to be removed by consideration of the 
quantum mechanics, without any practical calculations.” The purpose of this paper 
is to carry out some investigations along this line. That is, we will investigate 
the system on the basis of the quantum mechanics and show that the corrections 
to the Debye-Hiickel approximation is negligible for fully ionized plasmas _ at 
temperatures 4.<a/Z. 

The analysis is made as follows. We will start with the Slater sum, approx- 
imate it in the form of an exponential involving the sum of effective potentials of 
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two particles, and then apply to it the virial expansion of the «classical statistical 


mechanics. Taking the effective potentials suitably, we evaluate the free energy 
2,3) The result is that the correction to the free 


in the watermelon approximation. 
d with the term of rings,”*” 


energy due to watermelon terms is negligible compare 


corresponding to the Debye-Hiickel approximation. 
This investigation supplements the analysis of Abe® who has shown that the 


contribution of the watermelon terms is small compared with that of the ring terms 
for electron gases in the uniform positive background at high temperatures. In his 
work, Abe has treated the problem by the classical statistical mechanics without 
any difficulty because divergence of the classical partition function has not occurred 


there. 
§ 2. Slater sum 


The system investigated in this paper is an aggregate of N particles of 
N,=N/(Z+1) nuclei and N.=NZ/(Z+1) electrons interacting by the Coulomb 
potential in volume V. The region of temperature kT=1/8 and density p=N/V to 
be investigated is assumed to be such that the probability that a nucleus and elec- 
trons are in the bound state is small and also the effect of the quantum statistics 
is negligible. This effect will be discussed in § 6. 

Here we remark on the notations which will be used in the following. We 
will discriminate the particles, nuclei and electrons, by assigning an integer 
i(=1, 2,---, N) to each of them where the i-th particle is a nucleus or an electron 
according as 

1<i<N/(Z+4+1) or N/(Z+1) <iSNn. 
Further, we will use the notations », »’ etc., denoting the species of a particle: they 
are equal either to n indicating a nucleus or toe indicating an electron. That is, 
v,, denoting the species of the 7-th particle, is 
Rodis INAS) 


cs (2-1) 
te, N/(Z+1) <iSNn. 


‘The potential energy of the system is 


DOT) = Dvir (74) : (2-2) 
n e a 
ry=\rs—T,|, with 
VUyor (7) Peaks Ciel by (2 2’) 


where ey=Z,e and Z,=Z and Z.=—1, —e being the electronic charge. The 
Hamiltonian is 

N h? fee 
H=-—y} Di Vvavy (745); (2-3) 


i=1 2my, Ore Net>jer 


Equation of State of High Temperature Plasma 759 


where m,=M is the nuclear mass and m.=m is the electronic mass. The parti- 
tion function in the quantum theory is” 


Z=e-04 a1 ad oe dr®™ S (r*), (2-4) 


where the Slater sum S™(r%) is given by 
Se? F¥) Ao AIO Ce) EP BEM (F") (2-5) 
t 
in terms of the eigenfunctions ¢§{”(r”) and the eigenvalues E; of (2-3): 
(H— E,) & (r”) =0. 
Here, 4,=h/\/2zm,kT is the de Broglie wave length. 

The partition function could be evaluated in the form of a power series in density 
for low density systems of short range interaction by means of the Ursell expansion 
as Uhlenbeck and Beth” did. For systems with long range interaction, we need 
some devices. We have developed such a procedure for the classical cases as to 
sum up some graphs systematically.”*”» Now, it is convenient to introduce an ap- 
proximation by which we can directly apply it to our problem. For this purpose, 
it will be natural to apply the procedure of Mayer” to divide the potential of 


average force into component ones, rather than the Ursell development. Now, define 
the potential of average force, W“(r”), by 


SM (r*) =exp{—BWO Or") }. (2-6) 
Then introduce the component potentials Or ie! (r”) by 
Wray; (2) (r;, r;) =Wryy; (2) (r;, r;) (2:7') 
Wrivira Pe 15, Te) = Wir Tey 15) + Wore O Te Pa) +wrp_ (Ty Te) 
+ Wy,vyiy (ri, rj, r,) (2-71) 


ee id 


Wi, vee (ri, Pe ry) =w™ (ro) = 2 eveg (r;, r;) + wy,” (r:, r;, r;) 
$f wy.vy (Mi, 1, Ty): Bx a) 


Then the expansion of the partition function in powers of quantum parameter fh? 
by Kirkwood” shows that W(r”) is different from @% (r”) only when the gra- 
dient of @(r”)/kT is appreciable compared with the inverse of the de Broglie 
wave lengths, 1/2, and 1//,... That is, W(r”) may be considered to be equal 
to 9 (r”) for the configurations for which N particles are far apart from each 
other; for such a configuration w)(r, r’)=v,,,(jr—r’|) and w?=w=---=0. 
When two particles come in the range where the gradient of v,,,(r)/kT is 
appreciable compared with 1//,,,, wi) (r, r’) is different from v,,,(|r—r’|), where 


Ko hf 2b RL ; /,.=m,m,,/ (m,+m,). 
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When three particles come into this range, ww (r, 7’, 7”) will have some value, 
and so on. However, our system is of low density ; and there will be no need to 
consider the effect of the possibility that more than two particles approach each 
other within the distance 7, at the same time. We will drop w®, w™, «-- and adopt 


the approximation : 


Ww”) (r’) = Swe” (rs) (2- 8) 
a>J 
or 
5 (r¥) =exp {BS wrej? (ra) (2-8') 
i> 


Then the partition function (2-4) with (2-8’) is reduced just to the form usual- 
ly investigated in the classical theory of fluids. 

Our problems are first to evaluate w)(r, r’) and next to apply the methods 
developed for classical cases. 

The formula to give wi (r,r’) is 


SX (r, r’) =exp{—Swi) (r, r’)} =S® (|\r—r’|) (5 9) 
S®(r) <exp{— Pal ()} =e Dre Pr), (2-10) 
\- zu z UK (7) |gh(r) =F 0.7) (2-11) 

2fyyt or 


where /,,,=m,m,,/(m,+m,,). As the eigenfunctions and eigenvalues are known 
for the Coulomb potential, the calculation of w{)(r) is possible in principle. 
(Some result in this direction is given in Appendix I). The analysis of Uhlenbeck 
and Beth” on S@(r) and the above discussions based on the work of Kirkwood” 
show that w2,(7) can be identified with v,,,(r) in the region where the gradient 
of v,,,(r)/kT is small compared with the inverse of the de Broglie wave length 
1/4 =y/ 2p,,,.kT /h. We expect that wiyi(r) is quite different from v,,,(7) in 
the region where the gradient of v,,,(r)/kT is not small compared with 1/4,,,. 
We notice at this stage that w (7) cannot have a singular behavior such as 
Vye(r) at short distance and so the contribution from the region of small 7 must 
not be so large. In this way the difficulty can be removed by replacing v,,,(7) 
in the classical case by wt)(r) in the quantum case. In the following, we will 
apply the watermelon approximation” to our problem and show that the correc- 
tion to the ring approximation” is surely small. For our purpose, a rough estimation 


of wS)(r) will be sufficient, which we will try in the following section. 


§ 3. Pseudopotential 


We could not decide the detailed form of an obstacle by the observation of 
the scattering of waves with wavelength longer than that of the diameter of the 
obstacle. For instance, we may consider a nucleus at the origin either as a square 
well potential of diameter a and depth —3h?/ma’, or as the potential —4zfh?a/m-0(r) 
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or —h*/ma-0(r—a) for the scattering of a slow neutron with wavelength longer 
than a. 

By its definition, in the evalution of w),(7), we have only to consider cor- 
rectly the states with P&;<1, that is, the states with wavelength longer than the 
de Broglie wavelength. That is, our w‘),(7) is to be obtained even if we replace 
V,(r) in (2-8) by a suitable v’,,,(7) which is different from v,,,(7) only in the 
region of small r. Now, if we have had a pseudopotential v’,,,(r)/kT which 
is different from v,,,(7)/kT only in the region where r<a,,, and the gradient of 
which is small compared with 1/4,,, in this range of rv, then this v’,,,(7) is also 
identifiable to w?,(1r).* 

Then the v’,,,(7) identifiable to wS?,(7) is the pseudopotential of v,,,(7), which 
is equal to v,,,(r) for r>4,,,(a,,,=@4,,,, @ is a suitable numerical factor of order 
0.1~0.3), and which is a slowly varying function of 7, near the origin. If we 
allow v’,,,(r) to be different from v,,,(r) for r<a,,,, we can take, for instance, 


ho) = 3 5 | et MAT Us A iy eT eels 
| ayy 0 
a a (r) a (3 ; la) 
Uys r) 2) ae Ayyty 
or 
LZ ae a saree : r 
Uyyr (ayy) a {— Po (a,,7) He 3 Ti dr Uyyr G ) a =F > ti ayy, 
e y, Ayys 0 Qyyr i 
V(r) = Ge 
Devt) s ae Ayyr 
For the Coulomb potential : 
VUyyt (r) =e) 73 (3 . 2) 


they are, respectively, 


3 €,€41/ yrs GES QAyyt 
en (r) — (3 3a) 
C,Ctel Ta tie se 


- 


and 
3 C€yr/ Ayr (1—27/3ay57), TA, 
Usp! (r) = (3 F 3b) 
C,€y1/T, Shas 
these are to be compared with the wy (r) obtained for the high temperature case 
by solving the two-body problem, (2-9)—(2-11) (Appendix I, (A-20), (A-22)): 


= Cy yp Dip ; 
wy (7) =2,/a tie (1-72), aA, aa ae (3-4) 


* This is never the necessary condition for Wyy/2 (1). 
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The order of magnitude is correct, so we may use any of (3-3a) or (3-3b) for 
an approximation to w%),(r) in rough evaluation of the effect of this short-range 
part of w®)(r). In the next section, we will use (3-3a) as an approximation 


to w®(r) for the free energy and the equation of state. 
§4. Free energy and equation of state 


The problem of calculating the free energy of a high temperature plasma in 
consideration of the quantum effect has been reduced to a calculation of the parti- 


tion function of a classical gas with the interaction 
Wr) =>} Wry” (Ty) (4-1) 
t>J 


Ty Pah tm Rea 
Wy (rT) = 
Duy (Tor bee 
It is well known that for the problems in which wy (r) is Coulombic at large 
distance, in each term the ordinary virial expansion diverges, and physically reason- 
able results can be attained only by summing suitable contributions. A method 
of dealing with such a problem is given in author’s paper” for the case of multi- 
component systems. The results for the problem, in which the long-range part of 
the potential is given by ¢,e,,6(r), $(7) =1/r, have been given by Eq. (70) with 
(66), (62) and the first equation of (67) in that paper in the ring approximation 
and Eq. (71) with (66), (62) and (67) in the watermelon approximation. By 
substituting the explicit form of the long-range part of the potential (62) in that 
paper, we have for the ring approximation 


= PA Al 
SS SSS i eB r 
VET a a e TET’ (4-2) 
ee eee Me eee P 
Ga - 122 3} Patra { fir (v7) } : (4-3) 
Here the subscript R stands for ring ; 
r=Ar 3 Py e2/kT ; (4 4) 
v 


and fi,,,(7) is given by 
{L+fiws(r) }exp {fiw (7) } =exp{—B (whi (r) —e,e,,/7r)}, (4-5) 
that is 
Sis. (Gh) 0 MOL 7 >a), (4-5’) 
and fi,..(r) for r<a,,, is to be determined by (4-5) with w®(r)=v’',,,(r) ; 


means that >},A,=A,+A,.. The formula for the watermelon approximation is 
simplified to* 


* The first terms of the right-hand side of Eq. (64) and E (Ben f 
: e rate) 
printed as «/96z, which should read 5x3/96z. Ahora tsie eer 


22) 


ee he 
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A’ ) Ke ( 5K? Ke 
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( VkT /wu 127 ,\ 96x 127 ay “5 


J=1/2-5 Seat Agr? dr {exp(—£:@)—1| 


ayy! if 
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(4-60 


J=1/2- 33 Se. 4nrdr {exp( 0 (7) Gye yr cD) —1| (4-6/) | 


: kT kTr 


by eliminating the f,,,,(7) from the formulae in the previous paper.” 


The purpose of this and next sections is to evaluate the right-hand side of 
Eq. (4-6). Evaluation of the contribution of the long-range part of the water- 
melons, the third term of (4-6), is to be made by expanding the exponential ; for 
details, see Appendix IIa. The result obtained by dropping O(ka,,,) and O(e,e,,«/kT) 


compared with 1 is 


(2) 53 we db (2,1) (2,2) (2,3) 
Dim 967 > 127 +3213 Pur Tour + Jw, dir 


vey ane 27e,C 4,7 /RT 
2 
Oe ie ae o 276,77 Ays1/, (kT) 


pn a te te 11 | e,e,7| 
(2.8) OS hay al eal eee | == KH) ty 
r apps a ln (1,0) 


(kT )* 
10 SS 
mn i<e} 
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Fig. 2. {exp(—3/2t’)—1}—?’. a. EO ne 0: 


where 
K(@) =E,(—-1/t) bem" (! —t? + 2t") — 30 +32" — 22" (4-11) 
and fi = Ley) €.07 . (4-12) 


The graph of K(¢’) is given in Fig. 1. Iny=0.9772 is Euler’s number. 
Evaluation of the short-range part of the watermelons, the last term of (4-6), 
is made for the pseudopotential (3-3a), in Appendix IIb: the result is 


JO=} ba oa Poor I (4-13) 


ATG sui 3 
(S)peeeeoacs Vl “= 
SES {exo ee, 


where O(«a,,,) compared with 1 has been dropped. The graph fexp(— 3/2’) —1} 
is given in Fig. 2. (4-6) then is integrated as 


)-1| (4-13’) 


A’ ) ie 
rae = Jen Je» J) J® es 
e Lape f JOD 4 JOD 4 JOD + (4-14) 
with 

By i > 7 Pv Pv» Ces n=1, 2s 3, (4-15) 


where J&P, J%>, J%> and J are given by (4-8)—(4-13’). 
The equation of state is given by 


fe) A’ 
Oe, VET 
Substitution of (A’/VkT) pu given by (4-14), gives 


ba= p - Sat he, (4-16) 
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P = 0— Ke pees 1 ( teh =| (2,1) (2,2) (2,3) (s) 
kT - 24 yi *- HP ofa A: 2 OK LJ oa tI +I we +I yy (4-17) 
iro A’ K Ie 80 3 
a o+ + ( ms 4 pian ail Se ae 4-17! 
24a VET / yu Bd 2 PoP 3(kT)? ( ) 


For details, see Appendix IIc. 


§ 5. Numerical computations for hydrogen and iron plasmas 


The evaluation of the magnitude of the contribution from each term of (4-14) 
is given for hydrogen plasma of densities 10% and 10”cm=* and temperatures 10° 
and 10° °K and for iron plasma of densities 10 and 10"cm~* at temperature 10° °K. 
The results are given in Tables I and II respectively for hydrogen and iron plasmas, 
where the temperature and density dependence of each term is also given, in order 
that we can evaluate the magnitude of these terms at different temperatures and 


3 


densities. The dependences of the last two columns are somewhat complex. The 
Table I. Hydrogen plasma. 
yee ol eee | Rings Watermelons 
Kk 
e kT =Aee/i/2 | | «3/127 J(ts1) J(l;2) J(t13) J (s)** 
| : 
pl2T-2 | Tue {Geipee 1273/2 pT-2 o?T-5/2 | pT-3f,(T) | o?T-3/2f4(T) 
Up er |, St =e) | Coeemrs ips ema e cm cm73 
pet i eee om MEE gin O00 247 0.11 
10 | 108| 4.58x10?| 1.32x10-|—-19.8 2.55x10° | @4)) x01 | ~5:3X103 | 59.4) 
es | 0.00 |—2.47 cs 3 | 21104 
10 | 106| 4.58% 108 | 1.32x10-8\—1.98, 2.55 x 109 | (0008) x10 1.9410 il x 104) 
: i a? < Sip’ 
1017 | 108| 4.58% 108 | 1.32x10-9}—19.8 2.55x10° | (9 (494) Senge 5.3 10 (5.04 108) 
| 0.00 _|—2.47 1x ; 
1017 | 108| 4.58104 1.32 10-8|—1.98 | 2.55102) (9 (198) x108 | ~1:94%107) (271x108) 


* 0.00 because we are adopting the approximaton a@y,/;=@dyyr 3 Qne=Gee/V/ 2. 
** Tf there is a hard core of radius dee between electrons, the value is replaced by that 


in bracket. 
Table II. Iron plasma. 
Ane Rings Watermelons 
0 Vai be K a tie’ 
=hee/V2 3/127 | JD | J(ts2) | J(ts3) J(s)* 

9.33 

10% | 108! 2.34103 |1.32x10-9 | —0.5) 3.38108 | 7.96 —13.3 —1.49 x 104 (—199) 
9.33 x 104 

1017 | 108| 2.34x104 |1.32x10-9 | —0.5| 3.38% 1011) 7.96 x 104 |—1.33 x 105| —1.16 x 108 (—2.0 108) 


% If there is a hard core of 
in the bracket. 


radius dee between electrons, the value is replaced by that 


temperature dependence f,(7") is that in the curly bracket of (4-10), which is 
mainly governed by the behavior of K (¢'n.) which is shown in Fig. Ja. The de- 
pendence of f;(7’) is that in the curly bracket of Eq. (4-13’) which is shown in 
Fig. 2a. These graphs show that they may be taken to be of order 1~5 when 


os ST eee See pe 
tc erat SAL Tee =. os ae hs Bs; 
See ES SMS cay oh 2 
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Ae<Say/Z while when 1,>a/Z these factors increase as exp */V kT ) for v=n and 
y’=e. But, even with very large values of f(T) and f,(T), we find that the 
watermelon term in our approximation contributes very little compared with the 
ring term, «*/12, down to the temperature 4.=10a/Z, T=5X10°K for hydrogen 
plasma and T=2X10"°K for iron plasma or lower temperatures for the densities 
of order 10" or 10%cm~*. However, our calculation based on an arbitrarily chosen 
pseudopotential is not sufficient to claim that the Debye-Hiickel approximation is 
sufficient in these regions. A more careful evaluation of w%,(r) and a more 
careful treatment of the bound states seem necessary," because in the temperature 
region for 4,>a@/Z the contribution of bound states to w®2,(7) overcomes that of 
the scattering states, as is seen by comparing (A-16) with (A-17) or (A-18) in 


Appendix I. 


The result shows that the contribution of the watermelon terms as a correction 
to the ring approximation is surely small in the temperature and density region 
where plasmas are considered to be fully ionized. 

Here, it is noticed that the first term of (4-2), the ideal gas term*, is of the 
order of p and so the contribution of the ring is also negligible and we may say that 
as far as the free energy is concerned the ideal gas approximation is sufficiently 
good for high temperature plasmas. It can be seen from Eq. (4-17) that as to the 
pressure the situation is the same. 

The evaluations in Tables I and II have been made by using v’,,,(7) given 
by (3-3a) with a,,,=4,,,/4. Someone may consider this choice of v’,,,(7) might 
be essential. To see that it is not the case, we can easily evaluate them by tak- 
ing v',,,(r) given by (3-3a) with a,,,=A,,,/8, then we find that the order of 
magnitude does not change for the respective term even though we have over- 
estimate the attraction between a positive and a negative charge. This concludes 


that the result is fairly firm. 


§6. Effect of quantum statistics 


The systems under consideration are of so small density that the probability 
that more than two identical particles approach within the distance of the order 4,,, 
at the same time can be negligible. In such a case, we will be able to adopt the 
approximation 


Ase) pe Wry” (Te), (6-1) 


even if we take into account the quantum statistics, if some modifications are made 
about the definition of w$),(r). 


When the quantum statistics is considered, we have to group the particles ac- 


* The numerical evaluation of this ideal gas term of the free energy is not given in Tables 
I and II, because it depends on what isotope is concerned. 


ae } “4 7 
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cording to the spin of the particles as well as the species of them. Then we may 
consider that the particles with different spins can be distinguishable. Between a 
pair of distinguishable particles we have no effect of quantum statistics and ww (r) 
for a pair of different kind of particles and for a pair of the same kind of particles 
with different spins are taken to be defined by (2-10)-(2-11). While for a pair 
of the same kind of particles with the same spin, we have to introduce some 
modification in the definition of w®.(r) ; It is 


Sv) (7) =exp {— Bw) (r) } 
ade. (r) FP(—r) |. (6-2) 


I 


The upper sign is for the fermions and the lower for the bosons. This results in 
an attraction between bosons of the same spin and a repulsion between fermions of 
the same spin as it is well known. 

Now, let us estimate the order of magnitude of this additional interaction by 
that of the free particles. For the free particles of the same spin,!” 


—Pwf) (r) =In{1 Ferry 1, (6-3) 


This is a short-range interaction of the range 4,, and will affect the magnitude of 
the watermelon terms. 

In the above, we have been neglecting /,, as very small, and here again we 
may safely neglect the additional interaction between a pair of nuclei of the same 
spin. For electrons of the same spin, this additional interaction is a repulsion of 
the range 4... The main effect of this repulsion appears in J“? among the water- 


melon terms. Its order of magnitude is read by comparing the value of J® in 


the bracket in Tables I and II. The change of w?(7) between electrons does 
not very much affect the resultant magnitude of each term. Thus, we may say 
that the result of the preceding sections holds even when we take into account the 
quantum statistics. 


§ 7. Conclusion 


Fully ionized plasmas at high temperatures are investigated on the basis of 
quantum theory. By reducing the quantum problem to a suitable classical one, the 
correction to the Debye-Hiickel approximation is evaluated for the free energy and 
the equation of state. The correction due to watermelon terms—which is consider- 
ed as the leading correction and which should have been infinite if quantum effects 
had not been taken into account—was shown to be very small compared with the 


Debye-Hiickel term, which, in turn, is negligible compared with the ideal gas term 


in the region of temperatures and densities we are interested in. 

Thus, we conclude that as far as the free energy and the equation of state 
for 2.<a,/Z are concerned, the plasmas can be taken to be ideal. 

The situation is expected to be quite different for the transport coefficients. 
In this case, the characters of collisions must be fully taken account of in order 
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to obtain the correct behaviors. The investigations of this problem by the similar 
method will be the subject of the following work. 

Investigation of the equation of state at the somewhat lower temperatures, 
where the bound states play the essential role, has been retained for future. 

The author wishes to express his cordial thanks to Dr. K. Hiroike, Dr. R. Abe 
and Prof. H. Ichimura for their suggestive discussions. 


Appendix I. Slater sum of two bodies 


Ta. Nucleus-Electron 


We deal with the two-body problem of a nucleus of charge {Ze and mass 
M and an electron of charge —e and mass ™. The two-body problem is 


(Ree Le 
a — I d; =E,d, > : 
{FE Eh alr) =8ehe) (A-1) 
by neglecting the difference of Pre=mM/(m+M) and m. The eigenfunctions 
and eigenvalues of the bound states are’? 


| $(r) =Ru(r) Yin(, ¢) (A-2) 
ie ee ely dnand t=O, Lod ee, ede Here 
Yim (I, ) =1/ 7/2 + Pim (9) (A-3) 
Ru (r) = : A (n+l)! ( 22 Verne 222) 
(21+1)!% (n—I—1)!2n \ nay NAy 
x F(—n4+14+1, 2142; 2Zr/nay) (A -4) 
2,2 


and those of the continuous states are 
p (r) = R, (7) VERIO ~) (A-6) 


1/ : 
Ru(r) = BUNS ) Th [e+ Z ) be 1 (2kr) tg~ikr 


Len erie s=1 kay (2/+1)! 

KPGZ/ kat, 2l--2y 22kr) (A-7) 
os Re Wk 
; 2a5 4 oie Sa 


The level density of these states is given by the asymptotic form of the solution 


Ry (r) a cos (er+ i“ 
r 


In 2kr— = (I+1) +01) (A-9) 


ao 


o,=arg ['(1+1+iZ/kay) (A-10) 
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where 


F(a, PB; 5 aes 4 a(a+1) 2, @(a+1) (a+2) 
OES DAN Baer” RELI) RED 


Noticing that, because of the addition theorem for Legendre functions,” 


Z ° 
SYA o)YL0, p= 2d 
ben An 


> 


we have for the Slater sum of two particles 


Sx (7) = SRAr) +52). (7), (A-11) 
A3 oo © 
Si. (r) =A SCI+ 1) Semen Ru (7) (A-12) 
= n=l4+1 
(2) wee AS ~ = dn —8%H2k2/2m 2 
S cont. (7) =—-3)(21+1)| dk ——e-™* IN Re (r) |’. (A-13) 
Az i=0 0 dk 


Here the second sum is to be calculated first by confining the r in the range R, 
then the level density dn/dk is 


a Ba, oe ns ef ) Sag 
eae? A EOS ED Be P'(+1—1Z/kay) (A-14/) 
dk Ra \ ['(i+1+iZ/kap) ['(l+1—iZ/ka) 
and the normalization constant N is equal to 
N=y 2k*/R (A-15) 


for small 2. To see the behavior near the origin, we get the expansion at r=0 
up to the first order of r, which is 


S2(N= sorta Pe xed | Ca 227 +00"), (A-16) 
n=1 7] Ao f 
22 [2m 2 
Sa poet Rt dk ePRBhm. me ‘(1— a )+OCr') 
(A-17) 
S2.(r) developed in powers of é is 
Sour) = (14-2 402) 1-27) +00). (18) 


At a very high temperature, ee we may approximate S{?(r) by S&.(r) 


and put 
S® 2) (r) Sg 7 el 40-227 /40 — g8 2x7 62/2) (1-27-/A¢) (A : 19) 


and then 
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QnZe (1-27). (A- 20) 


; wi (n=——F : 


Note that 4.=7/7 Ane - 


we Ib. Electron-Electron 
For a pair of particles of the same kind, the eigenstates are all continuous. 
The Slater sum of two electrons with different spins can be calculated in analogy 


with the preceding paragraphs. The result is 


S2(r)=(1- Vai te 


27) +00") (A-21) 


ao 


ea a Se res Tae tm 


2 
Wee ae ae 
which is S®.(r) if Z=—1 and Ac=1/2he=V 24, a=. For a pair of the 


cont. 


same spin Eq. (4:13) must be modified with consideration of the Fermi statistics 


and is obtained as 


He 
ane 
| 
é 


(A-22) 


22/273 
S2(p) =e fe S214 1)" ae INRu(r) |? (A -23) 
Ag  i=odd 
SOG: (A -23’) 


From this we see that S{(0) =0, that is w&(0) =o for a pair of the same spin. 


Ic. Nucleus-Nucleus 


At this Hae how to derive the w®(r) for a pair of nuclei will be obvious. 
For the nuclei, 4, is very small compared with the preceding two cases. Here 
we will not consider it in detail, assuming @,, to be zero. 


Appendix Il. Evaluation of the watermelon terms 


IIa. Long-range part 


Here the contribution of thé long-range part of watermelons, the third term of 
_ the right-hand side of (4-6): 


J =% >) 31 Po Por Ton + (BI 


IQ=| “anr*dr {ex (— te e9 )-1| So 
rag p LT =x (B V’) 


is undertaken. In calculating the summand, we expand the exponential in the in- 
- tegrand : 


1, =1P+ IEP +14, (B:2) 
ase 4 CMTE aT ee | 
Tey =\" dar dol ee “ad ES 


ea Rea en ope 
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fo) 1 =—%r \ 2 
HR =| 4nr?dr ees © 

ayy 2 ! kT Tr 

a foo] —Xr \m 
149 =(anrarSt (see 

Se tatemtee AGE TIC MG: 


Integrations of (B-3) and (B-4) are easily performed and we have 


[G2 — — Age Eel 1+«a,,, / 


vy e “tv 
au we 
€,€, ul 1 D Lens 
= —4zr- {1 aie ont a eS oe pee i 0 Ta 
LT Pitas = ots Ka ; Tskae + 


wes €,€yr kat = a 2 2 8 3 3 | 
=n( <u | z i Ne yy apt? ae : 
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(B:4) 


(B-5) 


(B-6) 


(B-7’) 


Note that, when the contribution to the J is calculated, the first term of (B-6’). 
drops because of the neutrality of our system (3},¢,e,=0) and the first term of 
(B-7’) is equal to — (5«*/96—x«*/12), which just cancels the second term of (4-6). 


Integration of (B-5) is fairly cumbersome. It was performed by 


Abe” for 


the case of e,e,,>0 and a,,,=0. For our case where a,,,40 and e,e,, may be 
negative, we have to resort to another approach, in a more elementary but less 


transparent way than Abe’s; that is, we apply the partial integration until (B-5) 


is written in the form which includes no integrations other than integral 
tial 


Bile) =|) dx (eed lata nicl. 


exponen- 


(B-8) 


where Iny=0.5772 is Euler’s number. In order to simplify the description some- 
what, we will here use |e,e,,|/kT as the unit of length and then introduce the 


dimensionless parameters 
kT 


K, t= ———G, 


Zh le,e,r| 


_ |e,ey 


en 


and write t=r-kT/|e,é,/| 3 Yee is the parameter 4 in Abe’s paper. Then 


I$; = (lel) -4n( Ads Sead” 


vu ot , 
tyy/ m=3 m | Zoe 


—mNyy/t 


where 


€,,/==e,€,// |e,ey|- 


After the partial integrations, it reduces to 


(B-9) 


(B-5) is 


(B-10) 


(B-11) 


= tees 
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oe) 8 .8—3 o @=" 
Cis le,ev| } engl oe SHE ae a 
Ler — (leséet An 21 vv i a1 Ga Re Nia 


oa (—1)* Ss : & els Toms en n/ tv! 
nisvi_n! (n—3) (n—4)*~ (1-5) i 


3 ic} s—3 i) e 
SPA crap ead eee a 
s=8 | s!(s—3) BPs ae xz 


oo r= n s—3 —nVyy/t/yy7 ) 
—(-1)'— ae Se (B-12) 
n=svt_ n'! (n—3) (n—4)--- (2—S) Lage 
where 
1! y= C,€ Ke / RT, typ =RT Ayyr/ CyCvr- (B-13) 


In the temperature and density region in which we are interested 7’,,, is 
10-°~10-, we drop the higher powers of 7/,,, and retain only s=3: 


Tip =( See ) re al 0 si e- 2 (—1)" ony | Uw! 
vl kT { 3! UST aay he 46 n=4 n!\ (n—3) foe" 
x (1+0(7'..1)). (B-14) 


Next, expanding in powers of 7’,,)t/,,,=Ka,y, We have 


Ar { e,e,, \* | 11 K\e,e, 
Ip =A See | loin Ins ed ER | 
PAS Tot ing: eb eae a) 
x (1+O0(«a,,,) +O(ws)); (B- 15) 
K@) =E(—-1/t) +e" (¢ —t? + 2t") —3t' 4-32? — 20". (B- 16) 


The behavior of K(z’) can be calculated by using the expansion of E;,(—<x) at 
small x and the asymptotic expansion at large x.’ It is shown that K(7#’)—>0 
when t’-90 if #/>0, by which we can confirm that our result is surely identical 
to that of Abe,” if our result is applied to the electron gas in the positive back- 
ground. The curve of K(z’) has been given in Fig. 2. 

Substituting (B-6’), (B-7’) and (B-15) in (B-1) with (B-2), we obtain 


J 5K Ke Jer { yan Jee (2,3) 
—TGSr oe ree +I | Sayers 
Jeo — ORES yi lon al O 
Vie = ET ( se (a5...) (B-18) 
iz, : in pol 
Uren pani Re) (B-19) 
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ame, €,r° Ade 
4p 2822 8 (iny 93-4 nt 
3(kT)* n7y+ In ree 


e,€1| 
“— —K ae | 
oT (2,1) 


xX 1+ O(«a,,1) +O (7,1) ) (B-20) 
with 2",,,= Ri a,,7/ eeyr. | 
IIb. Short-range part .- 
Adopting (3-3a) as the short-range part of the effective potential, we calculate 


J@=i1 SS) 0,0 Geen 2 x = 3 SP: e,e,, (e-””—1) ibe . ) 
$2 > Pp . tr* dr ,exp BFE oT p 1}. (B-21) 


Noticing that «r<x«a,,,<1 for r<a,,, and 


Sl AA thins! 0 Bea 7 


~ Gy (ened or - 


kTr jb r 


*KQAyys for es 


pol 


which is negligible compared with —3/2¢’,,,, we can approximate this by 


3 
J =3S Sp, AE" fexp] — 8 —+O(@am))|—1}. (B22) 


IIc. Pressure 
The last derivatives of (4-17) are calculated as follows: 


NDS OR ease 


_ eae ; 2 pee Be, 
Soe Ta \e (1 tetyyy + 2a) — 1) 


= — PRL (14-0 (€a)) = ISP XO (tn), (B- 23) 
K fe) kK Té 26 Fe 25 
cox JOpae 2 wt te may (14 2Ka,,1) —1| 
2arOK A Wd bl 

a Se (140 (Ka,,,)) = IS? X O(Ha,.1), (B-24) 
«9 Jie a Blo Cor (B-25) 
On 2 BCRT)® 
Ke aes fey = 6; Atay fs eile tever’ HRT = JO % O(Keayy)- (B-26) 
eee: le 2 lid k 


When we neglect the O(«a,,,), we have only to retain («/2) (0/0) Ihr”. 
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On the Theory of Superconductivity 
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Bardeen, Cooper and Schrieffer’s theory of superconductivity is discussed by developing 
an exact treatment of strong coupling approximation. With respect to the thermal properties, 
their results are verified: The energy of the ground state and the magnitude of the energy 
gap are found to be identical with the exact answers in the strong coupling limit. However, 
the argument for the magnetic properties such as the Meissner effect seems to leave some 
questions. We have discussed the Meissner effect by means of the gauge invariant method 
presented in the previous paper. In order to maintain the invariance exactly the case of 
strong coupling between electrons is investigated. Then the “interaction current” plays an 
essential role and is shown to diverge with the size of the system. In view of the qualitative 
resemblance of the BCS variational solution to that of the strong coupling approximation, it 
may be inferred that the above conclusion seems to hold also in the weak coupling case. 
This will suggest the importance of the interaction current and the requirement of the exact 
gauge invariance contrary to Anderson’s arguments. ; 


§ 1. Introduction 


In recent years a great amount of light has been thrown on the mysteries of 
superconducting phenomena. One of them was presented by Bardeen, Cooper and 
Schrieffer”. They have revealed the fact that a system of interacting Fermi par- 


ticles through attractive two-body forces has quite different properties from those 


of a system with Fermi distribution, however weak the coupling may be. They 
have started with the discussion after reducing the Hamiltonian of the system into 


a form which contains only the interaction between those particles found in a nar-— 


row shell of momentum space around the Fermi surface. A similar result has been 
obtained by Bogolyubov who has considered the electron phonon system in its origi- 
nal form”. These peculiar properties give the origin of superfluidity of the system. 
Moreover, Bardeen, Cooper and Schrieffer have claimed that they have explained 
the magnetic property, the so-called Meissner effect, by means of their model. 
However, in these discussions, there are some questions to be examined. In 
the BCS theory, we must first of all be careful about the influence of reducing the 
Hamiltonian. Any thorough investigation of the effect of neglected terms may be 
a hard problem. Furthermore, they have applied a variational method making use 
of the trial function with the total number of electrons unspecified. It may give 


reasonable result for the ground state energy, but might be entirely misleading for 


* Present address: Department of Physics, Tokyo University, Tokyo 
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the excited states, since the constant terms with respect to the total number have 
not been treated carefully. The first problem will be outside the scope of this paper. 
We will give here an alternative method to treat the BCS Hamiltonian, and develop 
an exact theory of strong coupling limit which may be useful for checking the BCS 
results that are derived irrespective of the coupling strength. Then it will be found 
that their answers are quite reliable in this limit and that the energy gap will exist 
also in the weak coupling limit. The third question is the discussion about the 
Meissner effect. The idealized Hamiltonian which they used is not gauge invariant 
because of the momentum dependent cut-off on the effective interaction between elec- 
trons. As has been argued especially by Schafroth and Buckingham”, a proof of 
gauge invariance lies at the core of the problem of. superconductivity, since the vio- 
lation of this invariance does lead very easily to the Meissner effect. 

Anderson” has shown by introducing the collective: excitations of the system 
that the BCS theory is approximately gauge invariant in the weak coupling case, 
but the examination of the equation of continuity in the zero momentum limit alone 
is not sufficient for this problem. It will ensure the fact that the momentum de- 
pendence of the effective snteraction between electrons gives small effects on the 
longitudinal component of the current, but it cannot tell anything about the trans- 
verse components. Many other authors, e.g., Blatt, Matsubara, Yosida and 
Rickayzen” discussed’ this problem along the same line. Although their results 
may essentially be correct, there seem to remain some points that are not so clear. 
One of them is the same as for Anderson’s arguments, that is, the non gauge- 
invariance of the Hamiltonian they used. The second point is the validity of random 
phase approximation. We know the applicability of this approximation in the. case 
of high density electron gas but in any other cases we have no criterion to believe 
the validity of this approximation. The third point is the expression of the para- 
magnetic current operator. They have taken into account a part of this operator 
which can be expressed in terms of Bose operators they introduced, and neglected 
the remaining terms. Since it is not so easy to clarify these points exactly, we would 
rather like to treat a gauge invariant model which seems at first sight leading to 
the Meissner effect. 


In the previous paper” we have considered whether the gauge invariance and 
a simple energy gap model given phenomenologically can lead to the Meissner effect. 
The result was negative ; we found a peculiar singularity in the expression of electric 
current instead of the London diamagnetism. In this calculation the ground state 
was considered to be the Fermi distribution. One may naively suspect that this 
simple choice of wave function would lead to the singular results, and that if we 
took a more realistic wave function we would obtain a reasonable answer. It is the 
second purpose of this paper to examine this point. We will reconsider the BCS 
theory in its original form from the gauge invariant standpoint, modifying the mag- 
netic interaction of the electron system according to the method presented in the 
previous paper. We have not taken into account the collective excitation of the 
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system, since it involves a term which does not conserve the total electron number 
to which our procedure is not applicable. In order to obtain the gauge invariant 
results, it is further necessary to take into account the effect of electron-electron 
correlations in a gauge invariant way. For instance, the perturbation treatment of 
the correlations secures the invariance in each order of the perturbation expansion. 
The perturbation theory is, however, not applicable to the present problem since it 
is not able to give the energy gap necessary to explain the thermal property of the 
system. Moreover, it gives the interaction currents which vanish when the size of 
the system becomes large. The perturbation series is in fact shown to be divergent 
in this case. On the other hand, the variational solution used by BCS is not gauge 
invariant in nature. It is not the exact solution of their model, but that of the 
further reduced Hamiltonian, as shown by Valatin?. This further reduced system 
evidently violates the gauge invariance since the reduced Hamiltonian can create 
or annihilate two electrons at the same time, breaking the conservation law of the 
total electric charge. Therefore one cannot obtain the gauge invariant result by 
means of the BCS variational solution even if the formulation is modified so as to 
satisfy this invariance. 

Instead of these solutions, one may make use of the strong coupling approxi- 
mation®, where the invariance is again maintained in each order of the inverse 
power series of the coupling constant of electron correlations. In the lowest order, 
the interaction current which is proportional to the coupling constant is most effective 
and the term due to the kinetic energy may be neglected. Although the strong 


coupling approximation is not reliable quantitatively, it will give some qualitative 


insight into the problem. The electron system will have a distribution in the mo- 
mentum space which is diffused around the Fermi surface even in the weak coupling 
case. Such a diffused distribution gives characteristic properties of the system which 
are quite different from those of the Fermi distribution. The strong coupling so- 
lution is nothing but the uniform distribution of the electrons in a narrow shell 
of the momentum space around the Fermi surface. It is only the extreme case 
of the diffused distribution, so we may expect that it will inform us of some quali- 
tative aspects of the BCS model irrespective of the coupling strength. 

In Section 2, the BCS model is solved in the case of the strong coupling. At 
first the simple strong coupling approximation is performed, the results of which 
are verified afterwards by means of a method developed by Tomonaga”, which is 


valid under a less stringent condition than the simple strong coupling approximation. | 


Thus the energies of the ground state and the first excited states are obtained in 
the form of the inverse power series with respect to the coupling constant. They 
give the finite energy gap. In Section 3, the magnetic interaction of the BCS 
model is introduced in the gauge invariant way according to the procedure given 
in the previous paper”. The current is calculated in the lowest order approximation 
of the strong coupling and a peculiar divergence is found. In Section 4, the limit 
of validity of our result is considered. Investigating the qualitative resemblance 
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of the BCS variational solution to that of the strong coupling approximation, it may 
be inferred that the divergence found in Section 3 would not be characteristic 
of the strong coupling case. It is probable that the interaction current associated 
with the requirement of the gauge invariance seems to be rather effective also 
in the weak coupling case. In Appendix 1, detailed properties of second excited 
states of the strong coupling limit are listed. In Appendix 2, a part of the detailed 
calculations for the diamagnetic current is given. And in Appendix 3, the various 
‘ntermediate states which have nonvanishing matrix elements in the expression for 


the paramagnetic current are listed. 


§2. Strong coupling approximation of BCS theory 


Let us begin with the strong coupling approximation of the BCS theory®. In 
the BCS theory the Hamiltonian is given by 


H= S)} onts— V > by* by, (2-1) 
ks kk’ 


where w, is the Bloch energy and 7, is the single-particle number operator defined 
by 


eA OK 
Nks = Cks Cks 


in terms of electron creation and annihilation operators cx, and cys. V is the aver- 
age coupling constant which is inversely proportional to the size of the system and 
b, means the annihilation operator of an electron pair with opposite momenta and 
spins and is defined by 


by=ClL ORx- (2-2) 
The summation of the second term in (2-1) is restricted to the region 
Wfs—- OL OK OF TO (2-3) 


with w,, the Fermi energy of an electron, and w, the average phonon frequency. 

It is not so easy to obtain a reasonable answer to the problem (2-1) since 
the electron pair which is annihilated or created by dy or by* does not obey any 
definite statistics, that is, it has the main character of a Bose particle but in some 
respects behaves like a Fermi particle. This may be shown by the following com- 
mutation relations, 


fbn, Oe |-= (L—mn—n_uy) Ours 
eee en eo. : (2-4) 
[Dx > bx, | 4=2dy Dy, (is Oxkr) . 
These relations can be simplified since the interaction term of the Hamiltonian 
(2-1) does not give the excitation which breaks up the electron pair. If the system 


is composed of electrons all in pairs from the start, each state will satisfy the 
relation 
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by* by P= Ny F=3 (mr +n_-ny)E. (2-5) 
On account of this, the relations (2-4) can be written as 

(Oe stOnde =e, Oe a= 0, if kA”, 

Ce SON A ag 


Now it is easy to obtain the explicit representation of b, operators which satisfies 
Eqs. (2-6). It is represented by a matrix 


n= (0, +10y)x/2=Mx+imy, (2-7) 


(2-6) 


where o} is the Pauli spin matrix and m, is the “ angular momentum ”’ operator. 
In this way, we have assigned one “spin” to each state of the electron pair. The 
spin points downwards when the state is occupied by the pair, otherwise it points 
upwards. The right-hand side of (2-7) is nothing but the operator which turns 
the direction of the spin k upwards. If the electron pair is a usual Fermi particle, 
some sign function is necessary in (2-7). The absence of this is the only difference 
between our system and the Fermion system.” 
By means of (2-7), one obtains 


b.* b= (1/2) —mx- (2-8) 
Dis Dy + Oa* Oy = 2M her Mire + Myx My); Wf kKAK’. (2-9) 

The Hamiltonian (2-1) now takes the form . 
H=E,+N(0)o*— 3} 2m + (V—20)M,— V(MP—M,") (2-10) 


29 


where E, is the Fermi energy of the system, N(0) the density of the Bloch states 
of one spin per unit energy at the Fermi surface, & the Bloch energy measured 
relative to the Fermi surface defined by &=o,.—o, and M= im, is the total 
angular momentum of our spin system. M, is evidently a constant of motion which 
is connected with the total number of the electron pairs. If one takes the number 
of pair states twice as much as the number of electron pairs, the value of M, can 
be shown to vanish by means of (2-8). In this case the Hamiltonian may be 
further simplified and is given by 
H=E,+N(0)o0’— 3 2€, M.%— VM’. (2-11) 

First we shall consider the problem in a classical way, treating the spin as a classi- 
cal quantity, a vector with magnitude one half. It is necessary to inquire what 
arrangement of the spin directions gives the minimum value for the Hamiltonian 
(2-11). To this end, we write 


Ma= (1/2) sin A, COS $x (2-12) 
Myxe= (1/2) sin A SiN Ye (2-13) 
M.%= (1/2) cos Ay (2-14) 
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Hs and ¢,’s are determined by the 


and substitute these expressions into (Qeklyy Bi 
ducing the undetermined multiplier 


variation under the condition >} cos 6,:=0.) Intro 
k 


2, one may use a quantity 
4% =H—AS) cosh 
k 
=E,+N(0)o’— 4 (& +A) cos 4, — V/4- pa sin Oy sin Ox, cos (Gx — xr) . 


kk } 
(2-15) 
The angles %,, %x are now determined by the equations 
p= 24% _ (& +4) sin Gis ve cos Oh, ya sin Oy, cos (Pu— Pur) (2 * 16) 
OO. 2 k/ 
90% Vv sin A S} sin Oy, sin(Gx—¢rr)- (2-17) 
OD% 2 ky 


There are three types of solutions for (2-17), that is, sin®=0, g@=¢? and ¥x= 
g’+7 where ¢’ is a constant independent of k. The first solution sin #,=0 will 
not give the energy minimum since the direction of spin k is the same as in the 
case of the Fermi distribution. The second solution g.=¢" gives a smaller value 
for (2-15) than what is given by the third solution. Thus it becomes apparent 
that all the spins are arranged in a plane which contains the z axis. The angle 
(, between the direction of the spin k and that of the z axis is given by 


cos Oy, = &/V E+ &, (2-18) 
by means of (2-16). Here, & denotes the quantity 
€,=w/sinh(1/VN(0)). (2-19) 


The distribution of the directional cosines of the spins is now shown to be described 


in terms of BCS’ distribution function Ay. Using (2-18), the Hamiltonian (2-15) 


takes the value 
6 = E,—2N (0) /[exp(2/ VN(0)) —1], (2-20) 


which is nothing but the value given by BCS’ variational method. 
Now let us return to quantum theory and study the strong coupling approxi- 
mation. ‘The Schrédinger equation of our system may be written in the form 


(Hy+ Ain.) @= WO, (2-21) 
6 with 
Ay= om VM’, 
(2-22) 
Ain= Ee > 2Ek Mer > 
Wek NO)ar (2-23) 


where E is the energy of the system. 
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It is quite easy to obtain the eigenvalues and eigenfunctions of H>. If one 
defines the function (J, K) by the equations 


MY, K)=J(J+1)¢(, K), (2-24) 
M.¢(J, K)=K¢(VJ, K), (2-25) 
the eigenfunction of H, is given by (J, 0) which belongs to the eigenvalue 
= Vel (it), 
In the case of the ground state, J takes the largest value N(0)w which is 


taken when all spins are arranged upwards at the same time. We shall denote 
this value by M from now on. 


M=N(0)a. (2-26) 
The ground state energy Ey and the eigenfunction of H, is, thus, given by 
tare: (2-27) 
b(M, 0) = ye 2-28 
WM, 0) =F Y™0), 228) 
where Y= 3}(m,.—im,,) and |0) means the vacuum state which is represented by 
k 
10)=¢(M, M)= (6) (2-29) 
k k 
By means of (2-7), ¢(M, 0) may be expressed in an alternative form 
M, 0 by*) 0 2.30 
$M, 0) = Faas (BA) "I0), (2-30) 


that means a kind of uniform distribution in which every configuration is mixed 
up with equal probability. This is an extreme case contrary to the Fermi distribution. 


The first excited states of H, are degenerate in 2//—1 fold, whose eigenfunc- — 


tions take the form 


0 BRC ee Te ay et h M—1, M-—1), 3 ie 2M—1, 
$u(M—1, 0) = eee YH 
(2-31) 
where 

¢{(M—1l, M-l)= >i gi (kK) x*|0. (2-32) 
These are orthogonal to ¢(M, M—1) which leads to the condition : 
1 ¢:(k) =0. (2-33) 

k 
Thus the energy and the eigenfunction of the first excited states take the forms 
Ey1= a V(M-1)M, (2-34) 
¢;(M—1, 0) = eg YET (k)d*|0), i=1, ++, 2M—1. (2-35) 


~~ / @M—2)! he a3)! 


Dlg ret ho 
Oe a ey a eS 


Me 


a to, Me oy Sis Sat 
a el ee ae ee ee ee 


782 Y. Wada and N. Fukuda 


The orthonormalization condition among these states leads to 
a= Seek) ¢)(k), (2-36) 
and the completeness condition for the subspace with J=M—1 to 
See (k) 9; (k’) =9x— (1/2M). (2-37) 


We shall remark here the existence of the fmite energy gap between the ground 
and the first excited states. By means of (2-27) and (2-34) the energy difference 


is shown to be 
Ey1—Eu=2VM=2VN(0)o (2-38) 


which does not vanish even when the normalization volume becomes infinite. 

Similar discussions can be applied to the second excited states, the results of 
which. will be summarized in Appendix 1. Now we will consider the effects of the 
H,,, term for the energy values of the ground and the first excited states. For 
this purpose one may use the perturbation formulas which are given by 


We E+ (Hint Uz 


U= S)U™, 
n=0 
yews t 7 uM SI CET Um), + yen, (2-39) 
a m=0 a 
Hat ip. AAP ag oe x 
E,— Hy” 


where (-:-), means the expectation value in the unperturbed state #(J,0) and P 
is the projection operator to ¢(J, 0)". By means of these formulas, the ground 
state energy will be obtained in the form of the inverse power series of the coupling 
constant V as follows: 


We=Eu+ (Hum UYu=Ext 3} 4° We. (2-40) 

n=1 

The first order correction of the energy is given by 
4° We=(P(M, 0)|Ainl’UM, 0)), (2-41) 


by means of (2-39). This quantity vanishes since the expectation value of mx 
in the ground state does not depend on k due to the uniform distribution of the 
system. 

In order to find the second order correction 


JW =(b(M, 0) [Flaw Hla OM, 0)), (2-42) 


one may use the relation 
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Hn. 9(M, 0)=,/ Spe EPP HM-1, 0), 48) 


which is obtained from (2-23), (2-28), (2-35) and (2-37). Then the right-hand 
side of (2-42) can be easily calculated and gives the result 


DO US NY at ee ens (2-44) 
Swe 6x 


in which the terms proportional to M/~' are neglected and a simplified notation 
x is introduced in place of VN(0) which is larger than unity in the case of strong 
coupling, i.e., 

x==VN(0). 
Following these procedures, calculation is performed up to fifth order, employing 
the various properties of the second excited states summarized in Appendix 1. The 


third and the fifth order corrections vanish again. Finally the ground state energy 
is found to be 


Ee=E,+N(O) w+ We 


a 5 Teed 1 ath obese (2.)] 
=E,-| 2 Media Bt (=) Noe ee (ETC TO Nardi 


(2-45) 


We shall compare this result with that obtained by BCS (2-20). When the latter 
is expanded in the inverse power series of x, it can be easily seen that their result 
just coincides with the right-hand side of Eq. (2-45) except the last term. This 
last term is not proportional to the total number of electrons but is essential in 
the argument of the excitation of the system. Since BCS has discarded this term 
entirely, their discussion about the energy gap of the system is not so reliable as 


the argument of the ground state energy. 
Now, we will consider the next problem, the energy of the first excited states. 


It is rather complicated on account of the degeneracy of unperturbed states. It 
will be found that the first order energy correction vanishes by making use of 


the relation 
»(M—1, 0)=,/_2!@_ sso, (k)& (M, 0 
Hiwdy(M—1, 0)=,/-,°M_ >i 9)()& HM, 0) 
eee 2 Siegi(k/)gt(k, k/)%(M—2, 0), (2-46) 


which is derived from (2-35) and (A1-3). Therefore the degeneracy of the states 
remains unchanged. Second order energy correction 49W,., is given by 


gq” Wex Og= (¢,(M—1, 0) es int | Py OU ane 0) ) ? (2: 47) 
s cs a 
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which is to be calculated making use of (2-46) and (A1-5) and gives the result 


1 2M 2 1 * / 
149 W..0,,= — Le = 20 won ST Ex Gtr Ge* (kK) 9; (k’) 
eatrm (2M—3) V 3 ge (M—1) (2M—8) V ke’ Rte ’ 


2M é' an k k). (2-48) 
+ G1) (@M—3) V 3S &x? pe (Is) p(s) 


Multiplying g,(k) on both sides of (2-48), summing up with respect to the index 
i and noticing (2-37), one obtains the relations 


Sh (2—2M &2) Orr + 8x Ser +3} 9j(k’) =0, k= 1, ---, 2M, (2-49) 
k/ 
where z denotes the quantity 
z= (M—1) (2M—3) V4” W..+3(M—1) Mo’. (2-50) 


The relations (2:49) and (2:33) compose the system of (2M-+1) coupled homo- 
geneous linear equations which determines the values of 2M unknowns, ¢,;(k) and 
42 W,.. In order to give a set of significant solutions, the rank of a matrix formed 
by the coefficients of the equations must be smaller than 2M. The condition for 
this takes the form 


4 (= ae ) 1 -2Mey) in (2-51) 


The left-hand side of (2-51) is a polynomial of order 2M@—1 in zx. We shall 


show that 2M—1 roots of (2-51) are all real, by counting the number and de- 
generacy of real roots. 

In order to simplify the discussions we will introduce a set of notations E; 
instead of & as follows. Arrange a set of numbers &,, -:-, & according to their 
magnitude and give notation E,’(=0), E,’, -:, E, to each magnitude of them. If 


_ the number of &’s which have the magnitude E? is N;, one evidently obtains 


S1N,=2M. 


i=0 


Moreover, N; is not smaller than two, since &=&,. and k#0. When a dimen- 
sionless quantity Y is introduced by 


z=2Ma’Y, (2°52) 
the values of Y which satisfy Eq. (2-51) are found to be 
Vy ==0) N.—1 fold degenerate roots, 
Y=(E,/w)’, Nu—2 fold degenerate roots, k=1, ---, 2, 
yes ye double roots, p=1, -:-, 7, (2.53) 


where Y, is defined by the equation 
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Ss N, 
= Y,—(E/w)? 


In this way 2//—1 real roots of (2-51) are obtained and thus it is verified that 
Eq. (2-51) has only real roots. The degeneracy of the first excited states are 
removed in part by the second order perturbation ; the: largest value of Y is unity 
and the smallest zero. Since the third order correction vanishes again, the energies 
of the first excited states now take the values 


Eex= EF, + N(0) wo a3 Wax 


(2-54) 


SEs |2- 14+-+0(4 ~) |NWe* +|2+2X=1 +0(4) lo. (2-55) 
Fa bs 22 be 


be) 


The so-called “energy gap 
ground state and the lowest energy state among the first excited states whose Y 
takes the value zero. Thus the energy gap is given by 


E. G.= (Ess) rao Eo =| 22 s +0{ : ) fo (2-56) 
3x a 
which is again identical with the value given by BCS in the strong coupling limit. 
This identification seems to be accidental, since BCS’ treatment is not accurate in 
this order as stated before. 

We have so far discussed only the case of pair excitations but it is possible 
to consider the excitations which break up some electron pairs in the strong coup- 
ling approximation. Since the pair states which are occupied by an electron of 
the broken pair lose the correlations with other states, one may still assign spins 
to other electron pair states and make discussions similar to those developed above. 
For instance, if there are two electrons one of which is in a state —k, |, and 
the other in a state k, t, (k,4#k,), the Hamiltonian (2-1) takes a form 


H=oa,,+oxn,+ SY 204 bu* Vio by* by’, (2-57) 
k ! 


in which the summation does not extend over the states k, and k, We may again 
introduce the operator m, defined by (2-7), and the total angular momentum M’ 
of the spin system by 


M’= SY m,. (2-58) 
k 
The Hamiltonian (2-57) will then be written as 
H=E,+N(0)o*— oa 26, Ma,— VM”, (2-59) 


with the condition M,/=0. The ground state solution of (2-59) in the stone 
coupling limit is found to be 


~ / @M- lone -2)1 ye CA Cex 10), (2-60) 


of the system is the energy difference between the 


ot. eee 


a 
PT a, 


era A 


Ny rhea oh, , <<  e 
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with Y,= S]d*, giving the energy 
k 


B= hy (x—1)N(0) 0’ +20, (2-61) 


which turns out to be identical in the lowest order approximation of strong coup- 
ling with the result of pair excitation (2-55). Similar discussions can be made 
for various types of excitations in which many electron pairs are broken up. Thus 
we have obtained the energy gap for the case of single electron excitations. 

There may be a criticism about the validity of the strong coupling approxi- 
mation. That is, in order to secure the convergence of the perturbation series in 
(2-39) we must first satisfy the condition 


il 
~(2VM)? 
The left-hand side of (2-62) can be calculated by making use of (2-43) and 
(2-37), giving rise to the condition M/62*<1, or 


31 1(¢(M-1, 0) | Hel GM, 0)>/?<1. (2-62) 
ie 


z>VvM (2-63) 


which is never satisfied however strong the coupling may be, when the size of 
the system becomes infinite. In spite of this fact, the expression for the ground 
state energy (2-45) may give a reasonable result if the coupling is so strong that 
the size independent condition x>1 is satisfied. This is because (2-45) is a 
simple power series in x7’. Actually we can confirm this anticipation because we 
can derive the same result by means of an approximation method developed by 
Tomonaga which is valid for x>1”. Thus the energy eigenvalue given by (2-45) 
is correct even though the condition (2-62) is not satisfied. As for the eigen- 
functions, however, the convergence of the perturbation series is very bad. It is 
a power series of j/M/zx but not of x, and one must carry out the perturbation 
calculation up to the (//2’)-th order in order to obtain a sensible eigenfunction. 
We shall quote here the lecture of Tomonaga that gives another method to solve 
(2-21) in the strong coupling case. It will be shown that this method is valid 
under the size independent condition x7*<1. 

We shall consider only the pair excitations; single particle excitations may 
be treated in a similar manner. Then the Schrédinger function in general takes 


the form 
M 
Al 
o= 
Val (2M—2n)! 


Y¥—" 1 ga(kr--"k,)dit-bE|0) (2-64) 


which can be inferred from the forms (2-28), (2-35) and (A1-3). Here ¢,’s are 
symmetric functions which vanish when any two variables take a common value 
and satisfy a set of subsidiary conditions 


21 Pn(k, k,, a> k,_1) =0, k,, ats kj ==1} ae 2M. (2-65) 
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This is a generalization of relations (2-33) and (A1-3) which are imposed 
from orthogonality conditions. Eq. (2-65) can be verified rather easily when one 
notices the facts that (2-65) does lead to the required orthogonality conditions and 
it is composed of a set of linearly independent relations as many as the orthogona-_ 
lity conditions. Since the latter conditions are linear with respect to ¢,, Eq. (2-65) 
is thus shown to be necessary and sufficient. 

The equations for ¢,-functions can be derived from (2-21) in a general way. 
It is easy to obtain the following relation 


Ly, xm Yh Pn (ky--- kn) dy* + Dun | 0» 
LETS, ees (Ee +.:-- + &un) Dn (k,: d -k,) yx: byt |0) 


_ M=n yu-n- € Eek 
“ate we! 19n( 2 ee) 


+ €, On (ky ks--- ky +1) ae om +€n+1 Pn (ki: --k,) \ bi. 1 Ditwe 1 O.>- (2 4 66) 
The coefficient of the first term on the right-hand side of (2-66) may be written as 


(€.,+&i,+ oa + En) On ki: k,) =| + ak + €xn) Gn ky: k,,) 


at n 
ae Sle. (kin ke kk ark | 
2(M—n+1) yar k Pn kK, 1 KK; 41 ) 


il n 
STE k,---k,_, kk,,,---k,). 2-67 
2(M—n+l1) pape ik Pn ( 1 = é+1 ) ( ) 


The first term gives an amplitude of a state whose magnitude of M is M —M, 
whereas the second term is associated with a state whose magnitude of M is 
M—n-+1. On the other hand the coefficient of the second term of (2-66) takes 


the form 
€1 Gn (Ke: -- Kn +1) + &. ¢, (k, k;---k,41) af oP Sr 4 ¢, (ky:--k,) 


=| &1 95 6a) + €, 0, (k, ks---k, 1) soe + ene1 Qn (k,:--k,) 


i n+1 


+ od (ci + En 11 —&s) Pn (Ka Ke Ki 1+ en +1) 
—n i=l 
1 
Py Bu (kee Kahan) | 
~ 2(M—n) (2M—2n+1) ¢ Hees POG aah ae 
fay = G+- pierre cy. (eam ke | odkty) 
M—n #1 


ab m+1 


cere ie tee esas Kea ka Kua 
wade f= 


: $Y 6. Pn (heya kiya Kees Bev Kenes)- 


3 
Reem 2n+1) Sees a Oe 


(2-68) 


i 2(2M—2n+3) tjark 


788 Y. Wada and N. Fukuda 


The first term corresponds to a state with magnitude of M=M—n—1, the second 
term to a state with M—n and the third to a state with M—n-+1. 
Substituting (2-67) and (2-68) into (2.66), one obtains 
>a Ex me YO" On (Kr Kn) bk ae |) 
k 


kki--k,, 


_ M=n yuri 5) (The first term of (2.68)) bih---bi 44,10 


nN + ili kik, +) 


y bie a fae Ei Pn (Ikke Keys) bat Bi,10- (2-69) 
4 — 0b ak, —4 


For n=M the above relation must be slightly changed, which is not considered 


here, however, since it makes no difference for the following discussions. If we 


insert the expression (2-64) into (2-21) and compare on the both sides of (2-21) 
the coefficients of each configuration with a definite M* value, we will obtain the 
following relations among the ¢,-functions, 


/ 9 Lee i n+1 
(Eyn— W) Gn Cki- Kn) Ar SSCL n) > 


€ at kk SK Ky ee 
) @2M—2n—1) ; > ik Pn+i( 1 ¢-1 i ) 


1 


2M—2n+2 € kk.) ae Ba ey 
+: 9/ PM Pat 2 x (ba Poa (ek) i, Pa (ka Ken-a) } 


Y n 
Ex, bee +E, — k,) Pn—1 r+ e_1 ki i ey) 
COM On £1) GMa mma ea‘ F k, KY i(k; ¢-1 Bisa 


1 


php ex 0,1 (Ky: -k,_, kk;,.- Ay kj 41: --k,,) } =0, (2-70) 
#9) 

for n=O, 1p sh oT, 
These equations can be solved approximately if we may assume that only ¢,’s with 
n<M play a dominant role. In this case we may neglect the ratio m/M in (2-70) 
and these equations will be reduced into simpler forms 


jo [Ean Pana) fo Eq, na (ks Kena) + (2nM V+ Eu— W) en (ki*ky) 


1 
tee LB gues kek) ++ BE Gael ak)]=0. (2-71) 


One is able to obtain the solution of these equations in the form 


n= Cy {E, €g°**En—1/N- (E27 g++ Eg +E, Es? En + +++) + veh, (2-72) 


in which the second and the following terms are considered in order to satisfy the 


requirements (2-65). However, here again these terms may be neglected since 
they are nearly n/M times smaller than the first term. Substituting the first terms 


of (2:72) into (2-71) one obtains the relations among C, 
V nC, + (22M V + Eu— W)C, + n+14Me' C40.) 9 (2-73) 
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Obviously (2-73) have a solution 
clea 
Cy | 
vn! 2MV /’ 
W=Ey~wt/3V, (2-74) 


where C is an arbitrary factor determined by the normalization condition. One 
obtains the energy of the system from (2-23) and (2-74) 


E=E,+N(0)0?+ Ey—?/3V 
=E,—[x—1+4+1/32]N(0)0?—zo (2-75) 


which has the value essentially agreeing with the result of the simple strong coup- 
ling approximation (2:45). In order to find C we calculate the normalization 
integral 


uM 
1= (00) = a ea Ox (ky: ky) Op (ky: kn) 


n=0 k,--k,, 


ara : )"(Sa2)"=C? exp (2, 
SMT oe 6MV?/- 


Therefore 


2 
C= (-“__-)= (-,) 9. 
P\- yaMve/ tS Tea ere 


and the approximate eigenfunction is 


Ae (Mi \"2 is: 
(BB “K) =exp (— a tae) (2 Mat) -"E,&---Eq. 
: (2:77) 


One sees that C becomes very small when the size of the system becomes large 


and, as will be seen in (2-78) below, higher configurations become more and more. 


important in such a case. This result just corresponds to the situation discussed 


below (2-63). 
The probability with which the system exists in a state y, is given by 


ate TBAT IN™ M 
Palla) exp(— a ee. 
then the mean value of 7 is given by 
M 
n= >) nP,=M/62’. (2-79) 
n=0 { 


In order that our approximation be valid it is necessary and sufficient that only 
¢,’s with n<M play a dominant role. Now we find from (2-78) that the system 
has the Poisson distribution with respect to these configurations. Therefore the 


above assumption will be valid if 


Pa Bee aie te hE Td exehor 
Np Se aR Ie CARRE fete ee 


Ps Se ey ee ae ee en ae 


et 
al 


SS 


ee a 
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n<M, (2-80) 


which gives 
xl. (2-81) 


If this condition is satisfied the eigenfunction has a negligibly small value for n~ 
M =1,.80 that the boundary condition at n=M—1 is automatically satisfied. Thus 
our approximation is shown to be valid in the strong coupling case under the con- 
dition (2-81) which is independent of the size of the system. Thus it is known 
that the two treatments, the simple strong coupling approximation in Section 2 and 
the more advanced one discussed here, give the same answer with respect to the 
energy eigenvalue in spite of the fact that the former requires the more stringent 
condition (2:63). From (2-79) we can infer that, if we carry through the higher 
order perturbation calculation up to the order of M/z*, we would obtain the result 
identical with the result obtained here. Further our result (2-77) shows that the 
perturbation series for the eigenfunction will be a power series of \/M/zx but not 
Oni. 

Our description of the system of electron pairs in terms of spins associated 
with each pair state may not give any mathematical advantage in the case of weak 
coupling, but provides us with some valuable physical pictures about what is going 
on in such a system. In the strong coupling limit treated above, the spin-spin 
interactions are predominant just as in ferromagnetism. The third term in Eq. 
(2-11) is interpreted as the interaction between spins and the external magnetic 
field which varies from spin to spin. It seems at first sight that the latter inter- 
action may be predominant in the weak coupling limit, but this is not the case, 
since, however weak the coupling may be, the spin-spin interactions close to the 
Fermi surface always surpass this interaction at €,~0. Thus we may get a finite 
energy gap also in the weak coupling case. 


§ 3. The Meissner effect in the strong coupling limit 


We shall now consider the magnetic interaction of the system in a gauge in- 
variant way. Since the interaction energy between electrons (2-1) depends on the 
velocity of electrons, the magnetic interaction is to be modified according to the 
procedure given in our previous paper”. It is true that there are some ambiguities 
in this procedure associated with the choice of the path for the line integral of 
vector potential. However, it seems most natural to choose a straight path for this, 
not only because of simplicity but also of the fact that it will correspond to taking 
the magnetic interaction in the “ well-ordered” form”. 

Now, the Hamiltonian (2-1) may be written in the form 


1 
H=—\Petes P9(x)dx——_| g* (x) V(x—y) oy 9* (y) dx dy 


: Joc) V(u—v)o,¢(v) dudv. (321) 
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where m is the electron mass, g(x) the electron wave field, o, the y-component 
of Pauli’s spin matrix and V(x) is a function defined by 

V oe es. (3-2) 
k 


2 is the normalization volume and the summation is extended only over those k’s 
which satisfy the condition (2-3). Consequently, the electric current is found ac- 
cording to I to be given by 


Fu (X) = jul (&) +5? &) +H." Cx), (3-3) 


where j,(x) is the ordinary current which is given from the kinetic energy term 
in (3-1) and the last two terms, called the “ interaction current ”’, take the forms 


ju? (x) = — (de V/4) \ dz dz! dy dy’ V(z—2') V(y—y') 9* (2) oy 9* (2) PCy) oy Py’) 


tone [ax—s)ds | | (3-4) 
jut) = — (EV /4c) | dada! dy dy’ V(2—2!) Viy—y)o* @oyg* 9) oP") 
Hl Aces] A 8G has (3-5) 


in which A is a vector potential and only the terms up to second order in e are 
retained. Correspondingly, the Hamiltonian becomes 


H(A) = Fy (A) — (1/e) | dx Gr) A(x), (3-6) 


where H,(A) means the Hamiltonian which contains only the ordinary magnetic 
interaction. 

It may be of interest to consider the magnitude of these currents in the strong 
coupling limit of electron-electron interaction on account of the reasons stated in 
Introduction. It must be noticed that here again the question arises whether the 
simple strong coupling approximation is sensible. As was mentioned in Section 2 
the convergence of the perturbation series for the eigenfunction is very bad; so it 
seems, at first sight, that the simple use of the zero order eigenfunction cannot 
give any sensible result. We can show, however, that in spite of this fact, the con- 
clusion reached by the simple consideration needs not be modified by the more 
precise consideration. Therefore we will first calculate the electric current by making 
use of the lowest order eigenfunction, and then will return to the discussion about 
the above mentioned question. In the lowest order approximation of strong coupling 
the expectation value of the electric current will be proportional to the coupling 
constant V. Therefore it is not necessary to take into account the ordinary current 
7,(x) which does not depend on V. In order to obtain the result up to the eé’ 
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term one has only to take the expectation value of (3-5) in the ground state and 
after applying the first order perturbation method by means of the last term of 
(3-6) the contribution of (3-4) will be estimated. 

If we choose a straight path for the line integrals in (3-5), the Fourier trans- 
form of the diamagnetic current j7(x) takes the form 


e | Petia © (x) ax 


1 
ha a ip Mere Riek led tus / 
9-08 peace Cpt, — Cpe Cpa} 1Cqr Cary — Cav cq} Ar (’) | dede! 
0 


| dade! dy dy’ V(z—2!) V(y—y’) exp —7p2— 7p’ z'+iqy+7q'y’ 
—ik{y+ (2/—y)t’} ](z,/—yy) 
-fexp (ik! {y + (2/—y)t}) - (20’— ya) + exp (ik! {y’ + (2—y’)t}) - (2 —yn’) J. 
(3-7) 


In order to calculate the expectation value of (3-7) in the ground state ¢(M, 
0), one may make use of a relation 


(¢(M, 0) | ieee Cpr res Cpr} Gas Cary — Cay Cqrs |p (M, 0)) 
= — (dP dr’ + dp’ O8,)[21(p) I(p!) + 1(p) E(p’) + E(p) I(p’!) +3 E(p)E(p’) J 


which can be obtained by means of (2-28). We have neglected here the terms 
proportional to M~-* and introduced the following notations: 48 is the Kronecker 


é-symbol which is equal to unity if p is identical with q and vanishes otherwise, 
and 


1, if o,<a,—o 
1p) = | ; : 
lo, otherwise, ate 
1, if w—wXNepSo;+o, 
E(p)= Seo (3-10) 
0, otherwise. 


It will be found that the first term on the right-hand side of (3-8) gives only a 
negligible contribution to the current, since this term gives essentially the same 
correlation of electrons which will also be taken into account in the perturbation 
theory. This consequence is expected from the fact that in the perturbation a 
proximation the correlation energy of the system takes a value independent of the 
total electron number. The last term of (3-8) is therefore most effective in this 
case. It has quite different characters from other terms of the perturbation ney 
We may interpret the role of this term as follows, making use of an idea ee 
“‘ pseudo-particle ” introduced by Bogolyubov” and Valatin®. When a pair of pseudo- 
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particles are annihilated by y*(z’) and ¢(y’) in (3-5) and then created by ¢*(z) 
and @(y), the matrix element of (3-5) will take the form of the second term of 
(3-8), that is, this term is given only by the scattering of a pair of pseudo-parti- 
cles. We will further remark here the fact that the appearance of these terms is 
a common feature of the strong coupling approximation and the variational method 
used by BCS. 


According to the above remarks the expectation value of (3-7) now takes the 
form 


Gu" k) = ($M, 0) | 7.7) | MZ, 0)) 


id 1 . 
$2 ae De a (k) \ a Neda Jase \ at dt! ei(t-tOkR 
0 


. E@))*+(3 E(p) E(p+k 2" )) (>: E(q) E(a+k ‘te )) 


+5 or SE) EP +k +4) E(w) E(q—p) A(ky | dea 


, éqr+tkR(¢—t/)+4(kr/2)(¢+t") .. 
| dRadr et a (3-11) 


where we have neglected a term which is antisymmetric with respect to the in- 

terchange of suffices 4 and 4, since the final result must have evidently a sym- 

metric form. 2 
After some examinations the second term on the right-hand side of (3-11) 

will be found to be negligibly small; the argument for this will be given in detail 

in Appendix 2. . 
Introducing a pair of variables x and y defined by 


C= y= Ct?) 2, (3-12) 


the first term in (3-11) may be written as 
ee rE 
Cigt(k) )=——= we a SA, (k) | d°RRR, | de \ dy cos ckR 


0 af[2 


“{(QE@))+ (SEM E@+K)) (VEMEG+KA=y)))1. (3-13) 


One is able to obtain an explicit form for the quantities in the parentheses on 
the right-hand side of (3-13); when the magnitude of k is smaller than 2mw/ f(y 
—the Fermi momentum) the satis relation may be derived ; 


SIE(p) E(ptky) = {F—natky +—2-2y't, (3-14) 
Pp 


a 


where F and a? are constants defined by 
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r= \dpE(), (3-15) 
a= Amoy;. (3-16) 


Making use of the relation (3-14) and integrating (3-13) by parts with respect 
to x, one finds 


: 1 
eV inzkR £ 
G20) = apg k) [a RRR, | de ER Jaye" (3-17) 
0 
where 
3 
a= 2F?—aFa'k+ ak ; a4,=> mkt (e-*), 
6 48 4 
Pea ung: Se (a — a), = x k° ; 
4 2 6 384 
stent (ta). an Be 
ame tik 
Anes (#2), (3-18) 


Now we shall consider the integration over d?R. When one makes use of the 
‘polar coordinate system with the axis parallel to the direction of vector ke REG 
may be written effectively as 


2 


arr 
R, R,= R = sin?@ (2, ee: ae ) +costo Ate > (3 ~ 19) 


on account of the symmetric form of the integrand, where R the magnitude and 
@ is the polar angle of vector R. Although (3-17) will diverge when d*R in- 


tegration is performed, this divergence is necessary in order to compensate the 


infinitesimal quantity V which is proportional to 1/2. Here one has to employ 
some attificial technique to avoid the ambiguity of treating an infinite quantity 
For this purpose, we shall first cut off the contribution from large R values to the 


_ integration by means of a damping factor exp(—pR), and after obtaining the final 


result we shall remove the effect of this “cut off” technique taking the limit p> 
0. Then, introducing a variable 


; Crs (3-20) 
one finds the relation 
1 


inckR 22d 1 
OP R OR eee \ u a kik, kk 
| AAP TR hen? 1 . iv rer nik 


x \ e-?* R® sin (kuR) dR 
1} 
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1 
=48ape\ du js CL (a Re me tad fa ky Pax RY 


sh ee ee: {p+ RP u'\4 
1 1 1 1 _, zk kk Die Balk 
= 487 2| ( fennt )(2 sf tok 
Pa ape ape t Dphck = ip INCOM BFS, oat oN 
(3-21) 
where € is defined by 
=p +27. (3-22) 


Substituting the equation (3-21) into (3-17) and performing the x-integration, one 
now gets the explicit form for the diamagnetic part of the electric current as follows 


Geto y=— $653.4 03[( AD + 2D £) (0, Ab) 


a fafa | 3.23 
i Oke ke. ( ) 


where the terms which vanish as p—>0 are neglected and the following notations 
are introduced 


<2 FZ aFak+ we JAF oa Bt a ze, 
: 
B(k) = >} oi, 
=2F!—2Fath+ a Bt As nF — we Bt aaa Be. (3-24) 


Now we shall consider the magnitude of the paramagnetic current. To the lowest 
order in A and 1/V, the contribution of paramagnetic part is given by 


(iu? Uk) = —— SSCP M0) Liu |P:) ili? (—k)|¢(M, 0)) 


+ (¢(M, 0)|j.?(—k) |.) (Pil 5.” x) |P OM, 0))} A, Uk) /(Ho— Ex) (3-25) 


in which the summation is extended over the complete set of eigenstates M; of the 


unperturbed Hamiltonian (2-22) except the ground state ¢ (M, 0); H;isthe energy ; 


of the state @,, and j,2(k) is the Fourier transform of the paramagnetic current 
j2(x), (3-4), which takes the form 


F 1 -tkx + P(x) 
jut (k) = |e jy) dx 
V2 ‘ 
ia ie V S} (cpt cp — opt Cru Canceair aya t) | ae) dade’ dy dy’ 


22° PP’ 44 > 


I DO Ee a eg Or eT ter Sg ae OE ne OT 


fa 


Se T xeeies 5 
is tte Sum Be 
Eprsit? Date 


sates 


De 


% 
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-Viz=z') Viy—y’)) exp[—ipz—ip'2/ tiay +eq'y’ ey (2! —y)t}] 


za! —Vu)* (3-26) 


We have here taken a straight path for the line integrals in (3-4). 

There are fourteen types of intermediate states which have nonvanishing matrix 
elements in the expression (3-25). The explicit forms of these states are listed 
in Appendix 3. Examining the contributions of each type of intermediate states, 
:t will be found that almost all types give only negligible contributions to the 
current which vanish with the size of the system. Finite current is obtained through 
three types of intermediate states ; one is the state @,(p2/s, Pi's) 0 which an elec- 
tron with momentum fp,’ (1(p.’)) and spin s is annihilated and a single electron 
with momentum 7p, (E(p,’)) and spin s is excited,’ other electrons being in the 
ground state ; another type of intermediate states is P;(pi's, Ps’ —5) where one electron 
pair is broken, one of the two electrons making single electron excitation with 
momentum fip,’, (E(p,’)) and spin —s and the other electron going into the state 
with momentum #p, and spin s which lies outside the narrow shell around the 
Fermi surface in the momentum space. Such states will be denoted by the symbol 
O(py’); where 

1 if w,to<@p,, 
O(py’) = (3-27) 
0 otherwise. 
The third type of intermediate states is the the state %,.(—p,'|, pot) given by 
breaking off of an electron pair again, where each electron of the broken pair 
makes a single electron excitation with momenta-/ip,’, and fip.’, (E(py’) and E(p.’)); 
respectively. The wave functions of these states are found to be (see Appendix 3) 


O,(ps! s, pr’ s) = ty Cninta: Cos|0) I(p.’) E (py), (3-28) 
) / , oe 3 VM * * M-1 / / 

7(Pi 5, Po S53) RA aeheen Cpol—s Ww |0>O (pi )E(ps ) (3-29) 
P,.(—pr'l, p2’T) BACT Vir OS ert Cera {OD E(p/) E(py’) (1—08:,) 


(3-30) 
where Y, is an operator defined by 


Y= a ge (3-31) 


the summation being extended over the electron pair states except those 2 states 
that are occupied by singly excited electrons. The excitation energies of %, and 
@, are both VM and that of M, is 2VM. 

The criterion of finding these effective intermediate states is again given by a 
similar discussion applied for the case of diamagnetic current. Finite contributions 


On the Theory of Superconductivity 797 


for the current are given only through the correlation of electrons similar to the 
Scattering of pseudo-particles, or in other words, only through the matrix elements 
of (3-26) which contain the factor ok, or 044, as in (3-8). The matrix elements 
of (3-26) between the ground state ¢(M, 0) and each one of the three excited 
states listed above (3-28-30) contain terms other than those which contain a factor 
OP», etc. These terms give again only negligible contributions vanishing with the 


size of the system. Neglecting such terms the matrix elements of the operator in 
(3-26) 


O= (cpt Cpry — Cpt Cpr) (Cqr Cary — Cay Cqr) (3-32) 

will be found to be 
(P,(pr's, pr’s) |\Q|Y(M, 0) — Feo P pr Op ORG + Ob, OF} E (pr) I(p.’) E(p), 
(3-33) 


(2;(pi's, Px’ —s) |Q|P(M, 0)) FO ORY OB, +B Oar} O(pr’) E (py!) E(q), 
(3-34) 
where the upper or lower sign is taken according as the spin direction s is } or 


|, and 
(P..(—pr' J, pt) |Q|¢CM, 0)) 
= FOG (ORY OP, + O87’ ORL) Eq) — Op, (ORG, OEY + OP OE (p)] Ep’) E(ps!) 
. (3-35) 


Making use of these relations the matrix elements of the current (3-26) may be 
written as 


(P.(p,’s, pr’ s)|j.? Ok) |$ (CM, 9)) 


Y ie VF 
27/2 (22)* QV? 


; | 
E(pr’) T(p2! Opa \ dt | ERR ee os Bcc) 
0 


The integration with respect to dt can be performed easily. 
Introducing the polar coordinate system and the polar angle of vector R as 
in the case of the diamagnetic current, R, may be put effectively as 


R,=R cos6 k,/k, (3-37) 


on account of the symmetric form of the integrand. Now one finds 


jer| dt R, e7eRt Jere RtdR [sind d0{1—e-** ee 3 
0 0 [eed 


k, ¢ a inkR- a # { 1 bee, P 3.38 
= dnt |e PRR? dR {1-— |=8: ie lp? (PtP)! , ( ) 
0 
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R) is again sntroduced. The second term in the 


io where the damping factor exp(—P 
ded in the limit p—0. By means of the re- 


e _ parentheses of (3-38) can be discar 

: : lation (3-38), (3-36) turns out to be 

ey VF Ok + 1! k, 

oe (P, (p's, pr’ s) |ju? Ok) | M, 9)) = — Pe gin E(p1') L(p2')0 pa” ee 
(3-39) 


Similarly we find 


\ 


: VE Po ey 2 
(2, (pr's, Po’ —5) liv? x) | M, 0) =+ 57g O(py’ )E (py) Op? cf : 


2»? ss 
(3-40) 
with the sign determined before, and 
E VF prt 
(On (—pi'ly Pat) Lie? OE) YM, 9)) = — gin BODE (2!) On ate 
(3-41) 


where we have assumed that k+0. 
On the other hand one is able to derive the relation 


M=2F/2(2z)*. ' (3-42) 


When these various relations are put in Eq. (3-25), the paramagnetic current is 


now found to be 


aye ees 
cist 2VF {| dpe) ik-+p) + | dp) Ek +) 


+2 dpE(p) Ek +p)} 3) Ax (k) Ae (3-43) 


‘The first two integrations in the parentheses of (3:43) may be easily performed 
and give the results: 


| PE) I(k+p) =n| 2m k(wy—w) = |, (3-44) 


| dpO(p) Ek +p) =n| 2m k(a;+o) -1 #|, (3-45) : 


where the magnitude of k is taken to be smaller than 2mw/k; By means of 
ne Eqs. (3-14), (3-44) and (3-35) it may be seen that the quantity in the paren- 
am ; theses of (3-43) gives the value a,/F. Further, we can express the factor 2 on 
ee ot the right-hand side of (3-43) in terms of p, making use of the relation 


oe 


o=4n\ eo? RAR. 


0 


(3-46) 


Thus one finally obtains 
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(jy? (Ik) = oe 3) A.C) he (3-47) 


Adding up both expressions (3-23) and (3-47), we now find the total electric 
current in the lowest order approximation of strong coupling. The non-gauge in- 
variant terms cancel each other. By means of (3-46) and a relation 


2=27°N(0)/mk,, (3-48) 
which may be easily verified, the total current will be given by 
: 3 3e?x ae #B(k) ( 5 kk 
k))=— woe ATS : 
(in)? 2*x*cmk; R* ot 2pk 43 oe Re He Se 


in the limit 0, in terms of a notation x which was introduced in Section 2, 


(z=VN(0)). This expression diverges in the limit p—-0; in other words, the 
current density of the system diverges as the size of the system becomes infinite. — 


Moreover, this expression has a peculiar singularity in the limit k-0. The degree 
of this singularity is higher than that of a simple energy gap model discussed in 
the previous paper®. Now we will return to the problem left at the beginning of 
this section, i.e., the applicability of simple strong coupling approximation to cal- 


culate the electric current. Since, as is now known, the diamagnetic current (3-7) 


plays an essential role, one may only consider the expectation value of (3-7) now 
using the full eigenfunction (2-64) in its approximate form (2-77). 


Making use of the notation (2-24), (2:25) and also of the approximation — 


(2-77), the eigenfunction (2-64) may be written as 


Our task is now to calculate ¢j,7(k)) with this eigenfunction. In doing this one | 


has to calculate quantities like 
(¢(M—n, 0)| {cpt Epiy Spy Cpr} {eqn Cary — Cay Carr} \g(M—n’, 0)). 
(3-51) 


This can be shown to vanish when the difference between ” and n’ exceeds two. 
Moreover, by a consideration similar to that which leads to (3-8) and (3-11) and 
also to (3-33), (3-34) and (3-35) we notice that here again terms corresponding 
to the scattering of pseudo-particles are important. Then we find that for n=n! 
and n<M, (3-51) is essentially equal to (3-8), the difference being a small quan- 
tity of the order n/M. This is due to the fact that in ¢(M—n, 0) only a very 
small fraction, i.e., 2/M, of the particles are in states different from those of 
((M, 0). Further, for n’#n, (3-51) has a negligibly small value, because of the 
orthogonality condition (2-65) (cf. also Appendix 3). This does not lead to a 
fmite amount even after summed up with respect to the states ¢(M—n, 0) and 
¢(M-—n’, 0), since (3-51) vanishes when the difference between 7 and 7’ exceeds two. 


is 
wv 
Hn 
e 
‘4 
ihe 
i 
%, 
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Thus in our approximation we may simply put 


; M ey Avie 
G40) = MM, 0) x0) OM, 0)) exp (— 355) & 4 (Ss) 
which shows that the effect of the higher configurations is just compensated by 


the normalization factor, giving rise to 
(jut (x) ) = CP (M, 0) | jn”) [PM 0))- (3-52) 


In this way our simple calculation of the electric current can be justified in spite 
of the breakdown of the condition (2-63). 


§4. Discussion 


It is now clear that BCS’ theory of superconductivity may not account for the 
Meissner effect at least in the strong coupling limit, although, on the other hand, 
+t was successful in explaining the thermal properties of a superconducting system. 
We have remarked two peculiarities in the expression for the electric current den- 
sity, one of them is the divergence and the other is the singularity in the limit 
k-0. 

It has been found that among the various correlations of electrons the most 
essential correlations are given by the “scattering term of pseudo-particles ”? such 
that, in the case of the diamagnetic current (3-5), a pseudo-particle is annihilated 
at y’ and created at y, while the other pseudo-particle is annihilated at 2’ and 
created at z. We may assume the spatial points y and y’ to coincide with good 
approximation, since the function V(y—y’) will decrease rapidly as the distance 
between the two points increases. Similary z and z’ are taken to be identical. We 
may therefore interpret the electron-electron interaction taken by BCS as a type of 
quasi-local interactions between pseudo-particles. This quasi-local interaction is of 
a very long range. The correlation arising from this interaction does not decrease, 
however far the two spatial points z and y may be separated. That is, a pseudo- 
particle interacts with every other pseudo-particle with the constant strength ir- 
respective of the relative distance. These long range correlations may give rise 
to an infra-red divergence in various properties of the system. Indeed, the energy 
of the system has this type of divergence since it is proportional to M*, and the 
electric current is now found to be divergent. Instead of employing these long 
range interactions, we have introduced an infinitesimal coupling constant V in 
order to compensate the divergence. But it is to be expected that a compensation 
of an infinite quantity by an infinitesimal one would be a delicate procedure. It 
may be successful in one case but in another case it might not be so. Actually 
the infinitesimal V has given a reasonable result for the energy, but failed to give 
a finite answer for the current. 

Now we shall consider the variational solution used by BCS. It has a chara- 
cter which is qualitatively not different from that of strong coupling solution, as 


On the Theory of Superconductivity 801 


stated before. The BCS solution gives a diffused type of electron distribution around 
the Fermi surface. Consequently, the expectation value of the diamagnetic current 
(3-5) by the BCS solution, for instance, will be given essentially by the correlation 
of pseudo-particle scattering type and take the form similar to (3-13), the main 
alternation being involved in a slight change of the constants a,, etc. It seems 
therefore that the infra-red divergence obtained above will appear also in the case 
of BCS solution. We may thus conclude that this feature will be inherent of the 
interaction current of the BCS model, irrespective of the coupling strength. Although 
the interaction current is proportional to the coupling constant which is small in 
the weak coupling limit, the matrix element of the current will probably diverge 
and we cannot discard the effect of the interaction current even in the weak coup- 
ling limit. 

The second peculiarity in the expression for the electric current is the singu- 
larity in the limit 0. This means physically that the total electric current 
diverges. It has been found in the previous paper that such a singularity has been 
obtained in the simple energy gap model, too. The appearance of such an unphy- 
sical result seems to be a common feature of rather simple energy gap models, 
irrespective of the origin of the energy gap, that is, whether it is given pheno- 
menologically in a simple model or it is obtained as the result of simple corre- 
lations between electrons. At least it may be certain that the energy gap and the 
gauge invariance do not necessarily account for the Meissner effect. The detailed 
mechanism of correlations would play an essential role in this phenomenon. In 
these cases, it is valuable to find some methods to obtain an approximate value 
for the penetration depth of the applied magnetic field. One of such methods was 
given by Blatt et al.” which makes use of a kind of variational procedure. As a 
common feature of the variational technique their approach may not be so clear 
physically, but practically we shall be able to obtain a reliable result. 
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Appendix 1. The properties of second excited states of H, 


We shall here summarize the results concerning the second excited states of Hh 
obtained by the method similar to that in Section 2 for the first excited states. 


energy : Ey-3=— V(M—2) (M—1), CAT et) 


degree of degeneracy: M(2M—3), (A1-2) 
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eigenfunctions : 
$,(M—2, 0) = EMD! Y¥-? 5} ge(Kk, k') du bur*|0), 
j=1, 2, --, M(2M—3), (A1-3) 


o(k, k’)=¢.(k’, k), g(k, k)=0 
S)¢.(k, k’) =0, k=1, Vout) 2M, 
k/ 


conditions of orthonormalization : 


2S o*(k, k)gj(k, k) =4y, | (A1-4) 
kk/ 


completeness conditions : 
SeA(p, 9e(p', 4) = 1 —Apq) 1A pra) 
il 1s 
2 ler 10 0 ' D a) y 
| Grn Pau + Pee Pan) + 3 0ang—1) BMD) 


i 1 
x: ‘8(M—1). (Oppr ae Opq! a= O gp’ = Sagi) | . (Al 2 5) 


Appendix 2. Proof of the fact that the second term on 
the right-hand side of (3-11) vanishes 


We will verify the assertion that the second term on the right-hand side of 
(3-11) vanishes on putting the vector k in the E factors to be zero. This will have 
“no considerable effect on the result of our investigation since these E factors are 
all definite quantities free from any singularities. At least we must have the exact 
result for the lowest order term of the Laurent expansion series in powers of k, 
even with the above approximation. 
The quantity to be examined now takes the form 


SIVA 1 
< : > E(p) E(p) E(a+p) E(a+p) As (ky) | de de dRdr 
8c2 pp’/qa 

0 


é tkR(t— k 
Hef MERE H HMI DEHHY (A2-1) 


Integrating (A2-1) with respect to dt and dz’, one has 


Sov ANGIE | = \a F(a)? | eta GLb es ter | ene ay] 
RPT OST ee (g) 2S ASR) |) 7 oe Ae ea) er 
(A2-2) 
where the simplified notation F(g) is introduced which is defined by 
Q / 
E(p)E = F oye 
SEPE@+) =a F@), (A2-3) 


at. 
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whose explicit form with small g can be easily derived by means of (3-14). The 


dR integral in (A2-2) is performed immediately by making use of a damping : 
factor exp(—pR) and gives the result ; : 
ikR . i 

JaRevr © ee i (A2-4) es 

kR Po SPARS MRD Pp f 

As this integral diverges in the second order of 1/p, it is now clear that we must ia 
f 


consider only the divergent contributions of the remaining two integrals. 7,7, may va 
be replaced by an equivalent form similar to (3-19). Then the remaining integrals 
in (A2-2) are calculated as follows: 


kr 


ee ae ee 
si i cb =r 
St lee ee 


oo 2 Gia 
a 8777 ay ae fo ia 92 . ky kin. » Rr | “a 
me | dara x Es 2 (3.- B +2 RB me. 
0 —1 7 Bi 
x je" r’ singr sinkradr : : 
0 
fos} 1 £ in 
162° ip Sy clea folate Ree ge ( a ste » Ry | 3 
= WEP | daqF@)*\ | 0-2) (at : 
0 ey) i 
Ap? 3 | 
x aa \ > (A2-5) ae 
{p+ (q—kx)}® {p+ (q—ka)}"! te 


in which the integration over x has to be taken in the sense of the principal value. 
Now we will examine the “non-gauge invariant” term which is proportional to, 


k,k,/k. Integration over x gives 


( d Ap*x. i 32 | 
: | {pP+(q—ka)*}* {p+ (q—kx)*}? 
_ P+(q—h) G—3k) _ pte + 3k + Agh (A2-6) 
2h {p+ (q—k)}? 2k p* + (q+k)*}’ : 
The second term on the right-hand side of (A2-6) does not give any divergent ES 
contribution to (A2-5), since it has no singularities as a function of gq. Therefore 1 


this term may be discarded. The effect of the first term is estimated as hot a 


p+ (q—k) (q—3h) 


co 


bak 
167° p kik, \dgqF(a)* 


k Poy 2k {p+ (q—k)*}" 
pi Sree bree (en Od cs Ake, ph (a) 
ee ake IRC \ {p+ (q—k)*}? kt 


—c 
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which is also a finite magnitude and may be neglected. It is now found that 
(A2-1) has no non-gauge invariant contribution. 

The gauge invariant term in (A2-5) can be calculated.in a similar way. 
Integrating with respect to x one finds 


1 


\ dx ( Ap re 5) o 
Joa Vp q—ka)}? (p+ (q—ka)}? | 
Bei Tau PV ecu d hie gut TE epee OO ees 
= ; (sap ? tan y: an 5 27 GS 
oo UI aa a cd cea | poGtgk oP aes G 
of | pE(q—k P+ th?) 9 P+ Gk AP GET 
(A2-8) 
where 7 is defined by 
7=P +¢- (A2-9) 


If p is put to zero, (A2-8) has a pair of singular points as a function of g. One 
of them is g=&, the other g=0. When we perform the integration over g in 
(A2-5) by means of (A2-8), it will be found that the former singularity at gq=k 
gives only a finite contribution just as in the case of (A2-7). Therefore the effect 
of this singular point may be neglected. The contribution from the latter singu- 
larity at g=0 to the integral (A2-5) is estimated as follows, 


|k—q| 
k+q 


Baa we A: 3 2__ 948 
7b \daqF(a) = so oas a log 


0 

qd ( 4k—7q ie 7q+4k )| 
27; IX (GR) wa eae k)= 

Qa j go ¢ 


Dyes ee ie (p?—3¢") 4 | 
= a. 3 + : 
ae, p | aa'| 7 ( p ) 4) ky _ ey (A2-10) 


(sap— 


in which q is an arbitrary positive number. The last two terms in the paren- 

theses may be easily found to give only a finite contribution in the limit p—0, 

which is to be discarded. The first term is calculated by an elementary method 

and one may find that the diverging contributions in the limit 0 cancel exactly. 
Thus it is verified that (A2-1) gives no contribution at. all. 


Appendix 3. The list of the intermediate states which have 
nonvanishing matrix elements in the expression (3-25) 


There are fourteen types of intermediate states which have nonvanishing matrix 
elements in the expression (3-25). We summarize here the wave functions of 
each state, making use of the notations defined in (3-9), (3-10) and (3-27). 
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D, (pi 5, P2 s)= —Cpis Chos y™|0) O(p,) I(ps) 


vY (2M)! aa 


Do, (Pi 5S, Pos) = oxy Cpos Vesa Das: (k) b,.*|0) O(p:) I(p.) 
k 


TOM! 


P;(pi 5, Po—S; k,s’, k,s!’) = ge aa Ck 1 |O> 


i * 
X O(p1) I (pe) Eki) E (ke) 


P.(pis, P25) = aaa 2 os YM cpt 0) I(p:) E(p:) 


Ds; (pis, Pes) = Chis Ae eT, 0; (k) by* CoO I(p,) E(p2) 


V oe 
VY (2M—2)! 
PS oe ALE SIE Se v) M- 
ae) / @M—2)! Soyi Caas 
x I(p:) E(p2) E(k) E (ks) 


1 * 7 * 
Cpos Cys? Cita | 0» 


DPD, (pis, P25, k, s’, k, 


a 
Pons pe) oY eG OOO EC) 

Vv (2M—1)! 
Ps;(Pis, P2— 5) Fe ret pane : ae y; (k) d,* Cpt-s|0)O (p1) E (pa) 


PD, (pis, Pa—S, ks’, k,—s’) = (ae Ome Y3" peepee s Ci) cut_«|0) 
x O(p:) E(p2) E (ki) E (ky) 
Sey > ¢;(k) b,*|0) 


Po= 


GMD -2)! 


1 yune 
7) a 4 (kk, k’) by * dF |0 
ul / (2M 4)! 2 Pe ) dx "| ) 


1 3 
P,2(pis, P2—S) = 7 @M—)! Y¥" cp Cpt-s|0) E (pi) E (ps) 


Daa BrSs Pe) =e YS 9 DO coca EB) ECP) 


M-— 


1 
P,,(prs, P2—S, k, 5’, k,—s’) ~1/ @M—4)! Y; 
x E(p,) E(p2) Eki) E (ks) 


2. %* * * 
Cpis Coa Cy st Ckeo—s! \0» 


In these expressions each c* factor which is put between Y, and |0) must be in- 
terpreted to give a single particle excitation. The summation over k with prime 
means to be extended over the electron pair states except those which are occupied 
by singly excited electrons. Y,, is then defined by 


= OE” ° 
k 
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The intermediate states which give rise to the required divergence for (3-25) are 
such ones as are obtained by the correlation of pseudo-particle scattering type with 
the ground state. In other words, they are the states which are obtained from 
the ground state through one or two pair excitations. We can immediately see 
from the wave functions listed above that they are Px, %,, Psi, P;, Pec, Droir D1; Pz 
and ,:. However, the contributions from 9%, Ps, Dz, Pry, Py; and P; are so 
greatly reduced on account of the conditions (2-33) and (A1-3) that they may 
be neglected. Thus, it is necessary only to investigate the effects of the remaining 
three states M,, M; and %,. as was done in Section 3. 


13) 
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On Levinson’s Theorem in the Theory of Multi-Channel Scattering 
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Using a Lee-type model, we have investigated Levinson’s theorem in the case of multi- 
channel scatterings. In this case, contrary to the case of potential scatterings or Dyson’s 
model, it séems that Levinson’s theorem becomes ambiguous in interpreting the physical 
meaning of the result obtained. 


§ 1. Introduction 


Recently M. Ida” showed, using Dyson’s model,” that Levinson’s theorem” 


which is well known in quantum mechanics does not generally hold in the qu- 


antized field thory and that this feature is related to the existence of the redundant | 


solutions of Low’s scattering equation. 

Although the result acquired by Ida may be said to be an extention of the 
theorem to that in field theory, it lacks physical reality in dealing with the scat- 
tering phenomena of elementary particles, because we have only one channel 
for N-§ scattering in Dyson’s model. Ida proved that for Dyson’s model Levinson’s 
theorem is modified as 

0 (co) —0 (4) = (m—m)z, (1) 
with y the mass of 0-particle, mm) and m the number of bare V-fields and that of 
N-6 bound states.” It is of much interest whether such a physical interpretation 
is also possible for Levinson’s theorem extended to the case of multi-channel scat- 
terings. In the multi-channel case the phase shift is generally a complex quantity 
and this is an enough reason to expect that the equality (1) should be modified. 

The purpose of this paper is to investigate in what form Levinson’s theorem 
is reproduced in the case where many channels exist. 


§ 2. Multi-channel scatterings and Levinson’s theorem 


For simplicity, let us consider a Lee-type model with two scattering channels, 
in which one kind of N-particle, two kinds of V-particles and two kinds of 


6-particles are mutually interacting. 
The Hamiltonian for this model is given by* 


* It must be noted that in the present paper, for the sake of simplicity, only the magnitude 


of momentum is taken into consideration. It will be seen, however, that this simplification does 


not affect the main feature of the conclusion of our argument. 


d 
if 
7 1 


a 
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H=H,+H, 
ies s Eawacides 3 | dolg.(w) do AON (2) 


= 3) 340 { do fao)Ll0s) (Gao) | + lPaC@)) eal] 


where 
M,, : bare mass of V-particle, 
w=MtV eet, ma=Motba, 
M, : mass of N-particle, 
fa : mass of 6-particle, (44</2), 
oR . Jw, 2 unrenormalized coupling constant, 
< |v.) : state of a bare V-particle, 


l~a(w)) : state of a pair N—@O, 


and the cut-off factor f,(w) is related to the usual one, v,(&), in the momentum 
representation as 


falw)=V kaValha)/20, ke=V (w—My)*— fs’. (3) 


We first make an eigenvalue equation for the N-@ bound state. From the 
Schrédinger equation 


(H—E)|E)=0, 
we obtain 
(Via ae eS Je | dw f,(w) (pa()|E)=0, 
BAA Rios (4) 
(0) (g«() |E) + Dun falo)(vs|E)=0, 
thereby 
>) An(E)s|E)=0, (6) 
where 
A, (E)=(M,—E)8,— ate | det Lo) (6) 


May 


Accordingly, the energy eigenvalues E,, for the N-6 bound states are given by the 
roots of the equation 


D(E) =det | A,,(E)|=0. (7) 
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Next the T-matrix for N-@ scattering, N+0,3N-+0,, is calculated : 


Tap (o) =a (w) [EL |¢3 (@) )= —(@a(w) |H (H—0*) Hy |¢6(o) 
= —fu(w)fs() > Jor Jar <v,|(H—o*)|\v,), (8) 


o* =ao+ié 


where |g (w)) stands for an out-going solution of the Schrodinger equation. The 
expression 


Sy! (o*) = (v,| (H—o*)™|2,), 


which is regarded as a “ propagator” of a clothed V-particle, can be evaluated in 
the following manner. We set 


(H—o*)™|v,) = |%.(0*)), 
lup= (ain ow”) 1a (w*) 8 


and operate <V,| and (¢,(w)| to the latter from the left respectively, then we 
have 


foe] 


Bn= (M,—0*) 24] (0*)) + Dv | de! Fao!) (Gao") [2s (0"), 


O= (w’—0*) (Ga(o’) |%,(0*) + > Janfalo’) Vp|%.(o*) >, 
accordingly 
> A,,,(w*){v,|% (@*) Y= = Ayn (@" Sen’ (WY; 
i" 
which shows that S’ is the inverse matrix of A, namely, 

S,/(o*) = Ay (o*)/D(o*), (9) 
where A,,(o*) is the cofactor of A,,(w*). A,, and D have the same forms as 
those defined by (6) and (7) respectively. Substituting (9) into (8), we get the 
T-matrix for the elastic scattering (a=) : 

Fiske (w*) ae —fi (w) ap (w*)/D(o*), (10) 
Oe (wo) = 2 Jay Jar Ay (w*). (11) 
The qe eee is also represented by the phase shift 0,(w) as 


Tx(o*) = —+- ee sind, (w). (12) 
7 


é 


Here it should be remarked that the phase shift 0,(w) is generally complex. 
We are now in a position to investigate the relationship between the phase 


shift and the number of bound states. Define the function F.(z) by 
F(z) =2Qa(z)/D(z), (13) 
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D(z) =(M,—2) (M,—2) — (M2) D9aTa@ 
— (M,—2z) 33 92, Ja(z) +S (z) Jo(z), 
O.(2) =93(Ms—2) +92(Mi—2) 8 Jo@), (@# B), 
= (Jun J2—912.9a) > 
(0) 


WO—z 


oo 


He =| a 


Me. 


F,,(z) is a function defined on the z-plane with a branch-cut from z=” to z= + 00 
on the real axis, and we can show that it has the following properties : 
i) It is regular except for a finite number of poles (=zeros of D(z)). 
ii) It has a finite number of zeros (=zeros of Q.(z) and z=0). 
ii) an F,,(z) =e sind, (w) /tfe (a), w—M,. 
Z>wt 
iv) lim 2Fi(z)/Fa(z) =0. 
| Z|> 0 
In addition, since it holds that for real w 
lim Q,(o) =+©, 


wr oO 


QO,'(w) <0, for ow<m,g(a 8), 


we see for wma, that 
O.,(w) has one zero, if Qa(mga) 0; 
O,(w) has no zero, if Qua(me) > 9. 


O,(«) has no zero in the range w > mz, except for the special case of «°=0, because 
in this range J,(w*) has a non-vanishing imaginary part. Furthermore, we can 
show that there is no complex zero. (See Appendix.) From these facts we see 


that Q(z) cannot have any zero in the interval m<w<m, while Q(z) may 
have one. 


(14) 


All the zeros of D(z) on the real axis lie in the range w<m,, and they give 
the energies of bound states. (See Appendix.) Jf D(z) has one zero in the 


interval m,<w<m, it necessarily coincides with that of Q,(z). This can be 
seen as follows: If 


D(o) = (Mo) (My—0) +[ M0) f+ (My—0) gh] Ja (0) +.2:(0) J: (o) =0 
for some value of w in that interval, the imaginary part of this equality is 
Im D(w) =Q, (a) -2f (w) =0, 


rons that Q,(w) is also zero. Accordingly, this zero of 
F. 1 (z) e 


. Now the integration of the function Fj(z)/F,(z) along the path indicated in 
Fig. 1 gives, due to Cauchy’s theorem, 


D(z) is not a pole of 
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1 f F(z) a 
es | at GEE 
Be Fey inc (218) 
where », and Y are the numbers 
of zeros of zQ,(z) and D(z), 2—Plane 


respectively, in the range — co 
<z<m, of the real axis. On 
the other hand, the contribution 
from the large circle vanishes 
Owing to the property iv), and 
we have only to perform the 
integration along the path just 
above and under the branch 
cut. 


The case a=1. We can ; 
distinguish the following three Fig. 1. are (O) of 2Q.(z) and the zeros (x) 
cases : 
1) There is one zero (denoted wm) of Q,(z) but no zero of D(z) in the 
interval m,<z< mp. 
2) Q,(z) and D(z) have one common zero in that interval. 
3) There is no zero of Q,(z) in that interval. 
In the case 1) we have 


1 i dea Seah ar F/(o*) _ Fi'(o) 
at Bele) ei ao] Eas eis) 


“aa 


|=Rel.(co) 2. m)] 


+lim Im| {log sin 8, (co) —log sin 0; (w)+7) } 
470 


+ {log sin 0; (@)—7) —log sind, (m,)}]—z 
sind,(0co) _ 


=Re[0,(0o) —4; (mm) ]+arg sin 0, (m,) 


where we have used the fact that 0;(w) is real if m,<w<m, and that arg sin 
0,(wo +7) = arg sin 0;(m,). In the case 2) and 3) the term —z does not appear. 
In any case we can write 


(N,—N) #=Re[8,(co) —8, (m,)]-+arg SiC) 


sind, (ms) ” Ce 


where N, is the number of zeros of 2Q,;(z) and N the number of the bound states. 

The case a=2. In this case the integral interval is divided into a physical 
_-and unphysical regions (7,<z<m,). For the latter the observed values of the 
phase shift are not given. We assume, therefore, that the values of the phase 
shift in the unphysical region are given by “ analytic continuation”. This enables 
us to make use of the property iii) of #,(z) in the interval m,<z<m,. Now 
Q,(z) has no zero in the interval m,<z<m, while the zero of D(z), if exists in 


Pg ee a ee Se Se ey eo, ee a Ce eee 


oe 


en ea 
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this interval, survives. We have then two distinguished cases : 
1) D(z) has one zero (denoted w) in the interval m,<2< M2. 


i, P : sin 0, (00 ) sin 0; (wo—%) |. 
(N,N) a=Re[0,(co) —4, (0m) ]+ lim are| ee tain.) 
(17) 
(Re 0, has no pole at ) 
2) D(z) has no zero in that interval. 
(N,—N )2=Re[02(c) —0,(m,) ]+arg sin 0,(0) (18) 


sind,(m) _ 


Here N, and N stand for the number of zeros of 2Q,(z) and that of the bound 
states. 

The above mentioned “ analytic continuation” is not possible in the strict 
sense, because we may have only a finite number of observed values of the phase 
shift. Nevertheless, we can expect that an approximate continuation would be 
possible taking advantage of the facts that 6,(w) must have branch points at mm 
and m,, and that F,(z) has poles at the energies of the bound states. (It would 
be worth noting that a simple extrapolation from the low energy region is never 
‘valid because w=mz, is a branch point.) 


§ 3 Conclusion 


We could’see, in the two-channel case, how phase shifts are related to the 
number of bound states. The number N,(@=1, 2) which appear in (16) or (17) 
and (18) is the number of zeros of 2O,(z) and it is seen from (14) to be 2 or 
1, which is equal to or smaller by one than the number of the bare V-fields. 
Thus we can not generally interpret N, as the number of the bare V-fields. 
The situation will become much more complicated in the general case when we 
have many bare V-fields, and we are compelled to reach a negative conclusion 
that Levinson’s theorem has nothing to do with determining the number of discrete 
a eigenvalues of the free Hamiltonian. Besides, in the scatterings of the heavier 
ee 6-particles we meet with the difficulty of analytic continuation of the phase shifts. 


a Calculating the K-matrix and the elastic or inelastic scattering cross sections, 
ee i we also see that the phase shifts and the cross sections have the possibility of 
. 4% ee showing the so-called “ cusp-behavior”® at the threshold of the other channel. 
. _ Appearnce of these features is due to the integral Re J,(w*) in (13). Discussions 


fe on other problems, say, the effective range expansion in multi-channel scatterings, 
_———- ete., are ommitted, being beyond the range of our purpose. 

| or In conclusion the authors would like to express their sincere thanks to Prof. 
Bs, : R. Utiyama for his continual encouragement and suggestions. They are also 
y: Be indebted to Messrs. K. Yamamoto and R. Sugano for many helpful discussions. 
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Appendix 
We show that Q,(z) has no complex zero. Set z=2x-+iy, then the imaginary 
part of Q,(x+iy) is 


foo] 


2 

Fate aioe eae Ss (o) | j 

>| Jai— Jas | do eS IN (A-1) 
bide) 


If y does not vanish, this is different from zero. (Q. E. D.) 
Next, it is shown that D(w*) has no zero in the range w>m,. For this 
purpose we rewrite D(w*) as 


Diavar | A(o") -4 Gi (Ma—o) — 1 7x(M,—0) | 


1 


Ke 


x | (w*) — 


- [9x 11 M2 — w) — 920. 912M — w) P 


= A(w*) B(w*) —C?(w) =0 (A-2) - 


Fi (M,—0) ——, (M0) | 
K 


and divide A and B into real and imaginary parts: 

A=a-tia’, a’=xzf?(w) >0 

for w> ms. (A-3) 
B=b+ib', b/=«zrf/(w) >0 ; 


Then we have 
Re D(w*) =ab—a'b’—c=0, 
(A-4) 
Im D(w*) =ab’+a’'b=0. 


The latter gives that a and 6 have the sign opposite to each other, while the 


former gives ab>0. This contradiction indicates that D(w*) has no zero in the } ae i 


range w > Mz. 
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The Hamiltonian of a single particle moving in a pear-shaped potential has been discussed. 
In order to investigate the effect of spin-orbit coupling in a field of octupole deformation a 
simpler radial form has been suggested. A Nilsson’s Representation is chosen and eigen- 
values are calculated using second order perturbation. It has been shown that in order to 
explain the occurrence of the 253 Kev (1—) level in Ra226, the octupole deformation 


parameter a, comes out to be 0.02. 


§ 1. Introduction 


The systematic occurrence of relatively lowlying odd parity rotational states” 
of even nuclei in the neighbourhood of Radium, suggests an odd parity vibration, 
most likely the octupole vibration. This, in its turn, raises the interesting ques- 
tion that whether an egg-shaped nucleus is more stable than the more familiar 
spheroidal one. It has already been shown” that, adding up the individual particle 
energies in an anisotropic harmonic oscillator potential, the spheroidal shape becomes 
more stable than a spherical shape. 

Lee and Inglis” have calculated the energies of the nucleon moving in an 
average potential, whose surfaces run parallel to that of a pear-shaped nucleus. 
They have come to the conclusion that although a pear-shape is not energetically 
stable, the difference of energy is not much between a prolate spheroid and a pear- 
shaped nucleus. But there are several approximations in their calculations, and 
they have neglected the spin orbit coupling term, which will considerably affect 
the energies of individual nucleons. 


§ 2. Mathematical formulation 


We have devised a formalism in which the effect of spin-orbit interaction on 


the energies of the nucleons moving in a pear-shaped potential can be easily 
calculated. 


The equipotential surface is given by the equation 


(pres Rees [1 +a; Yio (0'¢’) + az Yo (0'¢’) ase, (0'¢') ji (1) 


_ with usual notations. 
To fix the center of mass of this surface one gets 
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while for volume preservation, 


od ~o8}| 1 + = (a + a?) | 5 (3) 


neglecting higher order terms in a, a, and a3. In (3) «} corresponds to the angular 
frequency in a spherical nucleus. Using (2) and (3), we can write (1) as 


V(r’) = Mot? 1 + (a2+a2) 
dy 16z 


[2 f aoe Az Az Yr (0'¢’) + az Yo (0'9) + az Y (0! i) )|. (4) 
The total Hamiltonian of the particle is given by 
Hye = T+ V(7r'@’!) +Cl-s+ DP (5) 


where C and D are explained in reference 2). 
When a;=0, (5) reduces to the familiar Nilsson Hamiltonian for spheroidal 
nucleus. Thus from (4) and (5) we get after co-ordinate transformation 


r 5 ho? 5 
FAyear— |g EARS =. fey 4 3°n a3" V rnd >) + me c 3°n as” a2 me Yop (0) 
— thes & [= 7r*[ OY 3 aa YulO8) + = Yn (08) | 6) 
21/350 


where in. order to compare with Nilsson’s” Hamiltonian we have put for convenience 


ih 5 15 4 yee 
1 co eee Nighy DE Lak Pied 
alte * 3 ae 7) 


and a,~ —20 with 7=0.05 as suggested by Nilsson. 


Since the Z-component of the total angular momentum of the particle 7, com- 
mutes with (5), the eigen-states can be specified by 


i= SarlNi) (8) 
where |Nj.) are the Nilsson wave function in a spheroidal potential. The extra 
energy due to the pear-shaped deformation can be found from the equation 

ay! E,= 24 ay (Njz| pear — Hspneroia|V’ je) (9) 
by exact diagonalization. Whereas with use of perturbation calculations, this extra 


energy will be given by 
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AE = S| ( +3 = ag +z (N; jel a3 Ay al Yn (08) [Nie | 


ho} $ 2 2m 64a 
JNK | OY Sar Yo O8) +2 ¥n(06) [INE DP Ff 
Wa 7 , 2 10 
+h >, Ey,5,—Ew/ jz 
(N/=N+)) 
where 
Bie ae Nar Gi 
ia apne 


and Ey,, are the corresponding Nilsson’s eigen-values. In Equation (10) summa- 
tion over i denotes addition of the single particle energies for a particular configura- 
tion. 


§ 3. Numerical calculations 


With use of the above formu- 


lation, the difference in energy 74 56 . ; ae 
between a pear-shaped and a 730 : 
spheroidal nucleus for Ra” is 72 
calculated. The equilibrium quad- —°g-7,f 2 0 4 
rupole deformation for Ra”, using uw 45 o-% 
Nilsson’s eigen values, is a= oe ore 
—0.4191 which corresponds to ie 6 
n= +4. ——————e 

The energy for a_ single 6ak go : ol, 
nucleon moving in such a pear- ei $ 5 : 

- shaped potential is plotted against a oe 

a; in Fig. 1. It is obvious that Me o Ny 
the introduction of the pear-shaped 2 2 
deformation markedly affects the 428 “i 
single particle energy levels. “3 

We have calculated the ex- ere: “ o-Y 
pectation values of the second and 
third terms in (6) using first and hy s% 
second order perturbation treat- ny LS 5 d 
ment. In order to check the accu- St 
racy of our perturbation calcu- $0, oF as a 


lation we have also calculated the 
same for j,=11/2 and 9/2, by 
exact diagonalization of (9). The 


Ssh 


Fig. 1. Single particle energy levels in a pear- 
shaped potential. 
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results are tabulated below for a;=0.1, in units of rho. 
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es, By exact From perturbation 
je=11/2 diagonalization calculation 
Nilsson’s Orbit No. 56 +0.036 +0.035 
45 —0,524 — 0.553 
28 +0.497 +0.528 


It can be seen that the difference between the two calculations is very small. 
For 7.7/2, the matrix that is to be handled is of very high order which makes 
it rather difficult to solve by exact diagonalization. 

Assuming a configuration as given by Nilsson for 7=+4 for Ra”®, the total 
difference in energy, 4E, is calculated by trace-technique. The sum of the traces 
of the matrices for different 7, corresponding to all the seventy-five orbits of Nils- 
son have been found. The contribution to this energy from the particles in unfil- 
led levels in Ra”®, as calculated by perturbation treatment, is then subtracted. 
The required energy difference comes out to be 


AE/ho®=50.4759 a+ 45.2103 a? (11) 


where the first term comes from yolume preservation and the second term from 
the pear-shaped deformtion. 

Thus since both terms in (11) are positive for any value of a;, the difference 
in energy is always positive. In order to excite the 253 Kev (1—) level in Ra™, 
(11) gives a;~0.02. ; 


§ 4. Discussion 


Thus we have found that introduction of the spin-orbit interaction, although 
greatly affects the single particle energy levels, does not make any further improve- 
ment on Inglis® results (in case of Ra”). But similar calculations for other 
regions (e.g., Sm’) are necessary before one can draw any definite conclusions. 
Our calculations reveal that in the Ra” region the 1~ level should be looked upon 
as octupole vibration about a spheroidal equilibrium shape. It will be interesting 


to see whether the altered wave function can explain the moment of inertia of — 


the odd parity bands, which remain unexplained uptil now”. 


Recently Suekane*) has calculated the octupole rigidity of some hypothetical 


nuclei, and found that, although C, (quadrupole rigidity) are very large at the | 


closed shells of magic numbers, C, (the octupole rigidity) are not always large 
here. Hence he has concluded that the nuclei-in the neighbourhood of these closed 
shells, the lowlying levels due to octupole type collective oscillations may be observed. 
But unfortunately he has not carried out any calculations in Ra-region, where this 


type of oscillation is more pronounced. 
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é It may be mentioned that our estimation of a;(~0.02) agrees remarkably 
with that of Fréman” from his considerations on odd parity a-transition of even- 


even nuclei in this region. 
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The superexchange interaction of the four-electron model is investigated, including 
various excited configurations. The only assumption used is that the overlap between atomic 
orbitals is small. It is shown that the superexchange interaction of the four-electron model 
can be represented by a spin Hamiltonian 2Js4sc¢, even when the non-orthogonality of 
wave functions is taken into account, and even when various mechanisms of superexchange 
interaction are included simultaneously in the effective interaction J. It is also shown that 
single-configuration approximation like that used in the previous paper (1) gives a result 
which is very close to the correct one in the four-electron model. We argue, therefore, 
that as long as we look for the difference in energy between the parallel and the ordered 
antiparallel states, the essential features are involved in single-configuration approximation 
even when it is applied to real crystals as in (1). 


§ 1. Introduction 


Since Anderson” discussed the origin of superexchange interaction, various 
models which lead to spin dependent energy of ionic crystals have been proposed.” 
However, these discussions are limited to qualitative understanding of the interac- 
tion and not suited for application to real crystals. On the other hand, Yamashita 
and the author®** proposed a method which can apply to real crystals in evaluating 
a numerical value of the spin dependent part of the crystal energy.*** 

In this approach we have made three assumptions: (1) Overlap between ions: 
is small. (2) The ground state of an antiferromagnet is close to the ordered anti- 
parallel spin state. (3) Instead of configuration interaction a single-configuration 
approximation is adopted. We have seen that the first assumption is well satisfied 
in MnO. We see, however, that the second and the third assumptions are funda- 
mental in our approach, and they cannot be removed without serious difficulties. 
In order to express the ground state of an antiferromagnet as a linear combination 
of various states of different spin configurations it is necessary to know the transi- 


* The present address: Department of Physics, College of Science and Engineering, Nihon 


University, Kanda, Tokyo, Japan. 
*& We shall refer to this paper as (I) in the following. 
*&k The numerical results of MaO will appear in Progress of Theoretical Physics Vol. 23, No. 


1. (1960). 
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tion matrix between these states. But as is well known, it is very difficult to 
obtain it in the case of N-bcdy problem owing to non-orthogonality of wave func- 


tions. Moreover, the configuration interaction in N-body problem gives rise to a 


divergence difficulty when carried out to higher order processes. 
In the case of four-electron model, however, we can both carry out the config- 
uration interaction and calculate the energy of the singlet state as well as the ordered 


antiparallel state. Thus it may serve to give some idea for the approximation that 


we adopted in the N-body problem to compare the energy of the state of single- 
configuration approximation with that of configuration mixing and to haye some 
relation among the energies of the triplet, the ordered antiparallel and the singlet 
states in the case of the four-electron model. 

In § 2 we see that in the ground configuration (the so-called totally ionic state) 
the energy difference between the triplet and the antiparallel state is the same as 
that between the antiparallel and the singlet state. 

In § 3 we carry out the configuration mixing and see that the energies of the 
parallel, the ordered antiparallel and the singlet states are separated by an equal 
amount from each other. Therefore the spin interaction of the four-electron model 
can be represented by an equivalent spin Hamiltonian, 2Js4s~, J being the magni- 


tude of the energy separation.* In §4 we obtain the energy difference between 
the parallel and the ordered antiparallel states in the single-configuration approxima- 
tion used in (I) and see that it is very close to the above J. 


§2. Totally ionic states 


Consider three nuclei, A, B and C, in a row with distance a. Let ¢,(r) be 
an atomic orbital of s type belonging to the atom A, ¢,(r) be that of p type 
belonging to B, and ¢,/(r) be that of s type belonging to C. These are real 
orbitals. We take into account the following two overlap integrals and assume 
that the overlap between ¢, and ¢,’ is negligibly small : 


| eo(r)¢.(r)do=— | 9p(r)e/(r)do=S. ql) 


We assume that in the ground state atoms A and C are occupied by a single 


electron and atom B is filled with two electrons of opposite spin. The total 


Hamiltonian of the system is 


f= 2 E, (2) $2 536/27 es (2) 
where . Fi (2) = pi’ /2m—22,Z,/ rig. (3) 


* This was also shown by F. Keffer and T. Oguchi in the case of the Anderson model, using 
a spin operator method. They have shown that Anderson’s method to treat afour-electron model 
can be extended even when the non-orthogonality of wave functions is taken into account. The 


author wishes to express his thanks to them for sending a preprint of their investigation before 
publication. 
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Here 7 and ; specify electrons and gy a nucleus, and 7;, means the distance between 
the ith electron and the g-th nucleus whose atomic number is denoted by Z,. 
On the other hand, 7; is the distance between the i-th and j-th electrons. . 

Let us consider a parallel spin state #% and two antiparallel spin states ¢x 
and #, given by 


a= (4!) |G, 8 Ppa Ga Gy BI, (A). 
f= (4!) 71719, 0,8 9,8 ¢.' B|, (5) 
Pa= (41)? |9,' a Opa Gy 8 G./| - (6) 


The average energies of these states are given by” 
E=5,(i|t) +42 4[ (jij) — Gio) ] 
— 34 Pi{ (jl) +2 mL (jmim) — (jmmi) J} 


442 pm Pim P| (mnij) es (mnji) |, (7) 

ee Gigs Je HA)gi(Q) da, (8) 
(ijmn) = | gL) 93(2) (€/r2) $m(1) Pa(2) de ds, (9) 

Pty GS as (10) 

Sy= |e) eA day. (11) 


Here i, j, m and n specify atomic orbitals including spin direction. The summa- 


tions over 7, J, 
the wave function in question. As in (I), we expand the average energy in powers 


of S,* assuming a rapid convergence. Then up to the second order terms we 
obtain 

E=5,G\i) +2a jl Gis) — Gj] +255B@ J), (12) 
where BG, j)=—2S8al C10 4+ Smasj(jmim) | 

4.S2[ (ili) + CAA) +2 mec (imim) +2 maj Gj) — (ijij)]. (3) 
Therefore, up to the second order of S the average energy of the states Yu, ¢r 
and #, are expressed as follows : 
En =(¢a Hoa) / (Pa $a) =¢,+B(pa, sa) +B( pa, s’a) — (pasa sa pa) 
; —(pas'as'a pa), (14) 


E,=((, Hh) / (ae) =¢,+B(pa, sa) +B (pf, s'B) — (pasa sa pa) 
— (pf s'Bs'B pp), (15) 


* We define the order of magnitude of matrix elements as follows: (Pls), 
and (pspp) are first order quantities in S and ( pssp) is a second order quantity. 


m and n should be taken over all orbitals which are contained in © 


C ps'ss!),: Upstsy, 


822 J. Kondo 


E,=(¢. Hf.) / ($2 $2) =e0+ B(pa, s'a) + B( pp, 5B) —(pas'as'a pa) 
— (p8 sB s8 PP), (16) 
where 
p= 2(s|s) +2(plp) +4 (psps) + (ss’ss’) + (ppPP).- (17) 


It can be easily seen that these three expressions have the same value. As was 
shown in (I), the difference in energy between ¢, and ¢, (or ¢) arises from a 
fourth order part of the expansion of (7). It was already calculated in (1) and 
was given in Eq. (15) of that article. _ 

Next, let us calculate the energy difference between ¢, and the singlet state. 
The singlet state and the triplet state with M,=0 are given, respectively, by 


p= 2-1 (gi +2), (18) 
$= 2" (dy — dr). (19) 
By using the definition of £,, we have the average energies of these states 
E.= ($s ps)/(Ps $s) = Ey —[E, (fi fo) — (¢1 He) J, (20) 
E,= (% Hh) / ($f) = Ei +E (ts $2) — (Gr He) J. (21) 
From (20) and (21) we see 
E,— E,= E,— E,= Ey ($1 $2) — (¢, Hs). (22) 


Non-diagonal matrix elements such as (¢,H¢,) can be obtained straightforward- 
ly,” as long as the four-electron problem is concerned. We obtain: 


(tits) =S* (23) 
and (fi Hf.) =4S*(p|s) —2S°[2 (pss'p) — (pssp) ]. (24) 


Substituting these expressions into (22), we see that it is the same as (15) of 
(1), as should be the case. Thus, we have seen that the interaction between spins 


of the atoms A and C can be represented by a spin Hamiltonian 2Js,8,, where J 
is given by (22). 


§ 3. Configuration interaction 
Ys 


Next, we mix various excited states into the ground state, which we classify 
into two categories: (1) One or two electrons transfer from an atom to another 
or two other atoms. (2) An electron of an atom is excited to a higher orbital 
belonging to the same atom. In the former states we assume that ¢, or 9,’ ac- 
commodates the transferring electron and in the latter we consider only an s type 
orbital (denoted by ¢,) belonging to the atom B as the excited orbital. In the 


following we shall show a list of all excited states which are compatible with 
M,=0. 
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¢3= (4h) 0? Poe Pra ¢38 gs! B| 

$i=(AI)Plese 9a Gp8 9,' P| 

$s= (A!) "|9,.@ 9a GB 9.2 | 

$o= (4!) |9./a Gra GB 9B 

d= (Al) PF |g,a ga 932 ¢;' P| 

ps= (4!) “Pl o,a Pre PrP 9.8 | 

{y= (A!) ?lg,la Pre ¢,2 ¢.! P| (25) 

da= (AN) |g,@ Goa GpB 9s! 2| 

(aan (4!) “Plo,a Ppa GP ¢,! BI 

P= (4!) |9,'@ Gea PrP Ph 

da= (4!) "|g. gra oP 9B| 

Pe= (A!) "7 |g.@ G& PypP 9-B| 

$y= (ANI |Gp@ Gee GaP 9. B| 
We calculate the energy of the system which is now expressed as a linear 
combination of these states by the perturbation method. As we shall see later, 
the excited states are devided into two classes: (1) the matrix element with the 
ground state is of order S, and (2) is of order S?. The second order perturbed 
energy from the latter states is of order S * while it is of order S* from the former 
states. We carry the perturbation process to the third order for the former states 


and carry it to the second order for the latter, in order to obtain a consistent 


approximation which involves all terms up to the fourth order of S. 

We first calculate the energy of the ordered antiparallel state. For its ground 
state we take ¢, (Eq. (5)). States ¢’, and ¢, have first order matrix elements with 
¢, and $2, $a, Po Pa ( $, and 4, have the second order ones. Then we assume 


the ordered antiparallel state is expressed as 
Dap= Prt Shi Pet 25 ly %5- (26) 


s over i and j are to be taken over :=3, 4 and j=7, 8, 9, a, b, e 
We shall later see that 7’s are of order S and p’s are of order 


Here the summation 
and f, respectively. 


S?. Then the following expression for the energy of the state, ¢.,, is correct up 


to S* terms. 
Eap= (Lap Hap) / (Par Par) 
=F, + (1/S:)2:[24(Hu— ES) +46 ae Se ] 
423 par Ae der Heer — Ex Seer) 
—[3,(24; Sie +47 Se) > (24, (Hy: — Ey Sus) +4? (Hi -E: Ss) 
+3,,{24,[Fyjy— Ei Sy; +3,4;(Hy—E, Sy) | +47 (Hj— 4:5) }- (27) 


vi 


ie aN at ie Se ita eal ae A ak Ok a Re Swf bY 


‘ 


ja p08 


his gone 


= 


Ar oka 


= 
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Here the meaning of the notations is: 

y= (¢;HY;), Sy= $5); 

H,=Hu, Si=Su, Esx=Hi/S;- 
The right-hand side of (27) is separated into three parts: S°* S? and S* parts. 
We determine 2, so as to minimize the S? parts and insert the value of 4; so 


determined into. the S* parts. The error caused in this process is higher than’ S*: 
The S? part is minimum with respect to 4; when 


Me es ABs (28) 
where 

A= (p|s) + (psss) + (pps) + (ps'ss’) —S[ (p|p) +2(psps) + (PePP)I, (29) 

B= (s|s) — (p|p) — (spsp) + (ssss) + (ss’ss’) — (PPPP)- (30) 
Then the first line of (27) becomes 

QAR 2S; OSe (31) 

where 4E=A’/B (32) 

I= (24S +#)[B(p, s) — (pssp) ]+S*4E, (33) 

Jy! = 24 — 2S (pssp) +3S* (ppps) +S*(psss) —S*(pppp) —S*(psps) ] 
+2[—2S(psss) +28 (ppps) + S*(ssss) —S* (pppp) }- (34) 


The meaning of these terms will be given later. 
The second line of (27) is written as 


2Ag A, (Hy,— Ey S34) =—2/7 (Hy— Ey So) : (35) 


This term is due to the third order process of perturbation, that is, ¢,>¢,>¢.0¢, 


and is of the fourth order of S, because H3,—E,S;, is of the second order. The 


third line of (27) becomes simply 44E(2AS+/), which is due to the normaliza- 


tion condition. The minimum value of the last line of (27) with respect to p’s 
is easily obtained as 


—*,[ (Hy— By Sy) +24; Aij— E, Si;) P/ (E;—E,). (36) 


These terms are the energy gains which result from mixing configurations 
Pr, Yer Yo, Pa, fr, e and ¢, Here, Hy,—E,S,, is the direct transition matrix from 
¢, to ¢; and 4;(Hi;—E,S;;) comes from second order process, first to ¢,; then to 
#; This is the only effect which occurs when various mechanisms are included 
simultaneously. ; ; 

Next we calculate the energy of the triplet state. We take for the ground 
state (4) rather than (19), although the result does not depend on the choice. 
Then all the excited states which are connected with ¢, are given by 


Fat | 
= 
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Ps=(4!)—P?l9,a Q,a 9,/a 0,8 
Pu=(A!)P|g,a@ Opa ga ¢—,' 8 


(37) 
Ge= (Al) 9.8 Gra goa gy, B| 
$= (AN Gee Ppa Ge YP. 
We assume the triplet state is given as follows: 
$C.) =PatssPatas Prat be Pret by hy (38) 


The average energy of the state (38) is given also by (27), where matrix 
elements are those between triplet states. The term which corresponds to (31) is 


— 24-2 Sj) 255 (39) 
where 
J3=24[2S (ppss’) +3S?(ppps) —S? (pss's) +S? (pppp) +S°* (psps) ] 
+2 [2S (ppps) — 28 (ps'ss’) + S*(ss'ss') —S*(pppp) ]. (40) 


The term which corresponds to (35) is absent, because Hj,—H,S3, vanishes in this. } 
case. The term corresponding to the third line of (27) becomes 4dE(24S+/) as. 


before. 
Then the difference in energy between the parallel and the antiparallel states. 


1S 
E,—Eap= Ji +2524 2S3+ SitSst Jet, (41) 
where 5 ie eed Oe (42) 
Jy= 24 (Hy — Ei Sas), (48) 
Js=[Hir— Ey Sqr + 24 (Hor — E, Sor) P/ (Er — Ex) (44) 
Jo=[(Hie— Ey Sis) +4 (Hes — Ey Sts) P/ (Es— Ex) (45) 
Jp= 2 [Hya— Ei Sta— 4 (a — Fi Sta) P/ (Ea — x) (46) 


and J, and J, are defined by (33) and (40), respectively. Here J;,=E,—, is’ 


given by (22) or by (15) of (1). (We see E, in (22) is the energy of the triplet 
state of M,=0, while E, is that of M,=1; they should be equal to each other.) 


This term is due to overlap S between the atoms A and B. In order to interprete 


the 2J,+2J, terms, we will look for the changes of overlap and exchange terms 


of (14) and (15) when N(¢,+/¢;) is substituted in it instead of 9,8, where N my 


is a normalization constant. The change of B(pa, sa) is seen to be’ J,’.* — Thais 


term occurs both in (14) and in (15). On the other hand, the change of B(pa, sla) 


* The g,@ function is contained in B( pa, sa) as is seen from (13). 
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is J; in the parallel case, (14), while in the antiparallel case, (15), —J» 1s the 
change of B(pf, s'8) —(pP 5/8 5/8 pf). Thus the energy difference J,+Js results 
from the transfer of the ¢,@ electron to the ¢, orbital. Including the effect of 
transfer to the ¢g,’ orbital, we obtain the 2(J,+J;) term. We may interprete the 
2J, term to correspond to the usual Anderson term, while 2; term has not been 
pointed out previously. As stated above, it originates from the overlap energy 
B(pa, s’«) and does not arise when orthogonality between wave-functions is assumed. 
The J, term arises from the fact that the third order perturbation process 
b,>¢,>¢,>%, is present only in the antiparallel case. So, this is the Anderson- 
Hasegawa term, which is positive only when H;,—E,S3, is positive. By direct 
calculation of matrix elements, 


Hy — E,Su= 2S (ppps) —S? (pppp) + (ppss’) +24SB 


is shown. The first three terms may be supposed to be small because of cancella- 
tion. Then the sign of the Anderson-Hasegawa term is determined by that of 4S, 
which may be positive in the usual case. The above four terms arise from mixing 
¢, and ¢,, in which one electron of atom B transfers to atoms A and C, respec- 
tively. The Js; term arises from the fact that the configuration ¢;, in which two 
electrons transfer from atom B to atoms A and C simultaneously, is present only 
in the antiparallel case and is always positive. We may regard J, to J; as arising 
from transfer mechanism, because they are due to configurations in which one or 
two. electrons transfer from atom B to atoms A and C. The J, term is due to 
configurations #3 and %, which are present only in the antiparallel case and is 


- always positive. In a real crystal these configurations appear in the usual band 


model (in MnO these are such configurations as [Mn*O7~~Mn***]). The last term, 
J;, corresponds to the Slater mechanism. We note the excited states of the Slater 
mechanism, ¢,, 4, % and ¢, are devided into two classes. One of them arises 
from one-electron transition process from the ground state, the other from two- 
electron transition process. For the antiparallel state the former is ¢, and ¢, and 
the latter is ¢, and ¢,. For the parallel state the latter is ¢,, and ¢,, whereas 
the former states have zero matrix elements with the ground state because of 
symmetry. Therefore, the effect of two-electron transition cancels out in the energy 
difference, while the effect of states of one-electron transition favours the energy 
of the antiparallel state. This is the J; term. 

Next, we calculate the energy of the singlet state. For the ground state we 
take ¢,, (18). For the excited states all states from ¢; to ¢, are necessary. 


pb, (C. by We eee nce As es ee ae f;. (47) 


Following a similar procedure to the antiparallel case we have calculated the energy 
of the state, ¢, (C.I.). Then it can be shown that the difference in energy between 
the antiparallel and the singlet states obtained in this way, is just equal to that 
between the triplet and the antiparallel states, (41). 
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$4. Single configuration 


Although the treatment of configuration mixing developed in the previous 
section is quite general, except for the assumption that the overlap between atomic 
orbitals is small and the energy can be expanded in powers of S, the extension 
of configuration mixing to the N body-problem cannot be carried out without 
divergence difficulty. To avoid this difficulty we have developed a method® to 
include various excited configurations in the frame of single-configuration approxima- 
tion. Although we cannot say how good this approximation is in the N-body 
problem, we can compare the approximation with the exact approach in the case 
of a four-electron model. This may serve to get some idea of the approximation 
used in the N body-problem. 

As in (I) we assume the following wave function for the parallel, and the 
antiparallel states, respectively. 


$= (41)? |g, a Opa 9, ag, B| (48) 
Pap= (4!) ~¥?|9,.@ by & bya B 5/2 | (49) 
bp= (L+2AS+1o— 24S +42)? (G, +As P+ Agr!) (50). 
Orr = (1-24 SAP oa 2A fla Tl? (Gy Ae! + fa Po) (51) 
Opa= (1 +24, S 4g) fy +245 fy T) (Pp ts Got Mo Po)» (52) 
Gs= (1 +f") (Pet Hos’), ; (53) 
bs’ = (1+/s") (Ps! + Pe Ps)» (54) 
T=|9.¢edo. $3) 


First, we calculate the energy of the triplet state, ¢,, which can be expanded as 
Pb, Pats fist Hs Pus (56) 


Compared with (38), this function does not involve ¢,, and ¢,, because, as stated 
previously, these states are connected with ¢, by two-electron transition process. 


Thus the energy of ¢, is given by 
En—24E+4+-2Jo! +2J3+44E (24S +7’). (57) 


Next, we. calculate the energy of a». We have two methods to obtain it. 
First, since ¢,,» is a single Slater determinant its energy is given by (7) where 
g’s are replaced by @’s. We can expand it in terms of 4”’s and /’s just as in 
(27). By a straightforward calculation we see that it is just the same as (27) 
except that / is replaced by 4,4, and the terms which contain /4, and ty are absent. 
This can be most easily seen by virtue of the second method, in which ¢,, is 


expanded as 
Pap OC i tssps+As Pith Prt Ls e+ Hy Pot Ha Pat bor, (58) 


pO en lag 


=e 
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where higher configurations which are not given in (25) are omitted. In (58) 
( appears with the coefficient 4,4, and ¢, and ¢, are absent. Then the difference 
in energy between ¢, and ¢,, is given by 


J, + 25.4 2I3+ Sit Se! + Jot Jr, (59) 
where Je! = —[2A5 A, (Fy +24, Hy) + (A,4,)? (Er— E,) J. (60) 


We notice that the Slater term of this approximation is equal-to that of configura- 
tion interaction, since in this approximation configurations, ¢, and #,, which are 
those of two-electron excitation, are absent in the both states, the effect of these 
configurations being cancelled out in the energy difference. The J,’ term of (59) 
results because the configuration ¢;, which is a state of two-electron excitation, 
appears under the coefficient of 4,4, in the single-configuration approximation, while 
in the configuration interaction it appears with the coefficient #;, which can be 
varied independently to give a minimum of energy. 


§ 5. Discussions 


We see from the results of the previous sections that in the frame of configura- 
tion interaction the difference in energy between the triplet and the antiparallel 
states is equal to that between the antiparallel and the singlet states, thus the spin 
interaction between atoms A and C can be represented by an equivalent spin 
Hamiltonian, 2.Js48¢, where J is given by (41). We have seen that this is true 
even when the non-orthogonality of wave functions is taken into account, and even 
when various mechanisms of superexchange interaction are included simultaneously 
in the effective interaction J. 

We have also seen that the distinction among various mechanisms is rather 
clear, even when various mechanisms are considered simultaneously. We emphasize 
in particular the distinction between the Slater mechanism (J;) and the mechanism 
of two electron transition (J;). As long as we are concerned with the energy 


difference between the parallel and the antiparallel states, the essential feature of 


the former is taken into account by single-configuration approximation, while the 
proper account of the latter can be taken only by the configuration interaction. 

We may regard each term of the interaction (41) as resulting from four distinct 
origins. (1) J;. This term is due to overlap S between ions. (2) J to J;. We 
may regard these terms as arising from transfer mechanism. The Anderson and 
the Anderson-Hasegawa mechanisms as well as the mechanism of simultaneous 
transfer are included in it. In single-configuration approximation they are those 
terms which involve /’s which represent the degree of transfer. (3) Js. This 
term arises from the usual band model. (4) J;. This is due to the Slater mecha- 
nism, in which the deformation of atom B is taken into consideration. 

In §4 we saw that the difference in energy between the triplet and the 
antiparallel states of single-configuration approximation is equal to the correct one 


- 
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(41) except that J; of (41) is replaced by J;’. We have seen®) by a rough 
numerical calculation that J;/ is nearly equal to J;. Thus we can say that when 
we calculate the difference in energy between the triplet and the antiparallel states 
in the frame of single-configuration approximation we can obtain a result which is 
very close to the correct one. We notice the above statement is validated by the 
following circumstance: Although we cannot take proper account of the states of 
two-electron excitation in single-configuration approximation (that is, ¢, appears 
with coefficient of 4,4, instead of 4, and ¢, and ¢, are not included in ¢,,), they 


have no large effects on the difference between the energies of the parallel and 


antiparallel states. Thus the conclusion of our investigation is as follows: (1) As 


long as we look for the difference in energy between the parallel and the ordered ~ 


antiparallel states, the essential features are involved in single-configuration ap- 
proximation even when it is applied to real crystals. (2) The correlation effect, 
to account for which we must invoke the configuration interaction, plays its essential 
role only in such problems as looking for the ground spin configuration of antifer- 
romagnets or as determining coefficients 4 and # when overlaps between ions are 
large and the expansion in S of energy is invalidated. 
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The internal structure of very massive stars with 46.8 solar masses is investigated in 
their early stage of evolution. Starting from an initial homogeneous model, their evolution 
is followed to the stage where the hydrogen in the core diminished to nine per cent in 
weight. The inhomogeneous models consist of three regions, a hydrogen-rich envelope, a 
hydrogen-consuming core, and a semi-convective intermediate zone. In the last zone, the 
mean molecular weight varies continuously and its distribution is determined by the condition 
of convective neutrality, where the gradient of mean molecular weight resulting from the 
convective mixing between the envelope and the core is taken into account. It is shown that 
the stars stay in the H-R diagram nearly at the same position as the main sequence stars 
until the hydrogen in the core is mostly exhausted and their life is about 3106 years. 


§ 1. Introduction 


Recently, the internal structure and evolution of very massive stars heavier 
than ten solar masses are investigated by several authors,”~? and it is found that 
the convective unstable region grows (in terms of the mass fraction contained in 
it) as the evolutionary phases proceed in contrast to the less massive stars in which 
the convective core shrinks as the hydrogen contents of the core decrease.” This 
new phenomenon of growing convective instability, which is characteristic of very 
massive stars, has been considered in detail by Schwarzschild and Harm® and 
Sakashita et al.2* independently. As the mass of stars chosen in Paper I is 15.6 
solar masses, the effect of convective instability is small so that the newly appear- 
ed convective zone is approximated by a radiative one. 

On the other hand, in the case of Schwarzschild and Harm,” the range of 
stellar mass is so wide that the effect of this zone becomes more serious. They 
treated this as a semi-convective one in which convective motion joins the hydrogen- 
rich envelope and hydrogen-consuming convective core and the variation of mean 
molecular weight due to this convective mixing is determined so as to maintain 

the convective neutrality. The condition for the convective neutrality used by them 
is that the adiabatic gradient is equal to the radiative one. In the semi-convective 
region, however, there exists a gradient of mean molecular weight resulting from 


* This paper will be referred to as ‘Paper I” in the following. 
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the convective mixing, and this gradient in turn suppresses the upward and down- 
ward driving force giving rise to the convective motion if the mean molecular 
weight of the material element remains unchanged during its motion. Therefore, 
the condition to maintain convective neutrality should be modified by taking account 
of the effect of the gradient of mean molecular weight. 

It is the purpose of this paper to investigate the ‘structure of very massive 
Stars consisting of three regions, the hydrogen-rich envelope, hydrogen-consuming 
core and semi-convective intermediate zone in which the distribution of: mean 
molecular weight is determined so as to satisfy the condition of the convective 
neutrality that the driving force for the convective motion vanishes everywhere. 


§ 2. Construction of models 


First, the initial homogeneous model is constructed by the usual method using 
non-dimentional variables introduced by Schwarzschild as described in Paper I. 
Chemical composition and opacity are taken in accordance with Paper I, ie., 
X=0.9, Y=0.08, Z=0.02, and opacity is due to electron scattering only. With 
a fixed parameter A=144.2 of envelope solutions and with the chemical composi- 
tion adopted above, the mass of stars is determined from Equation (8) in Paper 
I as 46.8M,. Using this value of the fixed parameter, the basic equation (7) in 
Paper I is integrated inwards for appropriate values of the remaining parameter of 
envelope, C, by the numerical method. 

As for the convective core solutions including radiation pressure, the results 
of Henrich’s® calculation are used. Fitting conditions at the interface between 
radiative envelope and convective core are the same as in Paper I, that is, the 
continuity of U, V and 8, or U, V and (z+1). In this way, the mathematical 
characteristics are completely determined for the initial homogeneous model. 

Secondly, inhomogeneous models immediately following the homogeneous one 
must be constructed. In order to construct them the physical processes, which 
occur in succession slightly after the homogeneous stage and determine the variation 
of the chemical composition, are to be considered. Hydrogen-burning nuclear re- 
actions at the center of star reduce the hydrogen content, and the mixing by con- 
vective motion in the core will be fully effective. Thus the hydrogen content of 
the core will decrease homogeneously, meanwhile the mass of a convective unstable 
region grows gradually. 

The depletion of hydrogen in the core reduces the temperature gradient since 
the main opacity is due to electron scattering, and so this will tend to make the 
outer boundary of the core to be in radiative equilibrium. However, there appears 
a new convective instability at the innermost region of the envelope. If the con- 
yective motion due to this instability is effective enough, hydrogen in the envelope 
and helium in the core will be mixed by this motion. The gradient of mean 
molecular weight resulting from mixing will in turn suppress the convective motion 
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and this will cease when the convective neutrality condition is satisfied. 

On the other hand, if the convection is not effective, there will appear a radia- 
tive inner zone and a convective outer zone between the core and the envelope. 
The appearance and the growth of such a purely radiative intermediate zone will 
depend on the details of the mixing processes such as the local variation in the 
rates of mass and energy transports. 

In this paper we shall investigate the former case. This will be considered 
as a limiting case where the purely radiative zone does not appear. Then, succes- 
sive depletion of hydrogen in the core and successive growth of convective insta- 
bility in the envelope give rise to the convective motion between the core and the 
envelope, and the variation of mean molecular weight in this region is self- 
adjusted to maintain the convective neutrality. The condition of convective 
neutrality should be thus modified to take account of the effect of the gradient of 
mean molecular weight arising from mixing so as to generate continually the 
driving force to maintain the convective motion. In this case the condition of 


Table 1. Mathematical and physical characteristics of models. 
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Model 0 (Homogeneous) i. 2 
log C — 3.6185 — 3.6160 —3.6145 
U; 1.486 1.476 1.470 
V, 4.626 4.624 4.623 
(2+1); 3.347 3.351 3.352 
log x, —0.374 — 0.375 —0.375 
log q, —0.193 —0.192 —0.192 
log p; 0.616 0.618 0.619 
log t, —0.571 —0.570 —0.570 
By 0.819 0.818 0.817 
Uy 2.205 2.756 
Vr 2.100 0.580 
(n+1) 7 2.620 1.523 
log xy —0.553 — 0.848 
log gy — 0.525 —1.267 
log py 1.181 1.534 
logty — 0.383 —0.217 
By 0.721 0.429 
XG 0.900 0.730 0.098 
Be 0.735 0.687 0.426 
log T, 7.645 7.654 7.716 
log L/Le 5.368 5.371 5.372 
log R/Re 0.850 0.852 0.852 
log T, 4.679 4.679 4.679 
life (years) 0 1.5 x 106 3.3 x 108 
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Fig. 1 The variation of the hydrogen content from the center to the surface. Dotted lines 
show the results obtained by Schwarzschild and Harm for stars with M=28.2 Me. 


convective neutrality that the driving force for the convection motion just vanishes 
is given by 
1 week 8 dlogp (1) 
(n+1) rea (2+1) aa 4—3 d log P 
where (2+1)raa and (7+1)aa are defined by Equation (13) in Paper I. On the 
other hand, under the condition that the last term in Equation (1) is dropped as 


considered by Schwarzschild and Harm,” finite driving force is active in the nega- 
tive direction so that no convective mixing will occur between the core and the | 


envelope. 
According to the above consideration, we can construct the models of very 


massive stars in their early phases. The model consists of three regions, a hydrogen 
rich envelope, a hydrogen consuming core and a semi-convective zone between 
them in which the distribution of mean molecular weight is determined by Equ- 
ation (1), or more explicitly, by the following differential eqation, 


d log pt 2H d logt —( 8—68 ). eee (4—38) (1') 
dlogx dlogx 32—248 — 38° d log x B 


Equation (1’) for the semi-convective intermediate zone should be added to the basic 
equation (7) in Paper I, and be simultaneously satisfied. The inhomogeneous ~ 
models are then constructed as follows. The envelope solutions are obtained for 
slightly different values of the free parameter C. From the point where the envelope 


solution reaches the condition of convective instability, the semi-convective zone 1s 
d to the convective core solution according to 


integrated inwards and this is fitte 
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the conditions of continuity of U, V and 8. By this fitting procedure, the mathe- 
matical characteristics of models are completely determined for the definite value 
of parameter C. 

To transform the non-dimensional mathematical quantities to the physical ones, 
it is necessary to equate the rate of energy production to the stellar luminosity. 
The energy production in the convective core is given by Equation (17) in Paper I 
in which we adopt 


C=O LOK ee ox cea Ee er yr 


according to Burbidge et al.” 
Likewise, all the physical quantities of stars are obtained for the given mass. 


§ 3. Results and discussions 


The mathematical and physical characteristics of models are shown in 
Table I, and the distribution of hydrogen in stars is plotted in Fig. 1. We see 
that the very massive stars stay nearly at the same position in the H-R diagram 
even hydrogen in the core has been mostly exhausted, the effective temperature 


retaining the same value and luminosity increasing only slightly through the whole 
stages in consideration. 


Though the data of the H-R diagram for very massive stars to be compared 
with the theoretical results have never been obtained, it may be possible to check 
the theoretical results, if it is allowed to extrapolate the H-R diagram of less mas- 
sive stars to heavier ones. For this purpose, the investigation of the models in 


later stage, i.e., the gravitational contraction stage, and the life of staying on this 
stage might be desired. 


As for the less massive stars, the internal structure in early phases of their 
evolution was investigated in the same way for the star of 15.6 solar masses. In 
this case it was found that the solution which consists of the radiative homogenous 
envelope, the semi-convective zone and the convective core did not exist. Therefore, 
there will be a critical mass between 15.6 and 46.8 solar masses, above which 
such a solution exists. Below the critical mass, the semi-convective zone might 
not develope as evolution proceeds and some part of the intermadiate zone might 
be in a state of radiative equilibrium. For more detailed investigations about the 
formation of the semi-convective zone, it may be desired to study the physical 


mixing processes occurring in a star, for instance, the rate of mass transport by 
convective motion. 
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As the general source for non-leptonic weak interactions, an elementary two-fermion 
(4-n) interaction is introduced and investigated. The calculated asymmetry factors and decay 
rates for A and ¥ decays show that this interaction, with some corrections due to the strong 
pion-baryon interactions, does not seem sufficient to describe these decay processes. Hence we 
cannot ascribe the main features of weak interactions to the two-fermion interaction only. 


§1. Introduction 


It is remarkable that in weak interactions such quantities as space inversion 
parity, charge conjugation parity, strangeness, isotopic spin, etc., are not conserved, 
though they are known to be very good quantum numbers in strong interactions. 

There have been several attempts to explain some of these violation characters 
on a general footing. As far as the non-conservation of space parity and charge 
conjugation parity in neutrino processes is concerned, the left-handed two-component 
neutrino theory” seems to provide a very good explanation. As for the non-leptonic 
processes, the V—A chiral-current interactions (the Fermi interactions of current- 
current type between four fermions) are suggested by Feynman-Gell-Mann” and 
Sudarshan-Marshak”’. 

At present, however, our knowledge on the strangeness (S) and the isotopic 
spin (J) quantum numbers, which might be related to some inner degrees of free- 
dom other than those which are concerned with the Lorentz space, remains more 
or less at a phenomenological stage. For example, the strangeness selection rule 
|4S|=1 and the sso-selection rule |4Z|=1/2. are usually put as ad hoc assumptions 


on baryon-meson weak interactions. 

But among many proposed physical interpretations for the strangeness, Sakata’s 
composite particle model” gives us a very simple and natural way of understanding. 
Supposing that all the strongly interacting particles should be composed of a limited 
number of fundamental particles, i.e., nucleon and A-hyperon, as well as their 
antiparticles, the strangeness quantum number can be regarded as the particle num- 
ber of constituent /’s appearing in the composite particle. Furthermore, we can 
say an interaction is weak or strong according to whether it causes the kind- 
changing transition of a fundamental particle or not. The last property corresponds 
to Nishijima-Gell-Mann’s rule. 

On the other hand, we have no general explanation for the iso-selection rule 
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AI|=1/2. Of course it is not certain whether this form of iso-selection rule should 
be the actual one. Indeed, using the chiral-current interactions, which were com- 


patible assumptions with Sakata’s model, Okubo, Marshak and Sudarshan” showed 


that the experimental data for /-decay could be reproduced in quite a different 
way from the interpretation based on the rule |4/|=1/2. With all the interesting 
feature, unfortunately, the chiral-current interaction hypothesis does not seem to be 
good enough to account for K°—>2z decay rates.” 

Thus, we take here the |4J/=1/2 rule for an acceptable one, and try to find 
its origin in a simpler interaction, rather than in ad hoc application of the rule 
to every possible weak process. An interesting suggestion in this line was given 
by Wentzel.” He introduced the idea of “ spurion”, a spurious ‘ particle’ with 
isotopic spin 1/2, which is emitted or absorbed in weak processes without carrying 
any energy, momentum and charge. This, however, was in itself a formal 
device. 

In this note we assume that all the non-leptonic weak interactions should be 
considered as combined effects of the virtual two-fermion (/->7) transition and 
the strong pion-baryon interactions. The two-fermion interaction is rather unfami- 
liar to us, but it is not so curious from the standpoint of the composite model for 
elementary particles, and further it gives a physical ground equivalent to the spurion 
concept.* In actual calculations we deal with the non-leptonic hyperon decays. 
Our results obtained are, however, not in good agreement with the experimental 
data. This fact might be considered that two-fermion interaction is not sufficient 
for being accepted as the sole source of weak interactions. 


§ 2. Two-fermion interaction 


According to the composite particle picture, we may guess that |4J|=1/2 
should also be realized by the transition of A to nucleon. As the simplest formu- 
lation we can introduce the elementary two-fermion interaction giving rise to the 
virtual transition J->n (neutron), whose Hamiltonian is written (in obvions notations): 


Hy= | deg @i[1+€7,]4) +H.C. (1) 


The coupling constant gy has the dimension of mass. 

Hamiltonian (1) may be regarded as the coupling of A and m with spurion 
which is not written down explicitly, and thus the rule |4J|/=1/2 is guaranteed. 
The possible momentum dependence of the coefficients g and & in the elementary 
interaction (1) is disregarded. The finite value of € can be considered as the 


universal source of non-leptonic parity violations, and in the actual calculations we 
impose the so-called one-to-one law, |€|=1. 


*We have already pointed out another possible model which functions as a spurion.®) It consists 
of the scalar interaction of scalar or pseudoscalar K® meson with the virtual lepton (especially muon) 
loop in the vacuum. This mechanism was first considered by Schwinger.® 
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The interaction of this type is first suggested by Okun’ in his article on com- 
posite model.” Later, Sawyer™ considered two-fermion interaction A->n together 
with ¥*—>p and 3°—n by basing on a different standpoint. 

As it is too complicated to treat the interaction (1) straightforwardly in the 
framework of the composite model, we confine ourselves to the investigation of the 
possibility that all the non-leptonic weak interactions should be reduced to (1) with 
some added corrections due to strong interactions : 


Efe: | ax iG(N(r-)7N) (2) 
+2 ee {ax G((3- n)| iT |a +H.C. (3) 
Hs | ax iG” (BrsXB)-z. (A) 


In these strong interactions we take the 2-hyperons and the pions for the usual 
particles, and this will correspond to some approximation from the view-point of 
the composite particle model. 

No other leptonless weak interactions like the Yukawa interactions of (ANz)- 
or (S'Nz)-type, or four-fermion Fermi couplings (chiral-current interactions) are 
introduced in what follows. 


§ 3. <A- and 2-decays 


The recent experimental data on A- and *-hyperon decays are summarized as 


follows :™ 
; Partial deca rate T° : : Asymmetry factor 
Decay mode (1010 eat Branching ratio i 
] : : 0.15 
A>pt+n 0.24+0.02 0.63£0.03 an =0.85 7 p'a4 
>n+rn 0.14+0.02 0.370.03 ano? ? 

S++ pt+n? 0.51-+0.07 0.470.04 |ay°| >0.70+0.30 
>n+nt 0.57-+0.07 0,53-£0.04 lax*|<0.03-40.11 

S-Sn4+n 0.58-£0.05 —— lay |~lap*| 


* The. kinematical analysis with the |4I|=1/2 rule shows that the branching ratio 


of A-decay modes is exactly 2:1. But the other quantities, such as asymmetry 
factors of A and 5, and the branching ratio of the ¥-decay, cannot be predicted 
only by this rule. 

Now the assumptions made in the previous section allow us to calculate these 
quantities. The lowest order perturbation corresponds to the diagrams given in 
Figs. 1-(O-a), —(O-b), but to this order the S*->p+7° decay does not occur. 
We must, therefore, take into account the higher order effects of virtual pion in- 


teractions. (Figs. 1-(), °° (IV).) 
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We neglect the contributions 
of diagrams (III) and (IV), 
for they turn out to be rela- 
tively small. On the other 
hand, diagrams (I) and (II) 
are reduced to the similar ones 
as diagrams (O-a) and (O-b) 
with the substitution of the 
effective two-fermion interac- 
tions A>n, S*—>p and 2°>n 
in place of (1). These effec- 
tive two-fermion interactions 
have momentum dependences, 
which we have disregarded in 
the elementary interaction (1), 
and which bring a non-zero 
asymmetry factor for 2*—+p 
+2° mode. (cf. ref.”) 
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Fig. 1 Feynman diagrams containing the two-fermion 
transition 4—n. 


The perturbational calculation including up to the second order pion corrections 
gives the following matrix elements : 


M(A>p+27)= 
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G" V1 
(2B, +<B,) é = (24, <a.) Vs 


G ; 
= (4ny? (n| (ik) af a yeS yy 
—1 (24, ace Ay) —- 1 (2B, -=3,) 7s 
(8) 
“iG ce 
M(S->nte) = oni an] lB) 
zu —193+i9sE7s 
w/ 
aap bre A: fe 
G 
BGR rao EOL: (9) 
goo G ne 
where 
k—2hi, 5-3 (10) 
(k,: energy-momentum 4-vector of the outgoing pion), 
p 
ye 1.04; yee 1 AB, 
mazt+m m,sz—m 
(11) 
p= EEN AT, p= 0.12, 
m,z—™m Mmatm 
(m, ma, Ms: masses of nucleon, A, and ~) 
a:(same) 410; a(same) 5 op? = ae 


OS 


a,(same) 


@s\same) 


ies aie 


Prvax/m 


A-S same parity 
okie A-S opposite parity 


Case Il: G’/G=—1 


A-S same parity 
-----+ 4-5 opposite parity 


Case I1¢ G"/G=1 
Fig. 2. Calculated asymmetry factors for A and & decays. 


(a: asymmetry factor) 
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rr: 
y — A-S same parity —— A-S same parity 
i me eae A- opposite parity ----- A-S opposite parity 
-2 10° 
10 = eee ee 

ae + 5 + Lins C, 9 (ei Sees : 5, Pee oC 

O1eE2 5 10 3920 50 10001 2 5 10 = 20 50 ~=—-:100 
Poax/'m Pmax/m 


Fig. 3 Calculated decay rates for A and ¥ decays. 
((: partial decay rate; 4: pion mass) 


‘and the coefficients A; and B; (z=1, 2,3). of the mesonic correction terms are 
given by 
i Ai=—+-C+0.14, By=C+1.31, 
A,= —C+0.48, B,=C—4.42, (12) 
A;= —C+16.33, B;=C—3.08. 


_ Here C is the cut-off parameter related to the maximum virtual pion momentum 


Pras : 


—— ~~. ws 


ss... 


On the Possibility of the Two-Fermion Interaction 841 


2 1/2 2 —1/27 
C=2{ In| Prax +( oe +1) }— Prax oes +1) ah (13) 


m m m 


The coupling constants for strong interactions are assumed to be G?/42=G?”?/42=_ 
G’/?/42~4z, and the upper or lower line in each matrix element corresponds to 
the case of the same or the opposite A4— + relative parity, respectively. 

Figs. 2 and 3 show the calculated asymmetry factors and decay rates as the 
functions of the cut-off parameter C. We put €=1 in accordance with the positive 
experimental value of aj. Within the natural cut-off momentum region, we can 
hardly find any satisfactory interpretation of the experimental values from these 
graphs. 

Though we have made several additional assumptions in the course of calcu- 
lations, the resulting features seem to indicate that the two-fermion interaction (1) 
is not sufficient as the sole primary interaction coexisting with the strong inter- 
actions (2)—(4). If the four-fermion weak interaction exists beside (1), the con- 
clusion will be modified. 


§ 4. Discussions 


Takeda and Kato™ proposed the global weak interaction and investigated the 
effect of the pion cloud arround the baryon core. The latter gives rise to some 
effective two-fermion interaction like (1). Applying the static meson theory, they 
pointed out the possibility of explaining the experimental asymmetry and branching 
ratios. On the contrary, our calculation is based on the relativistic perturbation 
theory and contains the full contribution of the pair-producing effects. The static 
approximation for our case gives no asymmetry at all. 

It has been shown in the preceding section that we cannot ascribe the main 
features of weak interactions to the two-fermion interaction of A—m type. But this 
does not mean the exclusion of the existence of this interaction. Furthermore, the 
straightforward application of the composite theory might bring the circumstances 
better. At any rate we must not pass by the possible two-fermion interaction, 
when we investigate the types of the actual interactions. 

Finally we make a remark on the lepton process. If the two-fermion inter- 
action should exist in the lepton family, the expected form would be the pe 


transition : 
je hoee \ ax Ju-e(B[1 +6,-e7s]€) H.C. (14) 


This interaction, however, would not reveal itself in a real process, since the 
matrix elements for y-e+7 decay, which is the only detectable process induced 
by (14), totally cancel out, provided that coefficients g,-. and &,-. in (14) have 
no momentum dependence and that leptons have no anomalous magnetic moments. 

In concluding the paper, the author wishes to express his sincere thanks to 
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also indebted to Dr. Z. Maki and Dr. Y. Ohnuki for their helpful discussions. 
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fermion interaction might be regarded as a phenomenological one representing the |4J|=1/2 part 
of the chiral-current interactions. 


~~ svt. 


; 
: 
‘ 
4 


843 


Progress of Theoretical Physics, Vol. 22, No. 6, December 1959 


Semi-Phenomenological Interpretation of the Optical Model 
in Nuclear Reactions from the Point of View of 
Fluctuation-Dissipation Theorem 


Mikio NAMIKI 


Department of Applied Physics, and Science and Engineering 
Research Laboratory, Waseda University, Tokyo 


(Received August 25, 1959) 


The behaviors of the nuclear optical model for the elastic scattering of neutrons at low 
energies are investigated on the theoretical basis of the fluctuation-dissipation theorem. The 
theory starts from a Schrédinger equation with the optical potential and the fluctuating 
source function. The source function, which is a representative of motions of the compound 
nucleus, is subject to the fluctuation-dissipation theorem, in which the imaginary part of 
the optical potential is proportional to the correlation function of the fluctuating source 
function. From this it is found that the strength function characterizing nuclear reactions 
is represented by the Fourier transform of the correlation function of the fluctuating wave 
function, and that the average rate of energy dissipation of the compound nucleus is pro- 
portional to the strength function and temperature of the compound nucleus. 


§ 1. Introduction 


Since the success of the optical model,” it is found that the one-particle app- 


roximation is fairly good even in the problems of nuclear reactions at low energies. 
This model can describe the giant resonances in the cross sections for the elastic 
scattering of neutrons at low energies by large nuclei. The optical model consists 
of the one-particle approximation and the implicit use of the notion of irreversible 


processes. Concerning the latter, the important contributions have recently been 


given by Bloch”? and Hayakawa et al.” to the theoretical basis for the 


optical model. In the present paper the behaviors of the optical model will be 


investigated by a semi-phenomenological equation of irreversible processes in the 


one-particle approximation. In a forthcoming paper, this equation will be derived — 


from the fundamental many-particle equation, together with the formation of the 
optical potential. 

Following Hayakawa et al., the phenomena should be considered in the fol- 
lowing way. The time-intervals of the incident wave packets are so shorter than 
the average periods of compound nuclei that the incident neutrons regard the nuclear 
oscillations as a random fluctuation. Hence a neutron in the compound nucleus 


suffers the probability dissipation appearing in the Lorentzian type of relaxation, 


which is to be observed as the “giant resonance”. The width of the giant re- 


sonance estimated in their theories is in agreement with the experimental value 
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and is considerably smaller than the value obtained by Lane, Thomas and Wigner.” 
It is evident that the phenomena considered in the above papers are nothing but 
some kind of irreversible processes. This fact has already been suggested by 
Porter,” who has shown a Nyquist-like theorem for nuclear reactions. 

In the present work, we shall start from the reasonable assumption that motions 
of a neutron in the compound nucleus are described by a one-particle Schrédinger 
equation with an optical potential and a fluctuating source function. Such an 
equation is analogous to the Langevin equation in the theory of Brownian motion. 
From this it is shown, without resort to detailed treatment of the many-particle 
equations, that the various quantities characterizing nuclear reactions are closely 
related to the correlation function of the fluctuating part of the wave function, and 
particularly, that random oscillations of the compound nucleus must be responsible 
for the imaginary part of the optical potential and the strength function can be 
written by the Fourier transform of the correlation function of the wave function 
and the temperature of the compound nucleus. 

As is suggested above, each neutron in question may move like a Brownian 
particle in a compound nucleus which oscillates in a random fashion. Here we 
frst outline the Brownian motion of a molecule in a solution or an electron in a 
resistor. Such a particle collides with surrounding molecules in the solution or 
surrounding lattices in the resistor in thermal equilibrium. Because of a numerous 
freedom of scatterers, the particle in question experiences a random motion, that 
is to say, a Brownian motion, and loses its energy. Let the equation of motion 
for this particle be written in the form 


mMi=F; (1) 


where m and x are the mass and the position coordinate of the particle, and F 
represents the total forces acting on it. Since the average energy dissipation is 
expressed by a damping force —fz, the force F can be divided into the two parts 
as follows: F=—f8#+f, in which f is the pure random force with the vanishing 
average value. Thus one gets the equation 


mxi+Pr=f. (2) 


Equation (1) is a dynamical one, while (2) becomes a semi-phenomenological 
equation if f is characterized by a statistical law. For a statistical f, Equation 
(2) is nothing but a Langevin equation in the theory of Brownian motion. As 
is well known, the random force f is characterized by 


(f))=0, 


CFF) ) =28eT 0(t—1’), (3) 


where (A stands for the average value of A over all possible values of f, that 
is, the ensemble average with respect to f. Here « is the Boltzmann constant and 


ayaa eS 
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T the temperature of thesurrounding heat bath. The second member of (3) is 
the fluctuation-dissipation theorem or the Nyquist theorem. This implies that the 


correlation function ¢ f(¢)f(¢’)) must be responsible for the friction constant . 
Now we get the phenomenological equation 


MIy+fx2,=0 (A) 


for the mean position 2=(2). 

In general, the statistical distribution law of the fluctuating force f becomes 
to be of the Gaussian type if f consists of many independent fluctuations. On the 
other hand, we are concerned with a Markoffian process if the relaxation of the 
surrounding heat bath is Lorentzian, that is, (f(t)f(¢’) )oc exp [—|t—z'|/t]. In such 
a case, the correlation functions of various fluctuating quantities can be determined 
by (f()f(t’)) only. When the relaxation time t of f is sufficiently small, the 
correlation function of f can be expressed by 0(t—t/) as (3) and the spectrum 
of f becomes white. 

Now let us return to our problem of nuclear reactions. In contrast with the 
ordinary Brownian motion in a large heat bath with steady fluctuations and a 
definite temperature, the Brownian motion of neutron in the compound nucleus 
should be considered in a somewhat restricted sense. Fluctuations of the compound 
nucleus are caused by passing of the incident beam and abate by emitting an outgoing 
neutron. In other words, the compound nucleus heats up by interaction with the 
incident beam and cools down by emission of a neutron. However, we may treat the 
compound nucleus so as to be kept in thermal equilibrium with a definite temperature, 
since the time-length ¢ of the incident wave packet is considerably longer than 
the relaxation time of the compound nucleus. In most cases the relaxation time 
z of f is much shorter than that of the wave function, 7, so that the steady com- 
pound nucleus occurs if 


foc ora wat: (5) 


where J=(fi/t)) and '=(h/t) are the spread in energies of the incident wave 
packet and the width of the “ giant resonance”, respectively. On the other hand, 
the nuclear oscillations can be regarded as random if the average period T) of the 


compound nucleus is far longer than %, that is, 


se or 7p Le, (6) 


where D=(h/T)) is the average distance among the fine-structure levels of the 
compound nucleus. Furthermore, most of the fine-structure levels at low energies 
have widths much narrower than the average distance D, so. that the nuclear os- 
cillations corresponding to the fine-structure levels are approximately independent 
of each other. Hence, if the interval 4 contains many fine-structure levels—this 
is expected for large nuclei, then it is concluded by the central limit theorem 
that the statistical distribution law of ( becomes Gaussian. Consequently, the dis- 


Ee eee et 


eee 
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tribution law of the wave function or the reduced width of the compound nucleus 
is also Gaussian. This fact is confirmed from the experiments.” When all the 
above conditions are satisfied as expected in the actual nuclear reactions, the motion 
of a neutron in the compound nucleus can be treated as a Brownian motion which 
is just a steady Markoffian stochastic process with a Gaussian distribution law. 
Thus, in most cases, the neutron will dissipate its energy in a Lorentzian type of 
relaxation phenomena under action of random forces. The energy dissipation’ results 
in the probability dissipation for the amplitude of elastic scattering. 

The phenomenological or semi-phenomenological equation for the amplitude 
x(x, t) may be derived from the fundamental many-particle equation through a 
similar procedure as derivation of (4) or (2) from (1). Such a procedure suggests 
that the amplitude 7(x, t) may obey the semi-phenomenological equation 


(ia 5--%) 2=F, (7) 


where 36 is the one-particle Hamiltonian containing the complex optical potential 
and f the fluctuating source function with the vanishing average value. (This will 
be justified together with the formation of the optical potential, in a forthcoming 
paper.) Besides the property 


(f(%, t))=0, (8) 


where <::-) means the average value over all possible /’s, the statistical character 
of f is uniquely determined by the correlation function (f(x, 2)f*(x’, t’)>. The 
explicit form will be discussed in the next section. Denoting the average amplitude 


% by 
tod), (9) 


then one readily gets the phenomenological equation 
3 0 
(in -—%) 70: (10) 


Equation (10) to be compared with (4) describes the average motion of neutron 


in nuclear reactions, while Equation (7) corresponding to the Langevin equation (2) 


may prepare a semi-phenomenological method to discuss the ‘effects of nuclear 
fluctuations on the average properties of nuclear reactions. 


§ 2. Statistical characters of fluctuating source function 


In this section we shall present the explicit form of the correlation function 
(f(x, t)f*(x', t!)). This is achieved by making direct use of the generalized Nyquist 
theorem.” First we introduce the notion of the ‘“ impedance ”. 

Now we have the semi-phenomenological equation 


7 Sie 
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(in = jt (11) 


for a neutron in nuclear reactions, where the one-particle Hamiltonian 36 may be 
written as ' 


ha pry. (12) 


2m 


Here @ is the so-called optical potential with a negative imaginary part. Denoting 


the fluctuating part of the wave function 7% by ¢, that is, 
Seek Ch), (13) 
then € obeys the same equation 


(i 4-H) §= (14) 


as (11) because of (8) or (10). € is a particular solution of (11) or (14) which ~ 
vanishes as f tends to zero. For the Fourier transforms f,, and ¢, defined by 


Pde eas | em fla, Odi, 


VY 22 
(15) 
£ Tae ts. twt = 
Eo (x) Thee \ CME RT ar, 
Equation (14) becomes 
(o—H)é.=f.. (16) 


As is easily understood from (11) or (14), the average rate of energy dis- 
sipation in a volume V is determined by the equation 


dw a x 0F +2 paix. (17) 
dt ’ Ot Ot 


Thus we can regard 06/dt and f as a current density and a deriving force, res- 
pectively, in the thermodynamical sense. This fact permits us to define the 
“impedance ”* of the compound nucleus by the ratio of f,, to —iws,. Hence we 
rewrite Equation (16) in the form n 


— $..(—iwF..) =f, (18) 
where the “ impedance ”’ Be is defined by 
9. (ho—X). (19) 
1M 


* Strictly speaking, this should be the impedance density. 
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Here it is noted that Re ¥,=0. One may use the “admittance” %,, defined by 
the inverse of Foy that is, 


Ot te gs ae (20) 
Capa TEE 
Taking (17) and (18) into account, the well-known fluctuation-dissipation theorem” 
gives us the formula 
[fle Oda =s- | doE(o, T) [[2dlRe Pala’) dtad'a'. — (21)* 
Vv —2 v 
Here E(w, T’) stands for the average energy of a neutron with the frequency w 
in thermal equilibrium and becomes asymptotically «T for «T>hw. From (21) one 
can easily obtain the correlation function 


f(x) fuk (x) )= E(w, T)[24*|Re F «|x/)]9(o—o’). (22) 


This determines the statistical characters of f together with! (8). In terms of 
the optical potential, the statistical characters of f are rewritten as 


(fo(*) )=0, 


; (23) ** 
(fala) fct = E(o, T)[—2(e| IB |x] 8 (00). 

Hence it is concluded that the fluctuating source must be responsible for the imagi- 
nary part of the optical potential as expected in §1. Equation (11) or (16) and 
the fluctuation-dissipation theorem (23) are just the starting point of our semi- 
phenomenological theory. f(x, t) may be expressed in the form 


f@, 0 

0 (x, t) 
where H, is the fluctuating interaction Hamiltonian between the neutron and the 
target nucleus. . 

Here it may be necessary to pay attention to the w-dependence of the cor- 
-yelation function (fu fu*). The factor 0(w—w’) in the right-hand side of (23) 
means that the correlation function ¢ f(x, t)f*(x’, ¢/)> is represented by a function 
of (t—z') only with respect to time, that is to say, the nuclear fluctuations are 
steady. As is mentioned above in §1, it is to be emphasized that such fluctuations 
occur only in the presence of the incident beam and vanish after the beam passes 
by the nucleus and a final neutron is emitted. This suggests that the right-hand 


* Re g «» stands for the hermitian part of the operator ows namely, <x|Re g |X *= 
=(x/|Re FG wl). If the optical potential is local, we get (x|Re G wir’) =Re w(X)0(x—2x’). 

** Im 7} is the anti-hermitian part of the operator {$. For the local 7$, (x|Im 7) |x’) is 
proportional to d(x—x’). The non-locality of the optical potential is a reflection of the non-zero 
correlation length associated with the fluctuating source f. 
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side of (23) should contain a factor which cuts off the frequencies outside the in- 
terval (f/t=>|w|=h/t), t and t being the relaxation time of f and the time- 
length of the incident wave packet, respectively. It is natural that (22) or (23) 
expresses the vanishing fluctuations outside the compound nucleus at every instant. 


§ 3. Fluctuations of wave function 


Now we investigate fluctuations in the wave function of a neutron in nuclear 
reactions by means of the correlation function of the fluctuating wave function. 
The solution of (16) is written as 


(a) = [dal Pa ag fat) da 


or (24) 
= * (x! / 1 3 sf 
Ba) = [Fao Gal Sa le) et 


where (x|1/(fw—J) |x’) is Green’s function of Equation (16). From (22) and 
(24) one can immediately obtain the formula 


(E.,(x)é.¥ (x!) =E(o, T)C2| ee og (2 Re 3) eee: Ix!) 0(a—o") 


ss Ix") O(w—w!). (25) 


¥: il 
9G ho —I6* 


Thus we get the correlation function 


= Blo, I) how 


1 


1 1 : 
Ee, TaN tia ee 


(@) 


CE (x, t)E* (x!, 2) ae \ dwe 


(26) 


In order to see the time-dependence of this integral, it is necessary to investigate 
the eigenvalue problem of the operator 36. The eigenvector |) belonging to the. 
eigenvalue E, satisfies the equation 


I \ny=E,|n). (27) 
Since 26 is not hermitian, the eigenvalue Z, must be a complex number with a 


negative imaginary part. Putting 


Ey=6,—i=* (r,>=0), (28) 


&, is an energy level and /%, its width of the one-particle state in the compound 
nucleus. (The relaxation time t of the wave function in §1 is nothing but the 
lifetime (7/I,).) Thus we regard &, and J”, as the position and the width of 
the “giant resonance” in nuclear reactions, respectively. The vector sequence 


{|n>} has the property 


850 M. Namiki 


n ESD hats 
(lm) = Dams pe 
3 |) i] =1) 
for normalization and completeness, as is easily proved. Here we have used ‘the 


, time-reversed vector |7) of the vector |7).” By using the second member of 
(29), Green’s function is written in the explicit representation 


aoe tele els : 
Pas 2 ho—E,, 
© 1 (alii) Cn!) ee : 
r Re |) <1)" 
a Rw — H6* nee = liw—E,* 
. Hence, in the complex w-plane, the function (x|1/(fiw—26) |x’) has poles in the 
* lower half, while poles of (x|1/(fw—#6*) |x’) occupy the upper half. From this 
: and (26), it is concluded that the correlation function (&(x, 2)€*(x’, ¢’/)) is re- 
A presented in the following way : 
: (E(x, DEF Gl PaO. (ay tz 05.2) tor oe, (a1) 
SOF Ue fae of) saiobet ees 
i where @.* and @,- are defined by the integrals 
)) *(x t: x! t') este d -we- 1 pp pi z athe Pg Be 
a ; eee Sig, Ther 0 ag 0) (w, )¢| ho— HH % )» 
5 (32) 


1 foo] 
O(a, t3 1, =o | doe E(w, T)a| ogy |e). 


== 60) 


_ @,* vanishes for t<z’, while O- is zero for t>?¢’. It is quite easy to prove the 
relation 


254 


D- (x, t; x’, vats — {D,* (x’, Cs x, t)}*. 


oie Oy 


From the Fourier transform of %,*, we obtain the formula 
i O.* (x, t; x, t!) edit =~ E(w, Tilia ae 
or 
|e, A) E*(x!, t")) ef d(t— {) = Elo, T) al ag |e"): 


This formula can be rewritten as 


tal as Seals EX (ql z! tw(t-t!) ; 
ho—H E( w, E)E*(x!, t) pe Md(t—t). (33) 
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In this formula Green’s function (x|1/(w—26) |x’) of (16) is expressed as the 
Fourier transform of the correlation function of the fluctuating wave function. This 
fact is very interesting, for the observation of fluctuations in the wave function 
informs us about the important average property of nuclear reactions. Such a 
relation becomes more impressive by making use of the strength function. 

Let us fix the coordinate x at the point x) on the nuclear surface. Since we 
can use there the reduced width” 7, defined by 


2 
pS ED Cnn)? (34) 
471 


R, and m being the nuclear radius and the neutron mass, respectively, we obtain 
the formula 


Re (| Maye |) =e (Ro), (35) 


where the relation (%|7)=<7|x)) and the assumption of real 7,2 have been used. 
Here s(fiw) is the strength function defined by 
s(ho) => sho), 
. +20, (36) 
(22) [ (Rw —€n)? +1n/4] 


S,(fiw) is normalized by the condition 


| se(ho) d (he) H+) 


Ss, (ho) = 


Thus it is easy to obtain the formula 


Re| (F(a 1)E* (xo, t’)) et d(t—t’) = ae Fe) s(Nw). (37) 


This formula shows that observation of fluctuations in the wave function leads to 


the full knowledge of the strength function which plays an essential role in the 
average properties of nuclear reactions. Such a relationship can also be obtained 
from observation of the spectral intensity of the fluctuating wave function. The 
spectral intensity G:(w) of ¢ is defined by 


eo 


—-a 


From the definition (26) and (32), we obtain the formula 


Geta) =—_ Eo, T) Re x] 57 lm), 
(39) 


“nom \ Bo, hy 
= SR, Ab s(hw). 


| Ge(o) do =F (o, t) |?» =O," (xo, t; Xo, t) + D. (%, t; %o, t). (38) . 
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That is, G:(w) informs us about s(Zw). 

Finally it is not unnecessary to derive a simple relation between the “admittance” 
and the fluctuation of the current ¢==06/0t, for the admittance is defined as 
a ratio of f, to é.=—iwé,. Defining the function A; * (x, £:\2/, t) bys the integral 


DAK, t; x, = a | doe E(w, T) (| Fal2”), (40) 


and @; (x,t; x’, ¢/) by the relation 
Os (x, t; x/, 1) ={O" (x', UW; x, 0) }*, 
respectively, we can put the correlation functicn of € in the following way, 
(é (x, 1) €* (x!, t)) = OF (Bits 0 0) eeOn eats (41) 
as is easily proved. From (40) and (41) we immediately obtain the formula 


1h (ee 
(=| Fale =e py | EH OE, LV iert, dit - (42) 


This is quite similar to the relationship between the admittance and the current- 
fluctuations in the theory of Brownian motions or noises. 
On the nuclear surface the admittance becomes 


mk? 

Re (x,|Y |x) = AR, s(ho), (43) 
where we have used the relation ho=*k’/2m, k being the wave number of neutron. 
The spectral intensity G:(w) of € is connected with G;(w) as G:=w°G, and is 
_ expressed by 


Gi) =? E(w, T) Re %|Yu|x0), 
(44) 


2 


k 
hRo 


25 


E(o, T)s(ho). 


§ 4. Surface admittance of compound nucleus and strength 


function of nuclear reaction 


In the ordinary theory of nuclear reactions one makes use of the notion of the 
nuclear surface which introduces a sharp cut between the channel region and the 
nuclear region. Thus the wave function € of neutron obeys the equation 


Fy an ay 

in iy res V?> for |x|> Ry, 
; (45) 
(-F r+) for |x|<R), 


2m 


Teor a ee 
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where R, is the radius of the compound nucleus. The wave function in the channel 
region must be connected with that in the nuclear region by the continuity con- 
dition for the logarithmic derivative of the wave function. Thus, for an observer 
in the channel region, the compound nucleus can be replaced by the value at the 
nuclear surface of the logarithmic derivative of the wave function in the compound 
nucleus. Since the logarithmic derivative is considered to be an ‘ 
an “admittance” of the compound nucleus, it is more convenient to formulate the 
problem of nuclear reactions in the terminology of circuit theory. The problem 


‘impedance ”’ or 


of nuclear reactions is equivalent to a transmission line loaded by an impedance, 
in which the transmission line and the load impedance correspond to the channel 
region and the compound nucleus, respectively. Such an equivalence can be achieved 
by the correspondence 


ih oF h e 
jee Dae ge ela 2 46 
V2 ot V2im Sa 
The “current” I and the “voltage” V obey the equations 

RI+V -V=0, 

47 
c2¥ +71=0 ae 
Ot 


in the channel region, where R=(2/ih) and C=m. This is the same form as the 
equation for the Kelvin cable. Since this line has the distributed impedance Z’=R 
and the distributed admittance Y’=—iwC, we get the propagation constant 
VY Z'Y'=ik and the characteristic impedance L=V/ Z/Y'= (2/hk) in the channel 
region. The surface impedance of the compound nucleus is defined by 


Zo) =[VolTln=— | d log§ (x) | (48) 


imw L d|x| Ro 


where V is the component of V normal to the nuclear surface. The inverse of 
Z(w), that is, 

Y(w)=Z"*(@), (49) 
is the surface admittance of the compound nucleus. Z or Y is determined by the 


wave function in the compound nucleus. If Z and Y are given, the various quan- 
tities of nuclear reactions can be calculated from them. The S-matrix is defined 


by the formula 


Sa ZTOe grit (50) 
Z4Zy 


as is well known in (circuit theory. (The {cross section for elastic scattering 1s 


proportional to 


|S—1)?=| 2 ea 2th 1 (e7 Fo 1) ke (51) 
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Thus we obtain the absorption probability A(w) defined by 


AReZZ _ 4ReZ,Y 
ZA Zeit 1 Ee 


A(o)=1—|S)?= ~ 4 ReZY. (52) 


This is interpreted as the probability for formation of a compound nucleus by ab- 
sorbing a neutron. At the same time, this is also the probability for decay of a 
compound nucleus by emitting a neutron, as is easily understood from the reci- 
procity theorem. 

Now the compound nucleus can be replaced by the surface impedance Z con- 
centrated at the nuclear surface, so that the fluctuating source may apparently be 
represented by the concentrated source, that is, 


0€ (x, t) 


O|x| ee) 


f(x, )=—8 (jal —R) 
2m 


Substituting (53) into (17) and using (46), the average rate of energy dissipation 
is expressed by I and V as follows, 


dw 


z =F UIV*ETV) 2, Rio, | (54) 


where 2 is the solid angle, hence the replacement (53) is reasonable. 
If, for simplicity, we deal with only the S-waves, then the ‘solution (24) at 
the nuclear surface gives us the surface admittance 


¥(w) =F" | (ail Fula) Ri do, (55) 


as is easily proved by (24), (46), (48), (49) and (53). We obtain the formula 


Re Y(w) =27°hk? Rys (hw) (56) 
from (43). 
Substituting (42) into (55) and using (46), we get the formula 


oo 


Jb 
Yo) = BG, Fy \{Y Tn OT Go, 9) Reda er de—) (67) 


for the relation between the admittance and the current. This is naturally expected. 
Furthermore it is evident that the spectral intensity G,(w) of the fluctuating current 


_ I is determined by 


G;(w) =F’ \a (w) Red@. 


' Hence we get 


Cine +E, TRAY (pyr 


(58) 
= 2thk’ R, E(w, T)s(ho). 
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Both (57) and (58) show the relationship between the fluctuating quantities and 
the average properties in a way similar to those mentioned in the last section. 
Finally we write an interesting formula, for the average rate of energy emission 
from the compound nucleus, 


ZG) 


aP=2 
IZo+Z)? | ¥|? 


do, 


ah Terk T) Aw) do, (59) 
2a 


=E(w, T) (82kR)) shaw) do. 


This is nothing but the formula* obtained by Porter”. : 


§ 5. Conclusion 


In the preceding sections, it has been shown that nearly all the phenomeno- 
logical behaviors of nuclear reactions at low energies can be interpreted by fluc- 
tuations of the wave function or the source function of neutron. The theory starts 
from the semi-phenomenological equation (11) and the fluctuation-dissipation theorem 
(23). Throughout the present paper the optical potential 1’ is regarded as a given 
function (or operator). The construction of U must be performed in the frame- 
work of the fundamental many-particle problem. The purpose of the present work 
is to emphasize the possibility of showing, without resort to detailed discussions 
about the many-particle problem, the fact that the optical model should describe 
the average properties of the fluctuating compound nucleus. Equation (11) is the 
most simplified form for description of fluctuations. Our next work is to justify 
Equation (11) and to construct the optical potential in the framework of the funda- 
mental many-particle problem. This will be performed in a forthcoming paper. 
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trivial, for he used the reduced width defined by 7?= a5 (xo|>2 in the place of (34). 
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Note added in proof: In the present paper, we have considered that the random motions of 
a neutron in question originates in the situation which a short wave packet (To>tp) regards nuclear 
oscillations as random oscillations. However, it may be plausible that the neutron beams produced 
by actual instruments would rather consist of a random mixture of long wave packets, whose central 
energies distribute over the same region as the energy spread of the above short wave packet. As 
is understood from van Hove and Toda’s discussions, the similar asymptotic randomness can also 
be observed by a mixture beam. [L. van Hove; Physica 21 (1955), 517, ibid. 28 (1957), 441, M. 
Toda, J. Phys. Soc. Japan 13 (1958), 1266] At any rate, discussions and conclusions in the present 
paper are never altered. 
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Remarks on the Transformation Properties of the Dirac Equation 
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The physical properties of dynamical variables in the extreme-relativistic representation 
will be discussed. Especially, it will be pointed out that in the choice of the proper 
“mean” position we must be careful, and that our results include those of Bose-Gamba- 
Sudarshan as special cases. 


§1. Introduction and summary 


The extreme-relativistic approximation, i.e. when p>m (limit towards the 
Weyl equation), may be valuable for the discussion of high energy scattering 
phenomena. It is to be noted that the approach of Yennie-Ravenhall-Wilson” and 
Brenner-Brown-Elton” to the scattering of fast electrons by nuclei is essentially the 
zeroth order approximation in such a theory. And it has also been pointed out 
by Bose-Gamba-Sudarshan” and the present author? that this approximation may 
be suggestive for the discussion of the chirality invariance in the theory of weak 
interactions. Hence the extreme-relativistic representation may be valuable in con- 
nection with such an approximation. 

In the preceding paper, we discussed in a synthetical manner the transform- 
ation properties of the Dirac equation in the extreme-non-relativistic and extreme- 
relativistic represetations.” Then, it was pointed out that there exist some 
ambiguities in the choice of the usual F-W-T (Foldy-Wouthuysen-Tani)®” and of 
C-T (Cini-Touschek)” transformations respectively. It is not obvious a priori 
whether such different F-W-T (and/or C-T) transformations are equivalent to each 
other or not. Recently Pursey” has proved that within the validity of approxi- 
mations the ambiguities in transformations give rise at most to unitary transforma- 
tions connecting different approximate theories. 

The purpose of this note is to investigate the physical significance of dyna- 
mical variables in the extreme-relativistic representation, which has been left un- 
touched in the previous work.” Similar work has recently been carried out by 
Bose-Gamba-Sudarshan®. As will be seen, the essential differences between their 
results and ours lie in the interpretation of operators in the new representation, 
and the former is contained in the latter as a special case. Specifically, in the ex- 
treme relativistic representation,* we shall first introduce a proper “ mean” position 


* Following Bose-Gamba-Sudarshan, we shall refer to the extreme-non-relativistic-, Dirac- and 


extreme-relativistic representation simply as C-, D- and E-one, respectively. 
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operator, different from the usual one, such that its time derivative is the operator 


| p/E for the positive energy states and —p/E for the negative energy states, mak- 


ing a good correspondence to the conventional definition of the velocity of a particle. 

Then, we shall have a proper “‘ mean” orbital angular momentum defined differently 

from the usual one in such a way that the spin appears related to the new position 

in a natural fashion. This is a constant of motion by itself. And a proper 

“mean ”’ spin angular momentum is related simply to the helicity of the particle. 
Throughout in this note we adopt the natural unit A=c=1. 


§ 2. Operators in D- and E-representation 


In order to pass over to E-representation from D-representation, we may use 


the following unitary transformation,” 


U=exp| ——5B(a-p) tan 2. (1) 


Then, the wave function ¢ in D-representation corresponding to a state where the 
particle is located definitely at one point, passes over into the wave function 
¢'=U¢ apparently representing in E-representation a particle being spread over a 
finite region of dimensions, at least, of the order of 1/p. Indeed, the position 
operator of the particle in E-representation is no longer the operator x in D-re- 
presentation, being rather a complicated one: 


oyplae g layg eae imBa im(E+p)8(a-p)p m°(o X p) 


2Ep 2p 2E(E+p)p*’ ie 
and the hamiltonian now reads 
W=UHUI=K. S&P) (3) 
P 
with 
H=m§ + (a@-p). (4) 


Thus, in D-representation we want to find out the position operator X which 
satisfies the relation 


OXU += X'=—% (5) 
where x may be the “mean” position in E-representation. We find 


sO ered sea imPa x: im(E+p)8(a-p)p _ m?(o X p) (6) 
a 2E*p 2EEt pp 


It is well known that in D-representation the velocity operator is calculated 
as 


x=ilx, H|).=a. (7) 


ial eg 
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Then, in E-representation the velocity operator reads 


a 
: m 2 
pis B m 


Ep E(E+p)p~” 


and its projection by p=p/p, which is a unit vector parallel with the momentum 


p. is 


a-p)p, (8) 


(ep) = (ap) Ses a7": A (9) 
E p 
with 
i (a-p)—m ; (o- p) 
: E ne (10) 


It is to be noted that the momentum p commutes always with the quantities in 
Eqs. (1) and (4). In order to interpret X in Eq: (6), we calculate its time 
derivative 


X= 


E ae mp Ao m? (m?+2p' + Ep) a 
p Ee EX E+ p) Pp 


This is complicated, but its projection by p simply reads 


a-p)p. (11) 


Se pet) Bie P) 
(X-p) i z (12) 


with similar properties as those in C-representation. In E-representation, the 


“mean” velocity operator may be 


gE me pp (13) 
Ep* 
And its projection by p simply reads 
(xp) E 5 


with the similar properties as those in C-representation, analogous to Eq. (12). 
Now, in order to examine in detail the « in Eq. (13), we calculate its time 


derivative 
ga — 22 (@ x p) =2E7s(&X p) /P= — 218+ 2iP. (15) 
p 


From the first equality, we immediately see that * has no component along p, Le. 
it satisfies 

(%-p) =0. (16) 
Following Dirac’s procedure®, we obtain by using the third equality of Eq. (15) 
and *=—2i:x%H’ 
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v= ent / FI 4 p/ H. (17) 


The %, is a constant in time, being equal to the value of ¥ at =O. From Eq. 
(17), we see that the « in E-representation consists of two parts, a constant p/H’ 
and an oscillatory part (i/2)%e°'’"/H’. This oscillates on the plane perpendi- 
cular to p, since (%)-p)=0. Its frequency is high, being 2H’, and is at least 2p 
when p>m. Moreover, it may be curious that the amplitude of this oscillation 
is E/p. Such a situation is quite different from that in D-representation where 
the amplitude of oscillation of the velocity @ is isotropically unity.* The com- 
ponents of the « in Eq. (13) do not commute with each another, and therefore we 
take up the x-component of this operator alone which reads 


io= 


E a m(a-p) pe. (13) 
Pp Ep* 
From Eq. (13’) we see that its eigenvalue has the following properties : 

1) For p,>©, p, and p, being fixed, it tends to +1; 

2) For p,=p with p,=p.=0, it is equal to + p/E; 

3) For vanishing mass m-—>0, it tends to +1; 

4) When p,->0, p, and/or p, is not zero, it tends to + E/p. 
Cases 1), 2) and 3) may be interpreted in a natural manner. As for the case 
4), it seems to contradict the requirement of relativity, since the velocity of 
particle exceeds that of light. Such a difficulty suggests that the X’=x in E-re- 
presentation is not the ‘‘mean” position operator in its proper sense. Thus, it 
may be mentioned that such E-position operator is a valid one only for the case 
where m?/p” is negligibly small. 

Next, we try to look for the proper 


‘ 


‘mean ”’ position in £-representation. For 
this purpose, let us adopt the following position operator in this representation 


te=a— 5 (o XP): (18) 


_ from which has already been eliminated the oscillatory part of the *« given by Eq. 


(17), whose amplitude is E/p. This satisfies the usual commutation relation with 
the momentum p. Indeed, its time derivative is given by 


E - (19) 


* Let i, fj and p be mutually orthogonal unit vectors, then we get 
(% -i) =p (at) and («-j) =p (@-J)- 


As to the average value over a short lapse of time of these components, we have the following 
results, 


bast BR 
sp +p) 42’(p)]=+, and sp[(#-i) 44/(p)] =sp[ @ -J) 4x’ (p)] =0, 


where the double sign denotes the positive or negative energy states respectively. 
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which is related to the momentum p by a relation to be expected from the theory 


of relativity. At this stage, the proper position operator corresponding to the xz 
is given in D-representation by 


ates tages im (@-p) p 
LG x aX SE 
L 5 4 P) OF p (20) 


Hence, its time derivative reads 


Ds S (21) 
with the same properties as the above. And we always have 
X,=%,=0. (22) 


It is to be noted that such x;(and/or X,) is quite different from that of Bose- 
Gamba-Sundarshan.” It is likely that the very x, is the proper “mean” position 
operator of the spreading particle in E-representation. Eq. (18) (and/or Eq. (20)) 
shows that their components are not commutable with each other.* The com- 
mutator for the 2 and y component of x, and Xp 


if 


[zz, ye\|-= Dip! (o-p)p-,; (23) 
and 
Sais | mp (aX p)- 
Xp, Yo|-= . po E 4 
[ ] Dips (o-p)p OE p? (24) 


« 


respectively. On the other hand, components of the proper “mean” velocity oper- 
ator in E-(and/or D-) representation always commute with each other. Here we 
note that the internal structure of the spreading particle may be reflected in the 
proper “‘mean” position operator in E-representation. 

Furthermore, the modification in the interpretation of operators involved in each 
representation has to be discussed also for the new orbital- and spin-angular momen- 
tum. As we may readily show, the proper “‘mean” orbital angular momentum reads 


1 
2p" 


L = (xeXp) = (Xp) +o (o-p)p (25) 


for E-representation, and 
L,= (XpX p) = (x Xp) (26) 
for D-representation. It seems curious that there is no need to add the quantity 


3o to the orbital angular momentum. A new spin angular momentum is 


ox, (o-P)P= Bp (27) 


* Pryce already pointed out that there exists such a situation in the discussion of relativistic 
definitions of center of mass for systems of particles.9) 


862 , PY. Pac 
for each representation. In D-representation, except for the energy sign, our Ly 
and 3, coincide with those of Bose-Gamba-Sudarshan, in spite of the difference 
in the interpretation of operators. As was pointed out by Bose-Gamba-Sudarshan, 
st is of interest to note that the spin appears related to the proper “ mean ” position 
in a natural fashion, or in other words that Lz (and/or Lp) automatically includes 
the relativistic spin terms, and that o,(and/or 2») is simply related to the longi- 
tudinal polarization of the particle. Moreover, it is to noticed that Lz and oz 
(and/or L, and %,) are constants of motion, respectively. 

Finally, if we wished to discuss the operator in E-representation 

A,=AY AA! with “A,’=+ (14 P| 
2 P 

instead of a generic operator A, as Bose-Gamba-Sudarshan did, then we should 
immediately find out that our results coincide with theirs. For convenience, E- 
and D-operators are listed simply in Table I. 

In conclusion, the author wishes to express his gratitude to professors Z. Koba 
and Y. Munakata for kind discussions. His acknowledgment is due to Prof. H. 
Yukawa for his continuous encouragement. 

Table I Relevant E-operators in E-and D-representation in a proper sense. 


E-representation D-representation 


“mean”. position 


Saige eae eee ee imB(@-P)P_ 
Xp=x op (o Xp) Xp=x op? (oXp)+ 2E2p2 
momentum 

P P 

“mean” velocity 

LUD) sap) i ‘ Pp Bm-+ (@:p) 
eB =p p ene ES E 
“mean” orbital angular momentum 
aft 1 
(xm Xp) = (x Xp) tr 9 Togs (o-p)pP (XpnX Pp) = (&z XP) 


“mean” spin angular momentum 


o7=—, (o-p)p Sp=c7 
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The static limits of the 3z-state contribution (lowest order) to the electromagnetic 
structure of the nucleon are explicitly calculated. By comparing these with Bosco and 
Alfaro’s results, the S-wave effect on the isoscalar part is investigated in detail, and it is 
shown that the S-wave effect is quite small (always less than 20%). Numerical evaluations 
of lim¢72),, 25, etc., also are carried out, but the numerical values are too sensitive to cut-off 
methods to draw any quantitative conclusion. 


§ 1. Introduction 


In our previous works,” we have investigated the electromagnetic structure of 
the nucleon meson-theoretically. Especially we calculated the 3z-state contribution 
to the isoscalar part in the lowest order (~eg*) of relativistic perturbation theory. 
But the results obtained are very complicated, and so numerical estimations were 
carried out in very crude ways. We also presented expressions for the spectral 
functions in the “o-loop approximation” in which the closed loop is shrunk to 
one point but the open nucleon line is treated still relativistically. Though these 
expressions are much simpler than the original integrals, they are still too com- 
plicated to carry out the integrations analytically. 

The charge distribution function (of the 3z-state lowest order contribution) is 
positive in the outer region and negative in the inner region, but in the no-loop 
approximation it becomes positive definite because the negative part then shrinks 
to a negative J-function. The a. m. m. distribution function is positive in the inner 
region and also positive in the asymptotic region as will be verified in § 4, hence 
it may be positive definite. | 

Very recently, Bosco and Alfaro” have calculated the 3z-state contribution by 
the static theory, assuming an effective interaction Hamiltonian, 


Sei Ad, Ot, 94s : 
ate 26 (A/ f°) Ey ap A é 3 . ha 
Fin ie ( /p ) ApYp Be Ox, Ax, Ax, ( ) 


Their results are both positive definite if one takes A>0. 
In the present paper, we investigate the relations between our relativistic 


864 K. Hiida and N. Nakanishi 


results and their static ones. Namely, we calculate the static limits of the spectral 
functions in the no-loop approximation, as was done in I, § 4—-1.* 

For convenience of comparison, we should 
take the effective coupling constant 4 in (1-1) as 


d= (16/7 )f*, (1-2) 


which is obtained by calculating the 7-37 nucleon 
closed loop shown in Fig. 1. Then the differences 
between our static limits and their results mani- 


festly correspond to S-wave contributions. We can 
thus evaluate the S-wave effects on the 3z-state 
contributions. 


Fig. 1 


In § 2, we shall calculate the static limits of our relativistic spectral functions 
in the no-loop approximation, and show that the S-wave effect vanishes for the 
charge spectral function and is less than 20% of the P-wave effect for the a. m. m. 
spectral function. In § 3, We shall summarize the numerical results of static limits 
of not only the isoscalar part but also the isovector part. In § 4, we shall inves- 
tigate the behaviors near the thresholds of the spectral functions, which can be 
calculated also for the relativistic expressions by means of a new technique. Finally, 
we discuss our results. 

The notations are the same as those of I throughout this paper, unless other- 
wise indicated. 


§ 2. Static limits 


The spectral functions in the no-loop approximation (see Fig. 2) of the 3z- 
state contributions given in II (6-26) are** 


2 3 ey 
yeaa i m j $0 9(—_V,)dx®, 


BORON att edhe ees 
21 
oe ay 3, ( e ) iyi | a [—M*é,+ (— Vp) ]0(— Vo) dx, ae 
with 
Up (21+ Xs) (a+ Xs) + (Lit Ls) Lit LL t Ls), 
€&=(1/U)) [x17 (x2 + 45) +02 (414+ 23) + (41 +22)? 24), 
Vo Fy M? + (23+ Xt 25) f— (23.425/ Up) m’, Std 
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da = ']) dro 0 = Sr) 2. 
4=1 


4=1 


* But in the present case a new technique is necessary since the integrations of the relativistic 
results cannot be carried out analytically. 


** We put M’=M. 
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The static limit is defined by the limit of Moo. 
We can then easily show that the integrands in (2-1) 
are non-vanishing only for x,=O(1/M) and 2,= 
O(1/M). Noticing this fact, we can expand (2-1) in 2 bes 


py 


powers of 1/M. For a;(m’), the lowest order term of =e ee 
the 1/M/-expansion vanishes, hence we must calculate 1 etek © i 
the next order term, which is proportional to the 1/M- aise 
correction of a}(m’). These detailed calculations are p 
presented in Appendix A. 

Carrying out the integrations over x, and 2x,, we Big. 


obtain the following expressions for static limits : 


Rae oo Pe Car 
lim a,*(m*) Soe, m*\ Se -O(— Vi) da”, 


6 we: 3/2 
lim a8 on") = oo M\ Ne Fae (Un — 2a.) m?— Usp] 


XO(— Vu) dx, (2-3) 
1/M-correction of @,°(m?) = — (3m?/4M?’) lim @,°(m*) (2-4) 
with 
Une = 23 Xs XyL1+HsX5, Vor = (Let Lpt25) P — (13 H4H5/Us)m’, 
dx® =dxz,d2,dx5;0(1—2%3—21— 4s), 11 =. (2-5) 


We can carry out the integrations of (2-3) analytically. After rather tedious cal- 
culations, which are outlined in Appendix B, we obtain 


lim @,5 (m?) =a st | ie -3) [(2) +9 (72)'4 12 —3-3(™)"], 


1057 \ # L a a Bt 
lim a(n?) =F o | <_{( z y+( ‘ ) -33 (2) +952 +53 
—75( 2) —9()"407() }+3{ e222) sink] 
(2-6) 
sith e=/ Tose aed. (2-7) 


Now, we denote the spectral functions calculated by the static theory with the 
Hamiltonian (1-1) (P-wave only) by afs¢(m”) and as ,(m*). Then Bosco and 
Alfaro’s results rewritten in our notation are* 


* Unfortunately their calculation for the a.m.m. spectral function contains some mistakes. 
‘Their result should be reduced by a factor two. . 

Note added in proof: They informed us that these mistakes in their preprint were corrected 
in publication (in the Physical Review) according to the pointing-out of one of the authors (N.N.). 
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Ost (m*) =lim @,° (m*) > 


2 
wnt fol m)'s5( 2) —a5r() sana 
lee 


2 


uw 48 py p p: p: 
ae 9 —38 
+241 335 (” ) ‘77 (24. 4135 Pe : 
pL 2 Ios | 
a (3 “mm —( m )*— (24) "fsinh-re, (7s 
\ EY) p 12 


where the latter has been rewritten in a simpler form. 


The differences between (2-6) and (2-8) correspond to the S-wave contri- 
butions. 


Therefore there is no S-wave effect for the charge spectral function, and 


the S-wave contribution for the a.m. m. spectral function is always less than 1/5 


of the P-wave one (this will be explained in detail in the next section). The 


equality between @$,,(m”) and lim @;5(m’) is verified also without carrying out the 
parametric integrations (see Appendix C). 
The above results can be qualitatively understood in the following way. Since 


S-wave pions can appear only in a pair, the remaining pion must be P-wave in 


the 3z-state. Then the matrix element is proportional to the spin operator o. 


Therefore this contribution to the charge density must vanish on account of its 


transformation property. Namely the S-wave contribution is present only for the 


a.m.m. distribution. Furthermore, the ¢-term, which is misleading in the scattering 


problem, does not contribute in the present case, because the matrix element in- 


volving it is proportional to the isospin operator + and hence cannot contribute to 
the isoscalar part. This may be the reason why the S-wave effect is small. 


§ 3. Numerical results 


In this section we summarize the numerical results calculated by the static 


limits of not only the isoscalar part but also the isovector part (the lowest order 


3-1. 


term of the 2z-state contribution). 


Numerical results in the spectral representations 


The spectral functions of the static limits of the isovector part, which are 
easily obtained from I(3-3), are 


eek ae ee tag —2( m cee yee 


19 { LL Ls 2p (3-1) 
im a?) =f. ar ieee cee 


Fig. 3 shows lim Q*’, lim (77, lim #&” and lim(“(72),)*” for various square 


cut-offs in the spectral functions. lim ¢7*),$ is disappointingly small for the cut-off 


_ comparable to the nucleon mass. 


~ 


Oe alk 


Pa ee eS 
=} J f - 
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5 
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TLOF Ig 
lim(7?)\" De ane 
vA 
(7? ys Be 4 
i 
7 
7 
| ae lim OY 43 
0.5) 
12 
1 
5 10 15 
SAB v me/p (cut-off) 
Fig. 3 (a) 


limp’(r?)Y ee 
Lae 


= 


lim p(77)28 


pt 
5 10 15 


20 
me/ p. (cut-off) 
Fig. 3 (b) 


3-2 Numerical results in the spatial representations 5 
The distribution functions of the static limits of the isovector part are given 
in 1(4-13) and I(4-12). As for the isoscalar part, lim p3(r)=pi.«(7) is given 
by Eq. (9) of Bosco and Alfaro, and lim p;8(r) can be calculated from (2-6) by 
means of I(2-7). Fig. 4 shows lim O°, lim(r*)?’, lim #*” and lim (#( 7 7)2)°" 
for various square cut-offs in the distribution functions. lim (r*),* is very satis-_ 
factorily large. This strong discrepancy between lim ¢r*),"’s calculated by the above — 
two methods is due to the strong divergence of lim as(m) for m0. 
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9 


Bh iar 
nae Pret s 
SI Nahi Q 
a a oes 2 
41.0 \ =< lim Q* lim(r?)S 
x raat 
‘y lim(7? YS 
ee 
XN 
nN 
\ 
‘\ 
Me 
‘N 
aS iT 
0.5} limQ’*s_ 
Be 
= 4 
0.147 02 0.3 0.4 0.5 


—— pre (cut-off) 


ween, nz ent at & J 
0.147 0.2 0.3 0A 0.5 
pr cut-off) 
Fig. 4 (b) 


3-3. S-wave effect 


The S-wave contributions to a¥(m’?) and a §(m*) vanish as was stated in I, 
§ 4, and in the previous section. The contributions to a (m) and a$(m*) do not 
vanish ; Fig. 5 displays the ratios 


lim ay” (m*) — a7 e(m?) _ sm? — 4? 
a, st (7") 5m? — 8y2 ” 


(3-2) 


lim a@,° (mm?) — a} ..(m?) 
3 54 (M”) 
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(” ) t/( 3 Noe 
Both of (3-2) vanish: 


where 
af .(m*) =L_ {5 8 
6m ft Ht 
is easily obtained by using Bosco and Alfaro’s technique.” 
at the thresholds and monotonously increase up to 1/5. The similarity between 
r 45 pea 


To 


lima! —at« 
Vv —= 
Gy, ae 
re) 


ie oy 
i 


i 
i 
U 
’ 
' 
' 
J 
J 
1 
1 
1 
‘ 
! 
SS ——_ ——s 
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Fig. 5 
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these behaviors is rather remarkable. 


3-4. Recoil effect 

We have obtained the 1/M-correction of a@;°(m’*) in (2-4) with (2-6). This 
is compared with a’,,(m?) in Fig. 6. We thus find that the recoil effect will be 
rather large as in the isovector part. The 1/M-expansion, however, is very bad as 
was stressed in I, § 4-3. So the relativistic evaluation is desirable, but it has so 
far been carried out only in a very crude way (see I § 5-1 and II §5). In Table 
I, we compare Q* and (7); (for square cut-offs in the distribution functions) 
calculated by the relativistic and the static theory. 


Table I 


re=1/M | | Fam l [Fine 

unit fre ea 
relativistic | static | relativistic | static / static 
Qs e De ES ae | 11 £05 | 362 | 0.526 
(r2),8 107-26 cm? 1.6+0.6 | Be | 0.65+0.3 | 1.83 | 0.484 


§ 4. Behaviors near the threshold 


The behaviors of lim a@f.(m’) and af..,(m’) near the threshold m=3y are 
easily calculated from (2-6) and (2-8); namely we have 


6 
lim a5 (m?) = ee (m?) =A a1 af 25 ae | ‘ 
37 3 


128 f°M [ 19 | 
lina.? (7) = GUAT ee ee f 
Gn) =e eles ee |, (4-1) 
128 (°M [ 109 ; 
Os (ing) a eee & |, 
2,s¢ (7) Nts Sr ere “F 


where m=3pu+&p, (€>0). 

The relativistic spectral functions in the no-loop approximation, (2-1), can also 
be calculated analytically only near the threshold. The method employed is ex- 
plained in Appendix D. The results obtained are 


y A 1], gi \? 
a,*(m?) = A ( ‘ ) fee Sebi ont 
LA am sve See ACE aga 
(4-2) 
2 3 2 
CE AG eal y ) ig Stee 3 
Are yy Bi ace in ~ Vi" 


which are both positive. Therefore the asymptotic forms of the distribution functions 
are both positive. We can also calculate the behaviors near the threshold of the 
relativistic spectral functions without taking the no-loop approximation. But it turns 
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out that these are the same as (4-2) except for terms of higher order in the closed- 
loop mass. 

Now, let us compare (4-2) with (4:1). The increases very near the thre- 
shold of the relativistic spectral functions are much slower than those of the static 
ones. But the coefficients of the former are much larger than those of the latter. 
Hence there may be the possibility that the relativistic spectral functions exceed the 
corresponding static ones in some region of mm’ (though this of course is not so’ plau- 


sible). 


§ 5. Discussions 


In the following we summarize the results obtained from our present investig- 
ation on the static limits of the 37-state contribution. 

i) The S-wave effect is negligibly small not only for the isovector part but 
also for the isoscalar part. We may therefore conclude that the relativistic per- 
turbation calculation of nucleon structure, contrary to the scattering problems, does 
not include the misleading contributions due to the S-wave effect (especially ¢*- 
term). 

ii) The numerical results calculated by the static approximation are extremely 
sensitive to cutoff methods as was shown in § 3-1 and § 3-2. This is because the 
static spectral functions increase very rapidly for large m” contrary to the relativistic 
ones. Therefore no quantitative conclusion should be deduced from the static ap- 
proximation. 

iii) The recoil effect will be rather large also for the isoscalar part. 

Thus it is desirable to carry out the relativistic calculations of the 3z-state 
contribution in detail. 
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Appendix A. Calculation method for the static limit 


We first illustrate the method of calculation for the static limits by simple 
examples of the isovector part. The a.m.m. spectral function of the 2z-state con- 


tribution is given by I(3-1), namely 


2 
NT yet aia a GY LR (A-1) 
, Te AG 
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with Jy==| af0(ahM*+ Wapae. (A-2) 


Vi (re) pe —2_X3m’. 
The integrand of (A-2) is non-vanishing only for a,—O(1/M), because otherwise 
23M?+Ve>O0 for M->co. Therefore the static limit is achieved by neglecting 
higher orders of x, that is to say, we replace 
dx® =0(1—2,—X.,— 23) dx, d2,d2X, (A-3) 
by 
dx,0(1—2%.—23) eka ke: Pe (A - 4), 


Then, carrying out the integration over x, we get 


. ae y : ae 
J,° Slim J,;= a \v= Vad Vas) 9 (1—22— 2s) eae ie an 
(A-5) 


Of course, (A-1) with (A-5) coincides with (3-1), which was calculated directly 
from the explicit formula 1(3-3). 

Likewise we calculate the static limit of the charge spectral function of the 
isovector part : 


2 
al (ni) Se NEM eer (A-6) 
7pm ele 
ah oe \@(—2M*— Vx) dx™, (A-7) 


Using the above method, we immediately obtain 

J, lands a (A-8) 
which is easily verified also by noticing the identity 

—dJ,/AM=2M J, (A-9) 


and Jj”0c1/M® (cf. (A-5)). Therefore the lowest order term of the 1///-expansion 
of (A-6) vanishes as it should. In order to obtain the static limit of a¥ (m), we 
must calculate the next orders, J{? and J{. 

Using the formal Taylor expansion 


O(1—2,— %,— 2X3) =0(1—2,.— 23) —2x,0' (1—2,— 2s) + Fe aly (A- 10); 
we have 


ie Pe iy 

Jy =— | (— Vu) 0(— Vu) 2,2) dad = — pV He, 
(A-11) 
and Jj?=J$?/M? because of (A-9) and (A-11). Then we find that 


— ~_s 
aie ia rw 
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; 2 
lima a,” (mn) = Ff 44.9 (A-12) 
a % 


coincides with (3-1). 
Now, returning to our subject, we calculate the static limits of (2-1). We 
write 


L={ " 6(—V,) dx, (A-13) 


3 
0 


then —d1,/aM=2MI, (A -14) 
just as (A-9). : 
We can easily show, using >}2;=1, that : 
1 
ener te +z. . (A: 15) 


Therefore, the integrands are non-vanishing only for x; =O(1/M) and 2,=O(1/M). 
Expanding the expressions in (2-2) with respect to 2 and x, we write 


Up = 23 Xs + X3 Let Wi Ls= 4; 
(Uy &5) se = 2) 2%5+2,° X3+ (2, +22)? 2X4, (A-16) 
(Up Vo) O= (UF) © M?* + Use Vee (cf. (2-5)), 


and 
U.P =41 st La Lest U1 Lit LiL; ; 
(LI, 8.) OS aa ab Ts Fr, (A:17) 
(Up Vo) = (Uno) PM? + Uy (a+ t4+ 25); 

and 


81 —S}x) =8(1-S3a) — (@itm)-HA— Madt. — (A18) 
We then have 
=f /U8) [Us V 10(— (Wo V)®)- itdxdQ— x)  (A-19) 


and 


L°=,4+h+1. (A-20) 


with 


pa Af (Ti /UD [= (Ur Vo) 18 Do V0) °)- Hx %) 29, 


has | 0/Ud WU, 7) 0(— (Uy Vo)®) MM dx8(A— 3%), (A-2) 
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== \ (1/U.1) allies (U, Vo) oy MMs (Up Vo) ©) Aaa ae) i dt,0 {1 — > Zi). 
Noticing 
[— (Up Vo) °J8(— (Un Vo) ) = \a- (Uy Vo) ) dU se Vet), (A-22) 


we can carry out the integrations over x, and x, of (A-19) by elementary methods : 


at \eeor tan? Us. (_U,, Vu)?0(—Un Va dx®, (A238) 
st x 


which can be simplified to 


QU) oe as 1 ins Wayye We (2) , 
10 =, | rae (— Vad *O(— Vu) da (A-24) 
by means of symmetrical exchanges of x; and the identity 
5 
>) ta MMC SER CAL =v: (A-25) 


S 
i] 
Ct 


The integrals (A-21) are likewise calculated as follows : 


ae eae oe {a3V Xs+ 05+ (355) } v?O(v) dx, 


oy oe il e (epg ent enn) eee a 


5 (mV BtEt8Hd)} (tate |O(0) dx”, 


e 


I,=— nee ms IPE OHO} e vv) 
-0!(1—23— %4— 2X5) iPass (A- 26) 
where 
v=— U,, Ver. (A-27) 


It is convenient that the last integral J, is integrated by parts in the following 
way : 


ish at fe) fe) V +2; 
L= ae \ ( ALS. “) | 4 5 ad (2) 
15M Sawn pena oe Us Epa Oude 


Ogee (3 OD) POE 1 


1 \|-= 1 
iM JL us Us {44-5} 


5 EA ory 
Ban yace {/ x4 a; K (£3 X5+ X3Xs—X4Xs) m 
st 


— (2.05 ( 454 44+ 2X5) + Uy) 7) + (3<5)} vi |A(0) CBee (A - 28) 


Te 
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Therefore we obtain 


ate se ul 1 ———_ 
Sara | “ye VY Pat tal (ees he + yea 2 ts) me? — Va] 
+ (325) }0"0(v) dx®, (A-29) 


where the second term becomes identical to the first by the transformation x35. 
Furthermore, from (A-14) we get 


Lo 5 er i Ee 


A-30 
Dy Cor aia 
Finally, (2-4) is obtained through 
i re 8 g \3 m 
pees Ms 327° ( An M? ls 
, = 3 ‘ip 3 1 
lim a, (mm) =, ( - ) aa (ML +h”), (A-31) 


; ‘ 3 J 3 m 
1/M-correction of a,°(m’) = ( ) Ee 
: se 320° \ 42 } M?° ”’ 


with (A-24), (A-29) and (A-30). 
Appendix B. Calculation of integrals (2-3) 
We illustrate the calculation method of integrals (2-3) by an example, 


_¢ vi? 
1=| oa 


st 


V £44250 (v) dx, (B-1) 


where v is defined by (A-27), since other integrals appearing in (2-3) can be 
treated quite analogously. 
By a transformation 


Fe== by 
“=st, (B-2) 
ts=s(1—2), 


(B-1) is rewritten as* 


¢¢ [s—s)ed—a)m?— {1-s+se—) je ; 
I= \ a aan t d(v)dsdt. — (B-3) 


Using the symmetry of the integrand, we can replace 


* » in the 0-function has the same form as the expression in the square bracket of the 


numerator in (B-3) as well as in (B-5). 
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1 1/2 
\ dt by Al dt (B-4) 
0 0 
We perform the following transformations in turn. 
1 1 
[s(1—s) 1—y) m?— (4— 3s—sy) Pr 
= 6 
I 16 | d5\ dy Eo EE (v) 
for <(1—t) = aay (4 
z(s(1—s) (e—1)m?— {(4—3s) z—s} ey 
=] d ) 
6 ds} de s[(4—39) 2—s} ve 
for y=1/z 
i [s(1—s)m?— (4—3s) #P? . : 
=1644 s(4—35)! 6(s(1—s)m?— (4—3s) #*) -J, 
(B-5) 
where 
eae z(z—a)*? dz a (u+a)u’* + 
| [z—s/(4—35) } =, (utby* du, for z=u+a (B-6) 
with 
Ae s(1—s)m?— sf >1 
| s(l—s)m?— (4—3s) 2” 
fi (B-7) 
ie Bees ts 4s(1—s)? m7 >¢ 
‘ Emre y (4—3s)[s(1—s)m?— (4—3s) 7] — 
et we i 
J= pn | G+wy! dw + pr | G+w)! dw, for u=bw. (B-8) 
Using the beta-function formula 
i: Ss ao} 
i. rahe w m)=\ aw de, (B-9) 
Bie. : 
< : we get 
a ig 52 Ta 
a 7 en) 6B Saar 


- The substitution of (B-10) in (B-5) leads to 


5 
2ms*? (4—3s)?(1—s) 


c ; [=n + asls.—9 nt 39/2} 


ie s(l—s)m?—s 
a 8m? s*? (4—3s)°?(1— 


5x | 8 a—symt— 4-39). (B-11) 


ns a ml ei lal tata a a leeds) salle hacer a 
, \ ‘ » 


rhe 
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We can easily see that 
0<e<p<i, (B-12) 
and 


a+ P= (m?+3p’) /m’, ; 
(B-13) 


ab=4?/m?, 
where @ and are the two roots of the equation 
s(1—s)m?— (4—3s) #=0. (B-14) 


Expanding the numerators of (B-11) in powers of s, we have the following type 
of integrals : ee 
B d | 
ig kin == \ : > 
: s*!?(4—35)?(1—s)”’ (B 15) 


a 


where & and 7 are odd integers and 7 is an integer. (B-15) is transformed as 


al 


(1+2z) (1/2)(k+2)+n—2 
Tyin= \ n 112 
x" (4x+1) 


Ax (B-16) 


for s=1/(1+z), where 
a! ==(1—a)/a 
== (1 $) 78. 


(B-16) is reduced to the well-known elementary integrals by expanding its nume- ‘4 
rator. Calculations should be performed by using (B-17) and (B-13), from which Me 


(4—3a) (4—38) =4, mM 
/a(4—3B) —V/B4—3a) =—4pu/m (ch. (2-7), ete, (B18) ot 


follow. After elementary but tedious calculations, we finally obtain 


(B-17) 


by, 
4 


2 
[= 5 P «(m'* + pom? — 3p m+ 5pm — 4p!) — 32 (m*— 4pm? + pe) sinb«. 
m 


m 4 


(B-19) 


Appendix C. Direct proof of as .=lim a? 


Bosco and Alfaro’s results” for the charge distribution function p}.a(7) (with rs 


(1-2)) is 


1 ? Keg: Teg X kes)’ athathis)x ; , 
tira de(E) ff eae emmnnie e 
3 4 5 
with . wog=kP +e, r=V x. (C-2) 


Hence the form factor is 
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FS, (q) = Je) en dx 


mene (2) {{\ (ky-kiX ks)” 9,4 ky-+hks—q) dkadk,dks, (C-3) 


Wiese att Ws WE Ws 
which has the spectral representation (analytically continued also to q*<0) 
S Aa 
Fyn (q?) = ers dm’. C-4 
ise (q') q?-+m—ié ( ) 
Consider a function 
1 i 


(qi, M,) =Im| 
a4 ) ia (k,+ q3)° +M;—12€ (ks + qs)? +M,—72& 


; es — dk, dky. (C-5) 
(—k;—k,+ qs) +M,;—i€& 
Applying the formula presented by one of the authors (N. N.)® to three-dimensional 


case, we have 


= 1 a 
(qe, M)=""| az (— Vege, Md) de®. (C-6) 


where 
ie 5 
Via, M;) = > a;(M,+ q,’) = (1/ Uy) [rs (sqa—25 4s)” 
+ 4( Ls a— 54s)" + Xs (2s qs— 71g)": (C7) 


Using the D-operator technique : 


M; 


1 rf) 

k, + qj 3D. ae 

qd \dMa, (C:8) 
we can write the spectral function aj, as 
Cod abs AT eee eae RY 2 ~ 
a (— gq?) = n\n [D;-Dixq)?a(qi, M;) (C-9) 
with qs=qi=0, q=q, Mi=r’. After some elementary calculations, we obtain 
es foe a yj 1 —q  (—V«u)? 

ee —g) = 3 + st hae (2) * 

tug) = ( fa epee Se OW dae C0) 


which coincides with lim a@,$(—q’) in (2-3). 


Appendix D. Behavior near the threshold 


We will present the general method of calculating the behavior near the phy- 
sical threshold. 
The behavior of V(x) near the physical threshold has been fully investigated 


Nee 
dein \ : 
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by one of the authors (N:N.)*.* We here quote only the results. 
In Fig. 7, the lines {1, 2, ---, 7} compose an intermediate state, 
and the “threshold minimum”’ (i.e. V=0V/0x;=0) occurs when 


—P?=(S}m,)%, 
4=1 
Ae ae $ (g=1, 2, exir), 
SJ} 1/m, 
k=1 


others 2,0 (7=7+ o-3 2), 


X= 


where P stands for the total momentum which flows from A, 
to A:, hence m?=—P? in the spectral function. In the neigh- Fige 7 
borhood of the threshold minimum : 


m= (Sym) (148) (3>0), 


i Lek Hist AE dees PP, 2) 5 


(D-2) 
Xj— Ni (y;=.0), G=r-+l, ox a9 a) 
3} .=0, 
V(z) can be written as 
SS My 
V(2)= Vity) a Vi(y9) ae (1/2) > Hie V VR tt 0. (D-3) 
bg 1/m, 


Here V,(y,) =1, 2) is the V of the subgraph A; with the external momenta 
a= (m/> mp) Fe G1, 2. 7) (cf. Theorem 9 in N), and is generally of first 
k=1 


order with respect to 4; ; 


eV 
(1/2) = ny Ye= (L/ 2) 53 


ik=1 Ox; Ox, Te vee 
a 5 1/m) (33 mi yi) 7 (Sh me 9) */ 2 me (D-4) 
(cf. Proof of Theorem 8 in N) ; 


“Viv 


and the last term of (D-3) is due to N(4-31). Especially, when 


Mm y= MN ,— = mM, = Ff, (D-5) 
(D-3) is simplified as 
V (a) = Vilys) + Valva) +r Dae C2 ile fo (D-6) 


* Hereafter this paper is referred to as N. 
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Now, we have 


bat On ViVe— 0 (D-7) 
ak 
from Theorem 8 in N, and 
V,>0 and V,=0, (D-8) 


if the threshold in question is the lowest threshold. Therefore, since the spectral 


function is non-vanishing only when 
—V(z)=0, (D-9) 
we may regard 
ye OO") * (t= 1, 22-5 7); 
y= OC) 0" GG=r+l, 37). 


(D-10) 


In the integral 
T=3| f(a) 0A= 3} x) II da, (D-11) 
i=1 i=1 


where f(x) is an arbitrary function of 2; involving a factor 6(—V) or &(—V), 
the integration over x, should firstly be carried out, since the restriction for the 
integration domain then disappears : 


I= | f(a) 0@’— S19) H dye= | f(@) It dy. (D-12) 


because y,’s are infinitesimal as (D-10). For the special case (D-5), after the 
integration over 2, (D-6) becomes (by noticing (D-10)) 


V(x) =Vil) +Viw) +r LS 98+ (Syd"—w2. (D+ 18) 
If we write m=ru+ép, 0 is rewritten as 
d= (2/r)E+O(&). (D-14) 


If A; or A, contains some closed loops, the integrations with respect to these parts 
can be separately carried out. : 
Now, we will present some examples which follow from (D-13) immediately. 


Needless ‘to say, numbering of propagators differs from that in the general theory 
presented above. 


g MY i 
dn 2 Jotdy: | dy.0(—y.—4y2 +8) for m=2u-+ Ep, 


0 -0 


where x,°=0, 2x,°=2,.=1 /2 at the threshold of the 27-state. 


wee 
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Ter. 
ye 


-O(—3{ ys + ye + (yatys)7} + (2/3)€) dysdy, for m=3u+6u,  (D-15) 


PN OU) So reat, al [—3{y2+y2+ (ystys)"} + (2/3)8P 


where the coefficient 3°? has come out from 1/U%? at Ban 1/ 3 =i 
These integrals are calculated very easily, and the results naturally coincide with 
those calculated from the explicit expressions for af (m) and lim a$(m?). Likewise, 


‘we can calculate the behaviors of (2-1) near the threshold as follows : 


* 3 2 4 
a5 (m2) =—2 ( | ey 3° | {8 +oe+ (nta)"} -0(— Vo) Ide, 
é=1 


327° M? 
(D-16) 
- 3 gf 3 1 ‘ig 4 
ai§(m?) = 3 (7) _¥.3*| (— Vv.) (— Vo) IT dy, 
with 
Vo=[2 (yi. +2) +3{y3+ye+ (ystyy.)7} ae (2/3) E| 
and 


w1=—0, Va 0. 


The integrals (D-16) are easily calculated, and yield the results (4-2). Finally, 
consider the spectral functions without taking the no-loop approximation, for which 


V= Vit Vo 
(D-17) 
and U= (%ot+ 27+ 23+ 2X) Uy ; : 


near the threshold, where V, denotes the V of Fig. 1. Therefore, using the tech- — 
nique in II, § 6-3, we can reduce those integrals to (D-16), the factor (1-2) being 
replaced by the matrix element of Fig. 1 at g=q/3 (¢=3, 4, 9) and g*?= — (3/)?.. 
Thus, near the threshold, the no-loop approximation is uniformly convergent con- 
trary to the static approximation. 
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Inconsistency among the Properties of Renormalizability, 
Analyticity, and Regularity at Zero Charge 


Steven C. FRAUTSCHI' 


Research Institute for Fundamental Physics, Kyoto University 
Kyoto, Japan 


(Received August 29, 1959) 


The photon propagator is analyzed by means of general properties of the present theory 
of electrons and photons. It can be shown, by consideration of the charge renormalization 
group, that the photon propagator is independent of physical charge in the high energy limit. 
If, in addition to renormalizability, regularity at vanishing physical charge is assumed, then 
it follows that the bare charge vanishes. On the other hand, the commonly assumed analyticity 
properties require that bare charge exceeds physical charge. Thus at least one of the general 
properties assumed is inadmissible. This relationship of expressions satisfying the charge 
renormalization group equations to analyticity properties and definite sets of Feynman diagrams 
(which correspond to an expansion about zero charge) is illustrated by a simple example. 


§1. Introduction 


Gell-Mann and Low” were the first to demonstrate clearly the importance of 
renormalizability as a tool in going beyond the perturbation approach to quantum 
field theory” Bogoliuboy and Shirkov® have applied this tool to a variety of pro- 
pagators while Blank and Shirkov’ have treated vertex functions in this way. The 
study of analyticity properties of the theory represents another attempt to transcend 
perturbation solutions. It is natural to try to combine results from these two 
general lines of investigation: the charge renormalization group properties and 
analyticity properties. We shall confine our attention to the photon propagator, 
which appears to be the simplest object one can study with such methods. 

Section 2 contains a derivation of the result we shall need from the charge 
renormalization group theory of the photon propagator, namely, that the high 
energy limit is independent of the physical charge when only photons and electrons 
are considered. The derivation is quite simple because we are here concerned only 
with this general result, not with the group differential equations or detailed solu- 
tions thereof. 

In § 3, we consider two common sets of assumptions: (1) The usual analyti- 
city properties are valid. As a consequence, bare charge exceeds physical charge. 
(2) The theory is renormalizable (so that § 2 is relevant), and regular at vanish- 
ing charge in the high energy limit. From these assumptions and the result of 
§ 2, it follows easily that the bare charge vanishes. 


* National Science Foundation Predoctoral Fellow 
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Clearly, (1) and (2) are incompatible. The results thus obtained on the basis 
of very general properties of the theory is reminiscent of the heuristic argument 
of Dyson,” who suggested that the quantum electrodynamic vacuum is unstable 
when e?<0,**** which means that the theory is singular at e’=0. 

Section 4 contains an illustration, drawn from existing explicit calculations, of 
the relation between expressions satisfying the charge renormalization group equ- 
ation, analyticity properties, and Feynman diagrams (which correspond to an ex- 
pansion about zero charge). The illustration behaves as expected from §3. It 
should be noted that the incompatibility of assumptions (1) and (2), established 
generally in § 3 and verified for a specific case in § 4, becomes numerically evident 
in § 4, only at energies far beyond those for which quantum electrodynamics has | 
received experimental verification. Also, our methods suffice to establish the in- 
compatibility only for the theory of electrons and photons (this point is discussed 
at the end of § 2). 


§ 2. The charge renormalization group 


Let us consider quantum electrodynamics. This theory is invariant under the 


simultaneous transformations”””” 
gee amen (2-1) 
D,(e2) > D;(e2) = Zs D, (er); (2-2) 


which relate two different renormalizations*** of the electric charge e’ and photon 
propagator D. The photon propagator is, in explicitly gauge invariant form,\"*4" 


Vv ey.) 2 ik v k* kY 2 2 2 
Do (ke) = — Oi AR Mel): (2-3) 
iR? RP 
We shall concentrate our attention on the unknown d, which contains all the de- 
pendence of D on charge and the electron mass m. From (2-1), (2-2), and (2-3) 

it follows that e’d is invariant under renormalization : 


Co ak Ms é;°) =e da(k’,. m’, é,'). (2-4) 


—j}? there corresponds a definite physical value of 


To each photon 4-momentum ke? 
In particular, the physical 


ed. If we call this value e2, then d,(A’, m’, ene ie 


* Also W. Thirring, Helv. Phys. Acta 26 (1953), 33, C. A. Hurst, Proc. Cambridge Phil. Soc. 
48 (1952), 625, and M. A. Petermann, Helv. Phys. Acta 26 (1953), 291, found that scalar boson 
theory with Ag? coupling diverges for finite momenta when expanded in powers of 2. 

** For another case where the solution is not regular at e2=0, see the discussion of the Klein 
paradox on p. 124 of W. Thirring, Principles of Quantum Electrodynamics, Academic Press, London 


and New York (1958). 
*&& The corresponding subscripts, 
necessary: @g- in (2-1) and (2:2) but not (Peed). 
+ We use Bkiok: h=c=1. 
x We are following here the ver 


1 and 2 in this case, will be explicitly indicated only when 


y clear exposition of Bogoliuboy and Shirkov.®) 
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charge e,”? corresponds to /,2=0, and the bare charge e,’ corresponds to 4,°= 00. 
Since the definition of d depends on 4 (zs is otherwise undetermined), it is con- 
venient to include the dependence explicitly in (2-4), which allows us to drop 
the subscript on d: 


en a(R/A, mi/At, e°) =e; dR fas 1 / te, Cx) (2-5) 
with 
Peo OB 7 (ah a a 4 (2-6) 
Equation (2-5) expresses the invariance of the theory under simultaneous changes 
of charge and momentum scale. 
Now let us introduce ultraviolet cutoffs A so that lim e’d=e,? is finite*. Then 


k2->0 
d has a limit d(k’/#’, 0, e’, A”), as m?//#?>0. Thus, for 2’, 72m? Equation (2-5) 
becomes asymptotically 


ey d(k*/A’, 0, ex", A”) =e,’ d(k*/A.’, 0, 2°, A’). (2-7) 


The cutoffs 4 have been introduced only to justify setting m?/#7=0 in the case 
where lim e*d diverges. Perhaps this justification is unnecessary because, as remark- 


Preees 
ed by Gell-Mann and Low”, the smaller of &? and # provides an infrared cutoff 
on each integral. -In any case the use of / implies states of negative norm which 
are inconsistent with the analyticity properties we wish to use in §3, so from now on 
we consider the limit of (2-7) as Aco (and we drop A from the explicit not- 


ation). Clearly e and 4 are not independent ; in fact the limit of (2-7) as A>co 
implies that 


ed(k/#, 0, e) =F{R/?-d(e%)}. (2-8) 


Now as k’ varies (k*>/>m’) we see that the physical charge plays the role of 
a scale factor (for any finite ?, the e? defined by 


C5 A(R Int, 6. ace 


is a function of the physical charge e,?). The limit F>e,? as P—>0o is indepen- 


dent of this scale factor, so the bare charge e,? (which may be finite or infinite) is 
independent of physical charge e,?. 

Similar arguments could be applied to other quantities X which are renormali- 
zation-invariant (i.e., not explicitly dependent on renormalization constants), at least 
as far as (2-4). If X is dimensionless one can proceed to (2-5). The step which 
cannot be extended to general X seems to be the dropping of finite momenta (e.g., 
m* in (2-7)) as # becomes large, which allows us to assert that the charge ap- 
pears only as a scale factor of the momentum which becomes infinite. In the case 
of two masses m,’ and m,’, for example, X might depend on m;°/m,? in a charge- 


* Gell-Mann and Low), among others, have shown how to do this in a gauge invariant way. 


—— ee we, 
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dependent but /-independent manner. Even in the simple case of the vertex 
(multiplied by the square of the electron wave function renormalization) connect- 
ing two physical electrons (with 4-momenta m”) and a virtual photon (&’), an 
infrared cutoff must be used and cannot be dropped at large k*. Likewise the 
proof of (2-7) for the photon propagator seems to fail when two or more different 
charged particle masses are introduced. So the conclusions ((2:7), § 3, §4) reach- 
ed in this paper for the theory of electrons and photons may break down as soon 
as more elements are included in the theory. 


§ 3. Proof of the contradiction 


First, we shall see what happens if e’d is assumed to be regular (uniformly 
convergent) as e, 0. In that case e’d and e,* are identically zero. As e,’ is in- 
creased, e,7 remains identically zero because it is independent of e,” (from § 2). 
So we have 


2, Se, = 0: Ser (3-1) 


But if the analyticity properties assumed for the spectral representation” of d 
are correct, 


ey =e. (3-2) 


One or more of the assumptions must therefore be wrong. Although we have not 
directly proved anything general about the behavior at finite momenta, one would 
certainly expect the discrepancy between (3-1) (e’d=0 at k*’=00) and (3-2) 
(ed>e,? at k°=<o) to persist smoothly into a range of finite momenta, which is 
the behavior exhibited by the examples discussed in § 4. 


§4. Explicit calculations of the photon propagator 


One can be more specific than we have been in § 2, and derive differential or 
integral equations expressing invariance under the charge renormalization group. 
These equations can be used to modify any perturbation theory result into an ex-’ 
pression invariant under the renormalization group.» The aim of this section is 
pedagogical: we attempt to provide insight into the general conclusions of the 
preceding sections by reviewing the relation of some particular expressions for the 
photon propagator, which satisfy the renormalization group equations, to diagrams 
and the usual analyticity properties. From § 3 we expect that these two aspects 
are complementary ; a non-trivial expression satisfying the charge renormalization 
group equations can have the usual analyticity properties,” or a power series 
expansion about zero coupling constant?” (diagram description), but not both. | 

It is well to begin by indicating what sets of diagrams can be treated by the 
charge renormalization group.* Such sets must conspire to multiply each of the re- 


* This subject has already been touched upon by Gell-Mann and Low” in their footnote (16). 
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normalizable quantities (charge, propagator, vertex, wave function) by a consistent: 
amount (renormalization) in each place where that quantity occurs. This condition 
is satisfied by any set which includes all the possible reducible* and improper* cor~ 
rections to itself.** Thus to each collection of irreducible, proper parts (employed 
consistently) there corresponds a renormalizable set of diagrams, obtained by ad- 
ding all possible reducible and improper parts. In addition, if the set is to exhibit 
the full symmetry properties of the theory (e.g., gauge invariance), a suitably sym- 
metric choice of irreducible, proper parts should be made. 

By way of illustration, consider the quantity d defined by Eq. (2-3). The 
lowest order correction to the photon propagator is the bubble diagram (Fig. 1). 
The corresponding value for d at high energies (with correct analyticity properties). 


is approximately 


re: 
payee pe (4-1) 
32 Am? 


where e?=1/137. The solution of the group equation, regular at e’=0, which re- 
duces to (4:1) when expanded in powers of e* has been computed by a method. 
which makes no reference to diagrams”. The result is 


d= snes aes (4-2) 
{8 lif ee 


32 4m? 


In accordance with (3-1), Eq. (4:2) vanishes as k’>0o. From the geometrical. 
2 Che 

series expansion of (4-2) in powers of e*(valid when 1> 3 In 2 zt 
7 


2 
we 
Am ) 


a OD eae 


Fig. 1. Photon propagator with lowest order radiative correction. 


Fig. 2. Renormalizable set of diagrams corresponding to Fig. 1. 


verify that (4-2) includes all the improper parts (Fig. 2) corresponding to Fig. 1.” 

e 1 4m? — k? 
n 

4m? 

cordance with the general analyticity properties of d»””. In order to remove this. 


As is well known, (4-2) contains a singularity, at =1, notnini ace 


* A skeleton is a diagram with all self-energy and vertex parts omitted”). A graph which is. 
its own skeleton is called irreducible ; all other graphs are called reducible. A proper part is one 
which cannot be divided into two parts joined by a single line; all other parts are improper. 

** Note that the bare photon propagator is itself invariant under the charge renormalization group- 
But in this trivial case e?d=e,? is independent of k2, so (2-8) is not valid and the conclusions of 
§2 and §3 (which follow trom (2-8)) are not fulfilled. 


a tae) time Clear clad Sreb  iaciace aad 
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difficulty Redmond’?* has used (4-2) to determine 


2ni T(z) = lim [d(z+ie) —d(z—ie) | (4-3). 
in the spectral representation?” 
i I(z) dz 
pol | mo 
i] Nps teria (4-4) 
The result, 
37 37 
Pa; eevee aes ae a: By 
Liar 4m? — k? 37 Am—k?)\ ° ee 
Se ear 1—exp | ——In 5 | 
e 4m e - 4m 


has the right analyticity properties as a function of k’, exhibits an essential singu- 
larity at e?=0, and is finite and independent of e? in the high energy limit 
(ed(co) =3z). Bogoliuboy, Logunov, and Shirkov® have shown that (4-5) can 
be modified to agree with the charge renormalization group equations, without 
changing the other properties of (4-5) (in particular e’d (co) =37 remains indepen- 
dent of e,? in accordance with § 2, and greater than ¢,?=1/137 in agreement with 
§ 3.). In view of the singularity at e’=0, (4-5) cannot represent an expansion 
in series of diagrams, although it bears some relationship to Fig. 2. The difference 
between quantum electrodynamics and meson physics is that (4-5) allows an 
asymptotic expansion in powers of e?=1/137, whereas the corresponding expression 
in meson physics” probably has no useful expansion in powers of g’~15. 
Equation (4-5) is very well approximated by the lowest order expression, (4-1), 
for all practical purposes at laboratory energies. The asymptotic expansion of | 
(4-5) in powers of e* at moderate energies represents a weak coupling, which 
builds up to a strong coupling expansion in inverse powers of e? at high energies. 

To complete the trilogy, consider (4-1), which is not a solution of the charge 
renormalization group equations. It is easily seen that d in (4-1) is regular at 
e?=0 and satisfies the analyticity condition (4:3), (4-4). 


§5. Conclusion 


In §3 we found on general grounds that, if only electrons and photons are 
considered, the photon propagator cannot have all three of the following properties : 
renormalizability, analyticity, and regularity at e’=0. In § 4, we quoted particular 
expressions for the propagator, related to the restricted set of diagrams in Fig. 2, 
which exhibit the behavior predicted in § 3. 

The author would like to thank Profs. H. Miyazawa and Y. Munakata for 


helpful criticism. 


* Actually Redmond considered the meson propagator, but his discussion can be adopted to 


the photon propagator without any difficulty. 
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Note on the Forbidden Processes 
of the Leptonic Decays 


Toshimi Adachi and Shinzo Nakai 


Department of Physics, 
Tokyo Metropolitan University, 
Tokyo 


July 31, 1959 


In this note we assume that the Fermi 
interactions are invariant when the 
strong reflection which includes the 
strong reflection parity is applied to the 
fermion field, and then we want to study 
the consequences of this assumption. 
We assign the strong reflection parities 
for individual fermions. It is then shown 
that we have the selection rule for the 
unwanted decays using the strong re- 
flection parities. This note seems to 
give a better interpretation on the se- 
lection rule of leptonic decay given by 
Nishijima.” 

The simultaneous reflections of all 
space-time coordinates, 


> a, = Lys (1) 
induce the transformation on the spinor 
fields : 

P(x) Pil (2) = Hi ps" (x); 
d(x) > f(x!) = — 45" Oy tT ae) 
P(x) =Pe (27s 


where the index 7 distinguishes the kind 
of spinor field. The arbitrary phase 
factor, which we define as * 
flection parity ”, should satisfy 


ge= +1, [p= +1. (3) 


‘strong re- 


The bilinear covariants transform as 


4[G:(x), O16;(x) Js 9; 
where I runs S, T, V, A, P.. According 


to the definition of the ordinary strong 
reflection,” the electric current [%;(z), 
7ui(x)] changes the sign under or- 
dinary R,*, and so we expect that 
[G.(x), Ovt,(2)] (ij) should change 
the sign under R,, too. s takes the 
value +1 according as 7; commutes or 
anticommutes with the operator O;. We 
have to take 7*7,=+1 in order that 
the [¥;(x), Oy;(x)] and [¢i(x), 
O,¢;(x)] may change the sign under 
the strong reflection. 

We now assume that the Fermi in- 
teraction is given by the product of a 
linear combination of [¢;(2), Ov#;(x) ] 
and [;(z), Oxn;(z)]. For the Uni- 
versal Fermi interactions, we than take 
the form of 


Ha=— Gi (ay sgu (B29 09) 


* We use the abbreviation Rs for the strong 
reflection. The ordinary Rs means the Rs which 
does not include parities. 


890 Letters to the Editor 


where G is the phenomenological coup- 
ling constant, and 7,7(2) =41>1[4.(2), 
Wrlatb7s) $;(x) J, the pauerants a and 
b are arbitrary complex numbers. 

We now try to assign the strong re- 
flection parities for individual fermions, 
by using the processes of /-decay, /- 
decay and y-capture. From our assum- 
ptions that the interaction Hamiltonian 
is invariant under the transformation 
R,, and the condition 7*7;=+1 holds, 
we have the three equations for the 
above processes : 

Ci’). p*m=t+l, 7.*2=4+1; 

jp Mnhe* Mo= 1, 
Ci!) ye* p= +1, Qo Q= 115 

He Av Qo* Qi= +1, 
CG) pp m= +1, Qe Y= +15 

ho" Gn Qn* Qui= 1, 
According to the usual scheme, it is, 
however, difficult to find any reason 
why there should not be such unwanted 
processes as #*—>e*++e*+e* and po 
+p—>pt+e-. To forbid these processes, 
Konopinski and others® assume that e7 
and #* are normal particles and distin- 
guish the neutrinos » accompanied by 
electrons from the »’ accompanied by 
p-mesons. In this note, we also assume 
that two kinds of neutrinos, v and »v’, 
but we treat e~, 4, v, »’ and nucleons 
as normal particles, and give the diffe- 
rent strong reflection parities to e~ and 
f*, respectively. If we take +1 for 
the strong reflection parity for the nu- 
cleon, then the value of 7 of each par- 
ticle is given in Table I. 

We now investigate the unwanted 
weak processes using the value of 7. 


Table I 


particle _| (anti-particle) m | (—7i*)* 
p | (PB) AL ph (=9 
n | (i) +1 (-D 
em | (et) | 41 Ge) 
a (u*) poet Pid Ui Gi) 
y 2) Gites Waeiee 
/ (6) =~ oleate as 


_* The transformation of the charge conjugated 
fields is given by 
pie (2) >— 1e* 5G) T 
where (uc=CPg,?, C17, C=—7,T- 


From the assignment of the y’s in 
Table I, the following condition must 
be satisfied for each of processes, (a) 


and (b): 


(a) jhe +e +e, Pai Pita) 


es Ne= +13 Oe NeoGeo" Ge= —1, 
(b) fo +p > pre, 7n*%p=—1, 
Ne* p= +1; 4.* %p%e*Yo=—1. 


We, therefore, see that we can forbid 
these processes if we assume that the Uni- 
versal Fermi interactions are invariant 
under the strong reflection. 

We wish to thank Prof. M. Sasaki 
for helpful discussions. 
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Lower Levels in Ca“ 


Toshiya Komoda 


Department of Physics, Tokyo 
Institute of Technology, Tokyo 


September 8, 1959 


In the f;,. shell nuclei, the spin 7/2 
level competes with the spin 5/2 level. 
Spin 5/2 ground state cannot be inter- 


AST re ee 


al set 


ASE Ue ee ee 


0.2 0.4 0.6 


ee 


J=5/2, the broken curves J=3/2 states. 
ees 


ae ee 


preted by Mayer’s shell model. Several 
authors” were tempted to interpret this 
question by using a long-range para- 
meter 4 (>1.8) of the nuclear poten- 
tials, but it is questionable whether such 
long-range value has physical meanings. 

To interpret this problem, we calcu- 
lated the lower levels of Ca* by using 
the method of configuration mixing. 
The level order of the independent 
particle model has led us to assume that 


J=5/2. 0.38 (exp) 


Fig. 1. Calculated values of J=5/2 and 3/2 states in Ca‘3, The solid curves are 
gs : Energy zero corresponds to the ground state 
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ra) 


the following 10 configurations are 
mixed with the main cofiguration fjj.J 
in Ca*: 


J=7/2: frja(Jr) faa 7/2 
and Fixe) Psa 7/2: 
Ji;=2, 4, 6° and’ J,=0; 2. 
Fipfsj26Ji) 7/2. 
and = fzj2 Paj2(J2) 7/2 
Wes 0; 2, 4) and, Je 2; 


where 


where 


In the same way, for J=5/2 and 
3/2 there are 9 and 8 configurations 
with one- and two-particle jump, res- 
pectively. 

The two-body interactions in the un- 
filled shell were assumed to be 


G= V(r) (+4 o;-62) 


mnere se 4(7)= Vie," ™. 


As the wave functions, the harmonic 
used. The 


oscillator function was 


strength V, of the interactions was fixed. 


by the requirement that the pairing 
energy of Ca” is 3Mey. In Ca* the 
fan level has not yet been found” and 
so the single particle energy &5, re 
mained free but we noted that &)» is 
4 Mev or more energetic. 

We calculated the lower levels of 
Ca*® as a function of the spin mixture 
parameter a and the range parameter A. 
We considered the mixture parameter 
to be a=0.2, 0.1, 0, —0.1, —0.2, —0.3 
and —0.4. We also calculated the low- 
lying levels of Ca® and Ca*® for such 
values of the parameter. 

In Fig. 1 we show the lower levels 
of Ca as a function of the range para- 
meter 4 for each value of the spin mix- 
In the region of 
the range which seems to be suitable 
from the calculations of the lower 
levels of Ca, the 7/2 and 5/2 levels 
are very close and the spin of the 


ture parameter da. 


Table I Calculated values Ey—E;/,=E’y of the first and second excited 
energies in Ca‘ (in Mev) 


a 0.2 0 —0.2 —0.4 Experiment 
=| 
FE’; | 7 
A E5/2 E3/2/ | E 5/2’ E3/2/ Esjo’ E3)2/ E5/2/ E3/2/ Es5/o/ Es3/o/ 
0.6 | 0.000 | 0.890 0.486 1.077 0.755 1.247 0.902 1.351 
0.8 0.022 | 0.769 0.194 0.784 0.419 0.961 0.566 1.088 0.38 0.61 
1.0 0.150 | 0.678 0.066 0.551 0.204 0.700 0.324 0.834 


Table II. Calculated values E,—E)=£E,/ of the first excited energy in Ca‘? assuming the pairing 
energy to be 3 Mev and the single particle energy &), which we assumed (in Mey). 


0.2 0 —0.2 —0.4 Experiment 
Ef E5/2 EY E5/2 E,/ E5/2 E,/ E5/2 E,/ E5/2 
0.6 0.628 4.629 1.386 4.474 4.196 4.008 
0.8 0.289 4.526 0.978 4.613 4.351 — 4.130 1853 >4 
4,453 4,227 


Sea ee a 
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second excited state is évidently 3/2. 
These are consistent with the experi- 
ment.” It was found from the experi- 
ment that the spin 7/2 level is the 
ground, one but the 5/2 level also appears 
to be very close. 

In Tables I and II, we listed the 
calculated values of the lower levels in 
Ca* together with the levels in Ca®. 
Furthermore, we listed in Table II the 
assumed values of the single particle 
energy 6&5). In the above calculation 
of Ca*, we used the perturbation method 
(no perturbation method was used in 
case of Ca”) but the error included 
seems to be small, for the off- 
diagonal elements are very small in 
case of the spin mixture which we 
considered. 

We have made progress in similar 
calculations of the Ca isotopes by using 
the electric computor. Details of the 
calculations of the low-lying levels in 


‘Ca isotopes will be reported in near 


future. 


1) I. Talmi, Helv. Phys. Acta 25 (1952), 185. 
D. Kurath, Phys. Rev. 80 (1950), 98. 
A. R. Edmond and B. H. Flowers, Proc. 
Roy. Soc. A215 (1952), 120. 

-2) C.K. Bockelman and W. W. Buechner, Phys. 
Rev. 107 (1957), 1366. 

4) T. Komoda, Prog. Theor. Phys. 20 (1958), 
580, and to be published. 

A) K. Way et al., Nuclear Level Schemes TID 
-5300 (1955). 


Line Shapes of I. M. O.-Absorption 


in the Semiconductors 


Tokio Ohta and Tohru Miyakawa* 


Department of Physics and Electric 
Engineering* 
Defence Academy, Yokosuka 


September 10, 1959 


Burstein et al.” and Zwerdling et al.” 
showed experimentally that in the pre- 
sence of a magnetic field there appeared 
many peaks in the line shape of light 
absorption which corresponds to the 
electronic transition from y- to c-band 
of semiconductors. This is the so-called 
I. M. O- (interband magneto optical-) 
absorption. They showed also that the 
magnetic field caused the absorption 
edge to shift to higher energies. 

We developed the theory of line shape 
of I. M. O-absorption and got the results 
which are in good agreement with the 
observation. Assuming the simple para- 
bolic band in order to treat the electron 
(hole) near the bottom (top) of ¢ (v)- 
band, we sought the corresponding line 
shape to the minimum photon energy. 
The interaction between carrier and 
phonon was taken into account after To- 
yozawa’s method” of generating function. 
As the momentum component of the 
carrier along the applied magnetic field 
hK.(hK/) varies continuously, which 
is a different situation from Toyozawa’s 
treatment for excition, many sub-peaks 
are formed according to each transition 
from an initial K/ in a Landau level to 
a final K, in the other level correspond- — 
ing to the photon energy between the 
both levels, one of which is in v-band 


894 Letters to the Editor 


and the other is in c-band. 

The energy, the self-energy and the 
half-width of a sub-peak is denoted re- 
spectively by &, 4,, AI’, for a state s of 
one pair of an electron and a hole, then 
the coefficient of light absorption is ex- 


pressed by 
R 72 2a, 
A A wy Ped Se al x s C § 4 & =S 
(ow) A so ( ts) O24 (F,/2¥ 
(1) 
with 
(TESA TL gor Ss Cars (2) 
sixes 
Qs ~ 2 I 7) bY oP Pr 5) (3) 
sits 
2,=0—€&,/h—4,/h, (4) 


where R is a constant, /",{, and 4,, are 
nondiagonal terms of the scattering pro- 
bability and self-energy respectively. In 
deriving (1), (2) and (3), we made 
use of the weak dependency of the 
oscillator strength of photon perturbation 
on the wave number of carrier in the 
case of allowed transitions. 

In order to seek I’,, 4,, CQ; and {n., 
we apply the following two comple- 
mentary methods of approximation. 

(A) Approximation of — strong 
field. When the magnetic field is so 
strong that the energy distance between 
Landau levels becomes too large to allow 
the virtual transition of carrier from a 
Landau: level to another one by the 
phonon perturbation, we can assume 
that the summation over intermediate 
states is restricted to the states within 
one Landau level. However, not only 
all the intermediate states of which 
orbital centers of cyclotron motion is 
different from the initial one but also 
the phonon energy and the recoil energy 
of electron (hole) are taken into con- 


sideration. In this case we. get, near 
K,=K_ ~0, 
nV’, =40 10; eV; (5) 
A, ~ £/20+ 2/285, (6) 
AS oe 4) 


for germanium at room temperature in 
the presence of a magnetic field of 
5X10! Oe.* 4 and J” are respective- 
ly the energy shift of the bottom of 
c-band and that of the top of v-band 
in the absence of the field. /, and 4, 
has complicated dependency on K, and 
K! but only the value at K.=K/~0 
is important because of the underlying 
assumptions. 

(B) Approximation of weak field. 
Neglecting the magnetic energy and 
phonon energy compared to the recoil 
energy of electron (hole), we can sum 
up the intermediate states over all Lan- 
dau levels, then we get 


AD’, ~1.3X10-*+a(4K,+2’K,/) eV, 
. (8) 
4(K.,-K~0)=4 (146) +4 (140), 
(9) 
Q,(K., K,’~0)=—8.3X10-*, (10) 


for the same circumstances as in (A). 
a in (8) is the lattice constant. The 
value of J’, at the maxima of K, and 
K, is coincident with the scattering 
probability in the absence of the field”. 
0° and 0” are complicated functions of 
effective masses, but these take small 
positive values at room temperature. 

7; is negligibly small compared with 
unity in the both cases. 


* We take 10 eV as coupling constant. 


Ve, St. 


oT NN 


vs 
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Burstein e¢ al.” experimentally showed 
At =10F eV Cer) 
for the same circumstances as ours. 
They assumed that the value is inde- 
pendent of K, and K/, but it is really 
not. When one take into account the 
additive contribution from the impurity 
and imperfection scattering, their value 
is in good agreement with ours near 
the absorption edge. (2%, is proved to 
be so small that A(w) is the integration 
of Lorentzian sub-peaks in the energy 
range of the first observed peak. 

The details will be published shortly 
with Mr. Nagae’s help who studied the 
matrix element of photon perturbation 
as well as selection rules. 

The authors experss their thanks to 
Prof. Y. Uemura (University of Tokyo) 
for his helpful discussions. 


1) E. Burstein, G. S. Picus, R. F. Wallis and 
F. Blatt, Phys. Rev. 113 (1959), 15. Other 
references are written there. 

2) S. Zwerdling, B. Lax, L. M. Roth and K. T. 
Button, Phys. Rev. 114 (1959), 80. 

3) .Y. Toyozawa, Prog. Theor. Phys. 20 


(1958), 53. 
4) e.g. T. Muto and Ohyama, Prog. Theor. 


Phys. 5 (1950), 833. 
5) e. g. F. Seitz, Phys. Rev. 73 (1948), 549. 


On the One-Body Propagator 


Keiji Watanabe 


Department of Physics, University 
of Tokyo, Tokyo 


September 11, 1959 


The divergences in quantum electro- 
dynamics have been eliminated by the 


renormalization method, but there are 
still difficulties left: the problem of 
vanishing of the renormalized charge. 
This is a situation due to the divergence 
in quantum field theory, which is caused 
by the singularity of the propagator 
that does not become less singular than 
1/(x—.2’)* near the light cone. 

When the interaction representation 
exists, the Heisenberg operator g(x) is 
connected with the free operator Qin (x) 
by a unitary transformation: (x)= 
Uo] Gin(x)U[o]. Therefore, when 
Yin is hermitean, so the Heisenberg 
operator @ is. Consequently, -function 
defined by H. Lehmann” appears to be 
positive definite. Then, it is clear that 
the one-body propagator cannot be less 


singular than that of the free field. S. 
Deser” has pointed out that the intro- 


duction of the gravitational field might 
make the singularity of the one-body pro- 
pagator weaker. In his case, the quan- 
tum fluctuation of the light cone itself 
plays the essential role to weaken the 
singularity. It can, however, be shown 
that his opinion is not alwaws correct. 
For instance, let us consider the inter- 
action Lagrangean L’/=f 0,919,910 ,¢2 
d,¢,. For this interaction Hamiltonian 
is found out,” and therefore, the singu- 
larity of the one-body propagator cannot 
be weaker than that of the free field, 
though the light cone fluctuates in 
Deser’s sense. It is aimed here to pre- 
sent an example which illustrates the 
connection between the canonical for- 
malism and singularity of the propagator. 
The condition for the existence of the 
interaction representation has been dis- 
cussed by Y. Katayama.*? We restrict 
ourselves to the interaction between 


sd Wie chat Med da al in ele er Ry ae oa hi al 


a 


i 


ee 
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spinor and boson fields : L'=fO(3)¢- 
O(3) ¢P(3)6, O(8), P(?) being polyno- 
mials in 9, and the highest order deri- 
vatives being O(9) ~3#, O(8) ~9", P(9) 
~#. According to Katayama, the suf- 
ficient condition for the existence of 
Hamiltonian is as follows : 25, F2b<2, 
2s,+a+a<2, where s, and 5, are spins 
of spinor and boson fields respectively. 
When the higher derivatives are operated 
on field variables, the more independent 
variables are needed to specify the state 
at a certain time. This makes it im- 
possible to connect the Heisenberg oper- 
ator and the free field by a unitary 
transformation. To simplify the pro- 
blem, the following Lagrangean is 
adopted : 


L'=f/2-{¢¢Od+Od-g¢}.  G) 


According 
there is no Hamiltonian, and this is 
acertained by a direct computation. Let 
us adopt the P* method” here in order 
- to define the propagator. In our case, 
it is easily proved that the P* method 
and Feynman’s quantization by the path 
integral give a same propagator. - 
matrix is given by the following formula: 


to Katayama’s condition, 


S=P* exp{—i| Lda} 


5: 9" | -- | Piso) do} 
7: 


D,---O P{gQ)---d(@)}- (2) 
Then, the boson propagator with radia- 


tive correction 4, is now obtained to 


be 


aa 1 
saa ORS UT Sacco p 


where is the boson self energy part. 


We calculate by the perturbation 
method with Feynman cut off A. Then, 


gee 1 
*(Q2)! B+ -i& 
i 
frk | 5 2? | 
to Bei, 6, PES 
An '- Bier || 
L>k>t. (4) 
This leads us to Lehmann’s density 
function as follows : nt | 
(i) =0(2—#) +a@)—9 (#425). | | 
Here, | 
0 Vea 07) 
o (7?) = 4 QrK? (7 An ) ony Se 
Me k : 
Fit: Ap aK 
(5) 


We find that p is neither positive de- 
definite nor zero for #<0. Thisisa 


situation quite different from the ry 
interaction for which canonical forma- es 
lism exists: the latter leads us to p=0 Et 


for #<0, because the Hamiltonian has a 
a lowest eigenvalue. In our example, : 
canonical formalism does not exist, so 
the above result does not seem so con- 
tradictory. 


Fig. 1 
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We shall now construct a simple 
model in which (4) is thé exact solution.” 
Assuming the interaction Lagrangean 
to be =F hey +8" Go}, 
we can show that Fig. 1 is the only dia- 
gram which we have to take into ac- 
count. Therefore, (4) is the exact 
soluction. 

In conclusion, it seems that we need 
to have the interaction, for which we 
cannot find any Hamiltonian, in order 
to get rid of the difficulty in the renor- 
malization theory”. Moreover, the light 
cone might be deformed in our example 
like the gravitational field, because the 
interaction term is higher derivative 
and it determines the propagation chara- 
cter. But these interactions can appear 
only at very high energy region, because 
we have no experiments to confirm 
them. H. Umezawa has called these 
interactions the extremety weak inter- 
actions.” 

The author would like to acknowledge 
his deep gratitude to Prof. Umezawa for 
his guidance and kind encouragement, 
and wishes to thank Messrs. S. Sato, 
H. Ezawa and J. Otokozawa for the 
most helpful discussions. 
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On a Possible Small Pauli Term in 
Quantum Electrodynamics 


Ko Aizu* and Tsuyoshi Honda 


Department of Physics, Rikkyo 
University, Ikebukuro, Tokyo 


September 23, 1959 


Recently Katayama, Taketani and 
Ferreira? showed that one of the pos- 
sible ways of explaining the origin of 
the electron mass is to replace the usual 
local interaction between electron and 
photon by a non-local one and to use 
an appropriate cut-off procedure. They 
also showed that, as long as one is 
concerned with the rough calculation 
of electron mass in the low energy limit 
of photon, this non-local interaction is 
equivalent to the usual local interaction 
plus a small Pauli term 


d(e/4m) bor, pb oe (1) 


where 0 is a parameter characterizing 
the magnitude of the Pauli term. They 
estimated 0 by comparing the additional 
anomalous magnetic moment of electron 
due to the Pauli term with the difference 
between the experimental value of mag- 
netic moment and the theoretical one 
calculated on the basis of the usual 
quantum electrodynamics and gave 
d~10-%. But if we use more precise 
experimental value of magnetic moment” 


than the one used by them, we get — 


d= (7.445) X107°** 


* Now at Department of Physics, Northwestern 

University, Evanston, Illinois. 

** In ref. 1) it is not explicitly pointed out 
but it is necessary that 6 is negative in order 
to explain the electron mass. By the way, their 
Eq. (12) dma (3/87) (6/m,) 2 is in error 
and should be —a (3/27) (6/m) 2. 
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Table I. 6 from level shift 


Pe eee MAES : Contribution 
Kind of level Exp. value?) Theor. value?) Difference frome Pauli FY 
and element (Mc/sec) (Mc/sec) (Mc/sec) term in ma‘ 
E Qs) EPs) 1057.8 1057.9 —0.1 3/6 (—1.74:3.4) 
in hydrogen +0.1 +0.2 +0.2 x 1078 
E (359/;) — E(3p2/1) 315 314.95 0.05 43/81 (0.029+5.8) 
in hydrogen +10 +0.05 +10 x 10-4 
E (259/;) —E (2Po/1) 1059.0 1059.3 =04 3/6 (—5.143.4) 
in deuterium +0.1 +02 +0.2 x 10-6 


a  ———————————————— 


This Pauli term interaction may have 
some effects also on other electrodyna- 
In this note, we shall 
estimate the limit of 0 by making use 
of the Lamb shift of several atoms and 
also the fine structure of positronium. 
We regard the small Pauli term as a 
phenomenological interaction. 

The result of our calculation shows 
that the most precise limit of 0 is given 
by the Lamb shift in hydrogen atom. 
The method of our estimation is as 
follows. We regard the small Pauli 
term (1) as a small perturbation to the 
usual interaction and the electromagne- 
tic field Fy, in (1) is taken to be the 
Coulomb field of the proton. Its con- 
tribution to the level shift E(2s,;.) — 
TCL Pie) AS 
(1/6) 0 m.a*=0.59 X10°0 Mc/sec. (2) 
This value must be compared with the 
difference between the experimental value 
and the theoretical one based on the 
usual quantum electrodynamics. The 
numerical result is shown in Table I, 
together with the results in cases of 
other level and element. Thus if we 
take the level shift in 251 and 2pij 
states in hydrogen as the case which 
determine @ most strictly, we get 0= 


mic processes. 


(—1.7+3.4) X10~® which is to be com- 
pared with the value (7.445) x107° 
obtained from the anomalous magnetic 
moment of electron. In this connection 
it must be noted that the effect of other 
phenomena®:” to the level shift may 


exist, but we do not consider these 
effects in this note. 


We also estimate 0 from the fine struc- 
ture of positronium. We first calculate 
the contribution from the Pauli term to 
the second order effective Hamiltonian 
acting between electron and positron 
and then make non-relativistic approxi- 
mation. The contribution to the energy 
splitting E(*s) —E('s) is 

(7/12) mat X 20. (3) 
The difference between the experimental 
value of this splitting (2.0338 + 0.0004) 
10° Mc/sec and the theoretical one 
based on the usual quantum electrody- 
namics 2.0337 10° Mc/sec is 10+40 
Mc/sec”. This gives d= (2.5+9.8) x 
10-°, much larger than the value ob- 
tained from the Lamb shift. 

In conclusion we can say that from 
the purely experimental point of view 
there is no definite evidence for or 
against the existence of a’ small Pauli 
term. But it must be noted that its 


mee Ne 
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effect to the various processes is quite 
similar to that arising from the modi- 
fication of quantum electrodynamics at 
short distance discussed by Drell and 
others”. In view of these situation it 
will be much expected to increase the 
accuracy of these experimental values 
by one or two order. 

Calculations on scattering phenomena 
are now in progress. 

We wish to thank Prof. S. Goto for 
his kind discussion. We also would 
like to express our thanks to Prof. M. 
Taketani for sending us the preprint of 
ref. 1) and Profs. T. Toyoda and Y. 
Katayama for their valuable comments 
on the manuscript of this note. 
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A Note on the Signs of the K*—p 


Interactions 


Yukihisa Nogami 


Department of Physics, University 
of Osaka Prefecture, Sakat 


September 23, 1959 


Experiments” seem to indicate that 
in the K*—p scatterings at low ener- 
gies the S-wave scattering is main 
and the K*— p (K~—p) interaction is 
repulsive (attractive). In this note we 
present some considerations about the 
signs of the K*—f interactions, assum- 
ing the interaction Hamiltonian of the 
Yukawa type. In the Born approxi- 
mation the K*—~p interaction 1s attrac- 
tive or repulsive according as the (NYK) 
coupling is of the scalar or pseudo- 
scalar (ps) type, while the K~—p in- 
teraction is repulsive irrespectively of 
the coupling type. Here Y means A 
or 3. The question then arises as to 
whether or not the sign is changed by 
higher order effects. 

Previously we investigated the case 
in which both (NAK) and (N2K) 
couplings are of the scalar type, using 
static approximation but including high- 
er order effect”. It was shown that the 
signs of the K+—p interactions are de- 
termined by the Born terms and as a 
result the K~—p elastic crosss section 
is strongly damped by the repulsive 
rescattering effect. Recently Ferreira” 
made the 4-th order perturbation calcu- 
lation (pion correction) for the K~—p 
scattering at the threshold and pointed 
out that, for any combination of the 
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(NYK) couplings, the 4-th order term 
is opposite in sign with the Born term 
and large enough to compensate or ex- 
ceed the Born term. His statement 
may seem to contradict ours. But the 
cause of this confusion will be seen as 
follows. 

Let both (NAK) and (N3'K) be scalar 
couplings., In ref. 2) it was shown that 
in the case of scalar couplings rela- 
tivistic effects are not important in the 
low energy K—WN scattering. In order 
to avoid inessential complication we use 
the static theory and neglect the *—A 
mass difference. The 7-matrix elements 
for the S-wave K*—p elastic scatter- 
ings are written as —2z(w,w,)~'?X 
h*(w,) where q and / are the initial 
and final kaon momenta and w,= (m’x 
+p)". Tf the sign of Reh is +(—) 
the interaction is referred to as attractive 
(repulsive). 
h~(w) is 


The Low equation for 


me ® ae fy 
h-(w) = ah += Imh- (ow!) dw 
Mat 


w!—w—1é 
6 ees 
a, wo’ +o 


mm Ie 


(1) 


Cut off factors are dropped. 4=9x+93; 
Jy is the renormalized (NYK) coupling 


constant. 4 is the Y—N mass diffe-— 


rence. Solving (1) by iteration we 
_have the perturbation expansion with 
respect to the renormalized coupling 
constants. For example, the 4-th order 
term is given by replacing Imh*= p(|h*|? 
+--+) in the integrand by their Born 
terms, and it is easily verified that the 
4-th order term is positive and, indeed, 
considerably large as pointed out by 


Ferreira. But such and iteration is 
quite wrong because the 4-th order term 
is large. In this case it is preferable 
to rewrite (1) as” 


—A 


h-(w) = [1+4H-(w)}", 


oO 
o—d4 
T 


( Imh-(!) /|h- (o’) |? 
/ 
x| \ dw (w! — 4)?(w! —w— i€) 


H- (eo) = 


M+ A 


Imh~ («w’) /|h* (') |? |. 


Ms 
By | EO (Lar wh 


mye 

(2) 
This is exact provided that h~(w) has 
no zero on the real axis of the complex 
w-plane. In the static theory Im h* are 
always nonnegative. In the relativistic 
theory Imf~ may be negative in the 
unphysical region w<m-x, but the con- 
tribution from this region will be small. 
Since H7(w) is positive (for w> 4d) 
Reh” is negative, i.e. the K~—p in- 
teraction is repulsive. It is also shown 
in the same way that the K*—p in- 
teraction is attractive. 

Now it is clear that the model with 
scalar (NAK) and (NK) couplings 
gives wrong signs both for the K+—p 
interactions. Introduction of couplings 
like K*Kzx* or K*Kz (relative parity 
of K*—K°® may be odd) can hardly 
remedy this model because the effects 
of these couplings are same for K*—p 
and difference of the sign will not be 
explained by them. 

We now consider the case in which 
both (NAK) and (N2'K) couplings are 
of the ps type. In this case we have 
no simple theory as that of the scalar 
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coupling. 
possible.” 


But a similar approach is 
Namely we replace the Born 
term in (1) by an effective scattering 
interaction V~(w). A natural first app- 
roximation will be to put 

Vt(w) =—A/(mytmyFo) (3) 
where 4=93,+93; Gy is the ps coupling 
constant. In the next step we add the 
pion correction but do not include the 
contribution of the (time ordered) dia- 
gram of Fig. 1, for it is automatically 
included in the in- 
tegral term of (1) N08 N 
or (2). Note that 
this diagram is the 
main contributor in Be a cnioce 
the ordinary 4-th ternal kaon vertex. 
order perturbation. Eieot" 
By a reasoning ana- 
logous to the case of the scalar coup- 
ling the signs of the K*—p interactions 
may be considered as determined by 
the signs of V*(w). We calculated 
V+(mzx) as Born term plus pion cor- 
rection (irreducible diagram only) 
cluding relativistic effect. The result is 
shown in Table I. The pion correction 


cut-off energy | 


6m, 


8mMx 


V#(1) = —AB*+ (ga?+5 gy2)Ct. Bt=0.30, 
B-=0.19. The unit is taken as mj,=1. Pion 
coupling constants (ps) are all assumed as 
f2=15. 


ss small for K*—p but fairly large and 


attractive for K-—p. Therefore it will 
be possible that this model gives correct 


signs both for the K*—p interactions. 


Finally we note that the above argu- 
ment does not depend on the K*—K”® 
relative parity. 


1) R. H. Dalitz, Report at the 1958 CERN 
Conf., 187. 

2) A. Komatsuzawa, R. Sugano and Y. Nogami,, 
Prog. Theor. Phys. 21 (1959), 151. 

3) E. M. Ferreira, Nuovo Cim. 11 (1959), 880.. 

4) L.Castillejo, R. H. Dalitz and F. J. Dyson, 
Phys. Rev. 101 (1956), 453. 

5) R. Sugano, Prog. Theor. Phys. 22 (1959), 381- 


S-Wave Interaction in 7-N System 
and Dispersion Relation 


Shigeo Minami 


Department of Physics, Osaka City 
University, Osaka 


September 25, 1959 

Many remarkable results have been 
brought by application of dispersion re- 
lation to the problems of pion re- 
actions..~» One of them is that the 
value of a,—a@, has been explained, 
where a, and a; are the s-wave phase 
shifts for the states of isotopic spin 
[=1/2 and 3/2 respectively. But it 
seems to be difficult to explain the in- 
dividual values of a, and 4. As is 
well known, this is due to the following 
situation. When the forward scattering 
amplitudes for t*—p and mz” —p scat- 
tering are denoted by D, (w) +iA, (w) 
and D_(w) +iA_(o) respectively, the 
dispersion relations are written down 
as follows, 
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3(D_(w) —D.(o)] 


=e) o(f2/2M )?— Oy, ek ae 
” w'— (2/2M)? An’ 


k'|o_(w’) —o, (a) | ef 


2 
wo" —a 


co 


x P| 
Bb 


3[D_() +D, (0) ]=F(o, 1, M, f?) 
+G(k, 1, M, f?), (2) 


A » (/2M)?—p 
o, PL, M, SV) = 
san oe w— (f7/2M ) 


x 1/2M, (3) 


(1) 


al 
An? 
@ P| ow! k'[o_(w!) +0, (w’) | 


wo? —a 


G(k, 4, M, f°) = 


dw!. (A) 
‘4 
In these equations, k is the wave number 
of pion and w its total energy in the 
laboratory system, # and M are’ the 
masses of pion and nucleon respectively, 
and f is equal to (¥g/2M), where g 
is the renormalized pseudoscalar coup- 
ling constant of the symmetrical pseu- 
doscalar theory. According to the ex- 
perimental results, in the energy region 
= 1.9 Bey it seems that o_(w’) =o, (w’) 
=const. As the result, the value of 
1/2[D_(4) —D,(#)] turns out to be 
finite, while that of 1/2[ D_(“) + D, (1) ] 
cannot be evaluated because G(0, 4, M, 
f°’) in (4) is a divergent quantity. 
Thus it is impossible to regard Eq. (2) 
as a correct one. If a significant phy- 
sical quantity G.(k, uw, M, f?) can be 
derived from G(R, », M, f?) by a sui- 
table method, Eq. (2) should be re- 


written as follows, 
3[D_(w) +D,(o)J=F(a, », M, f’) 
Sn ees f.2VL, fe) (2’) 


At present, however, there is no clue 
to obtain the correct G.(k, 4, M, f’). 
In this paper we intend to try to 
perform the subtraction so that G,(k, 
p, M, f?) may satisfy a relation 
G,(0, #, M, f*) =G,(0, 0, M, f*). 
(5) 
Our method can be interpreted in such 


a meaning that G,(0, 4, VM, f’) is re- 
normalized to G.(0, 0, M, f*). Then 


4[D_(w) +D, (wo) ]=F(o, 4, Mf?) 


nan hee 1 
3 An? P| ( oto eae 
v7 
Xo! k'[o_(w’) +o, (w’) | da! 


+8(M, f?). (6) 


It must be noted that, in our case, f 
in Eq. (6) does not depend on 4 be- 
cause of the relation (5), though # 
should generally be some function of 
variables 4, M and f”. 

An attempt to determine this unknown 
function §(V, f?) is made on the basis 
of some consideration about the limiting 
case of #=0, w->0. Deser, Thirring and 
Goldberger” have shown the following 
results at least in the limit of zero pion 
mass; (i) scattering of pions of zero 
kinetic energy can be expressed in terms 
of perturbation theory if only the re- 
normalized coupling constant g, is 
adopted, (ii) the forward scattering am- 
plitude can be written down as 


D_(0)=D.,(0)=—g,2/M, (i) 


where g, differs from the usual renor- 
malized one. They have also shown 


* From the “crossing symmetry” it follows 
that D_(0) =D, (0). 


eee ee ee eee ae ee 
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that g? is connected to the unrenorma- 
lized one by the relation 
9s ~Ju [1+0(M*)/0(a"”) ] 

and that the value of g? turns out to be 
very small. (As for the notation, see 
the reference 5) or 6).) But it seems 
to be difficult to obtain the correct value 
of g? because there is some ambiguity. 
(It is said that g; can indeed be nega- 
tive.) 
sumption of g;=/* without proof.* 
Then 


B(M, f*)=G,(0, 0, M, f*)=—f?/M. 
(8) 


We now introduce the as- 


In the limit as k—0, 
D.(#) = (1/4) [1+ (4/M) Jas, 
D_(#) = (1/r) [1+ (4/M) | 
x { (2/3) a+ (1/3) a3}, (9) 
where a,;=a7, @=a3y. (7 is the pion 
momentum in the center of mass system 
in units of /.) 
Thus, from (6), (8) and (9), we 
obtain the following relation, 
[1+ (4/M) ](a.+2as) /3 
= —2f7(4/M). (10) 
Putting the values of “/M=0.15 and 
fe—0.06-into* (10); 
a, +2a; = — 0.06. (11) 
By using this together with the result 
(a,— a3) =0.27 which has been derived 
from 1) **, 


* With regard to this assumption, some dis- 
cussion will be done in near future. 

** So far as the dispersion relation (1) is 
concerned, it is needless to perform any subt- 
raction procedure by the following reason. Even 
if a term H(p, M, £2) is added to the right- 
hand side of (1), this H(u, ™M, f?) must be 
equal to zero on account of the relation D_(0) 
=D,(0) based on the crossing symmetry. 


a,= 0.16, a3z= —0.11. (12) 


These values agree very well with those 
which have been obtained from an ana- 
lysis of low energy pion scattering data 
such as has been made by Orear.” Al- 
though our method may have no theore- 
tical ground enough to be persisted as 
a unique one, it may be said that our 
method can be justified to some extent 
by the important results of (12). 

The author should like to express his 
thanks to Prof. M. L. Goldberger and 
Prof. D. Ito for their helpful comments. 
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Inclusion of Hole Motions in the 
Brueckner Theory 


Fumiaki Iwamoto 


Institute of Physics, College of General 
Education, University of Tokyo, 
Komaba, Tokyo 


September 25, 1959 
The purpose of this note is to im- 


prove the Brueckner method” so as to 
include the effect of the motion of holes. 
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In the current Brueckner theory we 
solve the two-body problem known as 
the Bethe-Goldstone equation” : 


(B—T,—T2) P(r, 12) 
OV (74, Ta) PU Fa) 
In this equation projection operator Q 
expresses the Pauli principle such that 


both particles propagate only outside 
the Fermi sea. 


Fig. 1 


However, it is possible that the holes 
happen to move inside the Fermi sea. 
Also there are such cases that many 
particles and holes are created, move 
outside or ‘inside the Fermi sea, and 
annihilate in a different combination, 
as is shown in Fig. 1. Fukuda’ and 
Klein and Prange’ once referred to this 
mechanism. But no one has ever suc- 
ceeded in treating it in a simple manner. 
What we want to remark here is that 
all these processes can be automatically 
taken into account only if we replace 


oO) by? O-— Ps 
(E—T,—T,) $= (Q—P) V¢, 


where the operator P projects inside the 
Fermi sea. Note Q=1—Pand Q— P= 
1—2P. 

The simplest derivation of this equ- 


ation would be as follows. Drawing a 


Fig. 2 


Fig. 3 


Feynman diagram we find that our 
process is represented by two parallel 
zigzag lines. 

In order to get simple formula we have 
to neglect processes such as represented 
in Fig. 3. Corresponding to Fig. 2 we 
can set up an integral equation : 


b (11 ret) =9(r1 Tet) 
-i\K(n Tol. Tetet) VAIL 
KX OGY TE? aridr dt: 
where the two-particle propagator K is 
simply a product of one-particle pro- 


pagators to be found in Feynman’s 
theory of positrons” : 


K(n Tal Sia as oD) 


= S) Gn71) bm (72) bn® (71) bn* (172') 


2, m> Kip 
x et Bat Bm) (tt) 6 (¢— t/) 


net On (71) Pm (12) On* (72) bm* (72!) 


ns m<k yp 


XK ET tint Bm) EO) Q(t? 4) | 


@ is +1 or O according as its argu- 
ment is positive or negative. Operating 
(i0/d0t—T,—T;) on-the integral equ- 
ation we obtain immediately the desired 
equation. 

One of the important points would 
be the interpretation of ¢, for in 
our case there is no healing distance, 


whose physical role was especially stres- 


a 


Fe Sete ye ee ee 


ee he 


ee ee 


Letters to the Editor 905 


sed by Weisskopf and others.” Actual- 
ly our ¢ has somewhat different meaning 
from that of the B-G equation. In 
order to see it we must follow a more 
systematic method similar to Sawada’s 
electron gas theory” or the B. C. S. 
theory” on superconductivity. 
As is well known, fermion pairs 


(bx(k), K+k>kr 
laxt(k), Ktk>kp 


CK+kOK-k— 


behave approximately as bosons”, if the 
system is not so different from a de- 
generate Fermi gas distribution. The 
Hamiltonian of the system can be ex- 
pressed as the quadratic form of these 
boson operators. 

In order to transform it into a diago- 
nal form we must solve the eigenvalue 
equation, which is found tc coincide 
just with our Q—P equation. Using 
the eigenfuction #, we can write the 
normal modes 

a= 2 (Rk) (ak) —b*(k)) 

Bt= S34) (— alk) +O*(2)), 
where suffix K is suppressed since the 
coupling between fermion pairs of dif- 
ferent total momentum is neglected in 


our approximation. From the relation 


> N= cur N N+2__ N 
ys ae ae Lf, =8,* %, ? 


we can see the meaning of ¢, that it 
is the amplitude of physical hole pair 
or physical particle pair state compared 
with physical N particle ground state. 


Now it is no wonder that ¢ has no 


healing distance, since there are also 
couplings between pairs on the same 


energy shell. 
It should be noted that fermion pairs 


actually satisfy spin commutators” ra- 
ther than boson commutators. The 


difference would be important in con-— 


nection with the possible occurrence of 
energy gap”. 

Full accounts of this article will be 
published shortly. 
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Two-Nucleon Problem and Dispersion 


Relation in Nucleon-Nucleen 
Scattering 


Yasuo Hara 


Department of Physics, University 
of Tokyo, Tokyo 


October 2, 1959 


There is no satisfactory method for 
the’ tvvo-nucleon problem. The po- 
tentials proposed by many authors are 
phenomenological, and the meson theore- 
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tical potential still contains energy de- 
pendent free parameters. Here we pro- 
pose a method in which the dispersion 
relation with unitarity condition is used 
instead of the ordinary Schrédinger equ- 
ation with potential. The dispersion 
relation in nucleon-nucleon _ scattering 
has been regarded as a useful tool to 
determine the two-nucleon scattering. 
The main obstacle for this effort has 
been the treatment of the integral over 
the unphysical region for which no ob- 
servable quantity corresponds. In prin- 
ciple, however, we can get it by cal- 
culating Feynman diagrams. Recently, 
its important part was calculated.” The 
dispersion relation with this absorptive 
part in the unphysical region was justi- 
fied by substituting experimental data 
into it.” 

Now, we attempt to solve the relation. 
The relation reads 


Bien a 
D(w) == | Oy eC) 
a OO. 
with (1) 
ae ai 
U(w) = x ee du! 
Tv (Ok 


which is known theoretically.. The re- 
lation (1) without any condition has 
infinitely many solutions. We can sup- 
press this ambiguity by imposing the 
unitarity condition on D(w) and A(w) 
when w>m. For the sake of simpli- 
city, we do not consider inelastic pro- 
cesses such as pion production. Then, 
from the unitarity condition, D and A 
are written with real phase shifts 0,, ---. 
In order to determine 0’s, we must use 
the dispersion relations for fixed mo- 
mentum transfer scattering amplitude, 


, Ala, J 
D(a, A) es \ Alo » 4d) dw! 


aw’ —a 
Kn 
+U(a, 4) (2) 
where 
Ea 
PPA oa 
U(w, 4) = | o£ deft 
via C0, = @ 


—o 
and J is the transferred momentum 
between two nucleons, 


as well as that for forward scattering 
amplitude. If we use both (1) and (2), 
the number of equations is equal to the 
number of the unknowns. If there are 
dispersion relations which need sub- 
tractions, we must give constants the 
number of which corresponds to the 
number of subtractions. 

The equations to be solved can be 
rewritten as follows, 


D,(o, 0) +D,(«, 0) +--- 


2 


- 
a 


A,(o!, 0) +A, (w!, 0) += 


Oto) 


du! 


™m 


+U (a, 0), 
d 
dd (D, (a, 4) + D, (a, 4) ee) ano"; 


Ge ‘ bs 
ph 4) + D, (a, 4) ob ven) fg 
(3) 


D,(@) = (22/qw) sind, cos 0,, 


It is difficult to. solve these coupled 
equations, and it is not known whether 
they have a unique solution or not. 


Here we do not solve (3) completely, | 


but show that we can determine from 


arr 
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(3) the behavior of s-wave in low ener- 
gies in good approximation when D(m, 
0) = (42/m) a, is given. 

We use the dispersion relation for 
definite spin and isospin scattering am- 
plitude, in which only even waves 
appear. The relation is 


lice D(w) — Dm) 


wom @— 7)? 


co 

c A(w’) du! 

TZ wm, (w'’—w) (w/—m) 
™m 


ae dU(w) | (4) 


dw wm | 


The left side contains only scattering 
length a, and effective range 7,. On 
the other hand, the first term of the 
right-hand depends on s-wave and all 
higher even waves. But we can neglect 
all contributions except that from low 
energy s-wave scattering in good ap- 
proximation. The second term of the 
right-hand side has been calculated” 
with {?/47=0.08. Thus, the relation 
(4) is rewritten in terms of a, and r,. 


ye =0s T= 1; 4=—11 
27 (a, a; tan 


3! clips 
as 2 As iis Si 1 


It has three solutions, but they are 
nearly the same. 


ea axe 
(2) S=1, T=0; a,=3.8 
An(ai—4ha, r,) = —8.8 
rea 1.6. 
We must not adopt this solution be- 


cause this set.of a, and r, gives a pole, 
so we must add a term corresponding 


1 


to a bound state, 47/(l—7rn)7 G@= 
1/a,;+(7r/2)7*) to the relation, then 
gps beter 

In the same way and in the same 
approximation we can determine the 
d-state mixings of a-wave and of deu- 
teron. 

Recently, Noyes and Wong” discussed 
low energy s-wave scattering using a 
Chew-Low equation which was in close 
relation with our Eq. (4). Their equ- 
ation contains only s-wave, and Eq. (4) 
becomes an equation for s-wave if higher 
wave are neglected, but this can be 
done safely. In this respect their method 
is superior to ours, but our method is 
superior to theirs in the following point ; 
that is, our unphysical contribution is 
calculated exactly, and theirs is an app- 
roximate one. The author would like 
to thank Prof. Miyazawa for discussion. 


1) Y. Hara and H. Miyazawa, to be published. 
2) H. P. Noyes and D. Y. Wang, Phys. Rev. 
Letter 3 (1959), 191. 


An Interpretation of the Peak in the 
Cross Section of 7 +p>K°+A 


Yukihisa Nogami and Reiji Sugano* 


Deparimet of Pysics, University of 
Osaka Prefecture, Sakat 
*Research Institute for Fundamental 
Physics, Kyoto University, Kyoto 


October 5, 1959 


According to experiments” the cross 
section of 77+ p—>K°+A seems to show 
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a peak of about 0.8 mb at a pion bom- 
barding energy slightly below 1 Bev. 
Previously Adair’ pointed out that if 
the Y-/ relative parity is even, the 5S- 
wave A-production cross section should 
have an appreciable cusp at the +- 
production threshold ~0.9 Bev; hence 
it has been hoped that the behavior of 
the A-production cross section near the 
S-threshold offers a clue to the deter- 
mination of the +-A relative parity. 
But the observed peak seems to take 
place at an energy somewhat higher 
than the -threshold. 
angular distribution is not isotropic but 
the K° is emitted predominantly for- 
ward. Therefore the observed peak 
will not be the cusp shown by Adair. 

In this note we present an interpre- 
tation of this peak suggested by the 
fact that the totol z-p cross section of 
I=1/2 exhibits a resonance-like peak 
at about the same energy with that of 


Moreover, the 


_the A-production. If our interpretation 


is proved to be correct we think it will 
give some clues about the mechanism 
of the relevant resonance of the J=1/2 
z-p collision. 

We assume, on the analogy of the 
nuclear reaction, that the z-p collision 
in the resonance region is devided into 
two steps, the formation of a compound 
or excited state and its subsequent decay 


_ into various channels, and that a cross 


section of any channel is written as the 
product of the cross section for the 
formation of the compound state and the 
probability that the compound state de- 
cays into the channel. Then it follows 


that the cross sections for all allowed 
channels exhibit peaks simultaneously 


at the resonance energy of the compound 


state formation. Now, using the one- 
level formula; we write the cross section 
of the /-production as 
) yee 
4A(E— Ey)? +1" 
(1) 


where E and p are respectively the 


o(E) =o (Ey) ( ; 


kinetic energy and pion momentum in 
the center of mass system. The energy 
dependence of the total width /’ will be 
ignored for simplicity. o()), the cross 
section for the -production at resonance 
energy is written as 

o (Ey) = (22/ po) (2 +1) Pr/T) 
where J is the angular momentum of 
the compound state and /’, is the par- 
tial width. For the present we do not 
specify J and /’, but adjust o(/,) as 
a whole to the experimental value. 

Experimental analyses?” of the J= 
1/2 z-p scattering shows -,~650 Mey 
and /’'~100 Mev. Taking £,=660 Mev, 
I’'=100 Mey and o(k,)=0.8 mb, we 
plot o(Ff) in Fig. 1. Experimental 
datails, though yet meager, are not in- 


Lab. kin. energy (Mev) 
1000 1100 


550 600 650 700 750 


C.M. kin. energy (Mev) 


Fig. 1. Bk; Berkeley, Bol: Bologna, 
Br: Brookhaven, C: Columbia, 
M: Michigan, P: Pisa. 
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Since an 
appreciable fraction of the cross section 
may be attributed to a nonresonant col- 


consistent with our model. 


lision, a more refined analysis will be 
necessary in future. Especially the pure 
one level formula gives symmetric an- 
gular distribution about 90°, while the 
experimental one is not symmetric. 

Similar behaviors of cross sections 
are expected in s +p—>K-+-4 and also 
in the photoproduction at the equivalent 
energy, though in the latter such a be- 
havior may be masked by a_photo- 
electric process. As for the l=3/2 1-p 
collision” a resonance-like peak occurs 
at about 1.3 Bev and it will be interesting 
to examine the behavior of the cross 
section of 7* + p—>K*+* near 1.3 Bev 
from our view-point. 

As for the mechanism of the resonance 
in the [=1/2 z-p collision near 1 Bev 
it has been a important question whether 
the compound state is formed by the 
incident pion plus the nucleon core or 
by the incident pion plus the pion in 
the nucleon cloud. In our present in- 
terpretation the former case has been 
tacitly assumed. On the other hand a 


model with a strong pion-pion interaction 
proposed by Dyson” and Takeda” cor- 
responds to the latter case. However, 
if our Eq. (1) fits the jexperiment, we 
shall have an evidence against the pion- 
pion resonance model. The reason is 
as follows. In the center of mass system 
of the two pions the kinetic energy is 
rather small (~320 Mey) even at 1 Bev 
incident energy, hence strange particles, 
eg., K+K, will |be scarcely created. 
Therefore, according to. the pion-pion 
resonance model, a peak of common Ey 
and J” with those of the total 2-p cross 
section is hardly expected in the cross 
section for the strange particles pro- 
duction. 
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Errata 


A Lower Limit on the 7) Lifetime 


Steven C. Frautschi 
Prog. Theor. Phys. 22 (1959), 544. 


a) p. 546, second paragraph, line 7 should read 


“The best choice may be k~100 Mev 2 


instead of 10 Mev. 


b) p. 547, last line before acknowledgements should read 


“the residue at @=mx?” 


instead of g?=7?. 
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